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Abstract

This paper studies an optimal stopping problem over a finite-herizon Markov
chain on a Anite-state space. First of all, we derive a recursive formula for the total
number of all stopping rules in m-state n-stage stopping problem. Next we show
an optimal stopping Tule and give a characterization of optimal value functions.
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1. Introduction

It is wel known that a general theory of optimal stopping has been established by
Snell {1952), Chow, Robbins and Siegmund (1971), Shiryaev (1978) and others. The
main topic was a class of infinite-horizon problems. Recently & finite-horizon problem
has been well applied to mathematical finance, in particular to fair pricing of American
option, e.g. Shiryaev (1999).

On the other hand, the theory of optimal stopping is closely related to dynamic
programming, e.g. Bellman {1957) and to Markov decision process, e.g. Howard (1960).
A construction of optimal stopping rule for finite horizon preblem is performed through
backward induction. This is a basic idea of dynamic programming/Markov decision
process.

In this paper we consider a class of optimal stopping problems over a finite horizon
Markov chain on finite state space. We direct our attention to the total number of
stopping times, optimality and characterizaion. Qur approach separates the underlying
process (Markov chain) and sequence of gain functions. This separation is due to the
fact that the underlying process is a Markov chain. The value process over the Markov
chain constitutes a minimal supermartingale.

2. Stopping Times

Let two integers m > 1 and n > 1 be given in this paper. We consider an n-stage
Markov chain on state space with m states. Let {X,}§ be a Markov chain on a finite
state space S = {51,82,...,3m} With a transition law p = {p(-]-}} :

P(Xer1 = 85| X: = ) = p(355¢)-
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We assume that the Markov chain starts at a preassigned state 3o € S ; Xo = 9.
f times
r—rri—

Let 5 := §x 8§ X+ xS be the direct product of i state spaces S, We take
Q:= 8" and N := {0,1,...,n}. A mapping 7 : 2 = N is called a stopping lime if
for any t € N the set {r =t} is determined by random variables {Xjy, X,...,X;}.The
stopping time is called an m-state n-stage stopping time. Let T := T := T*(m) be
the set; of all m-state n-stage stopping times. The first question is how many stopping
times there are for m-state n-stage Markov chain.

Let f,(n) be the the total number of m-state n-stage stopping times. Then we
have the following recursive formula. :

THEOREM 2.1,
fm{n) = 1+ i(fm(n— 1} - 1)“‘"‘ mCr m>1, n>2 (2.1)
k=0
fm() = 2 m2>1. (2.2)

ProoF. We consider an m-state n-stage stopping time r, which does not stop
immediately at starting point {on stage 0). Let s;,, 3i,,- - - 8;, be the states, at which
stops on stage 1, that is,

{wir(w) =1}

= {803;,T3+  Tn, 308i,T2* 0T, ***,88, T2+ Tn, T: €5, 25iSn}.
For each s € S, we define
w(x1Za - - - TR) = T(8T1Z2 - - - Ty ).
Then g is a stopping rule of m-state (1 — 1)-stage stopping problem. Thus for any
sc 8- {8*1,8;'.‘,'”,8@“}
the total number of m-state n-stage stopping rules which start at state s is
(fln— 1) — 1),

Since the total number of state 2y € §is  ,,Cy, it holds that the total number of 7,
which do not stop immediately at start point is

m

Y Ufmln—1)—1)"* LCy.

k=0

Adding one stopping time which stops immediately on stage 0, we have the formula
(2.1).

Let us take n = 1. There exists two stopping rules: one is immidiate stop and the
other is not. Thus (2.2) is valid. m}

THEOREM 2.2.

Fu(n+1) =14 (fr(n))™ n>1l, fmf{l)=2. {2.3)
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PROOF. We prove this by induction of n. From (2.1) and (2.2), substituting n = 2
we have

m

fa2) = 143 1™* Gy
k=0
= 142™,

Thus theorem holds for n = 1. Now, we suppose that it hold for n = k. Then, by
theorem 2.1, we have

fm(k+2)

1+ i(fm(k +1)-1)™* .C;
k=0 :

Il

m
1+ 3 (fl®)™)™* mCa
P
= 141+ {fmEN™)"
= 1+ {fm(k+1))™
This last equation shows that it holds for n = k + 1. This completes the proof. O
The recursive formula generates the following :
fm(3 = 1+(1+2")"
fm(4) = 1+(Q@Q+@Q+27)™
fmm) = 1+(+(1+(--Q+@Q+2™)™)™--)"
n-1 e;aments

Table 1 shows a list of explicit numbers for two-state (m = 2) and three-state
(m = 3) models.

n\m 2 3
0 1 1
1 2 2
2 5 9
3 26 730
4 677 389,017,001
5 | 458,330 b5.887...x 10%

Table 1 Total numbers of m-stage n-state stopping times

3. Optimal Stopping Problem

Let {X,}2 be an n-stage Markov chain on m-state space S = {s1,92,...,8m} with
a transition law p = {p(:|-)} and a preassigned initial state zq € S ; Xo = zo. Let F}* be
the set of all subsets in Q which are determined by random variables {X;, X;41,..., Xy}
Let us take N = {0,1,...,n}. A mapping 7 : 2 — N is called a stopping time if

{r =t} = {ZoZ1...Tn | T(ZoZ1 ... Za) =t} € F5 WVEEN.
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The stopping time 7 is called { ¥} }5-adapted. Let 7" be the set of all such stopping
times. Any stopping time 7 € 73" generates a stopped state (ramdom variable) X, : 3 —
R':
Xrlw) = Xrwy(w)
and a stopped reward (ramdom variable) g, : @ — R! :
gr{w) = Gr(w) (X‘r (w))-
We remark that the expected value E; [g,] is expressed by sum of multiple sums :

Byl = D3 alzp(zilzolp(zalzr) - p(@she-1)-

=0 {1‘=t}
Now we consider the problem of maximizing an expected value of stopped process

Tofzo} Maximize E,,[g-] subject to 7€ 7g".

3.1. Optimality
Let us define the sequence of functions {v;}§ backwardly as follows :

Un(Za) = gn(Za)
Un—l(xﬂ—l) = Max[gﬂ-l(xn—ILEzn_:(”ﬂ(xﬂ))]

vi(z1) = Max[g:(21), Ee, (v2(X2))]
to{zo} = Max[go(Zo), Ero(v1(X1))]
where E is the one-step expectation operator induced from the Markov transition ma-
trix p(:}-) :
Eo(h(Xes1)) = 3 h(y)p(ylz).
yeX
We define 7* for Markov chain {X,}} which starts at state xp on stage 0 : Xp = xp. For
W= TgL1L2%g " " Tn-1Zn, Jet
T"(w) be the first n such that gn(x,) = va(zy).
Then we see that
e T3,
This is based upon the observation that
T™w) =t
if and only if

go{zo) < vo(zo)
alz1) < wnim)

Gi-1(z1) < vea(Ti—)
gz} = wlz).
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THEOREM 3.1.
Eylos) Swisa) VYrely. (3.1)

PROOF. We note that

Ewlod = 3 wls)+ Y pleslsodlz) +--

{7=0} {r=1}
+ Y, plalso)p(ealer) - p(Tn-1]Tn-2)gn-1(Tn-1) (3.2)
{r=n-1}
+ Y plailso)p(xaler) - - P(@alZn—1)gn(zn).
{r=n}

From the definitions of v,, and v,_1, we have

the sum of the last two terms

Z p(z1|s0)p(z2]T1) - - - P(Z—11Tn-2)9n-1(Fn-1)

{r=n-1}
+ 3 plmilso)p@alzs) < p(@nlEa1) | D PEnlZac)vn(zn)
{r>n-1} €S
< Y plmlse)p(zaler) - PEa-1|Ta—2)Vao1(Tn1)
{r=n-1}
+ > plmlso)p(zaler) -+ P(@nlEn1)vn_1(2n_1)
{r>n—1}
= Y pladsolp(zaler) - H(Tn—1]Zn-2)vn-1(Za-1).
{rzn=1}

Substituting this inequality into (3.2}, we have

Egol9r]
< Y wlse)+ X plarlsodgilen) +--
{r=0} {r=1}
+ Y. p(x1lso)p(@al@1) - - P(Zn-2|Zn-3)gn-2(Zn-2)
{r=n=2}
+ 3 pzalso)p(2sler) - - P(@n—1|Tn—2)Wn-1{Tn—1)
{r>n-1}
= 3 wl)+ Y p(milso)a(z) + -
{r=0} {r=1}
+ Z plz1|so)p(zz|z1} - - D(Tn-2]Fn-3)gn—2(Tn-2)
{r=n—-2}

+ 5 p(miSo)p(:vzlrn)---p(:cn—zla:u-a)[ > PlEa1}En-2)n-1(2n-1) |(3.3)

{r>n-2} n—2€ES
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The definition of v, shows that the sum of last two terms in (3.3) is dominated by

> plmlso)p(zale:) - p(Zn-2Tn-3)tu2(n-2)-
{rzn-2}

This in turn yields
Ewlgd £ ) go(s0)+ D plzaleo)glza) + -+

{r=0} {r=1)
+ Y. p@1ls0)p(@2ler) - P(Tn-3]Cn—a)gn-3(Tn—s)
{r=n-3}
+ Y plzilso)p(zalzr) - - P(En3lTn—3)Vn-2(Tnmz).
{r>n—2)

Repeating this argument, we have
Byl £ Y golsa)+ Y pzilso)or(z).
{r=0} {r=1}
Let us assume that {7 = 0} = . Then we have vp(sp) = go(s0) on 2. This implies

E4slg7] = vo(20)-
Otherwise, we have {r = 0} = ¢. Then we got
Eyolor} = z P(z1[s0)n(21) £ wo(s0).
)
Thus we have the desired inequality (3.1). |

THEOREM 3.2.

Eso [91"] = vO(SU)'

PROOF. We note that the defintion of 7* keeps the equality for all inequalities in
proof of Theorem 3.1, ]

3.2. Characterization

Let two sequences of functions {f;}§, {4:}§ on S be given. Then the process
{£t(X:)}3 is said to be supermartingale (resp. martingale, submartingale) if filz) =
(resp. =, £} TfHin(z) z€ X, 05t £ n—1, where

Tfer1(2) = Ex[ferr(Xeg1)] = Y fer(p)p(yla)

yeX

denotes the expected value of tomorrow’s reward function f;,, given today’s sate X; = z.
The process {fi(X;)} is said to dominate the process {h,(X;}} if fi{z) > hi(2) z €
,05t5n,
A supermartingale {f:(X;)} which dominates {h,(X;)} is said to be minimal if
every supermartingale which dominates {h,(X,)} dominates {f;(X;)}.
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THEOREM 3.3. (Characterization) The value process {v,(X,)} is the minimal su-
permartingele which dominates the stopping-reward process {g:(X:)}.

PROOF. Let {u:(X;)} be any supermartingale which dominates the stopping-
reward process {g.(X;)}. Since

Un(Tn) 2 gn(Zn) =ta(Zn) 3R €S,

we have
Un-1{Tn-1) 2 By, (#0(X1n))} = Bz, _, (9n(Xn))-

Further the domination impiles that
Un-1(Zn-1) 2 gn-1(Tn-1} Tn-1€ 8.
Thus we have
Un—1(Zn—1) 2 Max[gn—1(#n-1)s Er._; (4a(Xn))] = va-1(Zn-1).
Repeating these arguments, we have
ty(2¢) 2 ve () 0ZtEn, ;€85
This shows that {v¢(X;)} is minimal, which completes the proof. n)]

Let 9t be the set of all sequences of functions {u}§ such that {1(X,)} is & super-
martingale which dominates the stopping-reward process {g:(X;}}-

THEOREM 3.4. If there exists {u:}§ € 9 such that any {h:}} € M enjoys the
property that {h(X,)} dominates {u;(X,)}. Then it holds that

e (2:) = ve(2e) 0<t<n, V. €S
PROOF. Since {u;}3 € 9, we have from Theorem 3.3
Ug(xg) = '01(37;) 0=tsn, Vr, €8

On the other hand, {v:}§ € M enjoys the domination property. This implies that the
reverse inequality. Thus we have the equality, which completes the proof. a
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