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Abstract.

Mack estimated the mean squared errors of the outstanding claims reserve of each

accident year and of the overall claims reserve in order to obtain their confidence intervals within
his distribution-free model. We generalise his formulae by allowing for arbitrary exponents in the
variance assumption. Our formula is also capable of giving a confidence interval of the amount that

the insurer is liable to pay each year.
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1. INTRODUCTION

The chain-ladder method is classical and yet probably the
most widely used in stochastic claims reserving. Although
formerly thought of simply as a deterministic algorithm, it
has been justified so far by many stochastic models. Mack
[1, 2] constructed one such model that is remarkable for
being distribution-free, and obtained confidence intervals
of the outstanding claims reserve of each accident year and
of the overall claims reserve, via formulae estimating their
mean squared errors. The aim of the present paper is to
give a single formula that generalises Mack’s in two senses.
Firstly, our formula is general enough to yield a confidence
interval not only of the outstanding claims reserve of each
accident year and the overall claims reserve but also of
the amount that the insurer is liable to pay each year.
Secondly, we allow any real number to be the exponent
in the assumption on the conditional variance of claims
amounts, as opposed to Mack, who assumed that the con-
ditional variance is proportional to the immediately preced-
ing claims amount, i.e. the exponent is 1 (see Assumption 3
for further details).

We now introduce some notation. Let (Q,F,P) be a
probability space, on which all random variables that ap-
pear below are defined. For a set X’ of random variables, we
write o(X) for the sub-c-algebra of F generated by the el-
ements of X'. Equality between random variables is always
understood to mean almost sure equality.

Denote by C;; the cumulative claims amount of acci-
dent year i after development year j, where ¢, =1,...,n.
Mathematically speaking, we let C; ; be a positive-valued
random variable, which is tacitly assumed to be square-
integrable, so that its expectation and variance are well
defined. We understand that the random variables C; ;
have been observed if i + j < n + 1, and set

D=o({Cijli+j<n+1}).

We further set

gi,j - 0({Ci,1a ceey Clj})

fori,j=1,...,n.
We shall make three assumptions on C; ;. The first as-
sumption is the independence of the accident years:

Assumption 1. The o-algebras G ,, ..
pendent.

., Gnn are inde-

The second is the standard chain-ladder assumption:

Assumption 2. For each j = 1,...,n — 1, there exists a
positive constant f; such that

E[C; j+11Gi5] = Cijf;

foralli=1,...,n.

These two assumptions are also made by Mack. In addi-
tion, he assumed that for each j = 1,...,n— 1, there exists
a positive constant v; such that

V(Cij+1Gi5) = Cijv;

for all « = 1,...,n. We shall generalise this variance as-
sumption by replacing C; ; by Cf';, where « is an arbitrary
real number:
Assumption 3. For each j = 1,...,n — 1, there exists a
positive constant v; such that

V(Cij+11Gi) = CFjv;

]

for alli =1,...,n, where « is any fixed real number.

The paper is organised as follows. We first provide point
estimators of f;, vj, and C; ; in Section 2, and justify them
in Section 3. In Section 4, we give estimators of the mean
squared errors of what actuaries, rather than mathemati-
cians, are interested in. Section 5 is devoted to stating our



main formula, which will be justified in Section 6, and to
showing that it does indeed lead to the estimators given in
Section 4. Practising actuaries who are not keen on know-
ing our formula in full generality or on understanding its
proof are advised to read Sections 2 and 4 only.

2. POINT ESTIMATORS
Estimate 1. We estimate f; by
o D i 301 i "Cijn
D Y C?,j“

fori=1,...,n—1.

Remark 1. If a =1, then
;T Cun
= —
Yot Cij
is the chain-ladder estimator. This is why Mack adopted
the variance assumption with o = 1.

If @ =2, then
. 1 o
f' — . 2,7

is the arithmetic mean of the age-to-age factors C; j11/C; ;
Note that @ = 2 is necessarily the case in some natu-
ral models stronger than ours. As an example, let us
adopt Assumption 1 and assume, instead of Assumptions 2
and 3, that C; ;11/C; ; is independent of G; ; for any i =
1,...,nand j = 1,...,n—1, and that the random variables
C;.j41/Ci; for i = 1,...,n are identically distributed for
each j = 1,...,n — 1. Then it is easy to derive Assump-
tion 2 and Assumption 3 with o = 2.

Estimate 2. We estimate v; by

TR Ciim 2\’
b= ———— Y O I f
RCEVE 12:; " ( Ci; f])

n—2, and v,_1 by

{}2
. . n—2 A
Up—1 = MIN§ —,Vp—-2,Un-3 -
Un—3

Remark 2. Since C ,,/C} -1 is the only age-to-age fac-
tor observed from n — 1 to n, it is impossible to obtain an
estimator of v,,_; in the same way as other v;; here we use
the estimator v,,_1 in accordance with Mack.

The estimator 0,,_1 is defined only if n > 4. Although we
normally have large enough n in practice, we would have to
construct a different estimator if we should have n less than
4. If n = 3, setting 0o = 97 would be legitimate. If n = 2,
constructing 9; would be very difficult if not impossible.
The case n = 1 is meaningless.

Estimate 3. We estimate C; ; by
CY'L’J

fi—1

::Chnv+17ifn+1fi"'

whenever i+ j > n + 2.
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3. JUSTIFICATION FOR THE POINT
ESTIMATORS

The following o-algebras are of great use in our model:
Definition 1. We set

Bi=oc({Cix|i+k<n+1, k<j})CD

forj=1,....,n
Proposition 1. The estimator fj is Bji11-measurable for

7=1...,n—1. It follows that the estimator C’Z] is Bj-
measurable whenever i + 7 > n + 2.

Proof. Obvious. O
Remark 3. If i+7 < n+1, then Assumption 1 shows that

Cijfi,
V(C¢1j+1 |gi,j) = Cio,éjvj

E[C; j+11Bj] = E[Ci j1+11Gi ;] =
V(Cijl|B;) =

together with Assumptions 2 and 3.

3.1. JUSTIFICATION FOR fj

Proposition 2. Let j =1,...,n— 1. Then the estimator
fj is unbiased. More generally, whenever X = (A1,..., An_j)
is a Bj-measurable R~ -valued random variable with non-
negative components that add up to 1, the estimator

a2 Cign
fr= A —22
’ 2:: Cij
satisfies E[fj’\|B]] = f; and therefore is an unbiased esti-

mator of f;.

Moreover, fj s the best unbiased estimator in the sense
that it minimises V(fj>‘|8j) and V(fj)‘) amongst all such
random variables .

Proof. We should first bear in mind that since

P Z” ]Clj aO7J+1

fi= Z”_j cre
S\ jlcz « Gy )’
we have f = f; if \; = CH )iz ]102 @ for all i =

1,....,n—7.
The unbiasedness can be checked as follows:

n—j
E[C, B;]
f>\|B Z)\z 7]+1| Z}\ f]:
i=1
For the bestness of fj, since

p V(C; B;)
Vi) = 3 Gl o

=1

= 2 : 2 -a’
%]
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the Cauchy-Schwarz inequality implies that

n—j n—j 2
V(FNB) Y CH > v, <Z )\i> = vy,
i=1 i=1

ie. V(fj‘|Bj) >,/ S C?5*, with equality if and only
if f;‘ = fj. The uncondltlonal Variance satisfies
V() = V(ELf}B;]) +

because E| f’\\B ;| = f; is a constant, and so the inequality
above shows that V(fA) > Blvj/ S0 C?7 %], with equal-
ity if and only if fj = fj. This completes the proof. O

E[V(£}18))] = E[V(f}1B))]

3.2.  JUSTIFICATION FOR 9

Proposition 3. For j = 1,...,n — 2, the estimator 0;
satisfies E[0;|B;] = v; and therefore is unbiased.

Proof. Write U = 7" JCl “Cijrrand V =377 JCQ @
so that f; = U/V. Then

(n—j—1)0
n—j n—
=) CifCi—2f ZC T9Cija1+ f7 ZCQ “
=1 =
n—j 2
U U
o 2
=3 CrChy, - -V-U+(V) v
i=1
n—j 2
o U
= Zc Cliv1— 7
and so
, o E[U2|B;
(n —j — 1)E[5;|B;] ZC E[C?,,41B)] — %
Here
E[C};11B;] = V(Ci j11B;) + E[C j411B;]°
= Cfju; + G, f7
fori=1,...,n—j, and
E[U?B;] = V(UIB‘) + E[U|B;]?

Z C7 7%V (Cij+1|B))

n—j 2
+ (Z Cil,}aE[Cz’,j+1|Bj}>

i=1

n—j 2
02 “v (Z Cf,jafj>
i=1

+ V22

Il
§ i Mb

It follows that

n—j
(n—j—DE[0|B;] =Y Ci(C; + C2if7)
i=1
. V’Uj + V2f32
v
= (n _j - 1)’()]‘,
which completes the proof. O

Remark 4. Since 0,1 was defined artificially, we cannot
hope for its unbiasedness.

3.3.  JUSTIFICATION FOR C‘i,j

Proposition 4. We have
E[C;;|D] = Cins1—ifryi—i- -
whenever i +j > n + 2.

fi—1

Proof. We fix i =2,...,
If j =n+2—14, then

E[Ciny2-i|D]

n and proceed by induction on j.

= E[Cin+2-ilGin+1-]
= Cint1-ifnt1—i-
Suppose that the equality holds for j. Then
E[C;,j+1|D] = E[Ci j4+11Gin+1-i]
= E[E[Ci,j+1|gi,j] |gi,n+1fi]
= E[Ci,; f;1Gint1-i]
= E[C;,j|Gin+1-ilf;
= Cint1—ifnr1i—i- fi-1fj,
the last equality following from the inductive hypothesis.
This establishes the equality for j + 1. O

Proposition 5. We have
E[C;;|Bnyi—i] = Cims1—ifns1i-

whenever i +j > n + 2.

fi—1

Proof. We fix i = 2,...,n and proceed by induction on j.
If j =n+ 2 —4, then we have

E[éi,n+2—i|3n+1—¢] = E[Ci,n+1—ifn+1—i|Bn+1—i]
= Cinp1-iB[frny1-ilBny1-i]
- i,n+17ifn+17i

by Proposition 2. Suppose that the equality holds for j.
Then, using Propositions 1 and 2 and the inductive hy-
pothesis, we have

B[Cej11Busa-i] = B[BICe;111B,)|Busri]
= E[E[Ci;f|B;)|Bns1-i]
=E[C i ELfi18)) 1|Br1-i]
:E[ ,Jf]|Bn+1 z]
= E| w|B +1-ilf

C;,

- fiofy,
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establishing the equality for j + 1. O

The following corollary means that CA’” is an unbiased
estimator of C; ; in some sense:

Corollary 1. Whenever i +j > n+ 2, we have
E[Cij|Bns1-i] = E[Ci;|Bnt1-i]

and so

E[C;;] = E[Ci ).
Proof. Propositions 4 and 5 show that

E[Cij|Bns1-i] = E[Ci

D],

from which the corollary easily follows. O

4. ESTIMATORS OF MEAN SQUARED ERRORS

Linear combinations of the random variables C; ; include
many practically important values; for example, the overall
claims reserve can be written as

n

D (Cin =

=2

Cint1-i)-

If S is a linear combination of the random variables Cj ;,
then its natural estimator S can be constructed from S
by replacing C; ; with C’,] whenever i + j > n + 2. For
instance, the estimator of the overall claims reserve is

n

Z(éi,n - Ci,n+17i)~

=2

We shall always use this estimator for linear combinations
of C; j. Note that the estimator S is a D-measurable ran-
dom variable and satisfies E[S] = E[S] because of Corol-
lary 1.

Although the point estimator S is easy to find, a confi-
dence interval of S is much more difficult, partly because
our model does not specify a distribution of Cj ;. For this
purpose, Mack looked at the mean squared error of the
point estimator S:

Definition 2. Let S be a linear combination of the random
variables C; ;. Then the mean squared error mseS of its
estimator S is defined by

mse S = E[(S - §)2|D]

There are several approaches to a confidence interval of
S via the mean squared error mseS. It is reasonable to
estimate the 95% confidence interval of S by

(S —2(mse §)/2, S 4 2(mse 5’)1/2)

or by . . R X
(S — 3(mse $)'/2, S + 3(mse 5)/?).

Chebyshev’s inequality ensures that
(3 — 2v/5(mse $)/2, 8 + 2¢/5(mse 3)1/2)
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is at least 95% confidence interval because

E[(S - 5|D]

P(|S - 8| = 2v/5(mse S)/2|D) < -
20mse S

= 0.05;

but the interval is usually too large to be of practical use.

The aim of this paper is to estimate the mean squared er-
rors for several important linear combinations of C; ; within
our model. The present section will focus on giving esti-
mators, and they will be justified in subsequent sections.

For notational convenience, we set CA'M = C;,; whenever
i+ j <n+1, and make the following definition:

Definition 3. We define

A ] ( 1 n 1 )
il = Ay 29— ] — B
17 cir > ome1 Cfn,za
. Uy
Bi= =7
T2 C»Qn,za
fori,l=1,...,n.

Estimate 4. Suppose thati+j > n+2. Then we estimate
mseC; ; by

Remark 5. If @ = 1 and j = n, then this estimator was
given in [1, Theorem 3] and [2, Equation (7)].

Estimate 5. Let

be the overall claims reserve. Then we estimate mse S by

n n—1
> (et 5 )

=2 l=n+4+1—1
n—1

S (50 £.9)
=2 i/ =i+1 l=n+1—1

>

Remark 6. If o = 1, then this estimator was given in [1,
Corollary] and [2, Equation (11)].

Estimate 6. Lett=1,...,n—1 and let

n

S = Z (Ci,n+1fi+t - Ci,n7i+t)
i=t+1

be the amount that the insurer is liable to pay in t years’
time for the claims between accident years t + 1 and n.
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Then we estimate mse S by Since
Cin ifn+l1—-i<l<mn
n n—i+t—1 (p 1= .
Z A, ’ 0 otherwise,
Z 7, n+1 1+t N
i=t+1l=n+1—i we have
Z n n n—1
t A2
g n+1 ot Z it Z Py lAz,l = Z Z Cz nAz,l
1=t+1 ’
i,0=1 =2 l=n+1—1
n—1 min{i+t—1,n} n—i'+t—1
A ~ A n n—1
+2 Z Z Z Xint1—ittXi' nt1—ir+tBi _ 2 A
i=t+1 =i+l l=n+tl—i B b ol
v i i=2 l=n+1—i
n—1 min{i+t—1,n}
+2 Z Z Ximt1—i4tCit a1+t Bn_irye, and
i=t+1  i'=it1 n
. > @iipi 1By
where X; ; is the estimator of the incremental claims amount 1<i<i’'<n 1=1
of accident year i after development year j, defined by n—1
= Ci,nCi’ nBl

_éi,jfl if2<j<m;

if j = 1.

Xi,j = {

In particular, setting t =1, we estimate mse S by

ye:

1=2

Cit

zn+2 i 7n+1 i

Z Qbi’lAi,l +2

It follows that we estimate mse S by

Z Z Gi1pir 1B

il=1 1<i<i’<n I=1
5. STATEMENT OF THE MAIN FORMULA N 1
Estimate 7 (Main formula). For each i = 1,...,n, let 2( Z’nl ; . ZJ)
= =n+1—1
Ji, ki € Z be given so that . N .
nt+1—i<ji <k <n. +2 ; (cm (;l Cn> (l_;_ifh> ) :
Define Example 2 (Estimate 4). Let p,q = 1,...,n satisfy p +

S = zk z]l

y(c

g>n—+2. Setj,=n+1—iforalli=1,...,

n, and

iAzl b n+1—i ifiz#p;
Then we estimate mse S by T q ifi=p
n n
A A Then
~2 A A
Z Giidin+2 Z Z i 1pir 1Bl _ B
il=1 1<i<i'<n =1 §=Cpg = Cpnirp
and so
where we set .
. . mse S = E[(S — 5)?|D]
Cik, —Cij, ifn+1—1 <1< gg; A 2
. A et =FE|((Cpqg—Cpnti—p) — (Cp.g — Cpnti— D
Gii =14 Cir, if i <1< ks [(( P:q X s 2-l-l p) ( P:q pn+1 p)) | ]
0 otherwise = [(qu — Chyq) |D]
=mse (]
fori,l=1,....n e
Postponing justifying Estimate 7 until Section 6, we first ~ SI1Ce
slllow ‘Fhat Es.timate 7 does indeed lead to the estimators ) C'p,q fi=pandn+1l-p<l<gq
given in Section 4. Pil = .
0 otherwise,
Example 1 (Estimate 5). Set j;, =n+1—iand k; = n
foralli=1,...,n. Then we have
n n n qg—1 q—1
S=> (Cin—Cint1-i) = (Cim— Cint1-i) S ehAu= > Ap=C2, Y Ay
i=1 i=2 i,0=1 l=n+1-—p l=n+1-—p
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and

Z Z@i,l@i',lél =0.

1<i<i'<n =1

It follows that we estimate mse S = mse épyq by

Z 9512,11212',1 +2 Z Z Giapin 1By

i,l=1 1<i<i’<n =1
qg—1
"2
=Chq Z Ap,i
l=n+1—p

Example 3 (Estimate 6). Let ¢t =1,...,n — 1. Set

. Jn+1l—i fori=1,....¢%
= n—i+1t

fori=t+1,...,n,

and
b n+1l—1 fori=1,....,¢
U ln4l—i4t fori=t+1,...,n
Then
n
S= > (Cint1-itt — Cimite).
i=t+1
Since
éi,n+1fi+t — Ci,nfiqtt = Xi,nJrlfith
. ift+1<i<nandn+1—-i<l<n-—i+t
il Oi7n+1_i+t ift+1<i<nandl=n-—1i+t
0 otherwise,
we have
n n n—it+t—1
Z@zlAll_ Z Z zn—i—l H—tA l
i,0=1 i=t+1l=n+1—1
Z i n+1 z+t i,n—i+t
1=t+1
and

> Z Giipir 1By
1<i<i’'<n I=1

n—1 min{i+t—1,n} n—i'+t—1

= E E E Xi,n+17i+tXi’,n+17i’+tBl

i=t+1 i'=i+1 l=n+1—1
n—1 min{i+t—1,n}

LD

1=t+1 ' =i+1

Xint1-i+tCir np1—ir4tBrir .
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It follows that we estimate mse S by

n n
~2 7 P A
E @i Ain +2 E E i apir 1B
il=1 1<i<i’<n I=1
n n—i+t—1

=2 2

1=t+1l=n+1—1

n
o .
+ E Crnti—ittAin—itt
i=t+1

zn+1 z+tA l

n—1 min{i+t—1,n} n—q'+t—1

+2 Z Z Z Xi,nJrlfithXi’,nlefi’thBl

i=t+1 i'=i+1 l=n+1—1
n—1 min{i+t—1,n}

+2Z >

' =1+1

Xims1—istCitms1—ir 11 Bn_irst.

6. JUSTIFICATION FOR THE MAIN FORMULA

Suppose that j; and k; are given and S is defined as in
Estimate 7.

Lemma 1. The mean squared error mse S decomposes as
mse S = V(S|D) + (E[S|D] — 5’)2,

the first term being called the process variance and the sec-
ond the estimation error.

Proof. We have

mse S = E[(S - §)2|D]
= V(S - S|D) + E[S — S|D]?
— V(S|D) + (E[S|D] - §)*
because S is D-measurable. O
Lemma 2. We have
Pi1pir 101

n ()52271@ n
S

R I ~2—
il=1 0,i =1 fE 1 Ot
n
=Y hdute X D eudeddn
il=1 1<i<i’<n I=1
Proof. Straightforward. O

By Lemmas 1 and 2, it suffices to justify estimating the
process variance V(S|D) by

n

A2 ~
Z Pia
A2—a £2
G fi

il=1
S)Q by

n ~ ~ A~
Z P, z%' 1
2 a’

PRANES lfl Zm 1 ml

and the estimation error (E[S|D] —
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6.1. PROCESS VARIANCE

We shall hereafter adopt the standard convention that the
product a, - - - a4, where we normally have p < g, is inter-
preted as 1 if p > q.

Lemma 3. Ifi+j >n+1, then

j—1

>, H

l=n+1—1

V(Ci ;D) = CoDlfEyy -+ f7y

Proof. Forl=n+1—14,...,5 — 1, we have

V(Cii+1D) = V(Cii41|Gin+1-:)
= V(E[Ci1411G:1)|Gint1-i)
+ E[V(Ciu411Gi1)|Ginr1—i)
= V(CiifilGint1-i) + E[CHu|Giny1-i]
=V(Cia|Gins1-i) [T + ElC|Ging1—ilvi
V(Cia|D) f7 + E[C{|Dlu.

Multiplying f7, --- f7_; gives

V(CiptaD) fr -+ f0 = V(CualD) - f7

+ E[CHIDlo Py - f71-

Taking the sum over ] =n+1—1,...,7—1 and noting that
V(Cin+1-i|D) = 0 because C; +1—; is D-measurable, we

get the desired result. O

Definition 4. Define ¢;; by

E[Ci,k,; *Ci,j,;"D] tn+1l-1<1 <j1';
wi1 = { E[Ci,|D] if j; <1 < ky;
0 otherwise
fori,l=1,...,n

Remark 7. Note that ¢;; is an estimator of ¢;; for each
iwl=1,...,n

Lemma 4. We have

" FE D]ps v
S|D [ zl| (pzll

A
i,0=1 E @ l|D 'f
Proof. Since
V(S|D) =Y V(Cix, — Cij;,ID),
i=1

we only need to prove that

|D30 Ul
V(Cir, D) CalDle;
( ki T y]’t| Z E 2l|D2fl
l=n+1—1i
fori=1,...,n, noting that ¢;; Z0 only if n+1—-¢ <[ <

ki — 1.

13

Fix 4 and write j = j; and k = k; for simplicity. For
l=3j,...,k—1, we have
V(Ciip1fivr fr—1 — Ci4|D)

=V(Ciit1fi+1- frim1 — Cij1Gint1-i)

=V(E[Ciu41fi+1 fo—1 — Cij1Gidl|Gint1—i)

+ E[V(Cias1firr - fo—1 — Cij1Gi1)|Gins1—i)
=V(Ciifi- fre1 = CijlGins1-4)
+ E[CHuft - fiilGinta—i]

=V(Ciafi+ fre1 — Cij|D) + EICH Dot fly - fioy-

Taking the sum over [ = j,...,k — 1 gives
V(Cix — Ci;ID) =V(C ',jfj “+ fo—1 = Ci4|D)
JFZE 1|D Ulfz+1 fl?—l'

Since Lemma 3 shows that

V(Cijfj - fe-1— Cij|D)

—V( zj|D)( e o1 — 1)
Z E[CH|D] Ulfl+1 ]‘271(fj e frer—1)°
l=n+1—1
and since Proposition 4 gives
f12+1 T fj271(fj T fkfl - 1)2
= (firr- from1 = fror- fi1)?
 (Cingr—ifas1—i- foe1 — Cimns1—ifns1—i- - fi-1)?

(Ci,n+1—ifn+1—i e fl—1)2fl2
_ E[Cix—Ci;|D)? oy
E[C;1|D2f} E[C;1|D2f}

fori=n+1-—1, j — 1, we have

2 E[Cy|Dle?

1 @lel

V(Cijfj- for = Cis D)= > E[C DS
l=n+t1—i il !

Similarly, since

P2 (Cipri—ifnyi—i - fr—1)?
b ML (Cingi—ifni—i e fio1)2 f7
_ BlGuD? _ el
E[Cu|D2f  E[Ci|D2f?
forl=j,...,k—1, we have

k-l E| CQZ|D gol UL

k—1
ZE[Cﬁz\D]vlfz%rl o= Z E[C - D] fg .
I=j ‘
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It follows that

V(Cix — Ci D) = V(C ‘,jfj aE

+ZE

i—1
_ JZ E[ i,l|D]90i,lvl
2= EIC.DPf?

k-1 E[ C’O‘l|D gpl LUl

Z E zl|D fl

fe—1—Ci ;D)

2
l|D Ulf1+1 fk—l

_ kzl E| i7l|D]90i}l'Ul O
B ElC. D22
l=n+1—1 E[OZJ"D] fl

This lemma leads to the following estimate:

Estimate 8. We estimate the process variance V(S|D) by

n

/\2 A~
> e

a7
il=1 Ci,l Ji

6.2. ESTIMATION ERROR

Definition 5. For each i = 1,...,n, we define

®; = E[Cix, — Cij,|D] = (Ci, — Cij)-
Definition 6. Define 1;; by
Cz‘,n+1—z‘fn+1—i e fl—1(fl - fz)fz+1 e fim
X(fji“-fki,l—].) 1fn—|—1—2§l<]“
Yii =< Cimr—ifnvi—i- fiia(fi—= f) i1 frioa
if j; <1 <ky;
0 otherwise
fori,l=1,...,n

Lemma 5. We have

®; = Z Vi
=1

fori=1,...,n

Proof. Fix i and write j = j; and k = k; for simplicity.
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Then we have

e E[Cy ). — Cij|D] — (Cix — Ci )
Cint1—i Cinti—i
= (fos1—i foe1 = foyr1—i - fi-1)
= (fngroiv foor = fagroic- fio1)
= (fag1—i- - fjo1 = Far—i-+- fi—1)
X (fj fe-1—1)
+ fog1i fj—l(fj o fre-1— fj o fret)
J—1
Z Fovieio fioa(fo = fi) fren - fio
I=nt1-i
X (fj fe-1—1)
k-1
+ Z Frvrzio foa(fi = f) far - fom
G ZQ/M,
verifying the lemma. U

Lemma 6. The estimation error can be written as

Z 7;[}1 l'(/)z’ -

3,1/ ,0,1'=1

(E[S|D] -

Proof. By the definition of ®; and Lemma 5, we have

n 2
5ol 9"~ (3o ) (3]
Q=1
Z Wi i O
i Ll =1
Lemma 7. We have E;|Bi)] =0 fori,l=1,...,n, and
;1 18 Biyi1-measurable fori=1,... ,nandl=1,...,n—1.
Proof. Immediate from Propositions 1 and 2. O
Lemma 8. We have
Uy

E[(fl - fl)Z‘Bl} = W
m=1

forl=1,...,n

Proof. By Proposition 1 and the proof of Proposition 2, we
have

E[(fi— f)?B)]) = V(fi — filB) + Elfi — fil B))?
= V(filB) = 7221 ;:lcz - O
Lemma 9. We have
_ éi,l‘Pi,l 7
wi,l - E[Cz’l‘D]fl (fl fl)

fori,l=1,....n
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Proof. Fix i and write j = j; and k = k; for simplicity. If
n+1—14<I[<j, then

Ci 191 o
E[Cz,lu)]fl (fl fl)

= Cims1—ifni1—i - fii1 X E[Cip — C; ;D]

X (Cims1—ifnti—i- - fierfi) " x (fi — )
i Falhi— )

Jnt1—i - firhi

X Cing1—i(fag1—i - fom1 — fori—i-- fj—1)
= Cimt1—ifnii—i - fioa(fi = fi) fren--- fi—1

XUy S — 1)
=i,

The other cases can be dealt with in a similar fashion. [

We follow Mack in looking at E[v; 1% 1| Bmaxqi,y] for
the estimator of 1; 13 1/

Lemma 10. For,7,1,I' =1,...,n, we have

E[¢i,lwi’,l’ ‘Bmax{l,l/}]

éi,léihz%@i:l%’,t”l fl=1"
2 n—I1 2—« Zf - b
= { E[CiDIE[Cy |IDIfE 32021 Cr

0 LA

Proof. We first consider the case I # I’ We may as-
sume that { < I’. Then since v¢;; is By-measurable and
Ey 1|Brr] = 0 by Lemma 7, the assertion follows.

Now suppose that [ = I’. Observe that C’N, ©i 1, and
E[C;,|D] are all Bj-measurable, no matter whether [ <
n+1—1iorl>n+2—i The same is true if 7 is replaced
with i’. Therefore, by Lemmas 9 and 8, we have

Eli i 1| By

Ciipi ; Civ it .
= F| — _ A B
Fleafag % B [8]
éivléiﬁl@i,l%',z

B E[Cz‘,z\D]E[C’i/J\D]ffE[(fl — 1)*|B]

Ci1Cyr 1905 104 101

n—I — :
E[Ci|DIE[Cy | D17 320,21 O
This lemma leads to the following estimate:
Estimate 9. Fori,i,l,I' =1,...,n, we estimate 1; ;s
by
i 1Pir 101

I vieyeivy
ifl=1,and by 0 if L £ 1.
This estimate and Lemma 6 give the following:
Estimate 10. We estimate (E[S|D] — S’)z by

n ~ ~ ~
Z Wi, 1P 1V

Fo ~n—I 2—a’
3,1/ ,0=1 fl Zm:l C(m,l
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