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Hitomi OKuMA ! Wendy MAcCAuLL ! and Yasuo KawAHARA?

Abstract

This paper presents a categorical formulation for association rules in informa-
tion systems. MacCaull developed a tableaux style calculus that is sound and
complete for the implication problem for association rules. The proof of the com-
pleteness required an informational representability result, to go from frames to
contexts with 1. To show the completeness for the implication problem for associa-
tion rules in our categorical framework, we prove an informational representability
result in Dedekind categories.

1. Introduction

Relational database theory has been studied since Codd (1970) introduced rela-
tional database models. Dependency theory is concerned with the general problem of
relationships among attributes in database relations. Database dependency theory has
been studied with relational methods. Orlowska (1987) proposed a relational formula-
tion of functional, multivalued and other dependencies, and Buszkowski and Orlowska
(1998) developed an axiomatic relational calculus for dependency theory. Okuma and
Kawahara (2000, 2001) extend some database dependency theory to Dedekind categories.
Schmidt and Strohlein (1993) explained a basic relational feature of functional depen-
dency for relational models of databases. The foundations and recent applications of re-
lational methods in computer science are excellently summarized in Brink et al. (1997).

MacCaull (2000, 2001) investigated a relational formulation for functional and
multivalued dependencies and association rules, and proved soundness and complete-
ness for the implication problem of these dependencies with a Rasiowa/Sikorski-style
tableaux proof system. MacCaull (2001) focuses on association rules in contexts, which
are databases such that all attribute values are either 0 or 1. There the notion of associ-
ation relation was used to express association rules and sufficient conditions were given
to prove an informational representability result used in the proof of the completeness
of a tableaux deduction method for the implication problem for association rules.

The aim of this paper is to give a categorical formulation for information systems
and to prove the informational representability for contexts in our categorical framework
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in order to extend the work on association rules to Dedekind categories.

The remainder of this paper is organized as follows: In Section 2, we first review
the notion of information systems, a generalization of database relation to indeterminate
databases (of use both in rough set theory and in classical database theory). Then we
review the notion of contexts, association relation and association rule in a context with
1.

In Section 3, we briefly review the definition of Dedekind category, a kind of relation
category, and list basic properties of relations in Dedekind categories. Next we present
the definition and some properties of binomial equivalence relations in order to discuss
association rules in Dedekind categories.

In Section 4, we give a definition of information system in a Dedekind category.
We show some properties of indiscernibility relations found in MacCaull (2000, 2001)
hold in Dedekind categories.

Next we generalize the notions of context with 1, association relation and associa-
tion rule in contexts with 1 to Dedekind categories. We show some basic properties of
association relations in a Dedekind category, which are generalizations of the results in
MacCaull (2001). Finally we define the notion of information frame in a Dedekind cate-
gory and prove that the informational representability result found in MacCaull (2001)
holds.

2. Information Systems

In this section, we review the definition of information systems and the formulation
of some constraints in information systems.

First we recall a foundation of (binary) relational calculus on sets. A relation R
of a set A to a set B, denoted by a half arrow R : A — B, is a subset of the cartesian
product A x B. Given relations R: A— B, S: B — C and T : A — C, the operations
of composition, conversion and residue are defined as follows:

RS = {(z,2z) € Ax C | for some y € B, (z,y) € R and (y, 2) € S},

R* = {(z,y) e Bx A| (y,2) € R} and
T+S={(z,y) e AxB|forall z € C, (y,2) € S implies (z,2) € T}.

As relations are subsets of a cartesian product, the inclusion C, the union U, the inter-
section N and the complement ~ are available as usual.

Now we review the definition of information systems as presented in MacCaull
(2000).

An information system is a 4-tuple (X,U,{V, : a € U}, f), where X is a set (of
tuples); U is a set (of attributes); for each a € U, V, is the set of values of an attribute
a, and for each z € X and a € U, f(z,a) C V,. This is a generalization of database
relation to the situation of indeterminate databases, and it is of use both in rough set
theory (see Orlowska, 1998) and classical database theory. If f(x,a) € V, then this is a
database relation with attributes in U.
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For each P C U, an indiscernibility relation R%d : X — X is defined by
RE? = {(z,y) € X x X|Va € P, f(z,0) = f(y,0)}-

Using the indiscernibility relations one may express many dependencies in relational
databases (see Orlowska, 1987; Buszkowski and Orlowska, 1998; MacCaull, 2000). For
example, let P and @Q be subsets of U:

a functional dependency P — @ holds in X
iff Vz,y€ X,{(Va€ P, f(z,a) = f(y,a)) = (Va € Q, f(z,a) = f(y,a))}
iff Rp?C REC.

Given an information system (X,U,{V, : a € U}, f), the following hold for all
subsets P and Q of U: (a) R¥? is an equivalence relation, (b) R N RG¢ = RS,
and (c) Rj* = X x X. The properties (b) and (c) imply that the set of indiscernibility
relations is a set of strong relations (see Orlowska, 1998).

Now we recall the definitions of context, association relation and association rule
in a context with 1 (MacCaull, 2000, 2001).

A contert is an information system (X,U,{V, : a € U}, f) such that all attribute
values are either 0 or 1; that is, f(z,a) €V, ={0,1} forallz € X and forallae U. A
context with 1 is a context with an object 1y in X satisfying f(ly,a) = 1foralla e U.
An association rule is a dependency for contexts with 1 defined as follows: let P and @
be subsets of U, an association rule P = @ holds in X iff Vz € X, f(z,a) = 1 for all
a € P implies f(z,a) =1for all a € Q.

An association relation Ry : X — X in a context with 1 is defined as follows:
RY = {(z,y) € X x X|Va € P, f(z,a) =1iff Va € P, f(y,a) = 1}.

A relational formulation for the association rule P = ) may be given as follows:

P = Qiff RF = Rp,q-
Given a context with 1, the following hold for all subsets P and Q of U: (a) R} is
an equivalence relation, (b) Ry’ N R C R 5 and (c) R® = X x X. The properties
(b) and (c) imply that the set of association relations is a set of semistrong relations.

Fact 1 Let (X,U,{V, : a € U}, f) be an information system and f, : X — p(V,)
be a function such that f,(z) = f(z,a) for all z € X and for all a € U. Then we have
Nacpfaft = RD4 for each subset P of U.

PRroOF. The result follows from

(z,y) € haEP.faf}zi
iff Va€ P (z,y) € fuf}
iff Vae P 3ep(Va),v="Ff.(x)Av=7Fu(y) { faisa function }
iff Vae€P f(z,a)=f(y,a)
iff (x,y) € R
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The next fact shows that an association relation can be expressed using indiscerni-
bility relations and residues.

Fact 2 Let (X,U,{V, : a € U}, f) be a context with 1, ¢t : {*x} = X be a function
from a singleton set {*} to X such that ¢(x) = 1y. Then {(tREZ?)! = (tR®4)!} N
{(tRz4)! + (tRi4)*} = R% for each subset P of U.

PRrROOF. First we have

(z,y) € (LREF + (tRPp*)
iff (y,*) € (¢R®?)Y implies (z, %) € (tRZ4)!
iff (ly,y) € Rp? implies (1y,z) € RP*
if Vae P: f(ly,a) = f(y,a) implies Va € P : f(1y,a) = f(z,a).

In the same way we have

(z,y) € {(tRE4)! + (tREI)*}
if Vae P:f(ly,a) = f(z,a) implies Va € P: f(ly,a) = f(y,a).

Then we conclude

(z,y) € {¢RE4)" + ((RE)*} N {(tRE) + (tRF4)!}
if VaeP: f(z,a) = f(ly,a) if and only if Va € P : f(y,a) = f(1y,a)
iff (z,y) € RY.

3. Dedekind Categories

In this section, we first recall the definition of a Dedekind category, a kind of
relation category (following Olivier and Serrato, 1980) which is our general framework,
and then present some properties of relations in Dedekind categories. The composition
operator will bind stronger than all other binary operators.

Throughout this paper, a morphism a from an object A into an object B in a
Dedekind category (which will be defined below) will be called a relation, and denoted
by a half arrow a : A — B. The composite of a relation a : A — B followed by a
relation 8 : B — C will be written as a8 : A — C. We denote the identity relation on
an object A by id 4.

DEFINITION 3.1. A Dedekind category D is a category satisfying the following:
D1. [Complete Distributive Lattice] For all pairs of objects 4 and B the hom-set D(A, B)
consisting of all relations of A into B is a complete distributive lattice with the least
relation 04p and the greatest relation V 4p. Its algebraic structure will be denoted by

D(Aa B) = (D(A7B): E?U:H7OA37VAB)'

That is, (a) C is a partial order on D(A, B), (b) Vo € D(A,B) :: 04 C a C Vg, (c)
Ujesa; Eaiff aj Caforall j € J, (d) a C Njeya; iff a C «; for all j € J, and (e)
all (Llje_]aj) = LJ]'EJ(a M Clj).

D2. [Converse] For all objects A and B there is given an operator * : D(A, B) — D(B, A)
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such that for all relations o, o’ : A — B, 3 : B — C, the following laws hold:

(a) (aB)! = Btat, (b) (a") =q, (c) fa C o then o C o't

D3. [Dedekind Formula) For all relations a : A — B, : B — C and v : A — C the
Dedekind formula a8 Ny C a(3 N aty) holds.

D4. [Residues] For all relations 8 : B — C and v : A — C the residue (or division
or weakest precondition) v+ 3 : A — B is a relation such that af C v if and only if
a C v+ 8 for all relations o : A — B. m|

In a Dedekind category D a function f : A — B is a relation f : A — B such that
fif Cidp (univalent) and id4 C f f* (total), and an equivalence relation: A — A is
a relation such that id4 C 7 (reflexive), n* C n (symmetric) and 7 C 7 (transitive).

An object I of a Dedekind category D is called a unit if O;y # idy = Vy;. A unit I
is called strict if V41V 4 = Vaa for all objects A of D. An I-point z of A is a function
z:I— A

In the next proposition we collect some basic properties of relations in Dedekind
categories. The proof of the next proposition and more details on fundamental properties
of relations may be found in Freyd and Scedrov (1990), Schmidt and Stréhlein (1993) or
Furusawa and Kahl (1998).

PROPOSITION 3.2. Let a,0/ : A — B, 8,8,8; : B — C, v,2v,vi : A — C,
8 : D — B be relations and ( : E = A a function in a Dedekind category D. Then the
following hold:

(a) 0% 5 =0pa, Vip = Vpa and id} =ida.

(b) (aua) =atua®™ and (aNa')t = a”rﬂ a't.

(c) e(UjesB;) = Ujesaf;-

(d) a(MjesB;) E Njesab;-

() faCTa and BT B then af C /.

(f) If o is univalent then a(NjcsB;) = Neseb;.

(8) (y+BBCy, y+idc =7, Vac +B=Vap andy+0pc = Vas.
() (Njesv;) + B =Mjes(r; + B) and v + (UjesB;) = Njes (v + B;)-

@) y+(68)=(y+p) =4

(G) fYEY and ' C B theny+BLC Y + 4.

(k) ((y+B)=({7) =B

(1) If B is a function then v + B = 8" 0

Next we recall the definition of binomial equivalence relations, which generalizes
the notion of equivalence relation with at most two equivalence classes.
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DEFINITION 3.3. For a relation p : I — A define a binomial equivalence relation
&p): A— Aas:
&(p) = (o' + ') N (p* + pMV.
(]

The next lemma collects some properties of binomial equivalence relations. Later
on, we will use them to show the properties of association relations in Dedekind cate-
gories.

LEMMA3.4. Let p, p1, p2: I — A andn: A — A be relations and t : I — A an
I-point of A in a Dedekind category D. Then the following hold:

(a) &(p) : A — A is an equivalence relation on A.
(b) &(p1) M&(p2) T &(pr M p2).

(¢) &(V1a) =&(014) = Vaa.

(d) Ifn is an equivalence relation then n C £(tn).
(e) If n is reflezive then t&(tn) = tn.

PROOF. (a) First reflexivity follows from the next equivalence: id4 C pt + p! iff
idap? C p*. &(p) is clearly symmetric by the definition. By Proposition 3.2(g) we have
(P = p")(p* + p*) C p* + p*, and hence transitivity follows from

Ep)Ep) = {(p*+ ") (" = pYEH{(p* = p*) M (o' = p*)H}
C (o' +p") (e = p") N (o' + p)(p" =+ pP)t { Proposition 3.2(d) }
c g” )— PN (pf = ot
= p .

(b) It is enough to show that

(P} + p}) N (Ph = P8) C (o1 M p2)? = (o1 M p2).
This follows from

CENALRICEN.S!

C {ot =+ (o)} {oh = (ot Mph)} { Proposition 3.2(j) }
= (P npb) + (o N ph) { Proposition 3.2(h) }
= (p1 N p2)* + (p1 N p2)t. { Proposition 3.2(b) }

(c) By Proposition 3.2(g), (a) we have £(V;4) = (V”IA + V”,A) n (VﬁIA + V'}A)ﬂ =Vaa,
and £(0r4) = (07, + 07,) M (0}, + 0},)F = V.aa.

(d) Assume that 7 is an equivalence relation. Then we have n(tn)! = (t9)* and so
n C (tn)! + (tn)". Hence n C &(tn).

(e) Assume that 7 is reflexive. We first get ida C 7" since 7 is reflexive, and so id; C
tth C tn*t! = t(tn)" since ¢ is total. Then we have

t{(tn)* + (tn)*} {t(tn)*} + (tn)* { ¢t is function and Proposition 3.2(k) }
idy + (tn)* { t(tn)? = id; }

Via, { id; = Vs and Proposition3.2(g) }
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and
{(tn)* = (tn)*}t* = {(tn)* + (tn)*} =+t { tis function and Proposition 3.2(1) }
= (tn)* + {t(tn)*} { Proposition 3.2(i) }
= (tn)* +id {t(tn)* = id;}
= (tp)t. { Proposition 3.2(g) }

By the univalency of £ we have the assertion as follows

t&tn) = t[{tn)* + (tn)'} N {(tn)® = (tn)*}})
= t{(tn)* + (tn)*} N t{(tn)? = (tn)'}* { Proposition 3.2(f) }
= Vian{(tn)'}!
= tn.

We define a notion of complementary hom-sets and Dedekind categories.

DEFINITION 3.5. A hom-set D(A, B) is complemented, if each relation o : A — B
in D has a complement relation a™ : A — B such that aNa™ = 045 and alda™ = V4p.
A Dedekind category D will be called complemented if for each object A, the hom-set
D(A, A) is complemented. o

If each hom-set D(I, A) is complemented, then p!+p* = (p*~p)~ foreachp: I — A,
and so £(p) = pfpU p~¥p~ if I is a strict unit. It follows from

(P'pup~tp) N E(p)™
= (p'pup o) N (" pUpto7)
(PoMpp) U (PpNptp ) U (p o™ NP p) U (php™ NpPpT)
(PN e )pupt(pnp ) Up (e~ Np)U(p™" N pt)p~
{ Proposition 3.2(f) }

= 0aa

(P'oup~tp™) U (p*~pU ptp7)

(PN p*)pu (7t N pt)p™

VarpUVarp~

Var(pup™)

VarVia

Vaa. { I is a strict unit }

(PouptpT)UE(p)™

[T

4. Association Rules in Dedekind Categories

In this section, we introduce a definition of information system in a Dedekind
category, and we define the categorical notion of association relations and association
rules for information systems in Dedekind categories.
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DEFINITION4.1. Let U be a set (of attributes). An information system in a
Dedekind category D is an U-indexed set {f, : X — V, | a € U} of functions f,
from an object X into an object V, in D. Then for each subset P of U define a relation
n[P]: X — X by n[P] = Naepfof}. When P is an empty set, we set 5[] = Vxx. O

The basic properties of the indiscernibility relation found in MacCaull (2001) can
be also shown in information systems in Dedekind categories.

LEMMA 4.2. Given an information system {f, : X — V, | a € U} in a Dedekind
category D, the following hold for all subsets P and Q of U:

(a) n[P] is an equivalence relation on X.
(b) [P U Q] =n[P]Nn[Q].

(c) If P 2 Q then n[P] C n[Q].

(d) n[Pn[@Q] € n[PN Q).

PROOF. (a) Reflexivity follows from idx C Myepfaf! = n[P], since f, is total
for each a € P. We have 5[P]! = (Nacpfaf!)! = Nacpfaft = n[P), and hence 5[P)] is
symmetric. Transitivity follows from

77[P]’7[P] = (naEPfafg)(naEPfafz)
E HaGP.fa.ﬁ:tfa.ﬁzt { Proposition 32(d) }
C r]aGPfafg { fgfa c idVo }
= n[P].
(b) It follows from
n[PU Ql = naePUQfafg
= (ﬂaePfafg) n (HGGQfafg)
= n[P]NnQ].

(c) Assume that P D Q. Then we have n[P] = n[P U Q] = n[P] N7y[Q] C n[@Q] by (b).
(d) It follows from

n[PhlQ] = (ﬂaePfafg)(HGEQfafg)
C MNaepnofafifaft { Proposition 3.2(d) }
C r‘aEPr“!quf}zi { fgfa c idVa }

]

Throughout the rest of this section we assume D is a Dedekind category with a
unit I and {f, : X = V, | a € U} is an information system in D.

For an I-point t : I — X, corresponding to 1y in the context with 1, we call the
binomial equivalence relation £(tn[P]) : X — X as an association relation in D.

We show the properties of association relations found in MacCaull (2001) in Dedekind
categories.
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LEMMA 4.3. Let {f, : X > V, | a € U} be an information system with a designated
I-point t: I = Xin D. Then the following hold for all subsets P and Q of U:

(a) &(tn[P)) is an equivalence relation on X.
(b) &(tn[P]) N&(tn[@Q)) E &(tn[P U Q).
(c) £(tnl0]) = Vxx.

PROOF. (a) The claim is immediate from Lemma 3.4(a).
(b) Since t is univalent, we have tn[P U Q] = t(n[P] N n[Q]) = tn[P] N tn[Q] by Lemma
4.2(b) and Proposition 3.2(f). Hence we have £(tn[P]) N &(tn[Q]) E &(tn[P] Nin(Q)) =
&(tn[P U Q]) by Lemma 3.4(b).
(c) By the definition of n[#] we have tn[#] = tVxx = Vix since ¢ is total, and so
é(tn[0)) = Vxx by Lemma 3.4(c).
O

We may express association rules in Dedekind categories as follows:

DEFINITION4.4. Let {f, : X = V, | a € U} be an information system with a
designated I-point t : I — X in D. An association rule is a formal expression of the
form P = Q, where P and Q are subsets of U. We say that a association rule P = @
holds in the information system if and only if £(tn[P]) C &(tn[P U Q)). a

The following lemma presents a simpler condition which is equivalent to the con-
dition of association rule in the above definition.

LEMMA 4.5. Let {f. : X = V., | a € U} be an information system with a designated
I-pointt : I = X in D. Then the following statements are equivalent for all subsets P
and Q of U:

(a) &(tn[P)) C &P U Q)).
(b) tn[P] C tn[Q].
(c) &£@n[P]) = &(tn[P U Q).

ProoF. First we show that (a) implies (b). Suppose &(tn[P]) T &(tn[P U Q)).
Then we have tn[P] = t£(tn[P]) C t&(tn[P U Q]) = tn[P U Q] C tn[Q] by Lemma 3.4(e)
and Lemma 4.2(c). Next we show that (b) implies (c). Suppose tn[P] C tn[Q]. Then
£(tn[P]) = £(tn[PUQ)) is obvious from the fact that tn[P] C tn[Q] iff tn[P] = tn[PUQ).
Finally the claim (c) implies (a) is obvious. O

Following the last lemma, the validity of the Armstrong axioms for association rules
can be proved easily by using properties of 7[P].

Fact 3 Let {f, : X = V, | a € U} be an information system with a designated
I-point ¢t : I - X in D. The following hold for all subsets P, @ and S of U:
(a) If P D @ holds then P = Q holds.
(b) If P = Q holds then PUS = QU S holds.
(c) If P = Q and Q = S hold then P = S holds.
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PROOF. (a) By Lemma 4.2(c) we have tn[P] C tn[Q], which is equivalent to
&(tn[P)) T &(tn[P U Q)).
(b) Assume that ¢n[P] C tn[Q]. Then tn[PUS] = tn[P]Ntn[S] C tn]Q]Ntn[S] = tn[QUS]
by Lemma 4.2(b) and Proposition 3.2(f).
(c) Assume that tn[P] C tn[Q] and ¢5[Q] C tn[S]. Then tn[P] C t5[S]. 0

The implication problem for association rules in contexts with 1 is the following:
The formula ), P; = Q; O P = Q is provable iff for all contexts with 1 if the associations
P; = Q; hold, for all ¢, then the association P = @ holds.

MacCaull (2000, 2001) gives sufficient conditions on semistrong equivalence rela-
tions to develop a relational proof system that is sound and complete for the implication
problem for association rules in contexts with 1. In fact it is shown that (1) if the tableau
for the formula ; P; = Q; D P = Q closes, then if for all i, the associations P; = Q;
hold in a context with 1 then P = @ holds in that context and (2) if the tableau is open,
then one can construct a context with 1 where for all i, the associations P; = Q; hold
but the association P = @Q does not hold. The proof of (2) required an informational
representability result, to go from information frames to information systems that are
contexts with 1 (the completeness of the tableaux system is frame completeness).

In order to show the completeness for the implication problem for association rules
in Dedekind categories, we extend the informational representability result found in
MacCaull (2001) to Dedekind categories. We first give a definition of information frames
in Dedekind categories.

DEFINITION 4.6. An information framein D is a structure of the form K = (X, U, ¢),
where X is an object in D, U is a finite set and € is a map ¢ : p(U) — D(X, X) assigning
a relation £[P] on X to each subset P of U. If each ¢[P] is an equivalence relation, then
we say K is a frame with equivalence relations. The frame is called semistrong if and
only if for all subsets P and Q of U, e[P]|N¢[Q] C e[PU Q)] and €[f] = Vxx. O

We conclude this section by establishing the theorem on the informational repre-
sentability for contexts in a Dedekind category.

THEOREM 4.7. (Informational representability) Let K = (X,U,¢) be a semistrong
information frame with equivalence relations having a designated I-point t : I — X in
D. Suppose for all subsets P of U, the relations €[P] satisfy the following azioms:
(As1) £(te[P]) T e[P].

(As2) If P D Q then te[P] C te[Q).
(Equiv) For each equivalence relation 6 : X — X, there is an object X/ in D together
with a surjection q : X — X /0 such that § = qq' and ¢'q = idx/e.

Then there is an information system with a designated I-point t in D such that

§(tn[P)) = e[P].

PROOF. Given a semistrong information frame (X, U, ) with a designated I-point
¢ : I — X and equivalence relations that satisfy (Asl), (As2) and (Equiv), we construct
an information system with ¢, as follows:

By (Equiv) there exists a surjection ¢, : X — X/e[{a}] such that g.q¢! = €[{a}]
and qtg, = idx/e({a}] for each a in U. Set V, = X/e[{a}] for each a in U. Then
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{ga : X = V, | @ € U} is a information system in D and n[P] = Macpgaqt for each
subset P of U.

Then we need to show that for all subsets P of U, ¢[P] = £(tn[P]). By (Asl) we
have e[P] = £(te[P]) since [P] C &(te[P]) always holds by Lemma 3.4(d), so it is enough
to show tn[P] = te[P) for each subset P of U. First we have

n[P] = Naepdagh
= Maepe({a}] { gagh =el{a}] }
C e€[Usep{a}] { K is semistrong }

e[P]

and so tn[P] C te[P]. Next we show the reverse containment. We have for all a in
P, te[P] C te[{a}] by (As2). Hence te[P] C Myepte[{a}] = t(Maepe[{a}]) = tn[P] by
Proposition 3.2(f). We conclude tn[P] = te[P]. a

5. Conclusion and Future work

In this paper we present a categorical formulation of indiscernibility relations and
association relations and show that properties of those relations hold in Dedekind cat-
egories. We also prove the categorical analogue of the informational representability
result, necessary for completeness of the implication problem.

Much of database dependency theory has been extended to Dedekind categories
(Okuma and Kawahara, 2000, 2001). The question arises whether we can extend the
work on association rules to Dedekind categories. There are two different approaches
one could take:

The first approach is to develop a tableaux-style of deduction for complemented
Dedekind categories (in the sense of Definition 3.5). In fact, since the hom-sets are com-
plete distributive lattices, most of the core relational deduction rules are admissible (see,
for example, Orlowska, 1997). The condition that for any a : X — X, aUa™ = Vxx
is required so that we may call sequences containing the subsequence a, o~ axiomatic;
that is this condition gives a branch closing condition for the tableau. It is of interest to
see if this approach gives us tableaux style proofs for implications of functional or multi-
valued dependencies or association rules in complemented Dedekind categories. It is also
of interest to investigate the possibility of a tableaux style of deduction appropriate for
other dependencies for complemented Dedekind categories. With such a development
deductions in complemented Dedekind categories can be automated in the same way
that relational deduction systems are automated (see Little et al., to appear).

The second approach is to give an axiom system of the style in Okuma and Kawa-
hara (2000, 2001) for association rules in Dedekind categories. This involves designing
deduction rules corresponding to the properties of semistrong relations and the proper-
ties (Asl), (As2) and (Equiv) in Theorem 4.7.
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