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Abstract

In this paper, the earlier work on so-called ” power-normal distribution” is ex-
tended to a multivariate case, especially focusing on a bivariate one. The power-
normal distribution is a family of distributions including the truncated normal and
the lognormal. The present work introduces the moments and other related prop-
erties of the bivariate power-normal distribution. The numerical illustrations are
provided to demonstrate the elements and the applications of the distribution.
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1. Introduction

”Power-normal distribution” is a parametric class of probability distributions which
includes the truncated normal and the lognormal as a special case. The power-normal
distribution is on the basis of the Box and Cox power-transformation which is defined
by, for a positive random variable X

X* -1
XM =) —— A#0 (1.1)
logX, A=0

where ) is the shape parameter (or the transformation parameter) and is chosen as a
power-transformed variable X(*) has the normal (Box and Cox, 1964). Unfortunately
X lies in lower or upper bounded region according to A > 0 or A < 0. Therefore, X(*)
has the truncated normal except for A = 0 . X is then said to have the power-normal
distribution, written X ~ PN(), p,02) if X has the truncated normal distribution
with mean g and variance 0% (Goto Matsubara and Tsuchiya, 1983: Johnson, Kotz and
Balakrishnan, 1994). Its probability density function (pdf) is given by

x’\—l x(A) — y] .
: = 1.2
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where ¢(-) denotes the pdf of standard normal distribution N(0, 1) and

®(k), A>0,
A\ p,X) =< 1, A=0, (1.3)
®(-k), A<0

where ®(-) denotes the distribution function of standard normal distribution and k is
the standardized truncation point of the truncated normal for the power-transformed
variable X ()| which is given by k = (A + 1)/Xo. With the shape parameter A , the
power-normal distribution coincides with the truncated normal for A = 1 and with the
lognormal if A = 0 . The systematic developments of this distribution have been given
by Goto, Uesaka and Inoue (1979), Goto and Inoue (1980), Uesaka and Goto (1980,
1982), Goto et al. (1983), Goto, Inoue and Tsuchiya (1984) and Goto, Yamamoto and
Inoue (1991).

The purpose of the present paper is to introduce a multivariate version of the
power-normal distribution, especially focus on a bivariate case. Such an extension is
potentially relevant for practical applications since in the multivariate case there are
far fewer distributions available for dealing non-normal data than the univariate case.
For example, in medical fields, to evaluate whether there are any effects of treatment
on blood pressures for patients with hypertension, the two measure of blood pressures,
systolic and diastolic blood pressures are usually observed. Then, the systolic blood
pressure is said to be a lognormal, and for the diastolic, it has a normal. Usually the
transformation is performed on each component separately, and achievement of joint
normality is expected. However, in such a situation, the joint transformation may be
more suitable to describe the data, and then the joint distribution which can deal the
non-normal data allowing the correlation between two measures should be considered.

The paper is structured as follows: In Section 2, definition, basic properties of
the bivariate power-normal distribution and its moments are given. In addition, some
properties of the bivariate power-transformed distribution are discussed. In Section 3,
the computational algorithm for estimating parameters of the distribution is described.
In Section 4, the numerical illustrations are provided to demonstrate the elements and
the applications of the distribution. Finally, in Section 5, a multivariate power-normal
distribution is introduced, and further developments and applications to practical fields
are considered.

2. The Bivariate Power-Normal Distribution
2.1. Definition

In this section, for the two-dimensional extension of (1.2), we consider a positive
random variable X = (X1, X3)T, where X;, X; > 0.

Let a power-transformed variable X (%) = (Xl(’\‘),Xé’\z))T of X = (X1, X>)T be the
truncated bivariate normal distribution with mean vector u = (u;,42)T and variance

covariance matrix
2
Y = oy pPo102
= 2
poi102 0y

where p is the correlation coefficient between Xl(’\‘) and X2(’\2). X = (X1,X2)7T is then
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said to have the bivariate power-normal distribution if the joint pdf is

172 o) ()
9(z1,22) = m)—f(fvl Vixy), x,72>0 (2.1)
where 0 o)
(A1) _(h2)y 1 _Q,z3”)
fle™e3™) = exp § —————2—~
1o 2no109/1 — p? 2
and

2 2
y TN % AN + z$) — py
g1 01 2p] p]

where the truncated proportional constant term A(), p,X) is given by

by

b2
A(/\, My E) = / ¢2 (:L'l, mz)d:cldxz (22)

az ay

in terms of the joint pdf of the bivariate standard normal distribution !

2 2
7 — 202122 + T
$2(x1,22: p) = s 2}

1
2n/1-p? p{ 2(1 - p)?
with the values of a; and b; given in Table 1, and the standardized truncation point k;
is given by

/\j[.lj +1 .
kj = No; i=12.
Table 1. The values of A1, As, a1, b1, az and be
A1 A2 ay b, az b2
A2 <0 -0 —kg
AM<0 =0 -0 -k -0 oo
Az >0 —kz o0
A2 <0 I
A=0 A=0 -0 o —00 00
A2 >0 —ky o
A2 <0 —00  —ky
AM>0 A =0 —kl -0 - o0
A >0 —ky o0

! In general, a bivariate standard distribution is N2(0,I) with variance-covariance matrix

(3 1)

but in this paper it is N2(0,I) with variance-covariance matrix

«_(1 p
I_(p 1)'
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Then, the magnitude of A(A, i, ¥) can be evaluated by using the terms of the bivariate
standard normal distribution function ®5(z;, - : p) and the univariate standard normal
distribution function, as shown in Table 2.

For a univariate case, the power-normal distribution has the six typical shapes
corresponding to the value of A, i.e., A > 1(J-shape distribution), A = 0 (truncated
normal distribution), ¢ < A < 1, A = ¢ (exponential-shape distribution), 0 < A < ¢
(exponential-shape distribution) and A < 0 (L-shape distribution), where ¢ = 4 /(K% +4)
(Goto et al., 1983). From the analogy of a univariate case, the bivariate power-normal
distribution may include various shapes of distributions with the combinations of \; and
Az. Figures 1(a) and 1(b) provide contour plots of the various bivariate densities with
the combinations of A; and A2, where k; = k; = 3, 1, = 75 = 2 and p is equal to 0.3 and
0.9, respectively, where 71 and 7> are the coefficients of variation for X f'\l) and X2('\2) ,
respectively.

Table 2. The relationships among ®,(z1,z2 : p), ®(z) and A(\, u, %)
A1 A2 A\ p, %)
A2 <0 @2(—]61, —ko : p)
A1<0 A =0 Q(—kl)
A2 >0 @(—kl) - ‘I’Q(—kl, —ks : p)
A2 <0 1- q’(kz)
Al =0 Az =0 1
A2>0 ®(k2)
A2 <0 q;'(kl) - Qz(kl,kz : p)
A>0 =0 &(k)
A2 >0 By(ki, ka2 :p)

2.2, The Marginal and the Conditional Distribution

In this section, we discuss the marginal and the conditional distributions of the
bivariate power-normal distribution.

Let g;(z;) denote the pdf of the univariate power-normal distribution for each
XJ(] = 1,2) gj(.’l,‘j) is then

_,L)_‘J“l $(~Aj) _ u]
(x5 Aj, p4,05) = J ol -2 2.3
95(zj : Ajy 1y, 05) UjAj(/\j,Mj,Uj) ( 7; ) (2.3)
where
Q(kj), A>0,
Aj(/\j,uj,aj): 1, )\=0,
(I>(——k]-), A0

if p = 0, the density function (2.1) can be written by g(z1,22) = g1(x1)g2(z2) as
A\, %) is AA, 1, 2) = Ar(A1, pa,01)A2(X2, p12,02). By the definition of the bivariate
power-normal distribution (4) for (X, X;), after some simple algebra, the pdf of the
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marginal distribution for X; is given by

91(?1) -1 (A1) _ (h2) )
A(z,\l,y,z)‘ﬁ T - K1 @[Sg;l_;z (ﬂzl = ﬂ1+k2)}’ A £ 0 £0
= A(gf,:i:)"S xg*l;_ =), M A0 =0
{ Elid’(i(lj%&) A =0,0 =0.

Therefore, by comparing (2.3) with (2.4), it is clear that the density of the marginal
distribution for the bivariate power-normal distribution is not consistent with that for
the univariate power-normal. However, only if A(A, u, X) = 1, the pdfs (2.3) and (2.4)
have the same form of density. Similarly, the pdf of the marginal distribution for is given
by X5 is given by

92(2,:2) g1 202 _ 2 sgn(1) 209 _ s
A(,\Q,u,z)¢ 2 p Q[ > (p 2 - +k1>}, X2 #0,A #0
=) A(m/é:,lz)‘ﬁ zgh:;; 2, Ay #0,A =0
1, (M) NP
L T2 o2

Next we consider the conditional distribution and regression of the bivariate power-
normal distribution. By (2.1) and (2.4), for some A;, the pdf of conditional distribution
of X, given X; = z3, is give by

2 (25 | 2(™) N £0
(A1) K 2
sgn(\z2) Iy —H
= i ] +k 2.5
g($2 Izl) [\/1——7 (,0 o1 2 ( )
£z 20), A2 =0
T2

where f(zgh)'mg’\‘)) is the conditional pdf of XZSA’) given Xl(’\‘) = xg)‘l) in which
(Xl(’\‘), Xé'\"")) has the bivariate normal distribution, that is

zi™)
1 1 (A2) o2, (A1) :
= ———————exXp |53 2 —p2—p— - .
—_ 0. et 2 g1 21?1 ”1)
Viroo/i-p2 Y| 21— | TP (

f(a5

(2.4)
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Therefore, for A2 # 0, the conditional expectation of X, given X; = z; is given by

E[X;|X,=1] = Jo z?f(xé*:l)xg*l))dxz, . 26
(R ()
In particular, for Ay > 0, it becomes
E[X, |X1 = xl,J+,,_ "
=Co ), v_o (‘/_) L (1-p?)P-v)/2 (k 48 01— Ml) r (p + 121 + 1) (2.7

where p =1/, and

_ (Maoy)? 1 oM —
Co = 73 exp D) ka+p p

W P A GE
Vi T |

Then, the conditional expectation (2.7) provides the regression function of X, on X
which (X7, X2) has the bivariate power-normal distribution.

2.3. The Moments and Other Properties

Here we further discuss the moments and other properties of the bivariate power-
normal distribution.

For A; # 0 and A, # 0, the joint moment about the origin of order (m;,ms) of
variable (X, X,) is defined by

oo m1+A1 1 mz+/\2 N
E[X™ X]?] = / / 10 2) f(x( V. 23?Vd, dr,. (2.8)

For A; > 0 and A; > 0, the joint moment (2.8) can be written in another form

BIX{" X3] = C(mi,m) 3 — 5 (155) StumpSma:s) @9

V—O
where

(A101)P

C(my,mg) = Oao2)

o —2(k1, k2 : p),

s ) = [ — 2a;v -
SV(pjia_‘i . p) - fo exP{ 2(1 ) }dV J= 1,2)

pj =mj/Aj, a1 = ki — pk and a2 = ks — pk;. From (2.9), the variance, covariance and
correlation coefficient between X; and X of the bivariate power-normal distribution can
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be numerically assessed. In addition, the numerical values for the skewness and kurtosis
of the bivariate power-normal distribution can be obtained. When actually assessing the
numerical values of the above statistics, (2.9) should be broken down into the following
three terms

E[XT" X7] = C(m1,my)
X {So(pl,m : p)So(p2, a2 : p) +l§ & (

21

p
1—p2) S2l(p17a1 :p)S2l(.p2)a2:p)(2'10)
1

o 20+1
T4 @ (1 —pp‘*’) Sati (1,01 )51 (pa, 02 p)}

and then some numerical calculations are needed for each the three terms. See Appendix
1 for the details.

For \; < 0 and Xy > 0, the joint moment about the origin of order (m;,ms) of
variable (X;, X5) can be written by

m1 ymay _ (01) T (n202) ™% /k2/ d2(z1,%2 : p)
E[Xl X2 ]— A()\ ”’2) - (k1 —.’171)"71(’52 _z2)q dxlda:z

where n; = —A; and ¢; = —p;(j = 1,2). In particular, if g; > 0, the following inequality
hold.

k2 2(z1, 29 : p) k2 rka dzidz,
2 < 2.11
/ /oo (k1 — 1)9 (k2 — 72)9 s dndes < /—co /—oo (k1 — 21)9 (k2 — 12)%2 (211)

Then, all joint moments exist as the right side of inequality (2.11) converges absolutely
if ¢ > 0 and ¢ > 0. However, except for ¢; > 0 and g5 > 0 it diverges. Hence, the joint
moment with degree less than |A1| and |A2| when A; < 0 or A < 0.

2.4. Some Properties for the Bivariate Power-Transformed Distribution

As described in Section 2.1, each power-transformed variable X ; % J)( 7 =1,2) lies in
~1/3 < X < 0if A; > 0, otherwise X; liesin —o0 < X\ < ~1/X; if A; < 0 under
the condition of X; > 0. Then, the bivariate power-transformed variable (X, (’\1) Xé'\z))

has a truncated bivariate normal distribution, and its joint pfd of (Xl)“) ,X2)")) is

defined by

f(x(l\l) g\z))
A\ p, %)

and the marginal pfds for each Xfx‘) and Xé’\z) are given by

(M) A2) 230 ]
b0y =A@ o se) (2 —m
1( ) A(A7 H, 2) | 1-p? p o1 ? J

(X2) [ (r2) 1
(A2) faz3™) & sgn(A1) Ty " — M2
G A ToWeS) Ml B w G

™, 20 = (2.12)

and
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respectively. For A; # 0, the conditional pfd of Xz()\”’) given X (A1) = x('\l) is obtained by

fo(a?|

(A1) _ )
o | sen(dz) s Sl
Vi " o
Form the conditional pdf (2.13), for A; # 0, the conditional expectation of Xz(’\"’) given

th) = z?“) can be written by

()

ha(z$ (22) X(’\l) .’L‘S_M)) — (2.13)

E [Xg*z’

X = 2] =y + pa—l(zﬁk‘) - )

ﬂfg 1) — p2
e [\/ -7 ( a1 +k2)}
(A1) -
® [sg;l(_)\j; (p:z:f\ m— M2 n k2>]

Then, the conditional expectation (2.14) provides the regression function of X2(’\2) on
XI(A‘) in which bivariate power-transformed variable (Xl('\l),X;)"")) has the truncated
bivariate normal. Similarly as Section 2.3, the joint moment about the origin of order
(my,ms) of Xlo“) and Xé’\z) can be written by

+

(2.14)

B [(Xi)‘l))ml (X(h))m’] = C'(m1,m3)

r Y\ (2.15)
(1 _p2> S,(my,6, : p)S,(m2,0; : p)

'y
s
I

where

C'(ml,’mz)

oy° (ul B2 _p)
2m\/1 - p2A(), u,Z) o1 )

bl
. _ mi+v V1 — 202’01
.S',,(ml,ﬁl.p)—/al1 ] exp{—————2(1_p2) }dvl,

b, 2
’ 0. p) — matv vs — 20509
Sy (m2,6 : p) ~/a’2 vy exp{———2(l_p2)
01=_/"’_1_ EZ) 02=u_2__p!l_1
o1 o2 g2 01
where ai, b}, a5 and b, are given in Table 3. Also, ¢; and ¢, in Table 3 are ¢; = |1/)\]
and c2 = |1/)Az] respectively. Actually, the complete and incomplete gamma functions
are needed to calculate the values of S;(m;,0; : p). See Appendix 2 for the details.

Table 3. The values of af, b}, a}, and b}

} dvs,and

A1 A2 ay by as bo

Al <0 A2<0 —00 01/0'1 —00 62/0'2
A>0 - ajor cfora

A>0 X <0 —C]/Ul [ee} —00 02/0'2

A2 >0 —-61/01 (0 0] 62/0'2 e 0]
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As defined in Section 2.1, p is the correlation coefficient of the bivariate power-
transformed variable (X*V, X{*?)). However, since (X*"), X{**)) has the truncated
bivariate normal distribution, if allowing the truncation, the form of p becomes more
complicated. If we denote the correlation coefficient allowing the truncation by p*, p*
is defined by

cov X('\l),Xé'\Z) ot
p* — [ ] _ H11 HioH01 (2.16)

\/var [x(m] \/var [Xy\z)] Vo — 1B s — 1R

where

1

i =) Y 2 (125) S0.0005.(0,02.0),
v=0

10 = Co(1, O)Z; 1= S,, 1,61,p)5.(0,6:,p),
v=0
1

o =00 Y % (125) S,0.0,050(0,63,0),
v=0
1

tho = Co(2,0) Z; (1 ”pz) S,(2,61,p)S,(0,6,, p),
v=0

oy = Go(0,2) Zl( 2 )" 5,(0,61,0)5,(2,02, p),and

miy M2

Co(my,ms) = 71 %
T T A L)1 -

Therefore p* is slightly different from the correlation coefficient between X 1()‘1) and Xéh),
that is p. Figure 2 shows the relationships between p* and p for the various shapes of
A1 =Xy when ky =k; =1land 13 =75 = 2,4,16. It is clear form the figure that p* has
a smaller value compared with that of p.

If the measures proposed by Mardia (1970) are used to assess a bivariate normality
of the bivariate power-transformed distribution, written by X(» = (X 1(’\‘), X2('\2))T, the
bivariate skewness for the distribution, 37, is given by

B

3
B[(X® - w7 (XP - )
(1= p")72 [0S + pos + 3(1+ 20%) (% + pi) — 2p° thons
+6p {ps0(pris — Hay) = (2+ p*)piapiny }] (2.17)

where

[e ]

1 v
30 = Co(3,0) Z o (1 _ppz) S5,(3,61 : p)S. (0,02 : p),
v=0 "
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: - 1 g
oy = G0 Y 31 (125 ) 500,605 1S, (3,05 )
v=0

k12 = Co(1 2)2 (7) Sy(1,61 : p)S,(2,6 : p),and
V—O

— 1

Ha1 = Co(2,1) Z

v=0

p v
(1 _ pz) S,(2,61 : p)S,(1,0; : p).

V!

Similarly, the bivariate kurtosis 33, is also given by

2
Bp = E[XM-pTEoi(x™ -y
_ Hao+ ot 2#5?1+_4z§;)2u’22 — M3 — H31) (2.18)
where
1
o = ot 0) Y- % (125) Su(4.01: 95,000, ),
v=0
1
pos = Co(0,4) Y ~ (1 ”pz) 5,(0,0, : p)S, (4,6, : p),
v=0
phs = Co(1,3) Z; (1 pz) S,(1,6: : p)S. (3,65 : p),
1)25 = s (3,81 : p)S, (1,05 : p),and
=0 :
) =17 p \¥
Hoo = 00(2, 2) Z ﬁ (1—_p2.) S,,(2,01 2,0)8,,(2, 92 p)
v=0 =

Figures 3(a) and 3(b) show the relationships between 3}, and p, 83, and p for the various
shapes of A = A\; = A\; when k; = k2 =1 and 14 = 72 = 2,4, 16, respectively. The figures
suggest that both 8, and 83, are larger as p increases toward one.

3. Parameter Estimation

In this section, we discuss the computational algorithm for estimating parameters
from the bivariate power-normal distribution.

Let X; = (X11,X21)T,++, Xn = (X1n,X2n)T be the vector of observations has
the bivariate power-normal distribution. The likelihood function for the sample size n
is given by

no A1—1, A;—1 1 (M) (A2)
L(z1,22) = o exp{ QrzT) )}

—1 A()‘a My Z) 271'0'10’2\/ 1- ,02 2

and then the log-likelihood function becomes



The Bivariate Power-Normal Distribution 39

l(z1,2) = log L(x1, 22)

= —nlog(2r) — 2 {logo} +loga? + log(1 — p?)} — = ZQ (A1) zg‘z) (3.1)

n n
+(A1 = 1) Y logzi + (M — 1) 3 logzg; — nlOgA(/\a#, E)-
i=1 i=1
The maximum likelihood estimates of A1, A2, p1, p2, 07, 62 and p can be obtained by
maximizing the log-likelihood function.

There are the two approaches to dealing with (A1, A2) when estimating p;, p2, 07,
o2 and p (Bickel and Doksum, 1981; Hinkley and Runger, 1984). The first is that the
estimation of (A1, A2) is performed separated from those of uy, us, 0%, 02 and p. Namely,
(A1, Az) is chosen (A1, Az) depending on the bivariate power-transformed scale and then
for fixed (A1, A2) = (A1, A2), pu1, p2, 02, 02 and p are estimated. The second is that the
estimation of (A1, A2) is performed simultaneously with those of 1, p2, 02, 02 and p.
Namely, (A1, )z) is not chosen (1, ;) depending on the bivariate power-transformed
scale and then (A1, ;) is not estimated as a nuisance parameter, but together with p,,
U2, 0%, 02 and p. In this paper, we use the first approach.

As pointed out in Goto et al. (1984), it seems to be difficult that the estimation al-
lowing the truncation is performed in practical use. Though the estimates when allowing
the truncation may provide more precise values than the estimates when ignoring the
truncation if A; > 0 and small k;, the influence of ignoring the truncation on the esti-
mates would be smaller as sample size n is increased (Hamasaki and Goto, 2002). Then,
we follow the procedure in Box and Cox (1964), that XI(A) = (Xl(;\‘),Xéi”)), XY =

(Xl(,’:l),X ’\"’)) has the bivariate normal distribution without the truncation, assuming

that truncation can be ignored. If A(\, p,X) = 1, for fixed (A1, Az), the maximum

likelihood estimates of u;, u2, 02, 0% and p are given by
n (A1) (A2)
N Zy; ~ To;
) =3 ==y () = > ==

= =1

(Ar) (O2) _ & 2
n 1213 — fA1(Ar) n Tg; — f2(A2)
i (M) =X { } , 03(N) =X { } , and
=1 n i=1 n
n ( _ A (X 2) — Dol
pon )= 3 (SR ) (St
=1

respectively. Substitution of the maximum likelihood estimates fi1 (A1), fi2(A2), 6%(A\1),
2(X2), and p(A1, A2) into the log-likelihood function (2.19) yields

Imax(Z1,%2) = —nlog(2m) — g‘ {log 62(A1) + log 63(A2) + log(1 — p°(A1, A2)) }
+(A; — 1) Zlog:z:l,- +(A1-1) Zlog Toi
i=1 =1

apart from constant. The maximum likelihood estimates (:\1, ;\2) of (A1, A2) are the val-
ues of the transformation parameters (\;,A2) in which the maximized log-likelihood
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function is a maximum. Furthermore, substitution of (};,);) into A1(A1), f2(X9),
63(A1), 33(X2), and p(A1, Az) yields the maximum likelihood estimates i, (A1), Az (X)),
52(\), 62(X2) and (), X2). In practice, they can be solved by using Newton-Raphson’s
method. See Hamasaki and Goto (2002) for the detailed discussions.

4. Some Examples with Real Data

In this section, some numerical illustrations are provided to demonstrate the ma-
terials and the applications of the bivariate power-normal distribution. We shall make
use of a data set collected by the Australian Institute of Sport and reported by Cook
and Weisberg (1999), containing several variables measured on 202 Australian athletes.
Azzalini and Valle (1996) and Azzalini and Capitanio (1999) have considered the data to
illustrate the application of their proposed distribution, ”the skew-normal distribution”
which includes a normal as a special case. We shall consider the same pairs of variables
as considered in Azzalini and Valle (1996) and Azzalini and Capitanio (1999), that is
(Height, Weight) and (LBM, BMI), where the meaning of names is: LBM, lean body
mass; BMI, body mass index = Weight/(Height)?.

Table 4. Parameter estimates of (Height, Weight) from the fitted bivariate
power-normal distribution

Distributions Estimates Height Weight
Bivariate Normal n 180.104  75.008

o? 9.710 13.891

P 0.781

B2 1.688

B2 10.810
Bivariate Imax -887.068
Power-Normal A 0.200 0.000

n 9.125 4.300

o? 0.154 0.190

p 0.808

p* 0.795

B2 2.089

B2 11.958
Bivariate Bra 0.899
Power-Transformed (33, 9.106

Tables 4 and 5 show the parameter estimates of (Height, Weight) and (LBM, BMI)
from the fitted bivariate power-normal distribution, respectively. For (Height, Weight),
the optimized values of shape parameter (0.200, 0.00) suggest that both are close to zero
and (Height, Weight) has a bivariate lognormal distribution. While for (LBM, BMI), the
optimized values of shape parameter (0.001, -1.200) suggest that LBM has a lognormal
and BMI has a more log tailed distribution than a lognormal (L-shape distribution).

For the bivariate normality, in the pair of data (Height, Weight), the values of
bivariate skewness 12 and kurtosis (G52 are 2.089 and 11.958, respectively, and both
are larger compared with those obtained when bivariate normal distribution is fitted.
While, in the pair of data (LBM, BMI), the values of 812 and ;2 are 2.235 and 10.221,
respectively, and both are larger compared with those obtained from the fit of the
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bivariate normal distribution. In addition, the estimates of correlation for bivariate
power-normal distribution are smaller than those of the bivariate power-transformed
data. Figures 4(a) and 4(b) display the scatter plot of (Height, Weight) and (LBM,
BMI) with contours of the fitted bivariate power-normal distribution, respectively. For
both the plots, the observed points and the fitted density exhibit moderate skewness for
each of the components and the bivariate power-normal distribution may well-describe
the data.

For the power-transformed variables, in the both pair of the data, values of 8, and
B3, are smaller compared with those obtained form of the bivariate normal and power-
normal distributions, especially B}, are very close to zero. In addition, the estimates
of correlation for bivariate power-transformed data are greater than those obtaied from
the fit of bivariate normal distribution. Figures 5(a) and 5(b) display the scatter plot of
the bivariate power-transformed data (Height, Weight) and (LBM, BMI) with contours
of the fitted bivariate normal distribution, respectively. Both plots suggest that the
bivariate power-transformed data may be close to the bivariate normal.

Table 5. Parameter estimates of (LBI, BMI) from the fitted bivariate power-normal

distribution
Distribution Estimates LBI BMI
Bivariate Normal I 64.874 22.956

o? 13.038  2.857

p 0.714

B2 1.540

Bas 9.741
Bivariate lmax -639.225
Power-Norma A 0.001 -1.200

n 4155 0.184

o? 0.203  0.003

p 0.737

p* 0.721

B2 2.235

Pa2 10.221
Bivariate Bia 0.182
Power-Transformed 33, 7.670

5. Conclusions

A multivariate version of the Box and Cox power-transformation has been discussed
by Andrews, Gnanadesikan and Warner (1971) and Gnanadesikan (1977) who have
focused on the formal extension, but have not given much attention on the properties
of the distributions before/and after a multivariate power-normal transformation.

In this paper, the earlier work on so-called power-normal distribution has been
extended to a bivariate case and various issues related to the bivariate power-normal
distribution have been discussed. Why we have focused on the bivariate case is that the
bivariate power-normal distribution provides the bases of the extension to a multivariate
case of the power-normal distribution and its structure can be directly derided form
the univariate case. However many other issues related to multivariate power-normal
distribution are pending. For a positive random variable X = (X, - , Xp)T, the pfd of
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the multivariate power-normal distribution is given by

P
1/2 Hlx;’_l
g(z1,- -+, z,) = (2m) 7?2 |27 J;(——zj

where A = (Al: t 'a’\p)TJ B = (“1)" ' !p'p)T and

exp { 3o =05 (o - W}

2
0‘1 .o pala'p
r= N
2
pPO10p Oy

The multivariate power-normal distribution would have the potential applications in
multivariate analysis such as discriminant analysis, regression analysis and graphical
models and so on. Also, in medical application, it would be helpful to analyze multi-
variate data such as a laboratory.
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Appendix 1

Here we consider the detailed calculation for the joint moment about the origin of
order (m1,ms) of variable (X3, X3). Let the first, the second and third terms in (12) be
set as Tp, T1 and T3, respectively. Then, Ty, T; and T, can be expanded as follows:

_ p1+1 p2+1\_ (0 V2a; (p1+1\ [(p2+2 (0)
o= {r (B (B w4 e (22) (22 v
v2a; n+2\ [p+1 V(o) 20102 (p1+2 p2+2 A
+,/_‘1 2 2 1-—p2 2 2 2 (>

—p? p
n+1 p+1\ . V2, (p1+1 P2\ 1,(1)
= { ( ) ( )V“ o= () (B) Ve
e (2 (2 0+ 22 () (2) v
2 1-p2\2/\2/°22 >

ri=a {r (5)r () + S22 (3) () e

V2a1 (pi+1\ P2\ 2, 2mas (pr+1) (B2 +1)
+\/_—1—p2( 2 >(7)V2‘ +1—;)2( 2 )< 2 >V22}

respectively, where
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1-— 2
do = 2/’ {211 _pz)}(p1+m)/2’ dy = g {211 _pz)}(p1+pz+1)/2’

[s <]

Vi =3 I0 O )HD (1,01, 20 HP (2, 0, 20),
=1
v =23 a0 )ED (a1, 2 H (b2, a0, 20),
=1
v =B 3 a0 EY (a1, 2 HE (b2, 0, 2),
=1
v = P2 i JV@,29HD (1, a1, 20 H? 2
22 _T ] ’ 2 1,01, ) 2 (p'270'21 )a
=1

Vo = 111432- S P DHD (p1,01,20 + ) HP (p2, 02,21 + 1),
=1

1 oo
v = % 3 IP@DHEP (b1, 01,2 + DH (p2, 2,21 + 1),
=1

1 o0
v = 1+ 1ps S 3P @1)EP (1,01,21 + DHP (92, 02,20 + 1),

2 =1
and
V2(22) = Q’_I%}_) i Jz(2)(2’ 2)H§1)(p1,a1’2l + 1)H§2)(pz,a2,2l 1),
=1
Also
IV, =780, (p1 +21 ;lg(lpj Jlr)m _ l)pz,
JV1,2) =72 @1,2) (p + 2l2 l?2?£pi)+ 20) pz’
JN(2,1) = JD (2, 1) (o + 2;)1((;;7 i, f; ~1) pz,
10,2 = 10 e @ +2??2(1pi *;)21)/’2,

JP0,1)=720,2=7221)=J222 =1,

HV(p1,a1,0) = 3 Me(1,1), HP(pg,a5,0) = 3 Me(2,1),
é=1 £=1

HP (p1,a1,v) = 3 Me(1,2), HP (p2,a0,0) = 3 Me(2,2),
£=1 £=1
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_ 2
Me(1,1) = Me_;(1,1)PLH 2+ % 1( % )

2%0E-1) \1-2
M¢(1,2) = ME_1(1,2)I;1££2}1_12)€ (1 j%,ﬁ) ’
M(2,1) = M1 (2, l)m;(i;z;%l)_ - (1 i%pz) ’
M¢(2,2) = Ms—1(2’2)p22§?-22’jf)€ (1 fgpz)

and
Mo(1,1) = Mp(1,2) = Mp(2,1) = My(2,2) = 1.

Appendix 2
Sy(m1,0; : p) in (18) can be written by

£=0 1/01

The integral for the right hand can be represented in terms of the complete gamma
function and the incomplete gamma function as follows; for ¢; > 0, it become

[1-p? o (mitv+e)/2 o (M1 +v+E+1 c?
—{2(1- r
2 {200 ="} 2 "2(1 - p?)a?

and for ¢; <0

1-p2 m+u+E)/2
5 {2(1 —P2)}( 1 )/

my+rv+£€+1 m+r+E+1 3
<far (M )-r (™ =) )

where A =1+ (=1)™*+*+. S, (my,0, : p) can be calculated in the same way described
in that of S, (m1,6; : p).
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Figure 1(2). Contour plot of the various bivariate power-normal

distribution with combinations of A4, and A4, for k =k, =1, 7,=17,=2
and p=03
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Figure 1(b). Contour plot of the vadous bivariate power-normal

distribution with combinations of 4 and 4, for k, =k, =1, 7,=17,=2
and p=0.9
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Figure 2. Scatter plot of p and p for the various shapes of

A=A =2, when k =k =1 and 7(=7,=7,)=2,4,16
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Figure 3(a). Scatter plot of ﬂ;z and p for the various shapes of
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Figure 3(b). Scatter plot of f,, and p for the various shape of
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Figure 4. Scatter plots of (a) (Height, Weight) and (b) (LBM, BMI), and
levels of the fitted bivariate power-normal distribution
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Figure 5. Scatter plots of the power-transformed (a) (Height, Weight) and
(b) (LBM, BMI), and levels of the fitted bivariate normal distribution



