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Abstract 

  The causality proposed by Granger (1969) and several tests for it are often 
used in economic science to assess relationships among more than two factors of 
interest. However, the Granger causality presumes linearity and has limitation 
to analyze the relationship of "nonlinear" factors. In this paper we extend the 
Granger causality to nonlinear relationships and propose methods for analysis of 
data by the causality; the efficiency of the methods is also investigated.
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1. Introduction 

   When we have two sets of time series data, for example money supply data and 
gross national product (GNP) data, it might be a natural question that which one 
causes another. Granger (1969) defined causality from the viewpoint of prediction. By 
this definition, if one factor does help to predict the other, the former is recognized as 
the "causal factor" to the other. This idea has been applied in economic science, and 
several statistical tests have been proposed for the Granger causality by Sims (1972) 
and Sargent (1976). Nakano (1995) improved the Granger causality by introducing 
the idea of local causality. The Granger causality has been generalized as the nonlin
ear causality taking account of a nonlinear relationship between two time series. Baek 
and Brock (1992) approached it by means of conditional probabilities, Okabe and In
oue (1994) defined it by assuming that the data at a certain time can be predicted per
fectly as a polynomial function of the preceding data. These ideas of nonlinear causality, 
however, might not be appropriate for the data of small sample size with large noise, typ
ically seen in economic data. The aim of this paper is to define nonlinear causality based 
on prediction, which is analyzable and similar fashion to Granger (1969), and to propose 
two methods of nonlinear causality analysis. The approach is not based on a standard 
statistical testing method, but similar to a method of model selection. In this sense the 
approach is different from Baek and Brock (1992) and Okabe and Inoue (1994).

2. Preliminary 

   In this section we briefly introduce the Granger causality. Suppose that Xt and Yt 
are real random variables with mean 0 and defined on the common probability space 

(C2,., Pr) for any integer t. Denote by Pde the projection operator onto 4', by 9J 3,t (X) 
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the closed subspace in  L2(S2, g, Pr) spanned by {XkIs < k < t}. Furthermore, denote 
by ̂ lts,t (X) the closed subspace consists of all measurable random variables with respect 
to the a-field generated by {XkIs < k < t}, Ys,t (X) say, and a2 (Xt I.1) by the variance 
of Xt  PAr (Xt) . We use 931t (X) instead of 9)1_,„„t(X) for short, and also we use 
9)18,t (X, Y), ./lls,t (X, Y) and Ys,t (X, Y) in the similar way. 

   The definition of the Granger causality between {Xt} and {Yt} is as follows. To 
simplify the argument, we assume that there is no useful information, that is, data, to 
predict Xt except {Xt} and {Y}. 

DEFINITION 2.1. For a two dimensional weakly stationary time series {(Xt, Y)}, 
it is said that {Yt} causes {Xt} in the sense of Granger, written {Yt} GC }, if and 
only if 

a2 (Xt I9Jt1(X,1')) < (Xt (X)) 

We also say {Yt} does not cause {Xt} in the sense of Granger, written {Yt} Gf > {Xt}, 
if and only if 

o2(Xt1 t_1(X,Y)) = (Xt (X))• 

Note that the above two variances are not dependent on an integer t because of the 
weak stationarity. Granger (1969) originally defined the causality by means of 41_1(X) 
and ./kt_1(X, Y) instead of 9Jtt_1(X) and 914_1(X, Y), but he only considered a linear 
predictor, thus his causality is essentially "linear" and can be represented as above. 

3. Nonlinear causality 

   The simplest way of extending the Granger causality to nonlinear one might be 
replacing a linear predictor with a nonlinear predictor in the definition as follows. 

   DEFINITION 3.1. For a two dimensional strictly stationary time series {(Xt, Yt)} 
with finite second order moments, it is said that {Yt} causes {Xt} nonlinearly in the 

                            C sense of Granger, written {Yt}NLC{Xt}, if and only if 

a2(XtI^it1(X,Y)) < a2(XtI.Jt1(X)). 

We also say that {Yt} does not causes {Xt} nonlinearly in the sense of Granger, written 

{Yt}NL/> {Xt}, if and only if 

a2(XtI'/gt1(X,Y)) = or2(XtIA-1(X)) 

   Note that the above two quantities are not dependent on an integer t because of 
the strict stationarity. We assume that {(Xt,Yt)} is strictly stationary throughout this 
paper. It is a well-known fact that 

P.,ret_1(x,Y)Xt = E[Xtlgt1(X,Y)], 

and 

Pdit_,(x)Xt = E[Xtlgt1(X)]•



Granger type causality for nonlinear data107

Thus if {Y}NL1C~  {Xt} we have 

         Var[Xt  E[Xt i (X, I')]] = Var[Xt  E[Xt l gt-i (X)11 

This equation is equivalent to the following. 

E[E[Xtl gt-i(X, Y)]2] = E[E[XtI „Ft-i(X )]2]. 

Note that 

E[E[XtlYti(X,Y)]+9-t-i(X)] = E[Xtlgt-i(X)] a.e. 

since „Ft-1(X) C gt_1(X,Y), and so we have 

E[(E[XtI.t_i (X )]  E[Xtl gt-1(X, Y)])2] = 0, 

that is, 

E[XtlFt-1(X)] = E[Xtlgt1(X,Y)] a.e.(3.1) 

Thus (3.1) is the necessary and sufficient condition for {Y}NLC>{Xt }    ffi 
   Let us consider the following model 

Xt = F(X t,d°, Yt,d°) + et,(3.2) 

where Et is an additive white Gaussian noise, Xt ,d = (Xt-1, • • • ,Xt-d)1 and Yt,d = 
(Yt-1, • • • , Yt—d)' for any integer d, and F is a function from R2d° into R. It should be 
mentioned that F is usually unknown in a practical case. do is the nonnegative integer 
satisfying the condition of the order of nonlinear autoregressive (NLAR) model in Cheng 
and Tong (1992). Namely, do satisfies the following. 

 (i) (72(Xtl ./gtd°,ti(X,Y)) < o2(Xt1 td,t1(X,Y)) for any d < do. 

 (ii) a2 (Xt l ̂%td°,t-1(X, Y)) = ci2 (Xt I •Iltd,t-1(X, Y)) for any d > do. 

We say that do = 0 if and only if Var[Xt] = o2(Xtl.Jdlt_1(X,Y)), and in this case F is 
constantly 0. 

    REMARK. For example, do = 2 in the following model. 

Xt = 0.2Xt_1 + 1.2Yt_1  1.3Xt_2 + Et, Et id N(0,1). 

Under model (3.2), equation (3.1) is equivalent to 

E[Xt l gt-1(X )] = E[Xt Igtd°,t-i (X, Y)] a.e.(3.3) 

from the property of do. We will prove the next theorem in Section 6. The conditions 
(Al) to (A7) will be given in the same section. 

   THEOREM 3.2. If conditions (Al) to (A7) hold, 

         {Yt} NL/ {Xt} <—> 3G : R, Lipschitz continuous, 
                               s.t. F(Xt,d°,Yt,d°) = G(Xt,d°) a.e.
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It should be noted that  F(X  t,do  , Yt,do) can be written as a function of Xt-1, Xt-2, . 
if {yd. ------- {Xt} by the definition of nonlinear noncausality without any conditions. 
The important point of this theorem is that if {Yt} NLGC> {Xt}, F(Xt ,d0,Yt40) can 
be written as a Lipschitz continuous function of Xt-1, Xt-2, • • • , Xt—do if the conditions 
hold. The theorem shows that equation (3.3) is equivalent to 

E[Xt 19tdo,t-1(X )] = E[Xt I gtd o,t-1(X, Y)] a.e. (3.4) 

under appropriate conditions. Therefore, for the model (3.2) satisfying the conditions, 
we have 

{Yt}NL~C> {Xt}           
<----> 0-2 (Xt I Ado ,t-1(X, Y)) = a2 (Xt I ̂~tdo,t-1(X )) 

         <---> Var[Xt  E[Xt I ~tdo ,t-1(X, Y)]] 
= Var[Xt  E[XtI gtd o,t1(X)]]. (3.5) 

As Cheng and Tong (1992, 1993), conditional expectations in (3.5) could be estimated 
by kernel estimators and variances of residual could be estimated by crossvalidations. 
We conclude whetherYNLG~          whether{Yt}{Xt} or not by comparing the estimated variances. 
The ideas are briefly sketched in the next section.

4. Methods of nonlinear causality analysis 

    We estimate the conditional expectations 

F'(X t,d, Yt,d) = E[Xt I gtd,t-1(X, Y)], 

and 

G(Xt ,d) = E[Xt I gt—d,t-1(X )], 

by leaveone-out kernel estimators 

       E\t (X t,d , Yt,d) —_>XtK2d (II (X t,d, Yt,d) — (X s,d) Ys,d)II/B2d,N)  EK2d (II (X t,d, Yt,d) — (X s,d, Ys,d) II /B2d,N) 

and 

                         XtKd(II (X t,d — X s,d) II /Bd,N)  G\t(Xt,d)= 
LaKd(II(Xt,d— X8,d)II/Bd,N) 

respectively, where summations are taken over s from r to N except t , N is a sample 
size and r is a positive integer larger than d, Kn is a nonnegative even kernel from R''2 
into R such that 

Kfl(u) = llj 1k(ui), u = (u1, ... , U ), fR k(x)dx = 1, 

and Bn ,N is a bandwidth of that kernel. Also we estimate the variances of residual 
cr2(Xt I •/gtd ,t-1(X, Y)) and a2 (Xt I Ad,t-1(X )) by crossvalidations 

2 

       Cl/1(d) =N  r + 1L-dtCXtF\t(Xt,d,Yt,d)) Wl,d(X t,d, Yt,d),
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and 

                      12          CV0(d) =~,T(Xt—G\t(Xt,d)) WO,d(X t,d),                   N — r + 1 

respectively.  Wi,d and Wo,d are weight functions. We propose the following methods 
for the analysis of nonlinear causality. Denote by MinB a minimization with respect to 
a bandwidth and Mind a minimization with respect to d within 0 < d < L, where L is 
a prespecified positive integer. 

(a) Compute MindMinBCVi (d), say CV1, and let d1 be the argument which gives the 
  minimum of MinBCV1(d) with respect to d (0 < d < L). 

(b) Compute MinBCV0(di), say CVO. 

(c) If CVo—CV1 > 0 we conclude {Yt}N{Xt}, otherwise we conclude {Yt}NLGc> 
{Xt}. 

We call this method as the NLCA (nonlinear causality analysis). The method which re
places (b) by (b') given as follows is called the CNLCA (conservative nonlinear causality 
analysis). 

(b') Compute MindMinBCVo(d), say CVo. 
It should be mentioned that our methods are not statistical testing and we can not 
control error probabilities. Our methods are kinds of model selection. We select either 
"causal model" or "non-causal model" based on CV() and CV1. The justification of these 
methods is given by the next theorem. All conditions and the proof of the theorem are 
given in Section 6. 

    THEOREM 4.1. Suppose do < L and Xt and Yt are bounded. Let Sxd and Sxd,yd 
be the supports of Xt,d and (X t,d, Yt,d) respectively. Put Wo,d(x) = IS.d (x) and 

      y) = Isyd ~d (a,, y), where Is denotes the indicator function on S. If conditions 
(Al) to (A17) hold, we have 

        (P1){Yt}NL1C> {Xt} rli mPr(CV0 — CV1 > 0) = 0, 

in both methods, the NLCA and CNLCA. Furthermore in the NLCA, we have 

        (P2) {Yt}NLGC {Xt} = NlimoPr(CVo — CV1 > 0) = 1. 

Note that the supports SXd and Sxd,yd are not dependent on t because of the strict 
stationarity. Even though our methods are not statistical testing, the probability in 
(P1) corresponds to the probability of the type I error in testing the statistical null 
hypothesis Ho : {Yt}NLGc> {Xt} versus the alternative H1 : {Yt}N{Xt}, and 
the probability in (P2) corresponds to the power of the test. From this point of view, it 
might be said that our methods have desirable asymptotic properties. In this theorem, 
we assumed that Xt and Yt are bounded. However, as we will see in the next section, 
this assumption would not be essential to the theorem.
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5. Simulation study 

    The aim of this section is to show the efficiency of our methods and to compare them 
with the GrangerSargent test. As for the GrangerSargent test, see Sargent (1976). 
We employed weight functions  Wo,d(x) = Isxd (x) and Wi,d(x, y) = Isxd (x, y). The 
probability density function of a standard Gaussian random variable is used as a kernel 
function k(x) which satisfy the conditions in Theorem 4.1. Note that Wo,d(Xt,d) = 
W1,d(X t,d, Yt,d) = 1 a.e. for any d. We applied the NLCA method, CNLCA method, 
and the GrangerSargent test with level 0.05, which is denoted by GS(0.05), and 0.3, 
which is denoted by GS(0.3), to the data from the following models. 

(Ml)Xt = (1/12)Xt_1 + 1.2Yt_i + 0.5Xt_2  0.3Yt_2 + Et, Y
t = 1.4Yt_1  0.8Yt-2 + rlt, 

        (M2)Xt = 0.5Xt-1Yt-1  0.5Xt-2 + Et, Yt = 0.8Yt_i  0.2Yt-2 + rlt, 

        (M3)Xt = 1.2Yt-i exp(-Yt2) + Et, Y
t = 0.3Yt-i  0.951.2 eXP(-Yt2 2) +71t, 

        (M4) fXt =0.5Sign(Xtiyt1)~IXt1Yt-i)0.5Xt-2 + Et, Yt = 0.9Yt_1  0.95_2 eXP(-Yt2 2) + 11t, 

where {Et} and {rit} are sequences of independent standard Gaussian random variables. 
   Let us look into each model in detail before giving the results. Only model (M1) 

is a linear model and others are nonlinear models. In each model,{Yt}N{X, 
while {Xt}NL/ {Yt l. It is difficult to know whether there exist the Granger causal
ity in each model except for model (M1). In model (M1), 914_1(X), 914_1(Y) and 
9Jl _ 1(X, Y) are identical to %'_1(X), ./gt_ 1(Y) and 4'_1(X, Y) respectively. Thus 
the nonlinear Granger causality is the same as the Granger causality in this model, that 
is, {yd. and {Xt} GT> {Yt}. In model (M2), (M3), and (M4), we have to 
compute cr2(XtI9ilti(X,Y)), o2(XtI9t-i(X)) and o2(Ytifilt-i(Y)) in order to know 
whether there exists the Granger causality theoretically. If the second order moment 
of Xt and Yt are finite, that is, {(Xt, Yt)} is weakly stationary, we can compute these 
quantities from its autocovariance function, R(h) say. (See Section 5.1 and Section 11.4 
of Brockwell and Davis (1991).) However, we do not know R(h) in each model, so we 
use the estimator 

M 1 N—h x(i) — X (i)X(i)—X (i)X(i)—X (i)) (Y(Z)—y(i)    __(t+hN) (tN)( t+hN t N ) 
    MN (y(i)  Y(Z))(X (z) X)(Y(Z) — y(i))(y(i)—y(i) t+h NtNt+hNtN) 

say R(h), instead of R(h), and approximate variances o2(XtI911t_1(X)), (72 (Yt t-i(Y)) 
and o 2 (Xt i9Ytt_1(X, Y)). Here {XtZ) } and {Yt'2) } (i = 1, 2, ... ,M) are the multiple 
independent copies of {Xt} and {Yt} respectively, XN and YN) are the sample means 
of {42)} and {Yt(i)} (t = 1, 2, ... , N) respectively. If the diagonal elements of R(h) 
converge to 0 as h -* oo, we have limN,M_*0 R(h) = R(h) by the law of large number 
and Proposition 11.2.1 of Brockwell and Davis (1991). Table 1, Table 2, Table 3, and
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Table 4 list the approximated values of  o  2  (Xt  I  t-k,t-i  (X, Y)) and others for some k 
which are differentiated with " "' ". M = 1000 and N = 1000 are employed in these 
approximations.

k1 2 3 4 5 10  
&2(XtIWtt_k,t_1(x,Y)) 1.879 1.019 1.019 1.019 1.019 1.019  
e2(xtlmtk,t_1(X)) 5.261 5.254 3.419 3.419 3.363 3.331  

&2 (Yt I ntt_k,t_ 1(X, Y)) 1.593 1.018 1.018 1.018 1.018 1.018  
&2(Yt l 9)/tk,t-1(Y)) 2.784 1.018 1.018 1.018 1.018 1.018  

Table 1: The approximations of the variances of the best linear prediction 
errors in model (M1). 

k1 2 3 4 5 10  
o2(Xt l 9)1tk,t-1(x, Y)) 3.105 3.073 3.071 3.067 3.067 3.066  

6-2(Xt19t_k,t_1(x)) 3.105 3.073 3.071 3.067 3.067 3.066  
-62 (Yt'Mt _ k, t -1 (X,  Y)) 1.042 1.000 1.000 1.000 1.000 1.000  
&2(Yt Pitt-kJ-1(Y))1.042 1.000 1.000 1.000 1.000 1.000  

Table 2: The approximations of the variances of the best linear prediction 
errors in model (M2). 

k1 2 3 4 5 10  
a2(Xt19tt_k,t_1(x,Y)) 1.077 1.077 1.077 1.077 1.077 1.077  
&2(Xt ltk,t-1(X)) 1.122 1.122 1.122 1.122 1.122 1.122 

'612(Ytltt_k,t_1(X, Y)) 1.067 1.045 1.045 1.045 1.045 1.045  
&2(Yt19Nt_k,t_1(Y)) 1.075 1.048 1.048 1.048 1.048 1.048  

Table 3: The approximations of the variances of the best linear prediction 
errors in model (M3). 

k1 2 3 4 5 10  
&2(Xtlfitt_k,t_1(X,Y)) 3.863 1.462 1.462 1.462 1.462 1.462  
&2 (Xt I934_k,t-1(X)) 3.863 1.462 1.462 1.462 1.462 1.462  

&2 (Yt I9tk,t_1(X, Y)) 1.055 1.053 1.053 1.053 1.053 1.053  
Q2(Ytl9Jttk,t-1(Y)) 1.055 1.053 1.053 1.053 1.053 1.053  

Table 4: The approximations of the variances of the best linear prediction 
errors in model (M4).

   We can compute the exact values of o2(XtI9J1t_k,t_1(X,Y)) and other variances 
in model (M1) which are given in Table 5. Table 1 and Table 5 indicate that our 
approximations are fairly good, so we may assess the existence of the Granger causality 
by comparing 

&2 (Xt I 931tk,t-1(X, Y)) and &2(Yt I Tit_ k,t_1(X, Y)), 

with 

&2 (Xt I 931tk,t-1(X )) and &2 (Yt I9Ntk,t-1(Y))
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respectively for sufficiently large k. From Table 2 and Table 4, we may assess that 

 {Yt}GI>{Xt} and {Xt}GC> {Yt} in model (M2) and (M4). Indeed, {Xt}                                                    GC > {Yt} 
in model (M2) theoretically. Table 3 suggests that the Granger causality from {Yt} 
to {Xt} might exist in model (M3). Also the table shows that the difference between 
6-2 (Yt ( t-k,t-i (X, Y)) and &2 (Yt (9Ntk,t_1(Y)) is very small, thus we avoid assessing 
{Xt} {Yt}or{Xt} f>{Yt}.

  k1 2 3 4 5 10  
Q2(XtIfitt_k,t_1(X, Y)) 1.867 1 1 1 1 1  
a2 (Xt I9tt_k,t_1(X)) 5.256 5.248 3.405 3.404 3.346 3.312  

(72 (Yt I t_k,t_1(X, Y)) 1.587 1 1 1 1 1  
(72(YtI9itt_k,t_1(Y)) 2.778 1 1 1 1 1  

Table 5: The exact variances of the best linear prediction errors in model 
(M1).

   We now give the results of the simulation of our methods and the GrangerSargent 
test for our models. The sample sizes employed in the simulation are N = 60, 110, 210 
and 410. r = 10 and L = 5 are employed. Number of iteration is 3000 for N = 60, 110, 
210, and 1000 for N = 410. Table 6, Table 7, Table 8, and Table 9 show the proportions 
of the trials that concluded there existed the causality from one to another. Each left 
half part of the table is for {Yt} -> {Xt} and each right half part of the table is for 
{Xt} -* {Yt}. As we have mentioned, our methods are not statistical testing. Even 
so, since {Yt} NL~ {Xt } and {Xt} NLpc> {Yt} in all models, the values in the left 
half parts of the tables might be considered as the "empirical powers," and those in the 
right half parts as the "empirical probabilities of the type I errors" from the viewpoint 
of testing statistical hypothesis of nonlinear causality. Therefore, it might be said that 
the result is better if the values in the left half parts are closer to 1, and those values in 
the right half parts are closer to 0.

{Yt} -* {Xt} {Xt} -> {Yt} 
N 60 110 210 410 60 110 210 410 

    NLCA 1 1 1 1 .622 .582 .355 .078 
   CNLCA 1 1 1 1 .139 .03 .000 0 

GS(0.3)  1 1 1 1 .124 .122 .117 .088 
GS(0.05)  1 1 1 1 .013 .012 .008 .007  

Table 6: The ratios of trials in model (M1) that concluded there was causality. 

{Yt} -> {Xt} {Xt} -> {Yt} 
N 60 110 210 410 60 110 210 410 

   NLCA .898 .988 .996 .999 .283 .194 .091 .057 
   CNLCA .865 .983 .995 .999 .199 .134 .062 .036 

GS(0.3)  . 239 .266 .315 .339 .089 .106 .099 .084 
GS(0.05) .058 .073 .108 .136 .009 .01 .013 .006  

Table 7: The ratios of trials in model (M2) that concluded there was causality.
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 {Yt}  ->  {Xt} {Xt} -i {Yt} 
N60 110 210 410 60 110 210 410 

   NLCA .542.77 .964 1 .383 .426 .349 .193 
  CNLCA .513.746 .955 1 .292 .297 .179 .068 

GS(0.3) .367.587 .851 .986 .123 .148 .222 .315 
GS(0.05) .101 .232 .528 .894 .015 .021 .036 .078  

Table 8: The ratios of trials in model (M3) that concluded there was causality. 

{Yt} {Xt}{Xt}-*{Yt} 
N 60 110 210 41060 110 210 410 

   NLCA .871 .957 .997 1.106 .046 .016 .008 
  CNLCA .833 .944 .997 1.072 .036 .01 .007 

GS(0.3) .044 .027 .029 .021 .098 .103 .107 .104 
GS(0.05) .001 .001 .002 .001 .01 .011 .012 .014  

Table 9: The ratios of trials in model (M4) that concluded there was' causality.

   Table 6 shows that, in model (M1), every methods have detected the causality 
completely, and the GrangerSargent test has controlled the type I error less than the 
level. This is a natural consequent because all assumptions needed for the Granger
Sargent test are satisfied in this model. The table also shows that the proportions of the 
trials that concluded {Xt} NL C` {Yt} incorrectly in the NLCA method are too large 
when the sample size is small. This might be caused by the poor estimation of do. 

   Table 7, Table 8, and Table 9 indicate that the GrangerSargent test is unable to 
detect the nonlinear causality. Table 8 indicates that the GrangerSargent test detected 
the causality from {Yt} to {Xt} in model (M3). However, as we have discussed in the 
above, there might be linear causality from {Yt} to {Xt} in model (M3), so it might be 
said that the GrangerSargent test detected linear causality, not nonlinear causality. We 
may say that all results of the GrangerSargent test agree with our previous observation 
of the existence of linear causality. 

   On the other hands, the NLCA and CNLCA detected the nonlinear causality suf
ficiently well with the acceptable ratios of missspecification, that is, the proportion of 
the trials that concluded {Xt}NLGC {Yt} incorrectly, in model (M2), (M3), and (M4) 
are relatively small. 

   It should be noted that the values in the left half parts of Table 6, Table 7, Table 8 
and Table 9 are getting closer to 1 and the values in the right half parts are getting to 0 as 
the increase in the sample size. This indicates that (P1) and (P2) in Theorem 4.1 might 
be true in all models even though {Xt} and {Yt} are not bounded. In conclusion, the 
simulation study shows that our methods would be applicable to various data. Further 
discussion is given in Section 7.

6. Proof of the theorems 

   This section is devoted to prove Theorem 3.2 given in Section 3. and Theorem 4.1 
given in Section 4. To begin with, we state all conditions needed to prove them. Let Zt,d 
denote (Xt,d, Yt,d) and recall that our model is NLAR model; Xt = F(Xt,do, Yt,do)+et• 

(Al) n _~~t (X, Y) = {0, S2}.
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(A2)  {et} is an independent random sequence with mean 0 and strictly positive variance 
Q12. 

(A3) F is Lipschitz continuous function from R2d° in R. 

(A4) The support of (X t,do, Yt,k) is convex for any k = 1, . . . , do. 

(A5) Put iit = Yt  E [Yt I g't_i (X, Y)] then Ph} is an independent sequence with mean 
0 and strictly positive variance cr22. 

(A6) Et and iis are independent for any t and s. 

(A7) The support of r/t is connected. 

(A8) fR lulk(u)du < oo. 

(A9) For 1 < d < L, Xt,d and Zt,d have density functions gd and fd which are Lipschitz 
     continuous respectively. 

(A10) A kernel function k is Lipschitz continuous and has a compact support. 

(All) For every t, s, T, t', s', T` E N and 1 < d < L, the joint probability density functions 
      of (X t,d, X 84, X r,d, X ti ,d, X 8,,d, X -r, ,d) and (Zt,d, Zs,d, Zr,d, Zt',d, Zs',d, Zr',d) 

     are bounded. If, for example, t = t', the assumption requires that the joint prob
     ability density function of (X t,d, X s,d, X r,d, X s' ,d, X r',d) exists and is bounded. 

(Al2) Let p-1 + q-1 = 1. For some p > 2 and 5 > 0 such that 5 < (2/q)  1, 

Eleil2P(1+6) < oo and EIF(Zt,d0)12p(1+6) < oo. 

(A13) For S in (All), 4/(1+5) = 0(j2), where 

J33 = sup sup {I Pr(Algi,i(X,Y))  Pr(A)l} . 
                       iEN AE,i+i,c,c,(X,Y) 

(A14) Let j = j(N) be a positive integer and i = i(N) be the largest positive integer 
    such that 2ij < N, 

lim sup(1 + 6e1/2/4 /(1+Z) )t < co. 
N--.00 

(A15) For i = i(N) in (A14) and the bandwidth Bk,N, 

limsup{i(N)Bk,Nk} < oo (1 < k < 2L). 
N—•oo 

(A16) NBk,N2k-*00asN-4co (1 <k<2L). 

(A17) NBk,N2(k+ 1) —4 0 as N -* oo (1 < k < 2L). 

Note that the above conditions hold for all t if they hold for a certain t0 by the strict 
stationarity of {(Xt, Yt)}.
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6.1. Preparation 

   In this subsection, we prepare some mathematical idea that is used in the proof 
of the theorems. We first define a support of a random vector and show some lemmas 
about it. Next we define the projection onto a closed convex set, not closed subspace, 
in  Rn and show some lemmas. Both of them are very general idea.

6.1.1. Support of a random vector 

   DEFINITION 6.1. For a random vector X E Rn, the support of X is the set 

SX={xER"(de>0, Pr(X EB(x;e))>0}, 

where B(x; e) is the eneighborhood of x.

It is easy to prove the following three lemmas. 

   LEMMA 6.2. Pr(X E Sxc) = 0. 

    LEMMA 6.3. A support Sx is closed. 

   LEMMA 6.4. Let X and Y be random vectors in Rn and R'" respectively. If Sx, 
Sy and SX,y are the supports of X, Y, and (X, Y) respectively, SX,y C Sx x Sy. 
Furthermore if X and Y are independent, Sx,y = Sx X Sy. 

    LEMMA 6.5. For a continuous function g from Rn into R, 

              g(X) = 0 a.e. g(x) = 0 for any x E S. 

     PROOF. 
(=) 
Suppose there exists x E Sx such that Ig(x) I > 0. Since g is continuous, there exists 
e > 0 such that 

11u— x1I < e 1g(u)1 > Ig(x)I/2. 

So we have 

       Pr(X E B(x; e)) = Pr(IIX — x1I < e) 
< Pr(Ig(X)I > 1g(x)I/2) < Pr(Ig(X)I > 0). 

Since g(X) = 0 a.e., Pr(Ig(X)I > 0) = 0. So we have Pr(X E B(x;e)) = 0, but it 
contradicts to x E Sx, therefore g = 0 on SX• 
(~) 
It is straightforward from Lemma 6.2 to see that 

Pr(Ig(X)I > 0) 
=Pr(Ig(X)I > 0,X E SX) +Pr(Ig(X)I > 0,X E SXc) 

< Pr(0) + Pr(X E Sxc) = 0.
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    LEMMA 6.6. Let X be a random vector in  Rn and Y, Z be random variables in 
R. Put T = Y + Z and let Sx,Y,z and Sx,T be the supports of {X, Y, Z} and {X, T} 
respectively. Define a function h from Rn+2 into R as follows. 

h(x,y,z) _ (x,y+z) (x E Rn,y,z ER). 

If Z and (X, Y) are independent, Sx ,T = h(Sx,Y,z)• 

     PROOF. 
(1) Sx,T C h(Sx,Y,z)• 
Suppose that there exists a point (xo, to) in Sx,Tnh(Sx,Y,z)c. From Lemma 6.4 we have 
Sx,Y,z = Sx,Y x Sz, where Sx,Y and Sz are the supports of (X, Y) and Z respectively. 
(xo, to) is thus in h(Sx,y x Sz)c, that is, (xo, to — z) E Sx,yc for any z E Sz. By the 
definition of a support, there exists 5(z) > 0 such that 

Pr((X, Y) E B((xo, to — z); O(z))) = 0. 

Put 5(z) = sup{s(z)I Pr((X, Y) E B((xo, to — z); 5(z))) = 0} and 60 = infzEsz 5(z). We 
first show that 50 > 0. 

    Suppose So = 0 then there exists the sequence {zn} in Sz such that 5(zn) < 1/n. 
Therefore we have 

               Pr[(X, Y) E B((4o, to — z); 1 /n)] > 0, 

that is, B((xo, to — z); 1/n) n Sx ,Y 0 0. Let (xn, yn) be an element of this intersection 
then we have 

II(xo,to) —h(xn,yn,zn)II = II(4o—xn,to—yn —zn)II 
                        = II(xo,to— Zvi) —(Xn,yn)II < 1/n0. 

Since Since (xn, yn, zn) E Sx,Y x Sz, we have 

(x0, to) = lim h(xn, yn, zn) E h(Sx,Y,z)• 
n—•oo 

It is a contradiction. Thus So > 0 and by the double expectation theorem and the 
assumption that Z and (X, Y) are independent, we have 

           0 < Pr((X, T) E B((4o, to); (50/2)) 

            = JPr((X, Y + z) E B((xo, to); bo/2))dFz(z) 

             fsz=Pr((X, Y) E B((xo, to — z);bo/2))dFz(z), (6.6) 
                          z where Fz is the distribution function of Z. We also have that 

3Sz > 6(z) — 6o/2 such that Pr((X, Y) E B((xo, to — z); Sz)) = 0, 

for any z E Sz. Therefore we have, from 5(z) > 60, 

Pr((X, Y) E B((xo, to — z);(50/2)) 

               Pr((X, Y) E B((xo, to — z); 5(z) — So/2)) 
< Pr((X, Y) E B((xo, to — z); 5z)) = 0,
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for any z  E Sz. It contradict to the inequality (6.6). So we have Sx,y C h(Sx,y,z)• 
(ii) h(Sx,y,z) C SX,T• 
For any (x, t) E h(Sx,y,z), there exist the sequences {(xn, yn)} in Sx,y and {zn} in Sz 
such that h(xn, yn, zn) converges to (x, t). Thus for any s > 0, there exists M E N such 
that 

n > M II (x, t) — (xn, yn + zn)II < e/2. 

Thus for n > M, we have 

Pr((X,T) E B((x, t); E)) 
> Pr((X, Y) E B((xn, yn); s/4), Z E B(zn; s/4)) 
= Pr((X, Y) E B((xn, yn); 6/4)) Pr(Z E B(zn; e/4)) > 0. 

Namely, (x, t) is in Sx,T, so we have h(Sx,y,z) C SX,T• 

    LEMMA 6.7. Under the same conditions as Lemma 6.6, 

                   Sz is compact = Sx,T = h(Sx,y,z)• 

    PROOF. It suffices to show that h(Sx,y,z) C h(Sx,y,z) if Sz is compact. For any 

(x, t) E h(Sx,y,z), there exist the sequences {(xn, yn)} in Sx,y and {zn} in Sz such that 
h(xn, yn, zn) = (x, t). Since Sz is compact, there exist subsequence {zin } C Sz 

and z E Sz such that limn„, zin = z. Therefore we have 

Iyin — (t — z)I = Iyin+zZ — t+z — zinl 

yin + zin — tt + Iz — 'zin I n~ O. 

Since (xin, yin) E Sx,y and Sx,y is closed, we have (x, t — z) E Sx,y. Therefore 

(x, t) = h(x,t — z, z) E h(Sx,y x Sz), 

that is, h(Sx ,y,z) C h(Sx,y,z)

6.1.2. Projection onto a closed convex set in Rn

   We define the projection onto a closed convex set in this subsection. The definition 
is the same as the projection onto a closed space, but the orthogonality of the projection 
does not work in our case. 

    DEFINITION 6.8. Let M be a closed convex set in Rn. The projection of x E I[8n 
onto M is the element X E M such that 11 x — x I= inf yE M I I x— y I I 

We have to show that the definition is welldefined, but it is easy to see by mimicking 
the proof of Theorem 2.3.1 of of Brockwell and Davis (1991). 

    LEMMA 6.9. Let X be the projection of x onto a closed convex set M. For any 
yEM, (x—X,y—")<0.
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    PROOF. Suppose that (x —  ~ y — ") > 0 and put d = min{llx — 4,11Y — ~ll}. If 
d = 0, it shows (x — I, y — ") = 0. So we can assume d > 0. Put 

        z=--------d1— dx,                 II
x—xllx+ IIx —x1I 

and 

         y'=x+------- 
                    d( —x'y _~(y—x). llyllllll lly ll 

Since X, y E M and 

0<d  (x1,y-1)  <1                   li
y—xllllx—xlllly' 

we have y' E M. Note that y' Then we have 

                                                                 2 

      Ilz—y'112= ----------(x—)—--------d (x—~,y—~) (y-1) IIx—xllIlyxll Ilx —xlllly -xli 

            =d2 1 — (l(x_1,y_1)l'2l <d2 
                  Ilx—xlllly—ill 

and 

IIx—z11= 1—  xd'Ilx—x11=IIx—xll—d.              IIit 

Therefore 

llx—y'll <— IIx —zll+llz -ill 
< IIx d+d= IIx —XII. 

It is a contradiction. 

   LEMMA 6.10. Let 1 and y be the projections of x and y onto a closed convex set 
M respectively, then Ilx — yll ? IIx — yll. 

     PROOF. 

IIx—Y112 
=I4—y112+(IIx—II —11Y .11)2 

—2{(x—x ,y—I)+(y—y,I —y)}. 

Since X,yEMwehave 

(x (y— y) CO, 

from Lemma 6.9. So we have 

IIx—yll2 —yll2.
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6.2. Proof of Theorem 3.2 

   We need seven lemmas to prove Theorem 3.2. We assume time series  {Xt} and 

{Yt } are strictly stationary, come from model (3.2), and {Yt }NLGC>{Xt } throughout 
this section. 

   LEMMA 6.11. Let S,1 be the support of rjt. If (A5) and (A7) hold, 
3e„ > 0 s.t. (-co, eo) C S, . 

    PROOF. Suppose that for any e > 0, (-e, e) ¢ S,7. From condition (A7) we have 
inf S,7 > 0 or sup S1 < 0, and since E[rjt] = 0 we have S,1 = {0}. However it is a 
contradiction to V ar [rjt] > 0. 

   LEMMA 6.12. If (Al) to (A7) hold, 

F(Xt ,do,Y't,do) = F(Xt,do,E[Yt1Ikt2(X,1')},Yt1,4-1) a.e. 

    PROOF. To simplify our notation, put 

a = F(Xt,do,Yt,do) 

             and 3 = F(Xt,do, E[Yt-1IA-2(X, /7)], Yti,d0-1) 

in this proof. It is straightforward to see that gt (X, Y) = gt (e, 77) from our model and 
condition (Al), so we have, from conditions (A2) and (A5), 

E[XtiXt,do,Yt,do] = F(Xt,do,Yt,do). (6.7) 

Since {Yt}NL/ {Xt} and (6.7) we have 

Xt = E[XtI Xt,do t,do] + et 
                  = E[XtI gt-1(X )] + et. (6.8) 

By the similar argument to the former one we have .t (X) = (e), thus from conditions 
(A2) and (A5), Xt is independent of ris for any t and s. Since = Xt et, a is indepen
dent of r7t_1. Furthermore, as a is measurable with respect to o(Xt_1) V A't_2(X,Y), 
is independent of rlt_1, too. Therefore for any e > 0 and C > 0, 

Pr(Ia I >e)=Pr (la -I >e ( Int-1I <C). 
Prom condition (A3), there exists a constant C' such that 

IF(z)  F(z')I <— C'ilz  z'II. 

So we have 

la  al < C'lYt-i  E[Yt_ul t2(X,Y)]i = C'I7t-1I. 

Therefore 

Pr(la  I>e1Irlt-11 <C) <Pr(C'I7t-il >E( 117t-iI<C) 
 Pr (e/C' < I77t-1 I < C)(6

.9) P
r Wit-1 I < C) •
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By Lemma 6.11,  Sy?? contains 0 so the denominator in (6.9) is always strictly positive for 
any C > 0. On the other hand, the numerator in the equation is 0 if C < e/C'. We 
thus have Pr(I ' — -J > e) = 0 for any E > 0, that is, a = a. e. 

    Let Sx,y, Sx,w,y, and Sx,w,y,,n be the supports of random vectors (Xt,do, Yt,do), 
(X t,do, Wt_1, Yt_1,do—i) and (Xt,do, Wt-1, t1,d0—i, lit-i) respectively. Put Wt = 
E[Yt (X, Y)]. These supports are not dependent on t because of the strict station
arity. From Lemma 6.5 and Lemma 6.12, for any (x, w, y, e) E Sx,w,y,,,7 we have 

F(x, w + e, y) — F(x, w, y) = 0.(6.10) 

Recall that nt_1 is independent of (Xt ,do, W _1,Yt_1,d0-1), so we have Sx,w,y,,n = 
Sx w,y, x Sn by Lemma 6.4. Thus we have the next lemma. 

    LEMMA 6.13. If (A1) to (A7) hold, for any (x, w, y) e Sx,w,y, and e E S,7, 

F(x, w + e, y) — F(x, w, y) = 0. 

From this lemma we have the next lemma. 

   LEMMA 6.14. Put Tx,y = {w E RI (x, w, y) E Sx,w,y/ }. If (Al) to (A7) hold, 
F(x, w1, y) = F(x, w2) y) for any w1, w2 E Tx,y' • 

    PROOF. We can assume w1 < w2 without loss of generality. We will prove this 
lemma by considering several cases. 

   (i) When Su is not bounded. 
From Lemma 6.11, we have w1 — w2 E 8,, or w2 — w1 E S,, and in each case we have 
F(x, w1, y) = F(x, w2, y) straightforwardly from Lemma 6.13. 

   (ii) When S,, is bounded. 
Since support is closed, S, is compact. Therefore there exist the maximum and minimum 
of 8n, M and m respectively say. From Lemma 6.11 we have M > 0 and m < 0. Let T1 
be the connected component of Tx,y that contains w1 and {Ti} be the set of connected 
components of Tx,y such that 

ti < ti+1 and (ti, ti+1) n Tz,y = 0,(6.11) 

where ti = max Ti and ti = min Ti. Suppose that W2 E Tn. 
(ii)-(a) When n = 1. 
Since T1 is a connected component, the interval [wi, w21 is contained in T1. So we have 
(x, w, y) E Sx,w,y, for any w E [w1, w2]. Let p be the integer part of (w2 — wi)/M 
and put r = w2 — w1 — pM. Note that 0 < r < M. For any k = 0,1, ... , P, we have 
(x, w1 + kM, y) E Sx,w,y, . Therefore, since r, M E S,, and Lemma 6.13, we have 

            F(x, w1, y) = F(x, w1 + M, y) 

                                                                                                                       • 

                      = F(x, w1 + pM , y) 
                      = F(x, wl +pM + r , y) = F(x, w2i y)•
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(ii)-(b) When  n  > 1. 
We first show that ti + M > ti+1 + m. Put h(x, w, y, e) = (x, w + e, y). From Lemma 
6.7 we have Sx,y = h(Sx,w,y, x S,7), and since 0 E S,7, 

Sx,w,y, = h(Sx,w,y, X {O}) C h(Sx,w,y, X So) = Sx,y• 

Suppose ti + M < ti+1 + m. For any w E (ti + M, ti+1 + m), we have 

wi <ti <ti+M<w <ti+1+m<ti+i <w2. 

Since (x) w1, y), (x, w2, y) E Sx,w,y1 C Sx,y, and Sx,y is convex, we have (x, w, y) E Sx,y. 
Therefore we have that there exists (x', w', y') E Sx,w,y, and e E S,, such that 

(x, w, y) = h(x', w1, y', e) = (x', w' + e, y'), 

from Lemma 6.7. Namely, there exists e E Sri such that (x, w — e, y) E Sxwy~. So we 
have w — e E Tx,y C (ti, ti+i)c, that is, w — e < ti or w — e > ti+i. If w — e < ti, we 
have 

e>w -ti >ti+M —ti =M,(6.12) 

and if w — e > ti+1, we have 

                 e < w — ti+1 < ti+1 + m — ti+1 = m. (6.13) 

Both (6.12) and (6.13), however, contradict to M = max S,7 and m = min 8,,, so we 
have 

ti + M > ti+i + m.(6.14) 

We next show that F(x, ti, y) = F(x, ti+i, y) for any i. If ti > ti+1 + m we have 
m < ti — ti+1 < 0, that is ti — ti+i E Sn. From Lemma 6.13, we have 

F(x, ti+1, y) = F(x, ti+i + (ti — ti+1), y) = F(x, ti, y)• 

Conversely if ti < ti+i + m we have 

0<ti+1+m—ti <ti+M—ti=M, 

from (6.14). So we have ti+i + m — ti E Sq. Thus from Lemma 6.13 we have 

F(x, ti, y) = F(x, ti + (ti+1 + m — ti), y) 
                          = F(x,ti+i +m,y) 

           = y). 

Therefore, Therefore, 

F(x, ti, y) = F(x, ti+1, y). (6.15) 

We show F(x, w1, y) = F(x, w2, y) at last. From the same argument as in (ii)-(a), we 
have the following equations. 

F(x, w1, y) = F(x, tl, y), 
F(x, tn, y) = F(x, w2, y), 
F(x, ti, y) = F(x, ti, y),(i = 1,2,... , n — 1).
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Therefore, from these equations and (6.15), we have 

 F(x,  wi,  y) = F(x, ti, y) 
                         = F(x, t2, y) = F(x, t2, y) 

                           = F(x, tn, y) = F(x, w2, y)• 
LEMMA 6.15. If (A1) to (A7) hold, we have F(x, yl, y) = F(x, y2, y) for any 

(X, y1, y), (X, y2, y) E Sx,y• 

     PROOF. 
    (i) When Sri is not bounded. 

From Lemma 6.4 and Lemma 6.6 we have Sx,y = h(Sx,w,y, x S,7). There thus exist 
(~na) w, yn)) E Sx,w,y' and enz) E S, (i = 1, 2) such that 

(X, yi, y) = 1m (4n2), wn1) + enz) ynz)). 

Since F is continuous and from Lemma 6.13, we have 

IF(x,yi,y) — F(x,y2,y)I 
= lim IF(x ), wn1), ynl)) F'(4)~ wn2), yn2))I • (6.16) 

n—^oo 

Since Sn is not bounded, we have w41) — wn2) E S,7 or w4,2) — wni) E S,, for each n E N. 
Therefore we have 

IF(x '), wn1), yn1)) — F(x(12), we), y(12))1 
        < 11'42),  741), y11))F(42),1412), yn2)) Is,~(w(1.1)—wn2)) 

+ 1F(X2)  wnl), y2)) — F(42), 141.2) yn2)) I s,, (4) w(tl)), (6.17) 
where Is ,, is the indicator function on S7. Let Rn denote the first term of the right-hand 
side of (6.17) and Rn denote the second term, then we have 

Rn <F'(4 1),w.2), y(1))—F'(42),wnl),yn2))IIs,,(w(11)w,(12)) 

           + 

             1F(42),  w4,1), yn2)) F(4), wn2), yn2)) I Isn (w(1.i) wn2) ). 
Since F is Lipschitz continuous, there exists a constant C > 0 such that 

IF(xnl), wn2), ynl))—F(42), w(11), y 2))I 
< CII (41) 42) 07 ynl) yn2)) II 

for any n. From Lemma 6.13, we have 

IF(x2),w,y2)) — F(42), wn2), yn2)) I Is,, (w(l) — 142)) = 0.
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Therefore, 

 R7.  < CII(x2) — 42), 0, y2) — W)) is„(41) —142)), 

and by the same argument as the above we have 

Rn < CII (x2) 42), O, y2) — yn2)) II Isn (wn2) _102)). 

                                                      Consequently we have 

1F(x2), w(1), ynl)) — F(xn2), wn2), y(2)) 
<2C11(41)  — xn, O, 11(711) — yn2)) II 

So we have 

IF(x, yi, y) — F(x, y2, y)I < 2C lim II (x(1) — xn2), 0, yn1) — yn2)) II = 0. 
                                                n-~oo 

(ii) When 8,7 is bounded. 
In this case SI is compact, so we have Sx,y = h(Sx,w,y, x S7) from Lemma 6.7. We thus 
have, 

wi, ei s.t. (x, wi, y) E `sxw1/', ei E S,7, wi + ei = ya (i = 1, 2). 

Therefore from Lemma 6.13 and Lemma 6.14, we have 

I F(x, y1, y) — F(x, y2, y) ( = IF (x,  wl + el, y) — F(x,w2 + e2, y) I 
                          = I F(x, wi, y) — F(x, w2, y) I = 0. 

   LEMMA 6.16. If (Al) to (A7) hold, there exists a constant C such that IF (x,  y, y)— 
F(x', y', y) (~ CII (x, y) — (x', y') II for any (x, y, y) and (x', y', y') in Sx,y. 

    PROOF. We prove this lemma for any (x, y, y), (x', y', y') E h(Sx,w,y, x S,,) first. 
By the definition of h(Sx,w,y, x SO, There exist w, w', e and e' such that 

(x,w,y), (x',w',y') E'Sx,w,y', e,e' e S,, and w+e = y,w'+e' = y'. 
From Lemma 6.13 we have 

IF ,  y, y) — F(x', y',  y') I = IF (x ,  w, y) — F(x', w', y') I 
We can assume w' > w without loss of generality. Let M be a positive number in 8,7. 
The existence of M is guaranteed by Lemma 6.11. It should be noted that any m in the 
interval [0, M] is in 8,,. Since (x, w + m, y) and (x', w' + m, y') are in a convex set Sx,y, 
we have 

(x, w, y) + k(x' — x, w' — w, y' — y) + (0, m, 0) E Sx,y (6.18) 

for 0 < vk < 1 and 0 < vm < M. Let q be the integer part of (w' — w)/M and put 
r = w' — w — qM. Note that 0 < r < M. Define (x3, wi , yi) (j = 0, 1, ... , q) as follows. 

                  M yi) = (x,w,y) + qM +r(x' — x,w' — w, y' — y).
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Note that  wj+1 = wj + M for j = 0, 1, ... , q  1, and wq + r = w + qM + r = w'. Put 
(Xq+1, w9+1, yq+1) = (X''WI ,  y'). We have 

IF(x,w,y)   F(x', w', 01 
=IF(xo, wo, yo)  F(xo, wl, yo) 

+ F(xo, w1, yo)  F(xi, W1, y1) 
+ F(x1, wl, y1)  F(x1, w2, y1) 

                 + F(X1, w2, y1)  F(x2, w2) y2) 

                                                                                                                              • 

                                                                                                                              • 

+ F(xq-1, Wq-1, yq-1)  F(xq-1, Wq, yq-1) 
                  + F(xq-1, WV yq-1)  F(49, w9, yq) 

                 + F(Xq, W(1, yq)  F(Xq, Wq+1, yq) 
+ F(x9, wq+1, yq)  F(49+1, wq+1, yq+1)I 

Cu=olF(Xj, wj, kJ)  F(xj, wj+l, yj)I 
+ Ej±l I F(xj-1, wj, yj-1)  F(xj, wj, yj) I. (6.19) 

From (6.18) we have 

(Xj,wj,yj), (Xj,wj+1,yj) E Sx,y (j =0,1,...,q). 

Thus from Lemma 6.15, we have 

F(xj, wj, yj) = F(xj, wj+l, yj) (j = 0, 1, ... , q). 

Therefore the first term of the right-hand side of (6.19) is equal to 0. Since F is Lipschitz 
continuous, we have 

IF(xj-1, wj, yj-1)  F(xj, wj) yj)I C CII (xj-1  xj, yj-1  yj)II      

q-------- (1 << j <q), 
         qM-------+r1I(~,X,y-y)II (j=q+1), 

for a constant C. So we have         

IF(x,w,y)  F(x',w',y')I 
_CEj±1II(xj-1  xj,yj-1  yj)II 

     =c (1 qr + qM+r) 11 41  X, y'  y) II = CII (x'  X, y1  Y)11, 
for (x, y, y) and (x', y1, y') in h(Sx,w,y, x Sn). Furthermore, for any (x, y, y) and 
(x', y, y) in Sx,y, 

3(xn, yn,yn), (x , 4, yn) e h(Sx,w,y, X S,1) s•t• 
lim (xn, yn, yn) = (X, y, y), lim (x , yn, yn) = (x', y, y), 

n-^oon-+oo
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since  Sx,y = h(Sx,,i,,y, x S,7). Therefore, from the former part of this proof, we have 

IF (x ,  y, y)  F(x', y, y) I 
_(F(1~(xn,yn,yn))F(lim(xn, yn,yn)) 

            = lim
oI F(xn, yn, yn)—F(xn,yn,yn)I 

           <<% hm
oll(xn -xn,yn—yn)II = CI' (x—x',y-y')II• 

   LEMMA 6.17. Let Sx,y, be a support of (Xt,d°, Yt1,d°-1)• If (Al) to (A7) hold, 
there is a Lipschitz continuous function F2 from Sx,y into R such that 

F(X t,d°, Yt-1, Yt1,4-1) = F2(X t,d°, Yt1,d0-1) a.e. 

    PROOF. Define a function P from iR2d° into R24-1 as P(x, y, y) = (x, y). It is 
straightforward to show that P(Sx,y) is convex and so we can consider the projection 
onto P(Sx,y). Let (1, y) be the projection of (x, y) E Sx,y, onto P(Sx,y). Note that 
(a, y) is uniquely defined for (x, y). Define a function F2 from Sx,y, into R as follows. 

F2(x, y) limF(xn,yn,yn) (if (x, y) E P(Sx,y)), 
                 F2(, y)(otherwise), 

where (xn, yn, yn) E Sx,y satisfiesP((xn,yn,yn))= (x, y). We first see the 
welldefinedness of F2, then its Lipschitz continuity, and that F2 is the function stated 
in the lemma at last. 

   (i) The welldefinedness of F2.  
It suffices to show it for (x, y) E P(Sx ,y) since the uniqueness of a projection. Suppose 
that (xn, yn, yn) and (4, 4, yn) are in Sx,y and satisfy 

(x, y) = lim P((xn, yn, yn)) 
                                             n—•oo 

                           = limP((x n,yn,yra))• 

Note that limn~ 0 xn = limn—.00 xn = x and limn_..,00 yn = y'n = y by the 
definition of the function P. From Lemma 6.16 we have 

                  lim F(xn, yn, yn) — lim F(xn, yn, yin) I 
           n—~oon—.00 

= lim I F(xn, yn, yn) — F(xn, yn, yn) I 
n—•oo 

< lim Ci II (xn — xn, yn — yn) II = 0. 
n-• o0 

Therefore F2 is welldefined. 

   (ii) The Lipschitz continuity of F2.  
Since 4, y) = (x, y) if (x, y) is in P(Sx,y), F2(x, y) = F2(i, y) for any (x, y) in Sx,y.
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So we have, from Lemma 6.16, 

 

I  F2(x,y) — F2(x',zy')I = 1F24,M  — F2(x-',1)1 
                      = lim  F(~n, yn, yn) — Irv/ n) I 

                                           n—+oo 

                     limoC 11(in—X'n,yn—in) 11 
=C114y')11=C11*y)(X',1)11. 

From Lemma 6.10, h1, y)  (x', '011 < II (x, y)  (X',y')1). Therefore F2 is Lipschitz 
continuous. 

(iii) F(Xt,do,Yt—l,Yt1,d0-1) = F2(Xt,d0)1't1,d0-1)a.e. 
From Lemma 6.5, it suffices to show that F(x, y, y) = F2(x, y) for any (x, y, y) E Sx,y. I
t is clear that (x, y) E P(Sx,y) so we have 

IF(x,y,y)  F2(x, = IF(x,y,y) F(x,y,y)I = 0. 

Therefore we have 

F(X t,d0, Yt-1, Yt1,d0-1) = F2 (X t,do, Yt1,d0-1) a.e. 

Proof of Theorem 3.2. 
We have already shown that 

F(Zt ,do) = F2(Xt,do,Xt—l,(10-1) a.e. 

with a Lipschitz continuous function F2 in Lemma 6.17. Furthermore F2 and its argu
ment (Xt ,do,Yt1,d0-1) satisfy all conditions needed in the proofs of Lemma 6.11 to 
Lemma 6.17, so we have 

F2(Xt,do,Xt1,d0-1) = F3(Xt ,do,Yt2,4-2) a.e. 

with a Lipschitz continuous function F3. By the same argument we have 

F(Zt ,d0) = F2(Xt,do,Yt1,d0-1) a.e. 
                                = F3 (X t,do, Yt2,4-2) a.e. 

                                                                                                                                                           • 

                                = Fdo (X t,do, Yt-do) a.e. 
                             = Fdo+1(X t,do) a.e. 

with Lipschitz continuous functions F2, F3, ... , Fd0+1. Thus put G = Fdo+1 then we 
have the theorem.

6.3. Proof of Theorem 4.1 

   To prove Theorem 4.1 we refer to Cheng and Tong (1993). Next two lemmas 
are simple extension of the theorems in Cheng and Tong (1993). We can prove them
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similarly. In these lemmas, weight functions are not specified. Put n = N — r + 1 and 

      etd) = Xt — E[XtI Zt,d],0-2v(d) = 71-1EN r(4d))2W1,d(Zt,d), 
etd) = Xt — E[XtIXt,d],0N(d) = n1Etr(etd))2WO,d(Xt,d)• 

Let a2 (Xt I Zt,d) and (72 (Xt I X t,d) denote the variances of el d) and etd) respectively. 

   LEMMA 6.18. Suppose (Al), (A2), (A3) and (A8) to (A17) hold. If 

         (A18 — 1) 0 < W1,d(x) < 1 and fWl,d(x)dx < oo, 
                                                                 2d 

hold for some d C N, then we have 

CV1(d) = Q12v (d) { 1 + ,31(d)'Y1(d) p1,d2d/N or (Pi,d2d/N) }, (6.20) 

where Pi,d = B2d,N^1, 131(d) = f {K2d(u)}2du, and 

'Yi(d) = f Wi,d(x)dx/f Wi,d(x)fd(x)dx, 

A function fd is the density function of Zt,d and integrals are taken over R2d. If 

(A18 — 2) 0 < Wo,do (x) < 1 and fWo,d° (x)dx < 00 
                                                                             do 

hold, then we have 

CV0(do) = &N(d0){1 + /3o(d0)'Yo(do)Po,dod°/N + or(Po,dod°IN)} (6.21) 

where Po,do = Bd°,N-1, /30(do) = f{Kd(u)}2du, and 

'Yi(d) = f Wi,d(x)dx/f Wi,d(x)fd(x)dx. 

Integrals are taken over Rd° . 

    LEMMA 6.19. Let An be a compact set in R2n for each n = 1, 2, ... , L, and put 

An = { (x, y) E R2n 13x, y E R; (x, x, y, y) E An+1 } 

for n = 1, 2, ... ,L — 1. Put also Wi,d(x) = IAd (x), where IA denotes the indicator 
function on A. If (Al), (A2), (A3) and (A8) to (A17) hold, and if 

                (A19) An C An for any n = 1, 2, ... ,L — 1, 

then we have the following. 
(a) For 0 < d < do, d) = 0. 
(b) For do < d < L, 

           lim sup Pr((ii = d) < 1 — lim inf Pr(flN r{Zt,d E A2d})• 
N—too



128G. OHAMA

Proof of Theorem 4.1. 
Since  Xt and Yt are bounded, both supports of Xt and Yt are compact. From Lemma 6.4, 
we have Sxd,yd C Sxd_l,yd_l x Sx x Sy, where Sxd_l,yd_l, Sx, and Sy are the supports of 
(Xt,d-1, Yt,d-1), Xt, and Yt respectively. We thus have Sxd,yd C Sx x • • • x Sx x Sy x • x 
Sy and that Sxd,yd is compact. Therefore our weight function Wi,d(X) satisfies (A18-1) f
or any d = 1, 2, ... , L. Furthermore Sxdo is also compact, Wo,d(x) satisfies (A18
2). We also have Sxd,yd C Sxd,yd from Lemma 6.4, where Sxd,yd is defined similarly 
to An in Lemma 6.19. Therefore the supports of our weight functions satisfy (A19). 
Consequently, we can use Lemma 6.18 and Lemma 6.19 in this proof. We prove this 
theorem separating into 3 parts. 

   (i) Proof of (P1) for the NLCA method. 
We first prove (P1) for the NLCA method. Put Szd = Sxd,yd• It is straightforward to 
see that 

          Pr(CV0  CV1 > 0) 

< Pr(CV0  CV1 > 0,4 = do) + Pr(di < do) + Pr(di > do) 

< Pr(CV0  CV' > 0, d1 = do) 

+ >' Pr(d1 = d) + Ead o+1 Pr(di = d).(6.22) 
The second term of the right-hand side of (6.22) converges to 0 as N -+ oo from the 
former part of Lemma 6.19. From the latter part of Lemma 6.19 and Lemma 6.2, we 
have 

3 lim Pr(d1 = d) < 1 — lim inf Pr(fN ,.Zt,d E Szd) 
N—^co 

                         = lim inf Pr(UN ,.Zt,d Szd) 
N—.00 

                       < lim inf >rPr(Zt ,d¢Szd) = 0, 

for do < d < L. Therefore the third term of (6.22) converges to 0 as N -p oo. To show 
that the first term of (6.22) converges to 0, we mimic the proof of Theorem 2 in Cheng 
and Tong (1992). Let B1 be the bandwidth that gives MinBCV1(do) and Bo be one that 
gives MinBCVo(do), then for the first term of (6.22), 

      Pr(CV0  CV1 > 0, d1 = do) = Pr(CV0(do, Bo)  CV1(do, B1) > 0). 

To simplify our notation, we omit Bo and B1. From Lemma 6.2 we have 

Pr(CV0(d0)  CV1(4) > 0) 
= Pr({CVo(do)  CV' (do)> 0} n nNr{Zt,do E Szdo }) 

+ Pr({CVo(do)  CV1(4) > 0} n nN r{Zt ,do Sxdo }) 
= Pr({CVo(do)  CV1(do) > 0} n nNr{Zt,do E Szdo }). (6.23) 

From Lemma 6.4 we have 

Zt ,do E Szdo = X t,do E Sxdo
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for each t. Furthermore etd°) = E'td°) = et since  {Yt}NL~c>{Xt} and Theorem 3.2. 
From which we have that if Zt,d° E Szd0 for any t = r, r + 1, ... ,N, 

                  QN(do) = UN(do) = n1ENret. 

Therefore on the set nNr{Zt,do E Szd0 }, we have 

CV0(do) — CV1(do) 
=&2N(d0){1 +0o(do)'Yo(do)Po,d°d°/N + op(Po,dOd°IN)} 

               (4){1 +Q1(do) y1(do)P1,d°2d°/N+ op(Pl,d02d°/N)} 
=n1L,Nre?{Qo(do)'Yo(do)Po,d°d°/N — /31(d0)y1(do)P1,d02d0/N 

                                  + op (PO,d° d° /N) + op (Pl,dO 2d0 IN)}, 

from Lemma 6.18. Note that 

PO,d0d°/N = 1/(NBd0fNdo) = o (1/(NB24,N2d°)) = o (pl,d02doIN) , 

and n-1EN rE2 = ~1 + op(1). Therefore we have 

NB2d°,N2d°{CVo(do) — CVl(d0)} = —4131(do)71(do) +op(1) 

on the set nN r{Zt,do E Szd° }. Since o 81(d0)yl (do) is strictly positive, we have 

        lim sup Pr({CV0(do) — CV1(do) > 0} n nN r{Zt,d° E Szd° }) = 0. 
N—^oo 

Thus from (6.23), if {Yt}NL1c> {Xt} we have 

                    lim Pr(CV0 — CV1 > 0) = 0. 
N—boo 

(ii) Proof of (P1) for the CNLCA method. 
For the CNLCA method we can prove similarly. Put 

do = arg min min CVo (d) . 0<d<L B 

From the former part of this proof we have 

           lim Pr(CVo — CV1 > 0) 
N--*oo 

         < lim Pr(CV0 — CV], > 0, dl = do) 
N—•oo 

         < lirn {Pr(CV0 — CV1 > 0, d0 = do, d1 = do) 
N—+oo 

+ Pr(do < do) + Pr(do > do)} 

          = lim — CV1 > 0, do = do,dl= do) 

r + Ed° O1 Pr(do = d) + EdL--d°+1 Pr(do = d)}. (6.24)
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Since {Yt }NL1c>  {Xt  } and Theorem 3.2, conditions needed in Theorem 2 in Cheng and 
Tong (1992) are all satisfied, so the second term and the third term of (6.24) converge 
to 0. Also we have shown that the first term of (6.24) converges to 0, so we have proved 
(P1) for the CNLCA method. 

(iii) Proof for (P2). 
We prove (P2) for the NLCA method at last. Suppose {Yt}NLGC{Xt}. From the 
same argument as the former part of this proof, 

      lim Pr(CV0 – CV1 > 0) < lim Pr(CV0 – CV1 > 0, d1 = do) 
N—soo— N—soo 

                      = lim {1 – Pr(CV0(do) < CV1(d0))}. (6.25) 

From Lemma 6.18 we have 

CV0(do) < CV1(do) 
<-4(d0){1 + Qo(do)7o(do)Po,dod°/N + op(Po,dod°/N)} 

< UN(do){1 +(d0)71(do)Pl,d024/N + ap(Pl,d°2d°/N)} 
            5-2„,5-2„,(do)<1 +~1(do)71(do)Pl,d° 24/N+ op (P1,d° 2d° /N) (6.26) UN(do) 1 + fi0(do)70(do)P0,dod°/N + Op(PO,dodOIN) • 

Let N denote the right hand side of (6.26). Note that 

            SN  1.(6.27) 
From an ergodic theorem we have 

o-N (do)N_—u2 (Xt I7't,d°) Pr(Zt,do E Sxd°) a.s. 
51(d0) N—~ Q2(Xtl X t,do) Pr(X t,d° E Sxd°) a.s. 

Pr(Zt,d° E Szd°) = Pr(X t,do E Sxdo) = 1 from Lemma 6.2 so that 

&N(do)/o (do) N Q2(XtI X t,(10)1Q2(XtI Zt,d°) a.s. (6.28) 
Let s0 be the right hand side of (6.28). Note that cr2 (Xt I Zt,d°) < cr2 (Xt I X t,d°) because 
of {Yt} N—~ {Xt}. We thus have s0 > 1 and so, from (6.26), (6.27) and (6.28), 

Pr(CV0(do) < CV1(d0)) 
         =Pr (QN(do)/aN(d°) < eN) 

=Pr (6N1+S0–QN(do)/al(do)?so-1) 
<Pr(I6N–li+IUN(do)/aN(do)–SoI >so-1) 
< Pr (IeN – 11 > (so – 1)/3) 

                   + Pr (I5-2N(do)/o2N(do) – SoI > (So – 1)/3) 
–> 0 as N –> oo. 

From (6.25), we thus have limpq Pr(CV0 – CV1 > 0) = 1.
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7. Discussion 

   We defined Granger type causality for nonlinear data, and proposed two methods 
for the analysis of nonlinearity. Simulation results indicated that these two methods 
are effective for analyzing nonlinear causality, and that the GrangerSargent test is not 
appropriate for nonlinear causality. If we are interested in only linear causality, the 
GrangerSargent test is  sufficient, but there would be many models in economic science 
which show nonlinear causality that our methods could be applied. 

   It should be mentioned that Xt and Yt are not necessarily bounded in our simulation 
models, though they are required to be in Theorem 4.1, our results of the simulation 
were fairly good. This fact suggests that the bounded condition for Xt and Yt might 
not be crucial for the result. 

   In this paper we assumed the strict stationarity. It would be difficult to testing 
the strict stationarity. As Nakano (1995) pointed out, we should test weak stationarity 
at least. We omit this test to simplify the argument. The methods for testing weak 
stationarity has been proposed by Okabe and Nakano (1991) and Ohama and Yana
gawa (1997).

                         Acknowledgement 

The author would like to express his thanks to Professor Takashi Yanagawa of Kyushu 

University for helpful comment and suggestions.

                               References 

Baek, E. and Brock, W. (1992). A general test for nonlinear Granger causality: Bivari
  ate model, Working Paper, Iowa State University and University of Wisconsin, 

   Madison. 

Billingsley, P. (1995). Probability and Measure, 3rd ed., John Wiley & Sons, Inc. 
Brockwell, P.J. and Davis, R.A. (1991). Time Series :Theory and Methods, 2nd ed., 

   SpringerVerlag. 

Cheng, B. and Tong, H. (1992). On consistent nonparametric order determination and 
  chaos, Journal of Royal Statistical Society B, 54, No. 2, 427-449. 

Cheng, B. and Tong, H. (1993). On residual sums of squares in nonparametric autore
  gression, Stochastic Processes and their Applications, 48, 157-174. 

Cheng, B. and Tong, H. (1995). Orthogonal projection, embedding dimension and sam
  ple size in chaotic time series from a statistical perspective, in Chaos and Forecasting: 

  Proceedings of the Royal Society Discussion Meeting, London, 2-3 March 1994 (H. 
  Tong ed.), 1-29. 

Granger, C. W. J. (1969). Investigating causal relations by econometric models and 
   Ccossspectral methods, Econometrica, 37, No. 3, 424-438. 

Nakano, Y. (1995). On a causal analysis of economic time series, Hokkaido Mathematical 
   Journal, 24, 179-213. 

Ohama, G. and T. Yanagawa (1997). Testing stationarity using residual, Bulletin of In
  formatics and Cybernetics, 29, No. 1, 15-39.



132G. OHAMA

Okabe, Y. and Inoue, A. (1994). The theory of  KM2OLangevin equations and its qp
  plications to data analysis (II): Causal analysis (I), Nagoya Mathematical Journal, 

  134, 1-28. 

Okabe, Y. and Nakano, Y. (1991). The theory of KM2 0Langevin equations and its ap
  plications to data analysis (I): Stationary analysis, Hokkaido Mathematical Journal, 

  20, 45-90. 

Sargent, T. J. (1976). A classical macroeconometric model for the United States, Jour
  nal of Political Economy, 84, No. 2, 207-237. 

Sims, C. A. (1972). Money, income, and causality, American Economic Review, 62, 540
  552. 

Tong, H. (1990). Nonlinear Time Series, Oxford University Press.

Received Febuary 20, 2003


