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Abstract

The causality proposed by Granger (1969) and several tests for it are often
used in economic science o assess relationships among more than two factors of
interest. However, the Granger causality presumes linearity and has limitation
to analyze the relationship of “nonlinear” factors. In this paper we extend the
Granger causality to nonlinear relationships and propose methods for analysis of
data by the causality; the efficiency of the methods is also investigated.
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1. Introduction

When we have two sets of time series data, for example money supply data and
gross national product (GNP) data, it might be a natural question that which one
causes another. Granger (1969) defined causality from the viewpoint of prediction. By
this definition, if one factor does help to predict the other, the former is recognized as
the “causal factor” to the other. This idea has been applied in economic science, and
several statistical tests have been proposed for the Granger causality by Sims (1972)
and Sargent (1976). Nakano (1995) improved the Granger causality by introducing
the ides of local causality. The Granger causality has been generalized as the nonlin-
ear causality taking account of a nonlinear relationship between two time series. Baek
and Brock {1992) approached it by means of conditional probabilities, Okabe and In-
oue (1994} defined it by assuming that the data at a certain time can be predicted per-
fectly as a polynomial function of the preceding data. These ideas of nonlinear causality,
however, might not be appropriate for the data of small sample size with large noise, typ-
ically seen in economic data. The aim of this paper is to define nonlinear causality based
on prediction, which is analyzable and similar fashion to Granger {1969), and to propose
two methods of nonlinear causality analysis. The approach is not based on a standard
statistical testing method, but similar to a method of model selection. In this sense the
approach is different from Baek and Brock (1992) and Okabe and Inoue (1994).

2. Preliminary

In this section we briefly introduce the Granger causality. Suppose that X; and ¥}
are real random variables with mean 0 and defined on the common probability space
(2, 8, Pr) for any integer ¢. Denote by P« the projection operator onto .#, by M, .(X)
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the closed subspace in L2({2, 8, Pr) spanned by {X|s < k < t}. Furthermore, denote
by .#, +(X) the closed subspace consists of all measurable random variables with respect
to the o-field generated by {Xi|s < k < t}, &, 4(X) say, and o%(X;|.#) by the variance
of X; — Pg(X;). We use 9,(X) instead of M_, +(X) for short, and also we use
M, (X,Y), A, {X,Y) and F,:(X,Y) in the similar way.

The definition of the Granger causality between {X;} and {Y;} is as follows. To
simplify the argument, we assume that there is no useful information, that is, data, to
predict X; except {X;} and {};}.

DEFINITION 2.1. For a two dimensional weakly stationary time series {(X;,Y;)},
it is said that {¥;} causes {X.} in the sense of Granger, written {Y;} £9, {X:}, if and
only if

A XeMe-1(X,Y) < 2K T-1(X))-
‘We also say {Y;} does not cause {X,} in the sense of Granger, written {Y;} —G,E» {Xe},
if and only if

o (X1 (X, Y)) = 0% (Xe| P 1 (X))

Note that the above two variances are not dependent on an integer ¢ because of the
weak stationarity. Granger {1969} originally defined the causality by means of .#;_;(X)
and .#;_,(X,Y) instead of Wt,_, (X} and IM,_,(X,Y), but he only considered a linear
predictor, thus his causality is essentially “linear” and can be represented as above.

3. Nonlinear causality

The simplest way of extending the Granger causality to nonlinear one might be
replacing & linear predictor with a nonlinear predictor in the definition as follows,

DEFINITION 3.1. For a two dimensional strictly stationary time series {(X;, Y:)}

with finite second order moments, it is said that {Y;} causes {X;} nonlinearly in the

sense of Granger, written {Y;} NEcc, {X,}, if and only if

A (XM 1(X,Y)) < oM X} Me_1(X)).

We also say that {Y;} does not causes {X;} nonlinecarly in the sense of Granger, written
{Y:} ﬂ;@; {X:}, if and only if
P (Xe| M1 (X, Y)) = 0*(Xo| M2 (X))

Note that the above two quantities are not dependent on an integer £ because of
the strict stationarity. We assume that {{X;,Y;)} is strictly stationary throughout this
paper. It is a well-known fact that

P iix )Xt = E[X | Fn (X, V)],

Py, .0 XKt = B[ X3 #F-1(X)).
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Thus if {¥;} 2% {X,} we have
VarlX, — E[X.|&_1(X,Y))] = Var[X, — E|X.|F:—(X)].
This equation is equivalent to the following.
E[E[X:|#:-1(X, V)] = E[E[X|F-1(X)]?).
Note that
EBIEX | Fer (X, Y Fer(X)} = E[Xe| Fimr(X)]  ace.
since F;-1(X) C Fi1(X,Y), and so we have
E[(B[Xe|#Fe-1{X)] - E[XdFe-L (X, Y)))] = 0,
that is,
E[Xe|Fer(X)] = BlX:|Fir(X,Y)] ace. (3.1)

Thus (3.1) is the necessary and sufficient condition for {¥;} NIge, {X¢}
Let us consider the following model

Xy = F(X¢,d,, Yea,) +e, (3.2)

where ¢, is an additive white Gaussian noise, X, 4 = (Xe—1y...,X-q) and Y, g =
(Yi—1,...,Yi-q) for any integer d, and F' is a function from R?% into R. Tt should be
mentioned that F is usually unknown in a practical case. d, is the non-negative integer
satigfying the condition of the order of nonlinear autoregressive (NLAR) model in Cheng
and Tong (1992}. Namely, d, satisfies the following.

(l) 02(X¢|.A’(,_¢mg__1(x, Y)) < a“(Xd.Aé_d‘t_l(X, Y)) for any d < d,.
(i) o*(Xe)ty—d,t-1(X,Y)) = 0*(X;|Memge-1(X,Y)) for any d > d,.

We say that d, = 0 if and only if Var[X,) = 02(X¢|.#-1(X,Y)), and in this case F is
constantly 0.

REMARK. For example, d, = 2 in the following model.
Xe=—02X,1+12Y;1 —L3Xsa €, € 2 N(0,1).
Under model (3.2}, equation (3.1) is equivalent to
E{X|Fe_1(X)]) = E[Xi|F_g,0-1(X,Y)] ae (3.3)

from the property of d,. We will prove the next theorem in Section 8. The conditions
(A1) to (A7) will be given in the same section.

THEOREM 3.2. If conditions (A1) to (AT) hold,

{v;} 25ES, (X} <= 3G : R% — R, Lipschitz continuous,
st F(Xiq,,Yie,)=CG(X4,) ae
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It should be noted that F{X; 4, ,¥ ¢4 )} can be written as a function of X;_;,X;_,...,
if {Y;} M {X:} by the definition of nonlinear non-causality without any conditions.

The important point of this theorem is that if {¥;} Nige, {Xe} F(Xi4,,Y1,4,) can
be written as a Lipschitz contimious function of X,—1, X;—2,... + Xi_4, if the conditions
hold. The theorem shows that equation (3.3) is equivalent to

E[Xo|#F1—g,.e-1(X)] = E[Xo|Fea,e-1(X,Y)] ae (3.4)
under appropriate conditions. Therefore, for the model (3.2) satisfying the conditions,

we have
i} 25 {x)
= N Xe| Mo, 11 {X,Y)) = *(Xo| Mg, 1 1{X))
<= Var[X; — B[X¢|Fi_g,-1(X, V)]
= Var[X; ~ E[X:|F_a,:-1(X)]]. (3.5)

As Cheng and Tong (1992, 1993), conditional expectations in (3.5) could be estimated
by kernel estimators and variances of residual could be estimated by cross-validations.

We conclude whether {Y;} NLGe, {X:} or not by comparing the estimated variances.
The ideas are briefly sketched in the next section.

4. Methods of nonlinear causality analysis
‘We estimate the conditional expectations

F(X14,Y2) = E[Xy|Fi_gs-1(X,Y)),

G(Xc.d) = E[xt |3t—d,t-1 (X,
by leave-one-out kernel estimators

2 Xe K24 (([((X .0, Y t,0) — (X0, Ys,0)|l/ Bag,w)

Fu(Xeq, Y. ) = ,
WXea Yea) = S X e ¥oa) = (Kos. Yol Basn)

and

2 XeKa (I{ X g — X,,a)ll/Ban)
Y K2 ([(Xea — Xoa)l/Baw) '
respectively, where summations are taken over s from r to IV except t, N is a sample

size and r is a positive integer larger than d, K, is & non-negative even kernel from R™
into R such that

Kn(u) = H?a:l k(u;), uw=(w,...,ua), fn k(z)dm =1,

and B, x is a bandwidth of that kernel. Also we estimate the variances of residual
0 X|#y—as—1(X,Y)) and 0*(X;|M:_a4—1(X)) by cross-validations

1
Chid) = N—-r+1

Cre(X1,a) =

N w 2
T (X - RuXea, Yed)) Wia(Xea, Yia),
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and

1 N . 2
CVo(d) = e o (% = GulX ) Woa(Xua)

respectively, Wi 4 and Wy 4 are weight functions. We propose the following methods
for the analysis of nonlinear causality. Denote by Ming a minimization with respect to
a bandwidth and Ming a minimization with respect to d within 0 < d £ L, where L is
a pre-specified positive integer.

{(a) Compute MingMingCVi(d), say CV4, and let d) be the argument which gives the
minimum of MingCVi(d) with respect to d (0 < d < L).

(b) Compute MingCVp(d,), say CVp.

(c) I CVo—CV; > 0 we conclude {¥;} X225, (X,}, otherwise we conclude {Y;} =2
{Xe}.

‘We call this method as the NLCA (nonlinear causality analysis). The method which re-
places (b) by (b’) given as follows is called the CNLCA (conservative nonlinear causality
analysis).

(b") Compute MingMingCVj(d), say CVp.

It should be mentioned that our methods are not statistical testing and we can not
control error probabilities. Our methods are kinds of model selection. We select either
“caugal mode!” or “non-causal model” based on C'Vp and CV3. The justification of these
methods is given by the next theorem. All conditions and the proof of the theorem are
given in Section 6.

THEOREM 4.1. Suppose d, < L and X; and Y, ere bounded. Let Sy, and Sz, .y,
be the supports of X4 and (Xid4,Yr,a) respectively. Put Wypa{z) = I, (z) and
Wiale,y) = Is,, , (®.y), where Ig denotes the indicator function on S. If conditions
(A1) to (A1T) hoid, we have

) (v} TS (X} = fim Pr(CV% - CVi>0)=0,

in both methods, the NLCA and CNLCA. Furthermore in the NLCA, we have

P2 (v} 25 (X)) = Jim Pr(CV% - CVi > 0)=1.

Note that the supports S, and S;,,, are not dependent on ¢ because of the strict
stationarity. Even though our methods are not statistical testing, the probability in
{(P1) corresponds to the probability of the type I error in testing the statistical null
. NLGC . NLGC
hypothesis Hy : {Vi} 252, {X;} versus the alternative H : {¥;} ——— {X,}, and
the probability in (P2) corresponds to the power of the test. From this point of view, it
might be said that our methods have desirable asymptotic properties. In this theorem,
we agsumed that X; and ¥; are bounded. However, as we will see in the next section,
this assumption would not be essential to the theorem.
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5. Simulation study

The aim of this section is to show the efficiency of our methods and to compare them
with the Granger-Sargent test. As for the Granger-Sargent test, see Sargent (1976).
We employed weight functions Wy a(x) = Is, (#) and Wiu(@,y) = I5, (2,y). The
probahility density function of a standard Gaussian random variable is used as a kernel
function k(x) which satisfy the conditions in Theorem 4.1. Note that W, 4(X, 4) =
Wh,a(X ¢4, Y1,¢) = 1 a.e. for any d. We applied the NLCA method, CNLCA method,
and the Granger-Sargent test with level 0.05, which is denoted by GS(0.05), and 0.3,
which is denoted by GS(0.3), to the data from the following models.

(M1) Xe=—(1/12)X;1 +1.2Y:1 + 0.5X;_2 — 0.3V} 2 + &4,
Y =14Y; - 0.8Yi_a+n,

(M2) =0.50Xi1Y1 —0.5X; 2 +¢,
= 0.8Y;—1 — 0.2Y;_3 + n;,

(M3) Xg =1. 21’2_1 exp( 1/3_]) + €4,
Y, = 0.3Y;—1 — 0.95Vi_2exp(— Y2 ,) + 7,

(M4) X = 0.58ign(X; 1 Y1) /| Xi-1 Yi1| — 0.5X;_5 + &4,
Y = ~0.9Y;_; — 0.95Y;_g exp(-Y.2,) + m;,

where {;} and {n,} are sequences of independent standard Gaussian random varisbles.
Let us look into each model in detail before giving the results. Only model {M1)

is a linear model and others are nonlinear models. In each model, {¥;} 2%, {X,}

while {X,} 25£%, (¥;}. It is difficult to know whether there exist the Granger causal-
ity in each model except for model (M1). In model (M1), IM,_,(X), M, (¥Y) and
M,—1(X,Y) are identical to .#;_;(X), #_.(Y) and .#;_,{X,Y) respectively. Thus
the nonlinear Granger causality is the same as the Granger causality in this model, that
is, (Y} 25 (X} and {X;} S5 {¥;}. In model (M2), (M3), and (M4), we have to
compute o2(X;|M,_1(X,Y)), e2(X:|M,—1(X)) and o2(Ye|M._1(Y)) in order to know
whether there exists the Granger causality theoretically. If the second order moment
of X; and ¥; are finite, that is, {(X;, Y;)} is weakly stationary, we can compute these
quantities from its autocovariance function, R(h) say. (See Section 5.1 and Section 11.4
of Brockwell and Davis (1991).) However, we do not know R{h) in each model, so we
use the estimator

Z ”f( & - xPux® - x7) (x8, X_ﬁ?)(lf;“’—@))
M 0 - VOO - X - v D - 7D

say R(h), instead of R(h), and approximate variances o2(X; |, _; (X)), o2(¥; |9 _1(Y))
and o2(X.MM,_1(X,Y)}). Here {X{”} and {¥;}")} (i = 1,2,...,M) are the multiple
independent copies of {X,} and {Y;} respectively, Xg) and Y %) are the sample means
of {X{} end (Y} (¢ = 1,2,...,N) respectively. If the diagonal elements of R(h)
converge to 0 as b — 00, we have th M—soo R(h) = R(h) by the law of large number
and Proposition 11.2.1 of Brockwell and Davis (1991). Table 1, Table 2, Table 3, and
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Table 4 list the approximated values of o2(X|M;—x:—1(X,Y)) and others for some &
which are differentiated with *~”, M = 1000 and N = 1000 are employed in these
approximations.

k 1 2 3 4 5 10
8% Xy |M_p,:-1(X,Y)) [ 1.879 | 1.019 | 1.019 | 1.015 | 1.019 | 1.019
&2( Xt |2 -1(X)) 5.261 | 5.254 | 3.419 | 3.419 | 3.363 | 3.331
#2 (Ve My —pe-1(X, YY) [} 1.593 | 1.018 | 1.018 | 1.018 | 1.018 | 1.018
GV Iy g 2—1(Y)) 2.784 | 1.018 | 1.018 { 1.018 | 1.018 | 1.018

Table 1: The approximations of the variances of the best linear prediction
errors in model (M1). .

k 1 T 2 3 4 5 10
F( Xe| g1 X, Y)) || 3.105 | 3.073 | 3.07L | 3.067 | 3.067 | 3.066
B2 (X o[ Myre_1(X)) || 3.106 | 3.073 | 3.071 | 3.067 | 3.067 | 3.066
(Yl 1(X,Y)) u1.o42 1,000 | 1.000 | 1.000 | 1.000 | 1.000

F(YaWl_p -1 (Y)) || 1.042 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000

Table 2: The approximations of the variances of the best linear prediction
errors in model (M2).

& 1 2 3 4 5 10
P X na (G Y)) || LO77 | 1077 | 1.077 | 1.077 | 1077 | 1.077
PG rar (X)) || L122 | 1122 | 1192 | 1.122 | 1.122 | 1.122
T (Vi T—s.1(X,Y)) || 1.067 | 1.045 | 1.046 | 1.045 | 1.045 | 1.045
#3(Yee_r,1(Y)) || 1075 | 1.048 | 1,048 | 1.048 | 1.048 | 1.048

Table 3;: The approximations of the variances of the best linear prediction
errors in model {M3).

k 1 2 3 4 5 10
F Xs| Dy -1 (X,Y)) || 3.863 | 1.462 | 1.462 | 1.462 | 1.462 | 1.462
&3 (Xe|My—r,e-1(X)) 3.863 | 1.462 | 1.462 | 1.462 | 1.462 | 1.462
F(Yelhy s (X, Y)) | 1.055 | 1.053 | 1.063 | 1.053 | 1.053 | 1.053
A2V My i 11 (V) 1.055 ] 1.053 | 1.063 | 1.053 | 1.053 | 1.053

Table 4: The approximations of the variances of the best linear prediction
errors in model (M4).

‘We can compute the exact values of 62(X|9M—x—1(X,Y)) and other variances
in model (M1) which are given in Table 5. Table 1 and Table 5 indicate that our
approximations are fairly good, so we may assess the existence of the Granger causality

by comparing
FHXe| Mg p—1(X,Y)) and &Yy Myore-1(X,Y)),
with
EHXeMy_pe1(X)) and F(XelMe-pe-1(Y)),
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respectively for sufficiently large k. From Table 2 and Table 4, we may assess that
{:} 55 (X} and (X} S5 {¥;} in model (M2) and (M4). Indeed, (X} 25 (¥;}
in model (M2) theoretically. Table 3 suggests that the Granger causality from {Y;}
to {X¢} might exist in model (M3). Also the table shows that the difference between
F(Ye| Mk e—1(X, V) and 6%(Y;|M,_xs—1(Y)) is very small, thus we avoid assessing
(X} £5 (v} or (X} - {va}.

k 1 2 3 4 5 10
Uz(Xglm_k.t_l(X, Y)) 1.867 1 1 1 1 1
a2 (X g, 1{X)) 5.256 | 5.248 | 3.405 | 3.404 | 3.346 | 3.312
a“(ﬁffmg_k_,-ﬂx, Y)) 1.587 1 1 1 1 1
Wil re 1Y) || 2778 | 1 1 1 1 1
Table 5: The exact variances of the best linear prediction errors in model

(M1).

We now give the results of the simulation of our methods and the Granger-Sargent
test for our models. The sample sizes employed in the simulation are N = 60, 110, 210
and 410. r = 10 and L = 5 are employed. Number of iteration is 3000 for N = 60, 110,
210, and 1000 for N = 410. Table 6, Table 7, Table 8, and Table 9 show the proportions
of the trials that concluded there existed the causality from one to another. Each left
half part of the table is for {¥;} — {X,} and each right half part of the table is for

{Xt} — {¥:}. As we have mentioned, our methods are not statistical testing. Even
s0, since {¥;} 25, (X,} and {X,} —";Fﬁ {¥:} in all models, the values in the left
half parts of the tables might be considered as the “empirical powers,” and those in the
right half parts as the “empirical probabilities of the type I errors” from the viewpoint
of testing statistical hypothesis of nonlinear causality. Therefore, it might be said that
the result is better if the values in the left half parts are closer to 1, and those values in
the right half parts are closer to 0.

{¥e} - (X2} X7 - %)

N 60 | 110 [ 210 | 410 || 60 | 110 | 210 | 410
NLCA |11 1 | 1 | 1 | 622|582 ].355 | 078
CNLCA |t [ 1T | T | 1 | 1391 03 000 0
GS(0.3) 11 1 | 1 [1 || .124|.122|.117 | .088
GS(0.06) [ 1 | 1 | 1 | 1 |[.013].012.008].007

Table 6: The ratios of trials in model (M1) that concluded there was causality.

| {¥i} - {X:} [ {Xe} — {Ve}

N |60 [ 110 [ 210 | 410 || 60 | 110 | 210 | 410
NLCA || .898 | .088 | .996 | .009 || .283 | .194 | .091 | 057
CNLCA || 365 | .983 | .995 | .099 || .199 | .134 | .062 | 036
GS(0-3) |[ 239 | 266 | .315 | .339 || .089 | .106 | .099 | .084
GS{(0.05) || 058 | .073 | .108 | .136 || .009 | .01 | .013 | .006

Table 7: The ratios of trials in model (M2) that concluded there was causality.
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| {Vi} —{X:} [ {X:} - {2}
N | 60 110 | 210 | 410 " 60 110 | 210 | 410
NLCA |[ 542 | .77 | 064 | 1 || 383 | .426 | .349 | 193

[ CNLCA |[ 513 | .746 | .955 1<t| 292 | 297 [ 179 | .068

GS(0.3) || 367 | .587 | .851 | 986 || .123 [ .148 ] .222 | 315
G5(0.05) |[ 101 [ 232 | 528 | .894 || .015 | .021 [ .036 | .078

Table 8: The ratios of trials in model {M3) that concluded there was causality.

i} - (X} {Xe} — {3}

N 60 | 110 | 210 | 410 || 60 [ 110 [ 210 | 410
NLCA || 871 | 957 | .997 | 1 | .106.| .046 [ .016 | .008
CNLCA || 833 | 944 [ 007 | 1 || .072].036 | .01 | .007
G5(0.3) || 044 | .027 | .029 | .021 || .098 | .103 | .107 | .14
GS(0.05) || 001 | 001 | 002 | .000 || .01 | 001 ].012 | .014

Table 9; The ratios of triale in model (M4) that concluded there was causality.

Table 6 shows that, in model (M1), every methods have detected the causality
completely, and the Granger-Sargent test has controlled the type I error less than the
level. This is a natural consequent because all assumptions needed for the Granger-
Sargent test are satisfied in this model. The table also shows that the proportions of the

trials that concluded {X;} NLeo, {Y;} incorrectly in the NLCA method are too large
when the sample size is small. This might be caused by the poor estimation of d,.

Table 7, Table 8, and Table 9 indicate that the Granger-Sargent test is unable to
detect the nonlinear causality. Table 8 indicates that the Granger-Sargent test detected
the causality from {Y;} to {X:} in model (M3). However, as we have discussed in the
abaove, there might be linear causality from {¥;} to {X;} in model {(M3), so it might be
said that the Granger-Sargent test detected linear causality, not nonlinear causality. We
may say that all results of the Granger-Sargent test agree with our previous observation
of the existence of lincar causality.

On the other hands, the NLCA and CNLCA detected the nonlinear causality suf-

ficiently well with the acceptable ratios of miss-specification, that is, the proportion of

the trials that concluded {X;} Z2%S, {¥;} incorrectly, in model (M2), (M3), and (M4)

are relatively small.

It should be noted that the values in the left half parts of Table 6, Table 7, Table 8
and Table 9 are getting closer to 1 and the values in the right half parts are getting to 0 as
the increase in the sample size. This indicates that (P1} and (P2) in Theorem 4.1 might
be true in all models even though {X,} and {¥;} are not bounded. In conclusion, the
simulation study shows that our methods would be applicable to various data. Further
discussion is given in Section 7.

6. Proof of the theorems

This section is devoted to prove Theorem 3.2 given in Section 3. and Theorem 4.1
given in Section 4. To begin with, we state all conditions needed to prove them. Let Z; 4
denote (X 4,Y ¢ 4) and recall that our model is NLAR model; X; = F(X4,, Y4, )&

(Al) NE_FulX,Y) = {2,0}.
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(A2) {z;} is an independent random sequence with mean 0 and strictly positive variance
2
.

{(A3) F is Lipschitz continuous function from R*% in R.
{A4) The support of (X 4,,Y ;) i convex for any k= 1,...,d,.

(A5) Put o =Y; — E[Y,|#F—1(X,Y)] then {1} is an independent sequence with mean
0 and strictly positive variance o22.

(A6) € and 7, are independent for any ¢ and s.
(A7) The support of #; is connected.
(A8) [ lulk{w)du < oo.

(A9) Forl £d < L, X4 and Z 4 have density functions g4 and fy which are Lipschitz
continuous respectively.

(A10) A kernel function k is Lipschitz continuous and has a compact support.

(All) Forevery t,s,7,t',¢, 7" € Nand1<d < L, the joint probability density functions
OE (Xt,di Xa,d! Xf,d' Xt',li’ xt",da x‘l“',d) and (Zt,dl zs.d' z’r,d: zt’,dl z!’,dn Z‘r' ,d)
are bounded. If, for example, ¢ = ¢/, the assumption requires that the joint prob-
ability density function of (X 4, X, 4, X r 4, X 4, X+ g) exists and is bounded.

{(Al12) Let p~1 4 ¢~ = 1. For some p > 2 and & > 0 such that § < (2/¢) — 1,

Ele |0 < o0 and  E|F(Z,4,)[*"* < 0.

(A13) For § in (A11), 81/ = 0(j2), where

Bj =supE sup  {|Pr{Al#1:(X,Y)) -~ Pr(4)]}] .
ieN | AeFiy; o(X\Y)

(Al4) Let j = §(N) be a positive integer and i = i(N) be the largest positive integer
such that 2ij < N,

limsup(1 + ﬁelﬁﬂ;”“i))" < o0.

N—=oa
(A15) For i = i(IV) in (A14) and the bandwidth By v,

limsup{s(N)Brn*} <0 (1 <k <2L).
N—oo

(A16) NBin* wc0as N -0 (1<k<2L).
(A17) NBp y?*+1) 5 0as N -0 (L <k <2L).

Note that the above conditions hold for all ¢ if they hold for a certain £, by the strict
stationarity of {(X¢, ¥3)}.
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6.1. Preparation

In this subsection, we prepare some mathematical idea that is used in the proof
of the theorems. We first define & support of a random vector and show some lemmas
about it. Next we define the projection onto a closed convex set, not closed subspace,
in R® and show some lemmas. Both of them are very general idea.

8.1.1. Support of a random vector
DEFINITION 6.1, For a random vector X € R*, the support of X is the set
Sx = {x e R*|Ys > 0, Px(X € B(z;¢)) > 0},
where B(x;£) is the -neighborhood of =.
It is easy to prave the following three lemmas.
LEMMA6.2. Pr(X € §x¢) = 0.
LEMMA 6.3. A support Sx 18 closed.
LeEMMA 6.4. Let X and Y be random vectors in R™ and R™ respectively. If Sx,
Sy and Sx,y ore the supports of X, Y, and (X,Y) respectively, Sxy C Sx X Sy.
Furthermore if X and Y are independent, Sx,y = Sx x Sy.
LEMMA 6.5. For a continuous function g from R™ into R,
§g(X)=0ae. <= g(z)=0 forany =z € Sx.
PROOF.
(=)
Suppose there exists = € Sx such that [g(z)| > 0. Since g is continuous, there exists
£ > 0 such that
llee — || < &= |g(u}| > |g()}/2.
So we have

Pr{X € B(z;2)) =Pr(| X — | <¢)
< Pr(lg(X)| > lg()|/2) < Pr{|g(X)| > 0).

Since g(X) =0 a.e., Pr(jg(X)| > 0) = 0. So we have Pr(X € B(x;c)) = 0, but it
contradicts to & € Sx, therefore g =0 on Sx.

(=)

It is straightforward from Lemma 6.2 to see that

Pr(|g(X)| > 0)
=Pr(|g(X)| > 0, X € Sx) +Pr{|g(X})| > 0,X € 5x°) .
<Pr{®) + Pr(X € 8x°) = 0.
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LEMMA 6.6. Let X be a random vector in R™ and Y,Z be random variables in
R. PutT =Y + 2 and let Sx,y,z and Sx1 be the supports of {X,Y,Z} and {X,T}
respectively. Define a function k from R**2 into R as follows.

h(zvy!z) = (-’B,y + Z) ($ € R",y,z [ ]R).
If Z and (X,Y) are independent, Sx. = h(Sxy.2).

PROOF.
(i) Sx,r € h(Sx,v,2)-
Suppose that there exists a point (g, %) in Sx,rNA{Sx,v,z) . From Lemma. 6.4 we have
Sx,y,z = Sx,y x 5z, where Sx,y and Sz are the supports of (X,Y) and Z respectively.
(%,to) is thus in h(Sx‘]r X Sz)c, that is, (ﬂ:u,tg - 2) € Sx,yc for any z € Sz. By the
definition of a support, there exists §{z) > 0 such that

Pr((X,Y) € B((20,t0 — 2);8(z)}} = 0.

Put 6(2) = sup{d(2)| Pr((X,Y) € B((wmo, o — 2); 8(2))) = 0} and & = inf,cs, 6(z). We
first show that dg > 0. o

Suppose dg = 0 then there exists the sequence {z,} in Sz such that §(z,) < 1/n.
Therefore we have

Pr{(X,Y) € B((20,% — 2);1/n)] >0,

that is, B((xp, %0 — 2);1/n)}N Sg,y # @. Let {z,,y,) be an element of this intersection
then we have

l{@0, t0) — B(®r, Yn, 2n) | = [[{X0 — Xny b0 — W0 — 22|
= (o, to — 2n) — (&, 1a)[| < 1/0 22200,
Since {®n, ¥n) 2n) € Sx,v X Sz, we have
(0,0} = lim h{Zn,¥n, 2) € A(Sx.v.2)-

It is a contradiction. Thus ; > 0 and by the double expectation theorem and the
assumption that Z and (X, Y) are independent, we have

0 <Pr((X,T) € B((wo,15); d0/2))
- -[9 Pr((X,Y + z) € B((o, to); 60/2))dF5(2)

= [s Pr(X, ¥) € B((wo,t0 — 2); 60/2))dF2 (), (6.6)

where Fz is the distribution function of Z. We also have that
35, > 8(2) — Jo/2 such that Pr((X,Y) € B({zq,to — z);6,)) =0,
for any =z € Sz. Therefore we have, from 8(z) > &g,
Pr((X, Y} € B((zo, to — 2):80/2))

<Pr((X,Y) € B{(zo,t0 - 2); 5(2) — 60/2))
<Pr((X,Y) € B{(z,t0 ~ 2);0:)) = 0,
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for any z € §z. It contradict to the inequality (6.6). So we have Sx,y C h(Sx,v,z).
(ii) h(Sx,y‘z) C SX,T-

For any (2,t) € h(Sx,v,z), there exist the sequences {{%5, %)} in Sx,y and {2,} in 5z
such that h(xy, Yn, 2 ) converges to (x,t). Thus for any € > 0, there exists M € N such
that

n>M=|(2,t) — (ZTn, ya + 2l <e/2.
Thus for n > M, we have
Pr((X,T} € B((z,1);£))
>Pr{(X,Y) € B((zn, yn)ic/4), Z € B(zn;e/4))
=Pr(({X,Y) € B((2n, yn); £/4)) Pr(Z € B(2n;¢/4)) > 0.
Namely, (x,1) is in Sx 1, s0 we have A(Sx y.z) C Sx,r.
LEMMA 6.7. Under the same conditions as Lemma 6.6,

Sz is compact = Sx.1 = h(Sx‘y,z).

PROOF. It suffices to show that h(Sx y,z) C k(Sx.y,z) if Sz is compact. For any
(x,t) € h{Sx y,z), there exist the sequences {(%n, 1)} in Sx,v and {z,} in Sz such that
iMoo A(Tny Un, 20} = (@, ). Since Sz is compact, there exist subsequence {z;,} C Sz
and z € Sz such that lim, .o 7, = 2. Therefore we have

|yin —(t—Z)I = |yiu +z‘n _t+z_z‘in.l
< e+ 5, |- 2| =0 0.
Since (25,2, ) € Sx,y and Sx,y is closed, we have (x,t — 2} € Sx,y. Therefore
(:B,t) = h(:r.,t -2, z) € h(Sx,y bt Sz),

that is, A(Sx,v,z) C AM(Sx,v.z)-

8.1.2. Projection onto a closed convex set in R*

We define the projection onto a closed convex set in this subsection. The definition
is the same as the projection onto a closed space, but the orthogonality of the projection
does not work in our case.

DEFINITION 6.8. Let M be a closed convex set in R". The projection of 2 € R®
onto M is the element & € M such that || — &|| = infyenm | — -

We have to show that the definition is well-defined, but it is easy to see by mimicking
the proof of Theorem 2.3.1 of of Brockwell and Davis (1991}).

LEMMA 6.9. Let & be the projection of ¥ ento a closed conver set M. For any
yeM, (z-%,y—-&) <0
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PROOF. Suppose that (¢ — &,y — &) > 0 and put d = min{ ||z - &, |y — £||}. If
d =0, it shows (& — &,y — &) = 0. So we can assume d > 0. Put

d d
t=r——zt+ {1l - | &,
e — & ( |l —wll)

+ d {e-&y-—=2)
lly = £l Il — &[lly — 2|

¥=%

Since &,y € M and

0<

d (z—&,y—2) <1
ly - 2| l= - iy -zl =
we have y' € M. Note that ' # #. Then we have
2

d N d {x — &,y —a) .
z - 2=|—A:|:--:r:— _ - L (y—&
-V = |z~ g e—ay =¥~ ®
_ P 1_(|<m—ﬁ,y-=*=>|)’ <P
FEEIEE]
and
d ) . R
z=z2|l=[1-——|llz—-2)|=|lz-2|] -4
te -l = (1- =257 ) e - 2l < Iz -
Therefore
e =¥/l == 2] + = — o]
<llz—#—d+d=jz—2|.
It is a contradiction.

LEMMA 6.10. Let & and i be the projections of @ and y onto a closed convex set
M respectively, then ||z - yi 2 |& - .

PROOF.
Il - wl?
=)z - 1 + (Il - &l - Iy — §H)*
-2{z -2, -2+ (y—§.& -9}
Since &, ff € M we have
(3—5=ﬁ“é)50, (ﬁ*ﬂaﬁ—fﬁ)iﬂ,
from Lemma 6.9. So we have

Iz — #i? > 1% ~ §lI*.
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8.2. Proof of Theorem 3.2

We need seven lemmas to prove Theorem 3.2. We assume time series {X;} and

{Y:} are strictly stationary, come from model (3.2}, and {Y;} NIgC, {X¢} throughout
this section.

LEMMA 6.11. Let S, be the support of n.. If (A5) and (AT) hold,
%o >0 st (~E,,8)C Sy

PROOF. Suppose that for any € > 0, (—¢,€) Z S,. From condition (A7) we have
inf S, > 0 or sup S, £ 0, and since E[np] = 0 we have S, = {0}. However it is a
contradiction to Var{n] > 0.

LEMMA 6.12. If (Al) to (A7) hold,
F(X:a,,Y:4,)=F(Xt4,, EYe-1|Ft-2{X.Y),Yi_1,4,-1) o.e
Proor. To simplify our notation, put '
§ = F(Xe, Y}
and § = F(X¢a,, ElYi-1]#F-2(X, V)], Yi-1,4,-1)

in this proof. It is straightforward to see that F(X,Y) = F(e,n) from our model and
condition (Al), so we have, from conditions (A2) and (AS5),

E{Xe)X ¢4, Y] = F(Xe4,, Yed,) (6.7)

Since {Y;} 25£< {X,} and (6.7) we have
= E[Xi| X4, Yia,] +
= E[X¢| Fi-1(X)] + &:. (6.8)

By the similar argument to the former one we have F3{ X) = #F;(¢), thus from conditions
(A2) and (AB5), X, is independent of 7, for any ¢ and s. Since § = X; —¢;, § is indepen-
dent of ny_;. Furthermore, as § is measurable with respect to o(X.—1) vV F_2(X, Y), &
is independent of ;_,, too. Therefore for any £ > 0 and C > 0,

Pr(§ 81 > &) =Pr (5 -3 > ¢ | Im-al < C).
From condition (A3), there exists a constant ¢’ such that
|F{z) - F@) < C')|z - 2|
So we have
|8 ~ §| < C'[Yees — E[Yeu1|Fie2 (X, V)| = C'lmeal.
Therefore
Pr(|-31>¢| ol < C) < Pr(Chpt] > | sl < ©)

_ Pr(e/C' < ] < C)
Pr{lm—| <C)

(6.9)
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By Lemma 6.11, S, contains 0 so the denominator in {6.9) is always strictly positive for
any C > 0. On the other hand, the numerator in the equation is 0 if ' < ¢/C’. We
thus have Pr(|§ — & > €) = 0 for any ¢ > 0, that is, F = F a.e.

Let 8,4, Szwy and Spuy 5 be the supports of random vectors (X¢q4,,Yra,),
(Xt,d,, Wie1,Ye1,0,-1) and (Xid,, Wi1,Yeo1,d,-1,%-1) respectively. Put W; =
E[V;|#:_1(X,Y)). These supports are not dependent on ¢ because of the strict station-
arity. From Lemma 6.5 and Lemma 6.12, for any (=, w,y,€) € Sz, We have

Flz,w+e,y) - Flz,w,y)=0. (6.10)

Recall that 7;_, is independent of (X;q,, We—1,Y;—1,4,-1), 50 we have S v n =
Szwy X Sy by Lemma 6.4, Thus we have the next lemma.

LEMMA6.13. If (A1) to (AT} hold, for any (m,w,y) € Sp.uy ande € S,
F(z,w+e,y) - F(z,w,y) =0.
From this lemma we have the next lemma.

LEMMA6.14. Put Tpy, = {w € R|(x,w,¥) € Szwy} If (Al) te (A7) hold,
F(z,w1,y) = F(z, w2, y) for any wy,we € Ty g,

PROOF. We can assume wy < wy without loss of generality. We will prove this
lemma by considering several cases.

(i) When S, is not bounded.
From Lemma 6.11, we have wy — ws € Sy, or w2 — w; € Sy, and in each case we have
F(®,un,y) = F(x,ws,y) straightforwardly from Lemma 6.13.

{ii) When S, is bounded.
Since support is closed, S, is compact. Therefore there exist the maximum and minimum
of Sy, M and m respectively say. From Lemma 6.11 we have M > 0 and m < 0. Let T}
be the connected component of T, that contains w, and {T}} be the zet of connected
components of T} 5, such that

b<tiy and (&t)NTey =9, (6.11)

where #; = max T} and t; = minT;. Suppose that wq € T,.

{ii)-(a) When n = 1.

Since T is a connected component, the interval [wy, ;] is contained in T7. So we have
(®,,¥) € Siw,y for any w € [wy, wo]. Let p be the integer part of (wy — wy)/M
and put r = ws —w; — pM. Note that 0 < r < M. For any & = 0,1,...,p, we have
(@, w1 + kM, y) € 5; 4. Therefore, since r, M € S,, and Lemma 6.13, we have

F(mvwluy) = F(zuwl + M)y)

= F(z, w1 +pM, y)
= F(z,w, +pM + r,y) = F(z,wa,y).
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(it)-(b) When n > 1.
We first show that £; + M > t,., + m. Put h(z,w,y,e) = (@, w + ¢,y). From Lemma
6.7 we have S, y, = h{Sz,u 4 X 5y), and since 0 € §,,

Sz’w‘y' = h(s:plw.y' x {0}) C h(s:im,y" x Sn) = Sx,y.
Suppose &; + M < t;,, +m. For any w € (£, + M,t,, | + m), we have
w SELSE+M<w <ty +m Sty Swe.

Since (z,w1,¥), (2, w2,Y) € Sy u,y C Sey, a0d Sy is convex, we have (@, w,y) € Sz .
Therefore we have that there exists (@', w', ') € S; 4 and e € S, such that

(@w,v) = b, 0, ¢/ e) = (@', 0" + e,3),

from Lemma 6.7. Namely, there exists e € S, such that (z,w —e,y) € S; u,y. So we
have w — e € Tay C (fut;))C, that s, w—e <Lorw—e 2 by, Hw—e <&, we
have

eZw—ﬁ>ﬁ+M—f¢=M, (6.12)
and if w —e > t;,,, we have
esw—f <kptm-fy =m (6.13)

Both (6.12) and (6.13), however, contradict to M = max S, and m = minS,, so we
have

G+ M2t +m (6.14)

We next show that F(x,%,y) = F(e,5;,,.y) for any i. K& > §,,, + m we have

F(:c’l;a'+lay) = F(&,L‘_H + (it _.t'ei+1)’y) = F(z!{iiy)‘
Conversely if #; < t;,; +m we have
D<§,—+1+m—t_,-st_;+M—ﬂ =M,
from (6.14). So we have t,,; + m — ¥; € S,. Thus from Lemma 6.13 we have
F(:c,ﬂ,y) = F(:L', L+ (§i+l +m— i_i),y)
= F(x, b1y +m,y)
= F(z,1,41,9)-
Therefore,
Fz,t,y) = F(x,4,,1,¥). (6.15)
We show F(z, w1, y) = F(x,ws,y) at last. From the same argument as in (ii}-(a}, we
have the following equations.
F(z!wlsy) = F({B,t-l, y)$
F(z! !ﬂl y) = F(E, w21 y)s
F(z,t;,y) = Flz,&;,9), i=12,...,n~-1).
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Therefore, from these equations and (6.15), we have

F(m,w;,y) = F(mvt-lry)
= F(:B,h, y) = F(zsfﬂr y)

= F(G,!n, y) = F(a:’ w?;'y)‘

LEMMA 6.15. If (A1) to (A7) hold, we have F(z,i,y) = Flz,y2,9) for any
(31, ¥), (@, 42,9) € Sz

PROOF.

(i) When 8, is not bounded.
From Lemma 6.4 and Lemma 6.6 we have S, = A(Stu, x Sy). There thus exist
(zs.‘),wff},y,(:)) € Sz and elf) € 8y (f =1,2) such that

(23, ys'sy) = nlillgo(ng,wg) +e,(f),y£,‘)).
Since F is continuous and from Lemma 6.13, we have

IF(miyli y)- - F(:B, V2, y)l
= lim [P, wl®,y) - PED, v, y®)|. (8.16)

=00

Since S, is not bounded, we have w,(.l) - w,?) €8, or w.(..g) - -w,(.l) € 8, foreach n e N.
Therefore we have

[F®,wd, y) - F®,w@,y@)|

< [P, 00, 5) - P, ufd, 4] s, (P — uf?)

+[Fe®,u®,y) - F@®, o, 4| Is,@® - u®),  (617)

where I, is the indicator function on S),. Let R,, denote the first term of the right-hand
side of (6.17) and R], denote the second term, then we have

Ru < [P, 0, yD) - Fa@, wd, )| Is, (0 - u®)
+ |F®, i, yP) - F@@, 0@, yP)| 15, (u® - w®).
Since F is Lipschitz continuous, there exists a constant ¢ > 0 such that

[P, wd, g —Fe®, wil, y@)|
< Oz — 22, 0,5 — @),

for any n. From Lemma 6.13, we have

|F@®, w, 4) - F@®, w®, y@)| I, (0l - w®) =o0.
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Therefore,

Ry < Oll(=) — 22,0,48 — ui)llIs, (wf — w),
and by the same argument as the above we have

R, <Ol - 2,0,4 — y$) s, (wl) - wl?).
Consequently we have

[P, wiD, y?) - F@®,w®, y)
<20z — =2, 0,5 — ¥

So we have

IF(2,31,%) — F(z,32,9)] < 2C lim i@’ - 22,0,40) - 4P)| = 0.

(ii) When S;, is bounded.
In this case S, is compact, 3o we have Sy = h(Sz w,y X% Sy) from Lemma 6.7. We thus
have,

3w, & st (B Wi Y) € Seanys i €Sy, wites =i (i=1,2).
‘Therefore from Lemma 6.13 and Lemma 6.14, we have
|F(,31,4) — Flz,12,9)| = |Fl, w1 + e1,7) - Flzz, w2 + €3,9)|
= |F(z, w1, ) — F{z,w2,7)| =0.

LemuMa 6.16. If (Al) to (A7) hold, there exists a constant C' such that [F(z,y,y)—
F(a', ',y < Cli(=, 0} — (&', ¢)|| for any (2,4, %) ond (&',¢/, ¥/} in 5.

PrROOF. We prove this lemma for any (z,y,9), (2', ¢/, ¥") € h(Se .,y X Sy) first.
By the definition of R(Sz,w,y X Sy}, There exist w,w’, e and ¢’ such that

(z,w,y), (', v, ¢) € Seuyy €€ €S, andwte=yuw +e =y,
From Lemma 6.13 we have
!F(:B, u y) - F(sfl y',y')l = IF(:B, ‘U-'»U) - F(a:', w') y’)l .

We can assume w’ > w without loss of generality. Let M be a positive number in §,,.
The existence of M is guaranteed by Lemma 6.11. It should be noted that any m in the
interval [0, M] is in §,. Since (®,w+m,y) and (&', w’ +m,y’) are in a convex set Sz,
we have

(x,w,p) + k(' —2,w’ —w, ¢ ~9¥)+ (0,m,0) € S; (6.18)

for 0 <Yk < 1and 0 < Ym < M. Let g be the integer part of (w' — w)/M and put

r=1w —w—qgM. Note that 0 < r < M. Define (2;,w;,¥;) (§=0,1,...,¢) as follows.
M

gM +r

(m.f’sz yj) = (:l:, w, y) + (::l:' - z,w’ - w’y’ - y)‘
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Note that wjy1 =w; + M for j =0,1,...,¢— 1, and wg+r=w+gM +r =w'. Put
(3q+hwq+hyq+1) = (mf’ v, y’)' We have
IF(&, w, y) - F(mra w’l y')l
=|F(:Do, o, yo) = F(m{h wl)yﬂ)
+F(m03w11y0) —F(mlswlayl)
+ F(z1,w1,4) — Fz1, w2, 91)
+F(31,w2,y1) _F(z%‘wﬁryg)

+ F(:Bq_b w,,_l,yq_ﬂ - F(zq—ls titg, yq-—l)
+ F(®g-1,wg,Yy-1) — Fl@q, w4, b,)
+ Fl2g, wg,¥y) — F(®q, Was1, %)
+ F(z,, wq+1,yq) = F{xg41,tg41, yq+l)|
SE?SMF(zj,wj,yj) — F(®@j, w41, Uj)l
+ I | P( o1, w5, 5-1) — F(wg, w5, 9;5))- (6.19)
From (6.18) we have

(zjtwj’yj)a (3jswj+hyj)esz,y (j=0r11°“’Q)-

Thus from Lemma 6.15, we have

F(mj'wjiyj) = F(Zj,Wj+1,yj) (j=0:1’---y9)‘

Therefore the first term of the right-hand side of {6.19) is equal to 0. Since F is Lipschitz
continuous, we have
|F(®5-1,w5,y;-1) — Fl@s, wy, 93)] £ Cll(®-1 — 25,950 ~ w;)ll
_ &~y -yl (1<ji<q),
Al -y -y G=q+1),

for a constant C'. S0 we have
|F(z,w,9) — F(',v',¢/)|
<CY I @51 — #5951 — w)l
=C (Tievitls + o8 & — =¥ — )l = Cl @ — .9/ — W),

for (z,y,v) and (&',¥,¢’) in A(Szwy X S,). Furthermore, for any (z,y,y) and
(«,v,v) in Sz,y:

a(mn: yruyn)) (‘3:“ y;. y:;) = h(Sx,w,y’ b Sﬂ) st
m (@n, yni W) = (@ 3:9),  lim (2,00, 90) = (.7, ).

B—00
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since Sy y = A{Szw,y X Sp). Therefore, from the former part of this proof, we have

|F(z,y,¥) - F=',y, v
=|F(Jim (s s 90)) = Flim (@, 0 92))
= lim |F(2n, o #) = F(@h, tho ¥
<C lim. (@ — 4 ¥, - ¥5) = Cll{@ — ',y ~ ).

LEMMA 6.17. Let Sz 4 be a support of (X¢a,,Y¢—14,-1). If (AL) to (A7) hold,
there is a Lipschilz continuous function F> from Sz into R such that

F(Xt,d,ryt-byt-l,d,-l) = Fz(xc,d,, Ye—l,d.-l) a.e.

PROOF. Define a function P from R?d into R?%~! a5 P(x,y,y) = (z,¥)- It is
straightforward to show that P(S; ) is convex and so we can consider the projection
onto P(9;,). Let (&,§) be the projection of (z,y) € Sy, onto P(S,y). Note that
(%, #) is uniquely defined for (x,y). Define a function F3 from S, into R as follows.

_ limn..,m F(zn,yn, yn) (if (2, y) € P(S,;, ))’
Fﬂ(m: U) - {Fz(fﬁ,ft) (otherwise), ¥

where (®n,Yn,¥y,) € 9z satisfies limp_oo P{{Zn, ¥, ¥n)) = (@, ¥). We first see the
well-definedness of F,, then its Lipschitz continuity, and that F; is the function stated
in the lemma at last.

(i) The well-definedness of Fj.
It suffices to show it for (x,y) € P(5: ) since the uniqueness of a projection. Suppose
that (s, g, Un) and (. ¥, ¥4) ave in Sy, and satisfy
(:t, 'y) = n]i.rgo P((xm Yns yﬂ.))
= lim P((z}, v, 4.
Note that limp—oo #q = limy—oo 2, = = and limp o ¥, = lim,— o, ¥, = ¥ by the
definition of the function P. From Lemma 6.16 we have
| lim F(2n, tn, 400) ~ lim F(z, v, 4,)]

=nli’rgo |F(:c,., yfhyn) - F(z;n y:rny:;)l

< Jim Cll(@a — @, yo — i)l =0.
Therefore F; is well-defined.

(ii) The Lipschitz continuity of Fj.
Since (&, §) = (=, ¥) if (x,p) is in P(S5:y), Fa(z,y) = F2(&, §) for any (2, y) in S;.
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So we have, from Lemma 6.16,
|Fa(=.9) - Fale,¥)] = |Fal@, 9) - Fo(®,9)]
= Xim |F(@n, dns Ba) = F(@'ns 5 ')
Jim C @ — & itn — ')
=C|@-#.9-9)| =c|@.9 - @9

A

From Lemma 6.10, ||(#,5) — (&',%')ll < ||(z,y) — (@, %')|l. Therefore F; is Lipschitz
continuous,

(i) F(X¢,4,,Ye-1,YVio1,4,-1) = Fa(X4a,, Yio14,-1) aee
From Lemma 6.5, it suffices to show that F(z, y,¢) = Fa(sw, ¥) for any (2,y,¥) € Sz -
It is clear that (z,y) € P(S,4) 80 we have

|F(x, 4, ¢) — Felz, ¥)| = |[F(x,3,9) — Flz,p,y)l =0.
Therefore we have
F(X:d,, Y11, Y 14,-1) = F2( X4, Y1-1,4,-1) o.€

Proof of Theorem 3.2,
‘We have already shown that

F(Z:4,) = F(X ¢4, X¢-1,4,-1) a-e.

with a Lipschitz continuous function F; in Lemma 6.17. Furthermore F, and its argu-
ment {X;¢4,,¥¢—1,4,—1) satisfy all conditions needed in the proofs of Lemma 6.11 to
Lemma 6.17, so we have

Fo(Xt,a,, Xt—1,d,-1) = Fa(X¢4,,Ye2,4,-2) ae.
with & Lipschitz continuous function F3. By the same argument we have

F(Zt.da) = Fz(xt.du Yt—l,d.,—l) a.e.
= F3(X4,, Yt-2,4d,~2) @€

=F4,(X14,Y1-q,) ae.
= Fdoq.]_(Xg,do) a.e,

with Lipschitz continuous functions F, F3,...,Fg 1. Thus put G = Fy ., then we
have the theorem.,

6.3. Proof of Theorem 4.1

To prove Theorem 4.1 we refer to Cheng and Tong (1993). Next two lemmas
are simple extension of the theorems in Cheng and Tong (1993). We can prove them
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similarly. In these lemmas, weight functions are not specified. Put n=N —-r + 1 and
& = X, - E[X:|Z44), ohld) = n T DL (e W1,0( Z4,0),
&9 = X, - BIX:| X, 5h(d) = ™ T (E7) 2 Wo .o X e.0).
Let 6%(X,|2:,4) and 02(X,| Xy,4) denote the variances of &% and &9 respectively.

LEMMA 6.18. Suppose (A1), (A2), (A3) and (A8) to (AL7) hold. If
(A18-1) 0SWia@)<1 sad [ Widehz <o,
R2d

hold for some d € N, then we have
CVild) = o} (dH1 + A (d)pra®/N + opp1a/N)}, (8.20)
where py g = Bagn ™Y, Bi(d) = [{Kza(u)}?du, and '
n(d) = W a(x)de/ W1 a(x) fa(x)dz,
A function f3 is the density funclion of Z: 4 and integrals are taken over R™. If

(Al8-2) 0<Wyq(z)<1 and f W4 (x)de < o0
Réo

hold, then we have
CVo(do) = T3 (doH1 + Boldo)r0(do)na, /N + 00,0, /N)}  (6.21)
where po4, = Ba, N1, Bo(do) = [{Ka(u)} du, and
n(d) = fW q(x)de/ [W o{2) fa(@)d.
Integrals are taken over R%.
LEMMA 6.19. Let A, be a compact set in R?" for eachn=1,2,... L, and put
An = {{2,9) €R™ | "2, y € R; (2,2,1,9) € Ansa}

forn =1,2,...,L — 1. Put alsos Wy 4(x) = L1,(x), where I4 denotes the indicator
Junction on A, If (A1), (A2), (A3) and (A8) to (A17) hold, and if

(A19) A,C A, forenyn=12,...,L-1,
then we have the following. )
(a) For 0 < d < d,, limpy_.0o Pr{d; = d)=0.
(b) Ford, <d< L,

limsupPr{d, =d) <1— liminf Pr(nY {Z;. € Asa}).

N=—oa
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Proof of Theorem 4.1.

Since X; and ¥; are bounded, both supports of X, and Y; are compact. From Lemma 6. 4,

we have 8¢, . C 8z,_, 44—y X Sz X Sy, where S, . 4, .. Sz, and Sy, are the supports of
(Xia-1,Y¢a-1), X¢,and Y: respectwely We thus have S,y C Sz -+ X8 x5y, x-

Sy and that Sz, ,, is compact. Therefore our weight function W d(m) satisfies (A18-1)
for any d = 1,2,...,L. Furthermore Sy, is also compact, Wo .a{x) satisfies (A18-

2). We also have .S',,.i wa C Sagy, from Lemma 6.4, where S, is defined similarly
to A, in Lemma 6.19. Therefore the supports of our weight functions satisfy (A19).
Consequently, we can use Lemma 6.18 and Lemma 6.19 in this proof. We prove this
theorem separating into 3 parts.
(i) Proof of (P1) for the NLCA method.
We first prove (P1) for the NLCA method. Put S,, = S., .. It is straightforward to
see that
Pr{CVp - CW; > 0)
<Pr(CVp ~ CVi > 0,d = do) + Pr(d) < dg) + Pr{d) > dp)
<Pr(CVy — CVi > 0,d, = do)
+T0e Prid = d) + T34 1 Pr(dy = d). (6.22)
The second term of the right-hand side of (6.22) converges to 0 as N — oo from the
former part of Lemma 6.19. From the latter part of Lemma 6.19 and Lemma 6.2, we
have
3N1§nmpr(&1 =d) £ 1~ liminf Pr(nY,Z:4€S,,)
= hj&nmf Pr(UN, Z.4¢ 5.,)

<Uminf 3, Pr(Z,q ¢ 5.,) =0,

for d» < d < L. Therefore the third term of {6.22) converges to 0 as N — co. To show
that the first term of (6.22) converges to 0, we mimic the proof of Theorem 2 in Cheng
and Tong (1992). Let B be the bandwidth that gives MingCVi (d,) and By, be one that
gives MingCVp{d,), then for the first term of (6.22),

Pr(CVo — CVi > 0,d, = do) = Pr{CVi(do, Bo) — CVa(do, B1) > 0),
To simplify our notation, we omit B, and B;. From Lemma 6.2 we have

PH{CVo(d,) - CVi(dy) > 0)
=Pr({CVo(do) — CVi(do) > 0} YL {244, € Sza, 1)
+Pr{{CVo(de) - CValda) > O} N, {Ze, # e, )
=Pr({CVo(ds) - CVi(d,) > 0} N {Zy g, € 5., }). (6.23)

From Lemma 6.4 we have

Zg’do € Szdo = Xg‘ﬁo € S-'cd,?
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for each t. Furthermore &{%) = &%) = ¢, since {¥;} NIEC, (X,} and Theorem 3.2.
From which we have that if Z; 4, € S;, forany t =r,r+ 1,....N,

o%i(do) = 8%{do) =" EiLed
Therefore on the set Ny, {Z.4, € 5., }, we have
CVo(d,) — CVa{d,)
=% (do) {1 + foldo)v0(do)po,a.% /N + 0p(p0,4,% /N)}
— 0%(do){1 + BLdo)11(do)p1,8,7% /N + 0p(p1,4,7 /N)}
=n"1 T, eH{Boldo)10(do)P0,a, % /N — Br(doIm(do)pr,a, 2% /N
+ 0p(p0,2,% /N) + 0p(p1,8, % /N)},
from Lemma 6.18. Note that
o™ /N = 1/(N By, ndo) = 0 (1/(NBaao ™)) = 0 (p1.0,%[N)
and 7~ 3N €2 = 0} + 0,(1). Therefore we have
NBa, " {CVa(do) ~ CV1(do)} = —01B1(do)m(do) + 05(1)
on the set N {Z1 4, € 8., } Since oiBi{do)mi(d,) is strictly positive, we have

lim sup Pr({CVo(d,) — CVi(do) > 0} NV {Z¢q, € 82, }) = 0.

Thus from (6.23), if {¥;} Sots {X;} we have
lim Pr(CV, —CVi >0)=0.
N—oo

(ii) Proof of (P1) for the CNLCA method.
For the CNLCA method we can prove similarly. Put

do = “’gog"’i&méncv"(d)'

From the former part of this proof we have
Jim Pr(CVo — CVi > 0)
< lim Pr{CVo - CVi > 0,d) = dy)
N—oo
< lim {Pr(CVo —CV1 >0, dp = do,d1 = d,)
| +Pr{d, < d,) + Pr{d, > d,}}
= lim {Pr(CVo ~ CVi > 0,d, = dy,d1 = do)

+ T Pr(do = d) + Ty, 41 Prido = B} (6.24)
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Since {¥;} ﬂ,&* {X:} and Theorem 3.2, conditions needed in Theorem 2 in Cheng and
Tong (1992) are all satisfied, so the second term and the third term of (6.24) converge
to 0. Also we have shown that the first term of (6.24) converges to 0, so we have proved
(P1) for the CNLCA method.

(iii) Proof for (P2).
We prove (P2) for the NLCA method at last. Suppose {¥;} ~22% {X,}. From the
same srgument as the former part of this proof,

Aim Pr(CVo—CVi >0) < lim Pr(CVo — CVi >0, dy = dy)
= Jlim {1 - Pr(CVo(d,) < CVi(do))}- (6.25)

From Lemma 6.18 we have

CVy(ds) £ CVA{d,)
=53 (d {1 + Poldo)10(do) 0,2, /N + 0p(p0,2,% /N)}
< o3 (do){1 + Br{do)11(do)p1.4, 2% /N + 0p(p1,4,2% /N)}
33de) _ 1+ Br(do)ni(do)pr g, /N + 0p(p1,4,*%/N) (6.26)
o%,(do) =717 Bo(do)1o(do)po,a,% /N + 0p(p0,a,% /N)

Let {i denote the right hand side of (6.26). Note that

Ev o1 (8.27)
From an ergodic theorein we have

ohldo) S22 0}(X,| 20, Pr{ B, € 5s,,) a5
r(do) T 0X(Xef X 1.0,) Pr(X 1,4, € Szq,) 6.8
Pr(Z;4, € S, ) =Pr(X;4, € Sz, ) = 1 from Lemma 6.2 so that

5%(do) /0% (do) =22 0%(Xy) X 1,0,) /0% (K| Bra,) a.s. (6.28)

Let 5o be the right hand side of (6.28). Note that 62(X;|2Z, 4,) < 62(X;|X¢,4,) because
of {¥;} ~==5 {X,}. We thus have so > 1 and so, from (6.26), (6.27) and (6.28),

Pr{CVo(d,) < CV1(d,))
=Pr (5% (do)/o%(do) < €N)
=Pr (EN —148p— 6’?&((!0)/0‘17(!19) > 85— 1)
<Pr(lén ~ 1| + 163 (do) /0% (do) — 20| 2 30 — 1)
<Pr{l{n —1| > (s0 —1)/3)
+Pr (|65 (do)/ 0% (do) — 80| > (30 ~ 1)/3)
=0 as N — .

From (6.25), we thus have limy_,, Pr{CVp - CV; > 0) =1.
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7. Discussion

We defined Granger type causality for nonlinear data, and proposed two methods
for the analysis of nonlinearity. Simulation results indicated that these two methods
are effective for analyzing nonlinear causality, and that the Granger-Sargent test is not
appropriate for nonlinear causality. If we are interested in only linear causality, the
Granger-Sargent test is sufficient, but there would be many modeis in economic science
which show nonlinear eausality that our methods could be applied.

I+ should be menticned that X; and Y; are not necessarily bounded in our simulaticn
models, though they are required to be in Theorem 4.1, our results of the simulation
were fairly good. This fact suggests that the bounded condition for X, and Y; might
not be crucial for the result.

In this paper we assumed the strict stationarity. It would be difficult to testing
the strict stationarity. As Nakano (1995) pointed out, we should test weak stationarity
at least. We omit this test to simplify the argument. The methods for testing weak
stationarity has been proposed by Okabe and Nakano (1991) and Ohama and Yana-
gawa (1997), '
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