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AND DELAY TIME OF CHAOTIC TIME SERIES
BY AN AUTOREGRESSIVE MODEL
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Koji YoNEMOTO® and Takashi YANAGAWAT

Abstract

A method of estimating embedding dimension and delay time of chaotic dynam-
ical system with dynamic noise is proposed recently by one of the authors (Fueda
and Yanagawa (2001)). It is shown theoretically that the proposed estimators are
consistent. However, it is found that the estimators often fail to select the correct
embedding dimension and delay time. They are modified in the present paper and
shown work well by simulation.

Key Words and Phrases: chaotic time series; cross-validation; dymamic noise; Henon map;
Nadaraya-Watson kernel type estimator

1. Imtroduction

The determination of the embedding dimension and delay time has been a central
issues of chaotic dynamical systems. Fraser and Swinney (1986) used the average mutual
information to determine the delay time. For the embedding dimension Grassberger and
Procaccia (1983) introduced the correlation integral, and Kennel, Brown and Abarbanel
{1992) introduced the false nearest neighbors approach. Number of papers have been
published that discussed these issues, see, for example Abarbanel (1995). Deterministic
systems are exclusively considered in these literature, giving almost no attention to
noises that might well exist in an observational data. Cheng and Tong (1994) proposed
a method of estimating embedding dimension and delay time from chaotic time series
with dynamic noise and the method is recently generalized by Fueda and Yanagawa
{2001). They proved the consistency of the proposed estimators. However, we find that
the procedure often fails in practice, and that the failure comes from the characteristic
of chaos itself, that is, the sensitive dependence of initial conditions. More precisely, as
the procedure employs the minimum Cross-Validation (CV) criterion, we find that the
minimum is sensitive to initial values. We accomodate the sensitivity in this paper by
introducing several rules in the minimum CV criterion. It is shown by simulation that
the new procedure works well. In section 2, the Fueda and Yanagawa method is briefly
reviewed. New rules are introduced in the minimum CV criterion in section 3 and results
of simulation and application are given in section 4 and section 5, respectively. Finally
it is concluded that, although the proposed method is developed under the framework
of non-linear autoregressive model, it is applicable not only to the data with dynamic
noise, but also to those data without dynamic noise, i.e. the deterministic chaotic data.

* Graduate School of Mathematics, Kyushu University, yonemoto@math.kyushu-u.ac.jp
t Graduate School of Mathematics, Kyushu University, yanagawa@math kyushu-u.ac.jp




54 K. YoNEMOTO and T. YANAGAWA

2. The model and estimator
2.1. The embedding dimension and delay time

Let {X;} C R be discrete-time stationary time series with EX? < oo which is
generated by
X = F(Xt—rs Xt=2ry .0y Xtmgr) + €1, ' 1)

where &; is the dynamic noise, and it is assumed that for any #,

Elee|AT1(X)] = 0, almost surely. @
and
E[E2 A7 1(X)] = 62, (o > 0), almost surely,

where A% (X) denotes the sigma algebra generated by (X,,..., X;). F is assumed to be
unknown chaotic nonlinear function. Note that from (1) and (2), it follows that

F(Xe—r  Xe—2ry.- -2 Xe—ar) = B[ Xy| Xter, Ximry - .., Xe—ar]
with Efe¢| Xy -, X¢—9r,..., Xi-ar] = 0.
The time series {X,;} is said to have the embedding dimension dy with the delay

time 79 (Yonemoto and Yanagawa, 1998) if and only if there exist non-negative integers
dp < 00 and 1y < oo such that

E[Xe|Xt—r, Xemdrr -+ o1 Xe—dr) # E[Xe) Xtergs Xezrgs - +» Xi—dgry] 0.
for any d < dg, and any T > 0, and
E[Xe|Xe—r) Xi—20,- .-, Xear] = E[Xe| Xtwro, Xe-2r0s - - s Xt-dom] 4.
for any (d, 7) € B(do, T}, where B{dy, 7o) = {{d, 7)H{70, 270, . ..,do70} C {7, 27,...,dr} }.

2.2, Estimation of the embedding dimension and delay time
Let {Xy,..., Xn} be a set of observed data. For positive integers d, 7 and L > dr,

put
- 1 ZN 2
(d! T) = N-L+1 t=L(Xt - F\t[d,r}(xt—-‘h CERY Xt—d‘?)) »

where P, (4, denotes the Nadarays - Watson type estimated regression function {Nadaraya,
1964; Watson, 1964) with the t-th point deleted , that is,

N
Z Xst,h(z - (Xa—‘rt caey Xd'-df))(f\i(d,f))_lr

" 1
Ruanl2) =+
gl agtt

where the summation over s omit ¢ in each case, and

N

s 1

han (&) == > Kan(z = (Xoer,.. s Xomar)),
a=L a7t
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d
1 25
Kan(z) = 74 il;!(b(i)a (z={(21,22,...,22))
where ¢(-) is taken as a density function of a standard normal distribution in this paper.
In estimating the embedding dimension dy and delay time 7 which are defined in the
previous section, Fueda and Yanagawa (2001) introduced the following estimation pro-
cedure,

(F-Y 1) Give sufficiently large integers D(> dp) and T(> 7p), and set L = DT. Set
h = h{c) = ¢x N~/ Foreachd e {1,2,...,D} and 7 € {1,2,...,T},
compute CV{d, 7).

(F-Y 2) Foreach 7 € {1,2,..., T}, minimize CV{(d, 7) with respect tod € {1,2,...,D},
and denote the minimizer as dy(7).

(F-Y 3) Find do = min. do(r) and 7 = argmin_dp(7).

They proved that dy and 7 are consistent estimators of do and 79 as N -+ 0o, Note
that ¥y may not be uniquely determined.

3. Minimization procedure

We simulated the above procedure as follows: For each d € {1,2,...,D} and 7 €
{1,2,...,T}, first computed CV(d, 7)|nmn(e) by changing the value ¢ in an appropriate
class C, set CV(d, ) = min.ecCV{d, 1)| h=h(c), and then used this CVid, 7y as CV{d, 1)
in (F-Y 2) and (F-Y 3). However, it is shown that the estimators do and %, thus obtained
often fail to estimate the true value, See, for example, Table 2 column 2, where no correct
estimates of the embedding dimension and delay time are given when ¢? = 0.01. It is
found that the precedure fails because the minimum CV criterion represented in (F-Y 2)
is sensitive to an intial value when F is a chaotic map, and does not provide distinctive
minimum value. We propose to modify the procedure as follows.

1. The same as (F-Y 1).

2. For each 7 € {1,2,...,T} and d € {1,2,..., D} minimize CV(d, 7}[pr=n( With
respect to ¢ € C by the method illustrated below and put

CVid,7) = min CV(d, 7)|hmhic):

3. Then select d € {1,2,...,D} and T € {1, 2,...,T} which attain the 'minimum’
value of {CV(d,7) : 7 € {1,2,...,T},d € {1,2,...,D}} a8 estimators of the
embedding dimension dy and delay time 7y based on the procedure given below

The detail of the minimization of CV(d, 7)|s=n(c) With respect to ¢ € C is given as
follows

a. Give a large real number cyaz, and foreach d € {1,2,...,D}andr € {1,2,...,T},
compute CV(d, T)|p=n(ey 80d CV(d, T)|n=n(c+0.1) starting from ¢ = 0.1, compare
these values, and if ¢ < emay 80d CV(d, T)h=n(c) = CV (4, T)|n=h(c+0.1) then put
¢ = ¢+ 0.1 and repeat the computation; else if, stop and decide ¢ = ¢.
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b. In the neighborhood of ¢, find ¢; = argminCV(d, T}a=p() in the class c € C; =
{e1 —0.09, ¢, — 0.08,...,c; +0.00}.

¢. Furthermore, in the neighborhood of ¢z, compute

cvid,r) = min{CV (d, Tha=p(e) : ¢ € Ce = {c2 — 0.009, ..., 2+ 0.009}}.

The procedure for selecting dy and 7 is as follows.

d. Put CV*(r) = min{CV(d,7) : d € {1,2,...,D}} for each 7 € {1,2,...,T}, and
find for given £ > 0

d(7) = min{d : |CV(d, 7) - CV*(7)| < ).

¢, Next put CV* = min{dV(J(r),f)]r €{1,2,...,T}}, and then find
dy = min{d(r) : |CV(d(r), 7} - CV*| < &}

and
Ty = argmin{tf(f) : |dV(c§(r),r) - CV*| < e}

The smallest 7, is employed when 7 is not unique. Step e is introduced to accommodate
the sensitivity of CV* to initial values. The selection of ¢ is important in the above
procedure. We examine the performance of the procedure when ¢ is CV* /10 and CV* /20
in the simulations.

4. Simulation
The following models are employed in the simulations:

Model 1 : Xe=1- 1'4Xt2—1 +0.3X;_ 2+ & withds =2 and 7p =1
Model 2: X; =-0.1X, ) +(—1+2exp(—X?_,))X¢—3+5 withdyp=3and =1
Model 3: X;=—-01X; 5+ (-1 +2exp(—X? ,))Xi-6+5; withdg=3and 7=2
Model 4: X; =0.5X,_; +(—0.5+2exp(—X7Z  NXt7+e withdg=Tand 7o =1

N + 1000 points are generated from each model, the first 1000 points are discarded, and
then remaining points are used as the data of size N from the model. The details of
the simulation and its results are given in the following subsections. The embedding
dimension and delay time are estimated based on the data by the proposed method and
also by the Fueda and Yanagawa method (F-Y method). The process is repeated 100
times and frequency distributions of the estimated embeddig dimension are obtained.
The computation of each trial takes tremendous time even with super computer at the
Institute of Statistical Mathematics, therefore 100 is our maximum possible repetition.

The results below would not change substantially even if the repetition could be in-
creased.
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4.1. Model 1

We consider Model 1 which is called stochastic Henon map. For each ¢® € {0, 0.005,
0.01} and N € {1000, 2000, 4000}, data z,(t > 3) are generated by giving initial values
(z2,z1) which are selected randomly from quadrilateral ABC'D, where A = (—1.33,1.4),
B = (1.32,0.443), C = (1.245, —0.466), D = (—1.06,—1.666). This quadrilateral is
introduced in Henon (1976) as a region where z; does not diverge as ¢ — oo when
o2 = 0. When o2 # 0, divergence could occur even if the initial values are selected from
the quadrilateral. To avoid it we discarded za, x4, ..., if |2; — z4_1] > 3 for some
i < 12, and generated new x3,,,... using the same initial values. Also we discarded
Tim0y LimBy ..., T if T — Zim1| > 3 for some ¢ > 13 and generated new Ti_g, Ti—s,-- -
using (Ii_u, :]:5_12), but keeping 1, xa, .. ., Ti-10 By standardizing the data and setting
D=T=5, embedding dimension and delay time are estimated. Table 1 summarizes the
frequency distributions of dy and 7 in 100 trials. The second column of the table shows
the results of the F-Y method. The results of the proposed method are given in the
third and fourth columns, with ¢ = CV*/10 in the third column and ¢ = CV*/20 in
the fourth column.

] proposed method

N P-Ymethod [ e=0OV Ji0 | e=CV" /20 |
1000 | (2,1} X 100 | (3,1) x 100 | (2,1} x 100 |
2000 | (4,1} x 100 | (2,1) x 100 | (2,1 x 100
4000 | (2,1) x 100 | (2,1) x 100 | (2, 1) x 100

o2 =0
proposed method
N F-Y method [ = ra—
1000 3’,"{)}’; s | »3)x100 | (2,1)x 100
2000 8.3’) );?1 (3,1) x 100 | (2,1) x 100
w000 | 5y X851 (3,1)x100 | (2.1) x 100
2% = 0.005
proposed method
N | F-Ymethod [e=CV/I0 | c=CV /8 |
1000 g’,?}i }JOU (2,1) x 100 | (2,1) x 100
000 E;'.i)));? (2,1) x 100 | (2,1) x 100
4000 gsl)) %16 | @1 x100 | 21 x100

o? =0.01

TABLE 1 Frequency dlstributions of (da, 7o) in 100 triala for Model 1,
where the bold face represents the correct estimates.

The table shows that the correct estimates are accomplished by both methods when
o2 = 0; but the F-Y method becomes poorer as the values of 2 increases. For example,
it estimates the true value only 15 times in 100 trials when ¢? = 0.01 even when
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N = 4000; whereas the proposed method estimates the true value without errors in all
cases.

Model 2

Next, we consider Model 2. For each o2 € {0,0.01} and N € {1000, 2000, 4000},
dats are generated by giving initial values z1, 2, T3 selected from (-1,1) randomly.
Standardize the data, and by putting D = 6 and T = 5, the embedding dimension and
delay time are estimated. Table 2 summarizes the frequency distributions of dy and 7.
The second column of the table shows the results of the F-Y method. The results of
the proposed method are given in the third column when € = CV*/10 and in the fourth
column when & = CV*/20.

4.2.

proposed mathod
N F-Ymethod [[e=CV /10 | e=CV 720 |
(8,1) x 43
(8, 1) x 46 (8,1) x 8% (4,4) x 38
1000 (3,2) x 34 (4, 4) x 34 (5,5) x 15
(4,4) x 20 (3,2) %1 41)x3
(3,2) x 1
R VL)
2000 (4,4 x 21 (8,1) x 100 (3,1) x 100
3,2)x5
(3, 1) x 81
4000 (3,2} x 25 (3,1) x 100 (3,1) x 100
(4,4} x 24
=0
proposed method
N F-Ymethod [ e =CV /i) | ¢=CV /20 |
1.3 <99
(1,3) x 94 (3,1) x 51
1000 Egi})’:‘}, (1) x8 (1.3) x 49
(1,3} x 39
(1,3) x 91 (3,1} x 85
2000 Eg:";))i:, (S 1)xe (1,3) x 35
(1,3 x 99
(1,3) x 87 (3,1} x 08
4000 g’,ig) L (B1)x18 | (1.3)x5
o? = 0.01

TABLE 2 Frequency distributions of (Jo, Tp) in 100 trials for Model 2,
where the bold face represents the correct estimates.

The table shows that when ¢? = 0, the F-Y methoed estimates the true value at most
74 times in 100 trials for N = 1000, 2000, 4000; and that when ¢ = 0.01, it gives
completely wrong estimates. On the other hand, the proposed method estimates the
true value without errors when o2 = 0 and N is 2000 and 4000, and that it estimates
the true value 95 times in 100 trials when N = 4000, e = CV*/20, and ¢2 = 0.01.
Note that when ¢ = CV*/10, N = 4000 and 02 = 0.01 the table shows that only 13
correct estimates in 100 trials by our method, showing that the method is sensitive to
the selection of ¢,
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Model 3

We consider Model 3. For each ¢2 € {0,0.01} and N € {1000, 2000, 4000}, data are
generated by giving initial values z,,xa,..., 3¢ selected from (-1,1) randomly. Stan-
dardize the data, and by putting D = 6 a.nd T =5, the embedding dimension and delay
time are estimated. Table 3 summarizes the frequency distributions of do and #p. The
gecond column of the table shows the results of the F-Y method. The results of the
proposed method are given in the third and fourth columns, when ¢ = CV*/10 and
g = CV* /20, respectively.

4.3.

proposed method
N F-Ymethod [ e=CV'/I0 | e=CV /X |
((a,:)j X B1
3,4) x 29
@49)xs | @2xs8 | SHX
1000 (5,3)x 8 (4,2)x 2 (5' 2)x 1
4, g) x f (2‘4} x1 (4:4) x1
aari | @i | g9
{5.5) x 1
(3,3) X 36
(3,4) x 26 (8,2) x 301
6,4) x 13 2,2} %
2000 Es, 3? X 12 ?g'g))::‘ Es. 1§ x2
5,5) x 6 ' 4,2} X 2
4.2) x3 4.2)x 2 44) %1
5,2} x 2 (3,4 x1
(2,4) x 2
{3,2) X 30
(3,4) x 30
4000 Ei: g} X3 | s2)x100 | (8,2)x100
(6,4) x 8
(4,2) x 1
o?=0 )
proposed method
N F-Ymethod [e=CV*/I0 | e=CV /X |
2,3) x 98 2,3) x 68 13} X 83
1000 Ea, :))f( A Ea, 3)));( 32 (g' M x15
3, 3) x 100 (2,3 X ‘—i"'%_ra.z X
2000 Es z)x%s (;,2)“3 (2,3) x 2
2.3 L5} X 58
4600 Es 2))); g Ea,z))i az | @3 x100
a? =0.01

TABLE 3 Frequency distributions of (dy, fo) In 100 trials for Model 3,
where the bold face represents the correct estimates.

The table shows that the F-Y method estimates the true value at most 51 times in 100
trials for N = 1000, 2000, 4000 when ¢® = 0, and that the method gives correct estimates
at most 2 times in 100 trials when N = 1000, 2000, 4000 and ¢2 = 0.01; whereas the
proposed method estimates at least 91 times in 100 trials for N = 1000, 2000, 4000 when
a? = 0; and when g2 = 0.01 it estimates the true value more than 83 tlmes in 100 trials
for N = 1000, 2000, 4000 if £ = CV*/20.
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4.4. Model 4

Finally, we consider Model 4. For each 02 € {0,0.01} and N € {3000, 6000}, data
are generated by giving initial values x1, T2,.. ., T7 selected from (—1,1) randomly. The
embedding dimension and delay time are estimated by standardize the data and putting
D =12 and T = 5. Table 4 summarizes the frequency distribution of dy and 7 in 100
trials in the same way as previous tables.

proposed method
N | F-Ymethod [F=OVJI0 | = OV 720 |

— ] (9,1 x63
9,2) x 17

mgig (8,2) x 80 (9,1) % 8D

B1x20 | (8.1)x20
g;g;;;‘ (T.1)x 0 (T.1)x 0
(5,5 x 1
(T.1)x 0
{9,1) x 8D
(1.3)x8
{6.3) x 8
{7,2) x 3
(5.5) x 1
(T.1) x 0

3000

(9,1) x 80 (9,1) x 80
(8,1} x 20 (8,1) x 20
(T.1)x0 (T.1)x0

6000

=0

praposed method
N F-Y method e=0CV /10 e=CV/

{4,5) x 34
(1) x 3

(T,1) x 99
(3.4} x 1

-4

,1) X B9
,4yx 1

—_—
[

{T.1) x 46
{4,5) x 39
6000 {4,4) x 12 (7,1) x 100 (7,1) x 100
(5,4) x 2
{6,5) x 1

? =0.01

TABLE 4 Frequency distributions of (dp, #3) in 100 trials for Model 4,
where the bold face represents the correct estimates.

The table shows that the F-Y method gives wrong estimates all the times when 6% = 0,
and it estimates the true value only 46 times in 100 trials when % = 0.01 even when
N = 6000. The proposed method gives wrong estimates all the times when o2 = 0,
£ = CV*/10, CV*/20 and N = 3000. The results of the proposed method were not
changed even when we increased the sample size up to 6000. When o2 = 0.01, it
estimates the true value 99 times in 100 trials when NV = 3000 and it estimates the true
value without errors in all combinations of £ = CV* /10, CV*/20 and N = 6000.
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5. Application to pulsation data

Tsuda, Tahara and Iwanaga (1992) investigated the pulse at the finger tip capillary
vessels obtained from healthy individuals and patients suffering Altzheimer’s disease.
Embedding the data into 4 dimensional space, they found that the pulsation data from
healthy individuals generates chaotic series, but those from the patients suffering from
Altzheimer’s disease did not. However in their study the dimension of the embedding
space was found by trial and errors without regard to the dynamic noise which seems
commonly observed in physiological data.

We applied the proposed method to a set of similar dats which was also mea-
suread at the finger tip capillary vessels from healthy individuals in the rate of 200
points/second. From the study of Tsuda, Tahara and Iwanaga it was assessed that do
was around 3 and we supposed o? < 0.01. If this is the case the simulation in the
previous section suggests N > 4000 and € = £, The estimated embedding dimension

anddela.ytimewhenN=4OOOands=Tweredg—2andru—l To make sure

these estimates we also applied the method when N = 5000 and ¢ = %. The results
are listed in Table 5.

[N | e=CV /10 [ e=CV /20 |
000 (2.1} 2.0
5000 (2,1) (2,1)

TABLE 5 The results of application of our method to pulsation data.

The table shows that dp = 2 and 7 = 1 in all cases. The result differs from Tsuda,
Tahara and Iwanaga who estimated do = 3 and 7 = 25. The large difference of the
estimated delay time is partly due to the difference of the aim: Tsuda, Tahara and
Iwanaga selected the delay time aiming to visualize the dynamics, but we estimated it
from the view point of prediction. Furthermore, it might due to the characteristics of the
delay time which may be described as follows: Suppose for simplicity that Y; = F(Y;—;)
when the pulse is measured in the rate of 100 points/second, then it corresponds to

= F(Y;—2) when it is measured in the rate of 200 points/second, namely, the delay
time do depend on the rate of the measurements. Note that the true delay times are
estimated by our method in the simulation,

6. Discussions

It is found that the CV criterion employed in Fueda and Yanagawa (2001} is sen-
sitive to initial values if F is a chaotic map. Several rules are introduced based on the
intervals with length € in this paper to accommodate the sensitivity. The selection of
¢ is important, but we have no answer for its optimal selection. We used ¢ = CV*/10
and € = CV*/20 in the simulation and showed that the method works fairly well when
d < 4, 0% is small, and N > 1000.

An advantage of the autoregressive approach is in the sample size requirement; the
method may estimate the embedding dimension with substantially less sample size than
conventional approaches in physical science, as was discussed in Chen and Tong (1994).
Even with this advantage it was shown that N = 6000 is not enough when d = 7. Note
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that the method works even in this case when o2 > 0 since it increases variability.

The method fails unless the variance of the dynamic noise is remarkably small. This
might appear to be fatal, but not at all; it is shown in the simulation that the method
is applicable to data with 0? = 0; that is, the data from deterministic chaos. It could
be another, but more theoretical approach in estimating the embedding dimension and
delay time than those methods developed in the literatures in physical science.
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