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Abstract. After we survey our positivity problem for a-determinants of matrices, we reformulate it
as polynomial optimization problems. By using SDP relaxation, we perform numerical computation
for these optimization problems. We also give SOS representations for the a-determinants to obtain
the optimal value when the matrix size n = 3, and give conjectures for n = 4, 5.
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1. INTRODUCTION

We start by reviewing two l-parameter interpolations be-
tween the determinant and the permanent of a matrix.

Definition 1.1. For a square matrix A = (a;;) of size n,

det, A = Z @) Haw(i) (a-determinant),
gES), i=1

g-detA = Z ¢ Haw(i) (¢-determinant),
oES, i=1

where S, is the symmetric group of order n, d(o) is the
minimum number of transpositions whose product repre-
sents 0 € S, i.e.,

d(o) = n — #{cycles of o}
and ¢(o) is the inversion number defined by
o)=#{1<i<j<n|o@)>o())}

The a-determinant is essentially the same as the a-
permanent which was introduced by Vere-Jones [18], i.e.,
per,A = a"det;;,A. Here we prefer the a-determinants
for later discussions.

The functions d and ¢ on S,, coincide when n = 2 and
they do not when n > 3. The following table is for n = 3.

e [ (12) [ (13) | (23) | (123) | (132)
doy (0] T | 1 | 1 2 2
o) [o| 1] 3 | 1 2 2
Therefore, for a 3 x 3 matrix A = (aij)?,j:u we have

deto A = ariaas3 + (a11a23a32 + a13a22a31 + A12a21033)Cx
2
+ (a12a23a31 + a13a21a32)a”,
g-detA = aj1a22a33 + (a11a23a32 + a12a21a33)q

2 3
+ (a12a23a31 + a13021a32)q” + a13a22031G".

Their difference in this case is only for the coefficient of
the transposition (13). For special values 1, 0, —1, it is
clear that the ¢-determinant and the a-determinant coin-
cide, and they are well-known quantities,

det_1A=det A = Z sgn(o) H @is(;) (determinant),
ceS, i=1

detgA = H a;;  (product of diagonals),
i=1

n
det; A = perA = Z H Aio(;) (permanent).
ocES, i=1

It should be mentioned that when A > O, ie., A is a
positive semidefinite matrix, it holds that

perd > Haii >det A >0,

=1

(1.1)

or equivalently det; A > detgA > det_1A > 0. The first
inequality is obtained by E. Lieb [4] and the second one is
sometimes called Fischer’s inequality. It is natural to ask
whether similar inequalities hold for ¢g-determinants and -
determinants. Although monotonicity in the parameter ¢
or « cannot be expected in general, the following positivity
result has been shown for g-determinants:

Theorem 1.2 (Bozejko and Speicher (1991)). For —1 <
q <1, it holds that ¢-detA > 0 for any A > O.

In [15], we raised the following positivity problem for
a-determinants.

Problem 1. Find the range of a € R such that det, A > 0
for any A > O.

For this problem, we obtained affirmative results for

a€{-1/m|meN}tu{0}uUu{2/m|m e N} (1.2)



in the case of real-symmetric matrices and

ac{-1/m|meN}tu{0}u{l/m|me N} (1.3)
in the case of Hermitian matrices [15, 16]. Also we can find
real-symmetric matrices for which det, A is negative unless
a € {=1/m | m e N}U|[0,2] (resp. a € {—=1/m | m €
N} U [0,1]) for real-symmetric (resp. Hermitian) matrices
[11, 16]. From these results, we conjectured the following:

Conjecture 1.3 ([15, 16]). (1) When a € {—1/m | m €
N}uU[0,2],
deto, A >0

for any real-symmetric positive semidefinite matrix A.
(2) When o € {—1/m | m € N} U[0,1],

det,A >0

for any Hermitian positive semidefinite matrix A.

In the present paper, concerning with this positivity con-
jecture, we discuss the infimum of a-determinants over a
convex subset of the cone of positive semidefinite matri-
ces. In Section 2 we explain why we need positivity for
a-determinants by showing the probabilistic background
of the problem. In Section 3 we review some known re-
sults towards Conjecture 1.3 above. In Section 4, we refor-
mulate the positivity problem as polynomial optimization
problems (POP) which depend on the size of matrices. In
Section 5, we review semidefinite programming (SDP) re-
laxation problems associated with POP. In Section 6, we
give the answer of the reformulated problem for positive
semidefinite matrices of size 3 (Theorem 6.1), and give up-
per bounds (Propositions 6.7 and 6.9) and numerical lower
bounds (Figure 3 to 5) for those of size 4 and 5, which lead
us to Conjectures 6.8 and 6.10. In Section 7, we give a
remark and some open questions.

2.  «a-DETERMINANTAL POINT PROCESSES

This positivity problem arises from the study of the exis-
tence of certain point processes. Here we briefly survey this
point. Details can be found in [15] and [16].

Let R be a “nice” space such as R? and \ a fixed reference
measure on it. A (simple) point process on R is a random
point configuration, i.e., a probability measure p on the set
of all locally finite subsets of R. It is uniquely determined
by correlation functions (or joint intensities) p,: R™ —
[0,00) by the formula

Al X XAy

for every n > 1 and disjoint Borel sets Aq,..., 4, C R,
where N(A) is the number of points inside a Borel set A.
For example, the correlation functions of a stationary Pois-
son point process on R? are given by p,(x) = ¢ (x =
(z1,...,7,) € (RH)™) for some ¢ > 0.
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Figure 1: From the left, Poisson, determinantal and per-
manental point processes on R2. The figure is borrowed
from [3].

A point process is called determinantal or fermionic if
its correlation functions are given by determinants, i.e.,

pn(x) = det(K (i, 25)); j=1

with a positive semidefinite kernel K: R x R — C sat-
isfying certain conditions. This is originally considered
as fermionic particles in quantum physics; however, there
found many interesting examples of determinantal point
processes, such as eigenvalues of some random matrices,
e.g., Gaussian Unitary Ensemble, the Ginibre point pro-
cess, zeros of a certain Gaussian analytic function, non-
intersecting Brownian motions in one-dimension, uniform
spanning trees on a graph, random domino tiling (dimer
model).

From the physical point of view, boson is also impor-
tant as well as fermion. We can also define point processes
corresponding to boson. A point process is called perma-
nental or bosonic if its correlation functions are given by
permanents, i.e.,

pn(x) = per(K(xivxj))ijl'

For both determinantal and permanental point processes, it
follows from the inequality (1.1) that correlation functions
are non-negative if the kernel K is positive semidefinite.
See Figure 1 for typical samples of Poisson, determinantal
and permanental point processes.

A point process p is uniquely determined by its Laplace
transform

Lu(f) = Bulexp(=(¢, f))],

where (&, f) = >, f(x;) for a point configuration £ =
{z;}; C R and a nonnegative function f of compact sup-
port on R. The Laplace transform of determinantal point
process fix,—1 and permanental point process pg 41 are
given by

LILK,il(f) = det(I + K¢)i17 (21)

where Ky is an integral operator with kernel Ky(x,y) =
&% () K (z,y)¢"?(y) with ¢ = 1 —e~F. We can naturally
interpolate it by introducing l-parameter « to the above

Laplace transforms as
Ly o (f) = det(I + aKy)~ V. (2.2)

The equality (2.2) defines a signed measure pug o in gen-
eral and by expanding the right-hand side we obtain
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detq (K (zi,75))7 ;=1 as “signed” correlation functions for
LK, However, if pg . is indeed a probability mea-
sure, or equivalently there exists a point process, which
we call a-deteminatal point process, the correlation func-
tions detq (K (7, 7;));';—; are nonnegative for any n € N
and x1,...,2, € R. Hence, the positivity problem of a-
determinants is equivalent to the existence problem of point
processes. We remark that the limiting case a = 0 corre-
sponds to Poisson point processes.

3. KNOWN RESULTS TOWARDS POSITIVITY
CONJECTURE

Here we list some known results for the positivity. More
details can be found in [11, 15, 16]

1. For the all 1 matrix 1 of size n, we have
deto1=(1+a)(1+2a) ---(1+(n—1)a)
=:cp(@).

More generally, if A is an n by n matrix of rank 1, or
equivalently A = u*u for a row vector u € C",

deto A = ¢, () H ).
i=1

Unless @ € {—1/m | m € N} U [0, 00), the above can
be negative if n is big enough.

2. When A is of rank p (> 2), it holds that det,A > 0
whenever o € [0, plj] In particular, when A is of
rank 2, det,A > 0 whenever a € [0,1] (cf. (4.12),
[16]).

3. Real-symmetric case [16]: define a (2N +2) x (2N +2)
matrix of rank two by Ay = u’u + v’v with

u=(1,1,1,...,1,0,...,0),
——— ——
N N
v=(1,-1,0,...,0,1,...,1).
—— ——
N N

When o > 2, det, Ay < 0 for sufficiently large N.

4. Hermitian case [11]: define a (2N + K) x (2N + K)
matrix of rank two by Ax y = u*u+ v*v with

u=(1,...,1,1,...,1,0,...,0),
—— N — N —
K N N
v =(1,e¥E | 2UE-D/K o 01,...,1).
N——
K N N

When a > 1, one can show that det,Ax,ny < 0 for
sufficiently large K and N.

5. For real-symmetric case, detaA is nonnegative when-
ever A > O. This follows from the fact that deto,A
is equal to the correlation function of a Cox process,
which is a Poisson point process with random intensity
being squared real Gaussian field with covariance A.

6. The correlation function of the superposition of m-
independent copies of Cox process the above is equal
to dety/,, A. Hence, dety),,, A is nonnegative for any
real-symmetric positive semidefinite matrices. Simi-
larly, the correlation function of the superposition of
m-~independent copies of determinantal point process
the above is equal to det_;,,, A, which implies that
det_y/,,, A is nonnegative for any real-symmetric posi-
tive semidefinite matrices. Therefore, when

ae{-1/m|meN}u{otu{2/m|meN}, (3.1)

the a-determinant
symmetric matrices.

is nonnegative for any real-

7. Roughly speaking, det, A can be written in terms of
a Poisson point process with intensity being diagonals
of Wishart random matrix (cf. [16]). From this fact,
forn = 2,3,..., det,A > 0 for real-symmetric, n by
n positive semidefinite matrices when

2 2 2 2
= 2}.
ae{o’n—l}u{n—l’n—f 2 ’

Remark that the numerator 2 is replaced by 1 for the
Hermitian case.

4. REFORMULATION OF THE POSITIVITY
PROBLEM

In what follows, we only consider the real-symmetric ma-
trices. Hermitian cases can also be considered.

Since the conjugation by a regular diagonal matrix does
not change the sign of a-determinant, for our positivity
problem, without loss of generality, we may assume that
the diagonals of matrices are all 1, e.g., when n = 3

1 r1 X2
A= Ag,[X] = T 1 xs |,
To I3 1
where x = (x1,29,23). Let P, be the totality of such

positive semidefinite real-symmetric matrices of size n.
The set P, is a compact convex subset of [—~1,1]% with
dn, = n(n —1)/2, the number of variables. We consider a
minimization problem for fixed matrix size, and for each n
we define

An (@) = mjndetaA st. AeP,.

Tt is easy to see that (i) for any « and n, A,(a) < 1 since
detoI, = 1 for the identity matrix I,, € P,, and (ii) for
fixed «, the quantity A, («) is non-increasing in n since P,
can be naturally embedded in P,1. We now define
Aoo(@) := lim A, (a) € [—o0, 1].
n—oo

We note that Ao (@) is upper semi-continuous since det, A
is a continuous function of « for each n and A.

Now Problem 1 in the introduction is rewritten as fol-
lows:



Problem 2. Find the range of & € R such that Ao (a) > 0.

From 1. in Section 3, we can see that A (o) = —o0
when a € (—00,0) \ {—1/n,n € N}. In this setting, when
a > 0, Conjecture 1.3 is equivalent to

Aoo(@) > 0 if and only if a € [0,2] (resp. o € [0,1]) (4.1)
for real-symmetric case (resp. Hermitian case). We restate

known sufficient conditions for positivity mentioned at 6.
in Section 3. For n = 2,3,..., it holds that A\,(a) > 0

when
2 2 2
...,1,2}
@€ {O’n—l}u{n—l’n—f

|k=1,2,...}.

and thus Aoo (@) > 0, if o € {2

5. POP AND SDP RELAXATION

Semidefinite programming (SDP) is a convex optimization
over the cone of positive semidefinite matrices. It has been
developed for last decade from the theoretical and prac-
tical points of view, and the development is still ongoing.
Here we formulate our problem as a polynomial optimiza-
tion problem (POP) and estimate it from below by SDP
relaxation.

Although the relaxation procedure below is rather stan-
dard, here we explain, for simplicity, when n = 3. Our ob-
jective function is written with the variable x = (z1, 2, x3)
as

1 1 X2
fa(x)=dety [z1 1 a3
T2 X3 1

=1+ az? + 23 4+ 23) + 202z 2073,

Then, our problem is the following:

POP3;: Find
1 r1 X2
As(@) :=min fo(x) st. A=|z1 1 z3] >0,
Tro I3 1

or equivalently

1—2%>0

. 1—22>0
min f,(x) s.t. -
Ja(x) 1—1:%20

1— (22 + 23 + 23) + 2712273 > 0.

By introducing the vector consisting of all monomials of
degree < d
_ 2 d
ug[x] = (1,21, 29, 23, 77, T122, . . ., T3)
and a positive semidefinite matrix for which the degree of
each element < 2d
]T

My[x] = ug[x]" uglx],
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we rewrite the constraint in another equivalent form as

( —1(
(1—a3)My_1(x
(1 —a%)M,_1(x
(1— (22 + 23+

)= 0
)=>0
)=>0
23) + 231 7923) M,_2(x) > O

for 7 > 2. Here r is called the relaxation order. By linear-
lization of variables as z‘fxg:rg = Mabe

2
e.g. 1 = mooo, 1 = M100, T1T3 = M2o1 etc.

and omitting the constraints w‘fxgmg = Mygpe for each a, b, ¢,

we have the SDP relaxation problems SDP3,. (r > 2) as
follows:

SDP3 . Find ugr)(oz) := min{1 4 a(mago +mo20 +Moo2) +
2a2m111}

M,(m) > O

(1 = o200)M;—1(m) > O
s.t. ¢ (1 —o0020)My—1(m) > O

(1- UOOQ)M 1(m) >0

)
)
{1 = (o200 + d020 + G002) + 20111 } M, —2(m) > 0,

where m = (mgoo, M100,M010; - - -y M2r2r2r) and oy is
acting on each variable mgp. as shift of indices, i.e.,
OijkMabe = Mati btj,c+k- FOr example,

moo1
mio1
mo11
moo2

mo10
mi1o
Mo20
mo11

mioo
m200
miio
mio1

Mooo
m1io0
mo10
moo1

0201

ma11
msi11
m221
mai12

m2p2
m3o2
mai2
m203

m3o1
mM401
ma3ii
ms3o2

m2o1
m3o1
mai1
m202

By SDP relaxation, we have obvious inequalities

S () <

This means that uér)

1S (@) < As(a).

() gives a lower bound for Az(a), and
hence positivity of Az(a) follows from that of uz(f)(a) for
some 7.

In the same manner as above, we can also define SDP
relaxation problems for any n € N and LL(T)( ) which gives
a lower bound of A, ().

6. THE CASE n =3,4,5

6.1. POP AND SOS RELAXATIONS

Let R[x] be the ring of real polynomials of the variables x =
(z1,...,2,). We say that f € R[x] is a positive polynomial
on R™ if f(x) > 0 for any x € R™. We denote the set of
all positive polynomials by II. A positive polynomial f is
said to be a sum of squares polynomial (for short, SOS
polynomial) if there exist some polynomials pq,...,pr €
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R[x] so that f = Z . p?. We denote the set of all SOS
polynomials by . Obviously, ¥ C II. Conversely, every
positive polynomial of one variable is an SOS polynomial,
however it is not always the case for positive polynomials
of several variables. For example, the Motzkin polynomial
f(z,y) =1 —32%y% + 2%y* + %2 is a positive polynomial
on R? but not an SOS polynomial.

It is easy to see that g € R[x] is an SOS polynomial
of degree 2d if and only if there exists a real-symmetric,
positive semidefinite matrix @ of size ("5%) such that

9(x) = ualx]Qualx]".
The problem of finding an SOS representation for a given
positive polynomial is often reduced to the semidefinite op-
timization problem, i.e., the problem of finding such a real-
symmetric positive semidefinite matrix Q.
In Section 5, we discussed the following constrained POP
for x € R™: for polynomials f, g1,...,9m € R[x],

min f(x) s.t. g;(x) >0 (Vj=1,2,...,m). (6.1)
Here we consider its dual problem:
pi=maxp s.t. f(x)—p>0(Vx € K), (6.2)

where K is a basic semi-algebraic set defined by
K={xeR"|gj(x)>0(Vj=1,2,...,m)}.
We say that a positive polynomial p on K admits an SOS

representation if there exist SOS polynomials og,...,om
such that
p(x) = 0(x) + Y _ 9;(x);(x) (6.3)
j=1
The set of all such p(x) is denoted by Q(g1, - . -, gm), which
is called the quadratic module generated by gi,..., gm. If

the level set {x € R™ | u(x) > 0} is compact for some u €
Q(g1,---,9m), by Putinar’s Positivstellensatz (cf. Theorem
2.14 in [6]), one can find such 0; € &, j =1,2,...,m when
p is strictly positive on K.

If we replace the condition “f(x) — p > 0 on K” by
“f(x) — p on K admits an SOS representation” in (6.2), we
have an SOS relaxation problem as

psos :=maxp s.t. f— p admits an SOS representation.

It is obvious that p* > psos. SDP solvers can find positive
semidefinite matrices Q;,7 = 0,1,...,m such that

m

f(x ngs = Zgj

(Vx € K),

where we put go(x) = 1 and p; = [degg;/2]. Here
r > max([deg f/2],pj,7 = 0,1,...,m) corresponds to the

relaxation order. Therefore, we obtain f(x) > gc))s for all
x e K.
Note that K has a non-empty interior in our problem.

Hence by the strong duality theorem of SDP (cf. [6]), we

have ,u( )( ) = péo)s, where ,u( )( ) is the minimum of the

SDP relaxation problem for (6.1) with relaxation order r
as in Section 5.

)Qj Ur—p; (X)

ur —p;

20

6.2. Forn=3 (1)
For n = 3, we can compute Az(«) explicitly by direct com-
putation as follows. See Figure 2.

Theorem 6.1. For a > 0,

pata) = (@) = min { 31+ ) - )1}

for any r > 3.

We omit a direct proof as it is elementary but tedious.
Instead we prove this formula by giving SOS representa-
tions for det, A.

From SDP relaxation problem SDPj3,, we can easily
compute ;5= (a) and p{ = (@) numerically for given a
(see Figure 2) by using SDPA 7.3.5 [21] on a Mac. From
this solution, as mentioned in the last subsection, we also
find an SOS representation of det, A as in (6.3). We can
then construct an expression for general «, using the pro-
cedure in [12], as follows.

a/2  o?/3
0?/3 a2 ) Then, the
a-determinant for n = 3 admits an SOS representation

@
x)=1+ Z {Vz‘jkVaVz’Tjk + Z(l - x?)(‘r? + Ii)} )

ijk:cyclic

Proposition 6.2. Let V, = (

where vy, = (2;,z;2) and

Z Pijk = P123 + P231 + P312-
ijk:cyclic

Since V,, is positive semidefinite when a € [0,3/2], we
see that f,(x) > 1 for any As[x] € Ps. Hence, we can
conclude that Az(a) = 1 at least for « € [0,3/2]. This type
of representation is not unique. In the next subsection, we
will find another representation for Az(«).

6.3. Forn=3 (1)

Here we discuss the problem in the extended framework of
SDP and SOS relaxations for POP developed in [7, 9].

b

2L

3L

Figure 2: 1> (a) (blue) and u{ =" (a) (purple) for 0 <

a <4,



An m X m symmetric matrix F'(x) is said to be a poly-
nomial matriz if there exists a finite number of m x m
symmetric constant matrices Hy such that

F(x) = Zbeb,
b

b_ b b b . _ d
where x” = z7'x? - -z for given x = (z1,...,24) € R

and the multi-index b € N?  We call the inequality
F(x) € ST polynomial matriz inequality (PMI), where S}
is the closed cone of the positive semidefinite matrices of
size m. Note that F(x) is just a polynomial if the size
of Hy, is 1 x 1. An m X m polynomial matrix F(x) is
said to be an m x m SOS polynomial matrices if there ex-
ist m x m polynomial matrices G1(x), ..., G4(x) such that
F(x) = 327, Gi(x)TG;(x). We denote the set of m x m
SOS polynomial matrices by %™ and that with degrees
at most 2r by X7"*™. The following lemma is presented
in [7]. This plays an essential role in SDP relaxation for
polynomial optimization problems that contain PMIs.

Lemma 6.3. Let W(x) be an m x m polynomial matrix
with degree 2r. Then W(x) € 37*™ if and only if there
exists a positive semidefinite matrix V' € S such that

W(x) = 3 penn 2penn Vopx®Tt where ng := ("':7'), N =
{aeN"|Y" a; <7}, and V,, € S™ is the (a, b)-th block
of V e ST,

We recall our positivity problem:
An(a) = min{det A, [x] | A, [x] € ST }. (6.4)
This can also be written as

An (o) = min{deto Ay [x] | M,_1[x] ® A,[x] € ST'}

since A,[x] € S is equivalent to M, _[x] ® A,[x] € S}*
where ny = (d"jffl)n with d, = n(n — 1)/2. We can
rewrite it as

¥ g st |
b

for some fy(a) € R and E,; € S''. By replacing all mono-
mials x® with new variables y;, (linearlization) as in Sec-
tion 5, we obtain the following SDP relaxation problem

Z Er vy € ST}
b

An(a) = min {Z fila)x"
b

v{"(a) = min {Z Jol@)ye
b

and \,(a) > fo)(a). Its dual problem is obtained from
the following SOS problem:

oy fo(@)x? — p = W(x) - An[x]
(x € R,
pER, W(x) e xm<n

where A - B = Tr(AB). From Lemma 6.3, there exists
V e ST such that W(x) - Ap[x] =V - (M,_1[x] ® An[x]).

Journal of Math-for-Industry, Vol. 5 (2013A-1)

Then, we have an equivalent form:
ngs(a)
o fo(a)x” —p =V (M,_1[x] ® An[x])
=supq p (x € Rin)
peER, VeSi.

Since the feasible region of (6.4) has a non-empty inte-
rior and the SOS relaxation problem is feasible, by the

strong duality for SDP (cf. [6]), we have A, (o) > v (a) =

p(sgs(oz). SDP solvers can find V' € ST, from which we
found the following SOS representation.

Proposition 6.4. For a > 0,

deto, As[x] — min {iu +a)d—a), 1}

x% T1ToT3 T1T2T3 1 1 1
=pi(a) | z1z223 3 T1Tox3 1 1 1
T1X2T3 X1T2XT3 x% 1 1 1
1 z? 3 1 -2 -2
+ p2(a) Z -%2 3312 x| - | -2 4 4
ijk:cyclic I? TiZ ;T l‘? —2 4 4
where
1
za(2a—3) 3/2< a <3,
pil) = {10E 7Y 92
« a >3,
and
1
a3 — o 3/2<a <3,
pala) =43 ( ) 3/
pala—=3) a>3

In particular, when o > 3/2, we have the inequality
. 1
det A3[x] > min {1(1 +a)(d - a), 1}

whenever A3[x] € S%.

Proof. We can directly verify the above equality. Since
any principal minor of the tensor product of two positive
semidefinite matrices is also positive semidefinite, we see
that

(M [x] ® A3[x])3,5,7).(3,5,7)

x% T1To T1T3 1 x1 2
= T1T2 x% Toxg | @ x1 1 a3
2
T1T3 TaT3 X3 To x3 1 (3.5.7),(3.5.7)
SU% T1T2x3 X1X2X3
= | x1z023 x% r1x023 | > O,
L1223 X1T2X3 $%
¥ _ T
where M [x] = (21, 22,23)" (21,22, 23) > O. O

Remark that for 0 < a < 3, we also have the following
more neat SOS representation.
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Proposition 6.5. For 0 < a < 3,

detaA:;[X] -1
x3 T1ToX3 T1T2x3 o a?/3 a?/3
= | 212923 x3 T1T2T3 a?/3 o  a?/3
T1ToTs T1ToT3 23 a?/3 %3«
> 0.

Proof of Theorem 6.1. Combining Propositions 6.4 and
6.5, we obtain the lower bound of A3z(a). Also when
x = (1/2,1/2,—1/2), the optimal values are attained for
every o > 0. We obtain the assertion. O

6.4. Forn=4

For x = (z1,Z2,...,76) € R® and

1 r1 X9 I3
X1 1 Tg4 Ty
To X4 1 T
3 X5 Tg 1

A4 [X] =

we see that the a-determinant is given by

Jo(x) := dety (A4[x])

6
=14+« Z xf
i=1
+ 202 (2100xy + T1T3T5 + ToTaTe + T4T5TG)
+a®(afag + wjaf + 25a])
+ 203 (2ow37425 + T123T426 4+ T1T2T5T6).
We consider the minimization problem as follows:
Ag(@) = min g4 (x) s.t. A4[x] € Py.
Lemma 6.6. When 0 < « < 1, it holds that A\y(a) = 1.

Proof. Since A4(ar) < 1, it suffices to show that Ag(a) > 1.
Indeed, we have the following representation

Ja(x)—1
o xf TiTjT  TiTjTh 1 %"‘ 2?“
= — E TiTTh :r? TiTjTh %"‘ 1 2?“
L 2 2a 2c 1
(i,5,K)EA \TiZTjTl TiT;Tk Ty, 3 3
J;%m% T1T2X5L T1X3T4X6 1 o «
+ a2 T1T2T5T6 x%x% ToX3T4T5 a 1 «
T1T3T4X ToT3T4Xs x%xi a o 1
>0

when « € [0, 1], where
A={(1,2,4),(1,3,5),(2,3,6),(4,5,6)}.

Positivity follows from the fact that all matrices appeared
in the above equality are positive semidefinite whenever
A4[x] € S4 and « € [0, 1]. Therefore, we obtain the desired
inequality. O

—20L

_251

Figure 3: /LYZQ)(Q) (blue), uyzs)(a) (purple) and

1= (a) (orange) for 0 < a < 4.
177777j\
2‘2 2‘4 2‘6 : ; ‘ 218 3‘0 3‘2

Figure 4: 4= (o) (purple) and p{"="(a) (orange) for

2 < a < 3.3. The solid line is the upper bound given in
Proposition 6.7.

Proposition 6.7. For a > 0,
1
As(@) < min {5(1 +a)(2 + 20 — o?), 1}.

Proof. Let a, = Lé/ﬁ = 2.56155.... Then, the right-

hand side attains at the identity matrix I, for 0 < a < ay

and at A =ulu+ vTv with

1 1 1 1
7377130)3 V= (7»_7»071)

(ﬂ V2 V2' V2

for a > .. Therefore, the upper bound for A\y(a) follows.
O

The numerical lower bound matches the upper bound
(see Figure 4). We conjecture the following:

Conjecture 6.8. For a > 0,
r g1
M(a) = ,ufl )(a) = min {5(1 +)(2 + 2a — a?), 1}

for any r > 4.

In Figures 3 and 4, we used a MacBook Air to solve SDP
relaxation problems for (n,r) = (3,2),(3,3), (4,2),(4,3) in



the framework of Section 5. The specification is as follows:
0OS is Mac OS X 10.6, CPU is Intel Core 2 Duo with 1.4
GHz and the memory is 4 GByte.

For (n,r) = (4,4), we used SDPA online solver at Fuji-
sawa lab., Chuo University [20].

6.5. FOrRn=5

For x = (x1,22,...,710) € RV and

1 r1 X2 I3 T4
1 1 x5 x¢ 7
Asx]=|22 x5 1 x5 9 |,
3 we xg 1 T10
T4 wr xT9g w10 1

we see that the a-determinant is given by

ha(x) := deto(As[x])

10
:1—|—a2x?
i=1

2
+ 2« ($11'2$5 + X123Tg + T1X4XT7 + T2X3X8 + T2T4Tg

+ 2324710 + T5T6T8 + T5T7T9 + TeXT7T10 + TT9T10)

+a®(aiaf + aied + ataly + a3ag + 2327 + adat
+ m%x% + x%x% + x%mg + xix% + xixg + xixi
+agaty + agad + o7af)

+ 2a3(x2x3x5x6 + ToX4T5T7 + T3X4TT7 + T1X3T5T8
+ 2122%628 + T1T4T5T9 + T1X2X7T9 + T3T4T8T9
+ TeXT7T3T9 + T1T4T6T10 + T1T3T7T10 + T2T4T8T10

+ T5x7T8T10 + T2T3T9T10 + T5T6L9T10)

30,2 2 2 2
+ 2« (xlxsxgxlo + X5T6T7T10 + L3T5T7T9 + THX5L6L8

+ m3x4x§x10 + x2m4x§x9 + xgxgxgxg + m1x4w7m§
+ $11'3£U6£C3 + $1x2$5$%0)

+ 20t (2129769 T10 + T1T3T5T9T10 + T1T2T7T8T 10
+ X1T4T528%10 + T2T3T5T7T10 + T2X4T5T6L10
+ T1T3T7L8Lg + T1X4TLITY + T2X 3T L7y
+ T3T4T5TeT9 + T2X4TT7T] + ZL‘31’4$5£L‘7’I}8).

We consider the minimization problem as follows:

As(a) = min by (x) s.t. As[x] € Ps.

Here we give an upper bound by computing a matrix of

rank two.

Proposition 6.9. For a > 0,
1
As(@) < min{z(l +a)(1+2a)(4 + 3a — 202), 1}.

Proof. Tt is obvious that As(a) < 1. Set

1 s -t s —t
s 1 —-s t t
A=|—-t —s 1 t —s
s t t 1 —s
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with

VE+1 \/5—1>7 (_\/5—1 _\/5—&—1).

(S’t):( 4 0 4 4 4

Then, A is of rank 2 and we obtain the assertion by direct
computation of det,A. O

s,

151

Figure 5: 1/(3)(04) (purple) for 2.2 < o < 2.8 and 1/5(4)(a)
(red) for 2.2 < ae < 2.55. The solid line is the upper bound
given in Proposition 6.9. The two functions 1 and 1/4(1 +
@)(1 + 2a)(4 + 3a — 2a?) meet at o = 1/2(5'/3 + 5%/3) =
2.31699. ...

In Figure 5, we used a Linux machine to solve SDP re-
laxation problems in the framework of Subsection 6.3. The
specification is as follows: OS is Ubuntu 12.10, the model
name of cpu is Intel(R) Xeon(R) CPU E5530 with 2.40
GHz, the number of physical cpu is two and the memory
is 24 GByte. We used eight CPU cores of this computer.
In particular, to solve SDP relaxation for n = 5 with re-
laxation order r = 4, we used SDPA 7.3.5 [21] linked with
GotoBLAS2 1.13 [22]. In other cases, we used SeDuMi 1.3
[23] with MATLAB R2012b at the same Linux computer.

In Figure 5, for small «, there is a gap between the upper
bound given in Proposition 6.9 and the numerical lower
bound when the relaxation order » = 3. However, when
r = 4, they seem to match. Proposition 6.9 and Figure 5
support the following conjecture.

Conjecture 6.10. For oo > 0,
r (1
As(a) = i (a) = m1n{Z(1+a)(l+2a)(4+3a—2a2), 1}

for r > 4.

7. CONCLUDING REMARKS AND OPEN
QUESTIONS

During the preparation of this paper, we found a paper
[1] which states that positivity holds only for parameters
given in (1.2) for real-symmetric case and (1.3) for Hermi-
tian case. The proof relies on a result due to A. D. Scott-
A. D. Sokal for complete monotonicity of inverse powers
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of certain polynomials that are defined through determi-
nants [17]. It is still unknown which matrices break the
positivity. Finding such matrices would also be an inter-
esting problem.

Here are some open questions.

e Compute A,(a) for n > 4. Find corresponding SOS
representations.

o Is A\, (a) monotone decreasing in a € [0, c0]?
e Compute Ao ().

e Compute A,(a), As(a) for Hermitian positive

semidefinite matrices.

e For the ¢-determinant, we can also define the simi-
lar quantities, say A, (q) and Ay (q), just by replacing
the a-determinant with the g-determinant. By Theo-
rem 1.2, we see that As(q) > 0 for —1 < ¢ < 1. Study
these quantities.

ACKNOWLEDGMENTS

The second author (T'S) would like to thank IBM Research
- Tokyo, where this work was initiated, for their hospitality,
and also thank Professors A. D. Scott and A. D. Sokal for
making the preprint [17] available prior to its publication.
The work of the second author was partially supported by
JSPS Grant-in-Aid for Scientific Research (B) 22340020.
The third author (HW) was supported by a Grant-in-Aid
for Young Scientists (B) 22740056.

REFERENCES

[1] P. Brandén, Solutions to two problems on permanents,
Lin. Alg. Appl. 436 (2012), 53-58.

[2] K. Gatermann and P. A. Parrilo, Symmetry
groups, semidefinite programs, and sums of squares,
J. Pure. Appl. Alg. 192 (2004), 95-128.

[3] B. Hough, M. Krishnapur, Y. Peres and B. Virig,
Determinantal processes and independence,
arXiv:math.PR/0503110v1 6 Mar 2005.

[4] E. H. Lieb, Proofs of some conjectures on permanents,
J. Math. and Mech. 16 (1966), 127-134.

[5] J. B. Lasserre, Global optimization with polynomials
and the problems of moments. STAM J. Optim. 11
(2001), 796 817.

[6] J. B. Lasserre, Moments, positive polynomials and
their applications, Imperial College Press, London,
2010.

[7] M. Kojima, Sums of Squares Relaxations of Polyno-
mial Semidefinite Programs, Research Report B-397,
Dept. of Mathematical and computing Sciences, Tokyo
Institute of Technology, Tokyo, November 2003.

[8] M. Kojima, S. Kim and H. Waki, Sparsity in sums of
squares of polynomials, Mathematical Programming
103 (2005), 45-62.

[9] M. Kojima and M. Muramatsu, An extension of
sums of squares relaxations to polynomial optimiza-
tion problems over symmetric cones, Mathematical
Programming 110 (2007), 315-336.

M. Marshall, Positive Polynomials and Sums of
Squares, Math. Surveys and Monographs 146, AMS.

H. Ochiai, Positivity for certain a-determinants (in
Japanese), RIMS Kokyurdku 1722 (2010), 154-166.

T. Osogami and R. Raymond, Analysis of transient
queues with semidefinite optimization, Queueing Sys-
tems: Theory and Applications 73 (2013), 195-234.

P. A. Parrilo, Semidefinite programming relaxations
for semialgebraic problems, Mathematical Program-
ming 96 (2003), 293-320.

V. Powers and T. Wormann, An algorithm for sums
of squares of real polynomials, Journal of Pure and
Applied Algebra 127 (1998), 99-104.

T. Shirai and Y. Takahashi, Random point fields asso-
ciated with certain Fredholm determinants I: fermion,
Poisson and boson point processes, J. Funct. Anal.
205 (2003), 414-463.

T. Shirai, Remarks on the positivity of a-
determinants, Kyushu J. Math. 61 (2007), 169-189.

A. D. Scott and A. D. Sokal, Complete monotonic-
ity for inverse powers of some combinatorially defined
polynomials, preprint.

D. Vere-Jones, A generalization of permanents and de-
terminants, Linear Algebra Appl. 111 (1988), 119-
124.

H. Waki and M. Muramatsu, An extension of the elim-
ination method for a sparse SOS polynomial, Jour-
nal of the Operations Research Society of Japan 54,
(2011), 161-190.

SDPA online solver, http://sdpa.indsys.chuo-u.
ac.jp/portal/

SDPA, http://sdpa.sourceforge.net/

GotoBLAS2,
http://www.tacc.utexas.edu/tacc-projects/
gotoblas2

[23] SeDuMi, http://sedumi.ie.lehigh.edu/

Takayuki Osogami

IBM Research - Tokyo, NBF Toyosu-canal-front 5F, 5-6-52
Toyosu, Koto-ku, Tokyo, 135-8511, Japan

E-mail: OSOGAMI(at)jp.ibm.com



10

Tomoyuki Shirai

Institute of Mathematics for Industry, Kyushu University,
744, Motooka, Nishi-ku, Fukuoka, 819-0395, Japan
E-mail: shirai(at)imi.kyushu-u.ac.jp

Hayato Waki

Institute of Mathematics for Industry, Kyushu University,
744, Motooka, Nishi-ku, Fukuoka, 819-0395, Japan
E-mail: waki(at)imi.kyushu-u.ac.jp

Journal of Math-for-Industry, Vol. 5 (2013A-1)



