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DEGENERATE KERNEL

By
Hajime YAMATO* and Koichiro TODA'

Abstract

Associated with an estimable parameter, we consider V-statistic and limit of
Bayes estimate which we abbreviate LB-statistic. We assume that the kernel of
the estimable parameter is degenerate. With respect to the expression of these
statistics as a linear combination of U-statistics, we show the properties of its
components which are unbiasedness and degeneracy. Using these properties, we
give their asymptotic distributions. For the V-statistic, its asymptotic distribution
is well-known (see, for example, Borovskikh (1996), p.113). But our expression is
different from it. We confirm these are equivalent.

Key Words and Phrases: Linear combination of U-statistics, order of degeneracy, U-statistic,
V-statistic.

1. Introduction

Let 8(F) be an estimable parameter of an unknown distribution F which has a
symmetric kernel g(z1, ..., Tz) of degree k and X, ..., X, be a random sample of size n
from the distribution F. U-statistic U, corresponding to the kernel g is given by

-1

n

U, = (k) > 9Ky X)) (1.1)
1€ig <o SN

where Zl*(ilc---(ik(n denotes the summmation over all integers i1, ..., satisfying 1 <

i < -+ <1 < n. V-statistic V,, corresponding to the kernel g is given by

Vn=:12---zg(xi,,.,.,x.-k). (1.2)

iy=1 ir=1

(See, for example, Lee (1990}, and Koroljuk and Borovskich (1994).)

‘We consider an estimator of 8(F) which is obtained by averaging the kernel g over
all unordered arrangements of k X’s chosen, allowing repetition, from X, ..., X,. This
estimator can be written as

-1
B, = (n +: 1)
1€4 €S sn
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where 21<u< .<ip<n denotes the summation over all integers 4y, .. ., i satisfying 1 <
it € --- < i < n. Alternatively this estimator is written as
n+k-1\""
B=("7Y) T e xm (13
ridoetr, =k

where E,.l +-tr =k denote the summation over all non-negative integers 1, ..., 7, sat-
isfyingry +---+rn=k and

g(ﬂ?{ll...,l‘;")=g xls---axl) smm vzn)

1 |'n

We call this statistic B, as LB-statistic, because it was originally obtained as the limit
of Bayes estimate of (F) {Yamato (1977)). It has the representation as a linear combi-
nation of U-statistics as follows.

(Y ECIG s

where for j = 1,...,k, U is the U-statistic corresponding to the kernel given by

k-1 + ~
95T, 22, .. ,a:,)—( _1) Z g(z]',...,37), (1.5)

j Frtetry=k

where Z:fl 441 =k denote the summation over all positive integers ry,. . .,r; satisfying
r1 +-- -+ r; = k. Especially, we have

) (F1: %25 - . 1 TK) = §Z1, T2, - .-, 2k), U = Uy,

1
0e-1){(@1, 22 Te-1) = =7 {9ler, 21, 22,23, 20)
+9($1,1'2, X2, 33,84, - ':xk—l) + e 9(171, ooy X 3, Tp—2,Lh—1, xk—l)}‘

(See Nomachi and Yamato (2001)).

V-statistic V,, can be written as a linear combination of U-statistics as follows.

ZS(!: Hn)sUR) (L.6)

jml
where (n); = n(n—1)--(n—j+1) for j = 1,. .., k, U+ is the U-statistic corresponding
to the kernel given by
k! .
(@10 25) = 3!$(k ) Zm g T g 9@ ) (L)

and S(k, j) are the Stirling numbers of the second kind (sce, for example, Lee (1990)
and Koroljuk and Borovskich (1994)) and g3,y = gy = 9, 9{x_1) = 9(k-1)-
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In this paper we consider the case that the kernel g is degenerate. For the kernel
9(3:1: . '7Ik)? we put

¢j($1,...,.’.{.‘j) = E[g(Xl,...,Xk) i X1 =.’£1,...,Xj = Ijl., J = 1, ,k

o} = Varlys(Xs, . Xh G =1,k

‘We suppose that

o?=..-=0%.,=0 and o3>0,

that is, the U-statistic and/or the kernel ¢ is degenerate of order d—1. Hence Evy4(Xy,.. .,
Xa) = 8 and with probability one (w.p.1) #,(X1) =8, ..., ¥a-1{X1,..., Xa-1) = 8.

For this degenerate kernel, under the conditions E | ¢(X1,..., Xk} |*< oo, the
agymptotic distribution of U, is given by

w920~ 0) 2 () Jeaa) (18)

D T

where — means the convergence in distribution as n — o0 and &gq(%1,..., 23} =
Ya{21, .oy g} — 8. Jo(f) can be written by two expressions. Let W be the Gaussian
random measure associated with the distribution F' on the real line (—oo0, 0o) such that
EW(A) =0 and EW{AYW(B) = F(AN B) for any Borel sets A, B (see, for example,
Kotani (1997), p.237). The one expression is the stochastic integral given by

| Jo(f) = /;: "[:f(zlw-azc)w(dml)' W (dz.).

For any function fi and f; such that fp. fi(z1,...,2)* [T;-, dF(2;) < oo (i = 1,2),
their inner product is given by .

(i, f2) = fR il oz fa@rs .y ze) [] 4F ).
o j=1
By using an orthonormal basis €1, ez, ... of Ly(F), J(f) is also written as

Je(f) = Z ot Z(f?eil " 'eie)]___[Hﬂ(i)(Zl)s

i1=1 i.=1 i=1

where H, is the r-th Hermite polynomial, {Z;}{2, is a sequence of independent standard
normal random variables and r(i) is the number of indices among i = (4, ..., 14} equal to
I (see, for example, Lee (1990), and Koroljuk and Borovskich {1994)). The above conver-
gence is also shown under the following conditions: (i) E | ¢'9(X,, ..., Xy) [2¢/(2-9 <«
oo for ¢ =d,d+1,..., k (Koroljuk and Borovskich (1994)). (ii) E | " (X1,...,Xa) |?<
oo and £2/2-D P} ¢ |> ] 5 0 (t = o0) for c = d +1,..., k. (Borovskich (1996)).
Since we must consider the convergence of certain degenerate U-statistics jointly in this
paper,)we assume E(g*(X;,, Xj;, ..., Xj,)) < 00 for all ji, g2,y i (1€ 1 <2< -0- <
Jk S k).
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In Section 2, we show the properties of the U-statistics ) having the kernel given
by {1.5), which are unbiasedness and degeneracy . Using these and the relation (1.4} we
give the asymptotic distribution of LB-statistic B,.

In Section 3, we give the properties of the U-statistics Y } having the kernel given
by (1.7}, which are unbiasedness and degeneracy. Using these we give the asymptotic
distribution of V-statistic V;,. This asymptotic distribution of V,, is derived using the
linear combination of U-statistic given by (1.6).

In Section 4, we note the H-decomposition of U-statistic and the corresponding de-
composition of the V-statistic. Using this decomposition we can also derive the asymp-
totic distribution of V-statistic V;,. It is well-known that the asymptotic distribution of
V. is given by (4.3) of Section 4. Our expression is different from this. So we confirm
these two expressions are equivalent.

In Section 5, we give some examples for our results. In Section 6 which is Appendix,
the proofs of some Lemmas and Propositions in the previous sections are given. Rubin
and Vitale (1980) cobtains the asymptotic distribution of symmetric statistic which in-
cludes V-statistic and LB-statistic. Their method is based on the fact that any function
which belongs to L2(F) can be written by an orthonormal basis for L(F). Differently
from this, we obtain the asymptotic distribution of LB-statistic and V-statistic, using
their expression by linear combinations of U-statistics.

2. Asymptotic distribution of LB-statistic
For the kernel g;y(21,...,%4) given by (1.5), weputforc=1,...,fjand j =1, ..., %

Yi).el®1s s Be) = Elgy(Xys s X) | Xy = 21,00, Xe = 2]

E—1\ "'+ . A
N (J - 1) Zr1+'"+rj=k Eg(x.;l’ ""m:c’x:;"il""’ X.‘?)’

where on the right-hand side we use the notation used for (1.3). Using these notations,
we show the properties of U corresponding to the kernel g(;,.

LEMMA 2.1. g1
EWY) =0, k———<j<k

or
d-1

2

EUF9 =06 0<j<
From this lemma, the bias of B,, is
-1
EB, 0= ("’H‘ 1) 3 ('f"l)("f)[EUgj}—a].
k J-1/\J
1<j<k—252

Ifd =2 +1 and ! is a positive integer, then the summation of the right-hand side is
taken over j = 1,2,..,k—!— 1 and EB, — 8 = O{(n~*"1). If d = 2 and { is a positive
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integer, then the summation of the right-hand side is taken over j = 1,2,...,k— 1 and
EB, — ¢ = O(n~!). Thus we have

EB, —8 = O(n~ 1)),

where (2] denotes the greatest integer not exceeding z.

LEMMA 2.2. The order of degeneracy of U™ is at leastd —2j— 1 for 1 < j <
(d—1)/2 and

Pik=3),d—2§(T1y o0y Td—25) = (k ; 1) _l{l(k ; 1) - (k B : * J')]3 (2.1)

k—d+3
+( i J)fpd,d—zj(xh---,I‘d—zj)},
where for 1 < j < (d - 1)/2
©0d,d=2i(T1, s Bd—25) = E[Wa(Z1, ooy Ta—2js Xd=2541) Xd—2j411 o0 Xd—js Xa-5)]-  (2:2)

Since Epg q-2(X1, ..., Xa-25) = EE[Ya(X1, ..o Xa—24, Xa—2j41, Xa 25415 s Xd—5,
Xa—; | Xa-2j+1s - Xd—j] = Brpoi(Xa_2i11, Xa—2§415 .-, Xd—j, Xa_j), we have for 1 <
i< (d-1)/2

Epag-25(Xy, ..., Xa_25}) = 0. {2.3)

Before stating the asymptotic distribution of B, we note the followings which a.re the
results of Lemmas 2.1 and 2.2: If d = 2! 4+ 1 and ! is a positive integer, then EUX) =

EUE = = U = gyl = 9. The orders of degeneracy of Uk 1), "
ple-t+1), U'(k-” are at least 2(! — 1),..., 2,0, respectively. If d = 2] and ! is a positive
integer, then EUS® = EUS™Y = ... = puf~? = pul~*Y = ¢, The orders of

degeneracy of U“‘ ”,...,U,(,k‘”m,U,(‘k_lH] are at least 21 — 3, ..., 3,1, respectively.

PROPOSITION 2.3. We suppose that d = 21 + 1 whete [ is a positive integer and
Elg%(Xj,, X, - Xju)} < 00 for all j1, 52,0 (L € 1 £ J2 <+ < i £ k). Then we
have

B 1
n?%(B, -0) > 3 - Jd-25(6,a-25) (2.4)
F— ) 2 @~ 2911
where
.. d-1
£4,d-2§(T1, ooy Td—25) = Pad—25(T1, s Ta—25) —8 (0L F < — ).

LEMMA 2.4. In case of d = 21,

Eu;*-‘ua:(";l)_l(,’: d)[Ew(xl,xl, X, X)-6.  (25)
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PROPOSITION 2.5. We suppose that d = 21 where ! 15 a positive integer and
E[gz(ijija-"inh)] < 00 fOf' a'”jl!j2: .=y jk (1 < jl < j2 £ < jk < k)- Then we
have '

= 1
n%%B,—6) B (k_d)!{g (d_2j)!j!Jd—2j(£d.d—2j)+ﬁ[E¢d(Xlsxla---,Xh Xi)-6]}-

(2.6)

3. Asymptotic distribution of V-statistic
For the kernel g7;y(x1, ..., %3} given by (1.7), we put forc = 1,...,jand j = 1,.... &

(@11 s T0) = Elglyy(Kes o Xj) | Xp = 21, vy Xo = ] (3.1)

1 + k!
= j—!S(k 7 Zn+—--+r,-=k T_1! — -rj!g(x?’ veey THE, X;‘ﬂ-l, - X;'i),

where on the right-hand side we use the notation used for (1.3). By the same methods

as the proof of Lemnmas 2.1 and 2.2, we can show the properties of U corresponding
to the kernel 9y which are the following Lemmas 3.1 and 3.2.

LEMMA 3.1. d-1
EU;9 =6, k- ——<i<k

or
E[U’:(E—j)] =0, 0<j< d_';l

We can prove Lemma 3.2, using the relation (3.1) replacing j with k — 5 for ¢ =
1,2, .,d—2j.

LemMa 3.2. The order of degeneracy of U9 is gt least d — 2j—1for1<j<
{d—1}/2 and

Viomsa- oot o 43 = gy I = Sk =) - g(k i 5)]9

Rik=-d+3
45 (578 vaanton, et (3.2)

Pa,4-25(T1, -, Ta_2;) is given by (2.2). Similarly to B, the bias of Vj, is EV, —8 =
nF 21 ¢ sk a-1ya S E ~ 5)(n)i—y [BUZ* — 6] and BV, — 8 = O(n-@+1)/2),
Before stating the asymptotic distribution of V,, we note the followings which are
the results of Lemmas 3.1 and 3.2: If d = 2 + 1 and ! is a positive integer, then
EUS® = puy®-Y — ... = pus~t*D = pua®-D — 6. The order of degeneracy of
A=l U=t el o1 at least 2(1 — 1), ..., 2, 0, respectively. If ¢ = 21 and !
is a positive integer, then EUS® = EUZ¢—Y = ... = gy _ g1 _ g
The order of degeneracy of U.I(’"1),...,U;(""+2),U,:(k_‘+l) are at least 2{ — 3,..., 3,1,
respectively.
By Lemmas 3.1 and 3.2, using (1.6) we can show the following two propositions. The
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methods of proofs are as same as that of Propositions 2.3 and 2.5, Here we use the

relation
k-1

2V, —0) = Y Sk, k - J)(") ~1 pd/2[yy=tk=3) _ g,
=0

which i3 obtained from (1.8).

PROPOSITION 3.3. We suppose that d = 21 + 1 where | is o positive integer and
E[gz(Xanjz;"': XJ&)] <o fO?" all jlsj2a ---1jk (1 < jl = j2 Lo g jk < k) Then we
have
1

nY3(Va - (k d)'z(d 25y Va2 Cad-)

The following lemma is used for Proposition 3.5.
LEMMA 3.4. In case of d = 2I,

k!
k=D _ g _ i _
EU! 0= Sk TiE i B X X, s X X) 4.

PROPOSITION 3.5. We suppose that d = 21 where I is a positive integer and
E[gz(le,ij,..., X.fk)] < oo for all j1,j2, o e M €1 €2 <--- £ jp £ k). Then we
have '

ﬂd/2(Vn - 9}

p Kkl 1
~ k- d)z{g d— 25127

Ja-25(Eaaag) + ﬁléi[m(x,, X, o X0 X0) — 6]},

4., Decompositions of statistics

It is well-known that U-statistic of degree k can be written as a linear combination
of U-statistics of degrees 1,2, ..., k. We put

WV (zy) = u(21) — 8

and

c—1 :
RO(@1, iy Te) = Ye(@1rer T — D D RN (@@} =8, €=2,.k,  (4)
=1 (e}
where the summation E(CJ) is taken over all subsets 1 <4, < --- < i; <cof {1,2,..,¢c}.

For j =1,2,...k let HY be the U-statistic with the kernel A%, Then U, = 6 +
1 (")H(J The degree of HY” and/or A9 is § and the order of degeneracy is j —1,

that is Hy £ and/or h%) is completely degenerate. Let K5 be the V-statistic based on

the kernet hl¥). Then
=0+ E ( )KU)



34 H. YAMATO and K. TODA

If the order of degeneracy of U, is d — 1, then

k k
Un=8+3. (J?)H,?’, Va=8+Y ('f)x,gﬂ. (4.2)
o\ J .

i=d

{See, for example, Lee (1990) and Borovskikh (1995).) Now, as we stated in Section 1,
we consider the case that E¢g(X;, ..., X¢) = ¢ and

(X1} =8, . P21 (X1,.... Xa-1) = 0 w.p.l,

that is, the U-statistic and/or the kernel g is degenerate of order d — 1,

In the following, we suppose that E[g?(Xj,, Xj,, ..., X;,)] < oo for all j1, 2, ..., Jx {t £
f1 € §2 € --- £ Jr € k). Then it holds that E[W2(Xy, X, X;.)] < 0o for all
Jnizende (1 €41 £ j2 £ £ o < ¢ < k) and therefore E[htc)(le,Xj,,..., X.fc)]z
< oo for all jlrj?:“*?jc (1 531 < j2 Leee SJC < C).

1t is well-known that the asymptotic distribution of V-statistic is given by

(:) /_: ' “-/j:{% - 0}Q(dz1) - - Q(dwa), (4.3)

where @ is a centered Gaussian random measure with covariance function EQ(A)
Q(B) = F(An B) — F(A)F(B) for any Borel sets A, B (see, for example, Borovskikh
(1996), p.113). This is derived by using the decomposition of V, given by (4.2) and the
convergence of the empirical measure. We can derive it not using this convergence and
confirm the two form are equivalent.

Differently from the method using the convergence of the empirical measure, we
use Propositions 3.3 and 3.5 in case of completely degenerate kernel. Since for ¢ =
d,d+1, ...,k h(® is completely degenerate, by applying Propositions 3.3 and 3.5 to K&
we can get the convergence of n¢/ 2K,(f) in distribution for ¢ = d,d 4 1, ..., k. Therefore
for c = d+1,...k n%2KS converges to zero in probability as n — cc. Since the
kernel of K, ,(,d} is 14 — @, the asymptotic distribution of nd/ 2K§. is given by Propositions
3.3 and 3.5 replacing & by d. Thus by (4.2), we know that the asymptotic distribution
of V-statistic is given by Propositions 3.3 and 3.5. Hence we could confirm that the
two approaches give the same asymptotic distribution. Furthermore we know that the
asymptotic distribution of K, ,(,d) does not depend on the terms associated with the kernels
of the lower degrees among the representation of K@ by a linear combination of U-
statistics.

5, Exaxhples

Propositions 2.3, 2.5, 3.3, and 3.5 with { = 1 give the followings: For the first-order
of degeneracy, that is o7 = 0, o3 > 0 and d = 2, the asymptotic distribution of n(B, — 8}
is

(k- {3 haléa) + [Eva(X, X) — ), (5.1)
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and the asymptotic distribution of n(V,, — 8} is

=D e + B, X) - 0] 62)

(see, for example, Lee (1990) and Koroljuk and Borovskich (1994)).

In this case, the another form of Jo(€2 2) is well-known. Let Z,, Z;,... be independently
and identically distributed standard normal random variables and A; (5 = 1,2,...) be
the eigenvalues of the integral equation

[ " (az1,59) — 6) flaa)dF (az) = A (z1).

Then o0
Jalba2) = ) Xi(ZF - 1) (5.3)

. ¥=1
(see, for example, Lee (1990) and and Koroljuk and Borovskich (1994)).

For the second-order of degeneracy, that is 0§ = ¢ =0, 63 > 0 and d = 3, the
asymptotic distribution of n%/3(B,, - 8) is

Kk~ 1)(k —~ 2{gI(Ea) + AlEs)),

and the asymptotic distribution of n®2(V;, — ) is

Lk—_lf)i_&—_g){;a(&,s) +34(&,1)}-

In the following Examples 1 and 2, we consider the kernels given by Lee (1990), p.
78 and p. 79, respectively.

Example 1. Let g(x1,22) = f(Z1)f(x2) and assume Ef(X) = 0, Ef¥(X) < oc.

Then we have 8(F) = 0, y1{z1) = 0 and 3o(x1, ®2) = f(z1)f(x2)- Becauseof d =k =2,
from (2.2} we have £22(%1,22) = ¥2,2(z1, T2} = f(x1)f(22). Hence,

K = [ "7 e W dswides)

= 72 Hy(r! f H@W(dz)) =3(2% - 1),

where the random variable Z = r~1 f f{z)W (dz) has the standard normal distribution
and 72 = Ef2(X). Thus by (5.1} and (5.2), we get

nB;,, 2z 7-2(22 -1) +20° = 1'2(22 +1),
nVy B 32 - 1) + 0 = 1222
Compare with nlU, 3 72(22 — 1) (Lee {1990), p.78).



36 H. YAMATO and K. TODA

Example 2. Let g(x1,22) = af(x1) f(22)+bg(x1)g{x2). We assume that Ef(X) =
Eg(X) = Ef{X)g(X) = 0 and Ef?(X) = Eg?(X) = 1. Then we have 8(F) = 0,
(z1) = 0, o2y, z2) = g(z), 22) and o = a® + b° (see, Lee (1990), p.79). Because of
d =k =2, from (2.2) we have £22(z1, 72) = af(z1) f(z2) + bg(x1)g(x2) and

Jan) = o f” [ ” (1) fwa)W (dz)W(dea)

+bf ./_oo 9(z1)g(x2)W (dac1)W (dxz) = G(Zf -1+ b(Zf -1,

where Z1 = [ f(z)W(dz) and Z = [ g(x)W (dx) are the independent standard normal
random variables. Thus by (5.1), (5.2) and Evy3(X, X) = a + b, we have

nBn, 2 a(Z2 — 1)+ b(ZZ — 1)+ 2a +b) = a(ZZ + 1) + B(ZZ + 1),
nVp 3 aZ2 + bZ2.
Compare with nl/, 5 a(2? — 1) + b(2% — 1) (Lee (1990), p.79).

Example 3{Anderson-Darling Statistic.) We consider the kernel,

1
olz,y) = [o w(t)Iz < t) - Iy < t) —ddt,

where w(t) = [t(1 —£)]7), I{x <) = 1if <t and = 0 if z > ¢, and the distribution F
is the uniform distribution on (0,1). Then 8(F) =0, ¥(x1) = 0, ¥o(z1,22) = g{x1,22)
and Ey2{X, X) = 1. The eigenvalues of g(z,y) is

1
Aj = ———,
PTG+ 7
(see, for example, Borovskikh (1985)). Thus by (5.1}, (5.2) and {5.3), we have

=1,2,....

nB,,—;ZA_,(Z -1+2= Z (3+1)Z*'2+1

J=1

The asymptotic distribution of nV}, is well-known (see, for example, Pettitt (1981)).

Example 4 (Cramér-von Mises Statistic.) We consider the kernel,
sw) = [ e <)~ FOlly <1) - FOIFE.

Then 8(F) = 0, tn{z1) = 0, Pa(z1,z2) = g(z1,T3) and Eye{X, X) = 1/6. The eigen-
values of g(z,y) is
1

()’

Aj = i=1,9,...



Asymptotic Distributions of LB-statistics and V-statistics for Degenerate Kernel 37

(see, Lee (1990}, p.160-161), Thus by (5.1), (5.2) and (5.3), we have

oo o0
nBﬂEZIJL _.,.]_ —:%Z—lz-
i= =

Cbl""'

o0
D 1 1 2
nVn—)—z EZE
w j:lJ

The asymptotic distribution of nV, is well-known (see, for example, Pettitt (1981)).
In the following Examples 5 and 6, we consider the kernel of degree & given by
(T, ..., Tk) = T, ---Tx and assume that E(X) = 0, E(X?} = 1. Then §(F} = 0,

i1, . 25) =0 (j =1, .., k—1), and ¢(x1,..., 2x) = 21 - - - Tk. Thus this kernel g is
degenerate of orderd — 1=k — 1.

Example 5 (LB-statistics): We shall derive the asymptotic distribution of LB-
statistics corresponding to the lernel g{x;, ..., xx) = Z1---2x. Because of d = k, from
(2.1) we have

Pd,d-24(F1; oy Td-25) = Elpa(x1, -0y Td—2j> Xd—2j+1: Xa—2j+1y ---r Xa—j, Xg—j)]

=1 Xd—25+

Since Jo(f) £ CH,(Z) for f(z1,..,%y) = Cx1---T, (see, for example, Koroljuk and
Borovskich (1994), p.66), we have

Ja-25(Ead-25) = Ja-2i{0d,a-25) = Ha-24(2)
where Z is the standard normal random variable.
Thus if d = 21 + 1 (I is a positive integer}, by Proposition 2.4 we have
ng B~ d
a/2 i H }
i) Bn — jgo (d— 23)!3! d-g;(Z).
For example, in case of d = 3,
n32B, B Hy(Z) + 6H,(Z) = 2% — 32 + 62 = 2% + 32,

which is also easily obtained by direct computation because of n3/2B,, = [(n — 1)(n —
2)/(n + 1)(n + ¥, + [6n2/(n + 1)(n + UL, X7 /mI i, X/ V7).

If d = 2[ (I is & positive number), then by Proposition 2.5, k = d = 2!, and
Evyy(X?,..., X2) = (EX?)} =1 we have

i—1
d/2 z (2i)! k!
n / B (2£ 2‘?)| 'H2G—2j(z) + l_!.
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For example, in case of k = 2,

nB, B Hy(Z)+2=2% +1,

which is also easily obtained by direct computation because of nBy, = [r/{n+1)][(3 ],
Xif vn)? + 3 Xi /).

Example 6 (V-statistics): We shall derive the asymptotic distribution of V-
statistics corresponding to the kernel g(zy,...,Zk) = @1 -Tk. As stated in Example
5, we have Jg_o;(£4,4-2;) d Bi_2;(Z). Thus if d = 21 + 1 {{ is a positive integer), by
Proposition 3.4 we have

I
anry, By __ & z
w2 3 a2

I d = 2! (I is a positive number), then as stated in Example 1 we have Eya(X}, ..., X7)
= (EX?)! = 1, Thus by Proposition 3.4 and Hp(z) = 1 we have

d/2 .
i _'Zal(d gy a-21(2)

Therefore using the relations of Hermit.e polynomials such that z%+' = (2 +
1! Tjo Hagr-ag(@)/ 1712 +1-25)127] and 22 = (2! F25_0 Ha-2s(x) /1112 - 2)12°),
we have
nd/2Vn — Zd-
This convergence is also easily shown by noting n%/2V,, = (3> | X;//n)®. Hence this
example is the one to show the validity of Propositions 3.4 and 3.5.

6. Appendix

Proof of Lemma 2.1: In the description of the kernel g;) given by (1.5}, we
consider the positive integers 7y, ..., r; satisfying r1 +---+r; = k. Since (r; —1)+---+
(rj —1) =k —jand j = (k- j} + (2§ — k), the number of r1,...,7; equal to one is at
least 25 — k. By the assumption, 2j — k > k — d + 1. So typically we consider the case
of Yi_ktd =Tj—k4d+1 == = 1. Then we have

Eg(X}?, .. X}) = EBlg(XTt, oy X500 X ks X))

| X100y Xi—ktd—1] = Btpa—1(XT'5 0o X7500070)
which equals 8, because of 431 = # w.p.1. Since the number of positive integers vy, ..., 7y
satisfying ry + -+« + 15 =k is (57]), we have E[US?] =0 for j 2 k — (d - 1)/2. O

Proof of Lemma 2.2: Forc=1,2, ..., d - 24, we consider

k-1 \ 1t }
w(k—j],c(xla‘"i $¢) = (k—j— 1) z {9(1'1 4o amrc Xr+tla X;k J)]

1t re— sk
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Since k — (rep14+ - +rr_j)=r1+ - +rezc, wehave (rep1— 1)+ + (-1 =
0,1, ..., F where the number of terms of the left-hand sideis k— 7 —e=4+ (k—2j—¢).
Thus the number of rcy1, ..., 74— ; equal to one is at least k - 25 - c.

At first we consider the case of ¢ = 1,2,...,d — 2§ — 1. Typically we suppose
Titedl = Tjbesz = ==+ = Tk—j = 1, since the number of ro41, ..., 75 equal to one is at
least k — 27 — c as stated above. Then
Eg(.’t? yeery x::.c! X:-cl-"il! X::-J 1 Xj+c+1, erey X&—j) = E%j+c(3; 3 ey x:c'] X:::'il P :r_;,)?

which is equal to & because of 1254, = 8 w.p.1 for 2§ + ¢ < d — 1. This is valid also for
anocther r, ..., rp—; which include at least the k — 25 — ¢ components equal to 1. Thus
we have ;) (21, 2} =0 wplforl<c<d-2j—-1.

Now we consider the case of ¢ = d —2j. Then the number of r4;, ..., Tx—; equal to
1 is at least k — 2j — c = k — d. If the number of r.4;, ..., rx—; equal to 1 is more than
k — d, then because the sum of 's not equal to 1 is less than d we have

 Bglal? o 2, X X)) = 6.

If the number of 741, ..., 7k—5 equal to 1 is k — d exactly, then we consider typically the

caseofrg-,...]-rd,j...g- o=th—j=1 Thenri+ - +retrep1+ - +rag;=d
because of rp + -+ rpj = k, and 7oq1, o0y Fdej 2 2, where ¢ = d — 25. Hence we have
r1++re<d-2j=candry=ra=--=r.=1 Therefore reyy + - +ry4_; =2j
and we get 7o41 = T4z =+ - = rg—5 = 2. Thus as a typical term we have

EQ(Il, veey Ty Xc-l-l! Xd—y xd—j+11 Xk-—;,') E"ﬁd(-fl, vy Ly Xc+1v Xd-;)!

which is equal to Ety(zy, ..., T, Xc+1,Xc+l, vy Xd—~j, X4-;) by our notation. The num-
ber of these terms is (*~3*7) = (§737¢), which is the number of ways choosing d —j —¢
places where the terms X? = (X, X) (with our notation 2 appear among k — j — ¢ places.
All the other terms are equal to 8 and its number is {,*71,) — (*=5*7). Hence we have

(2.1) and the order of degeneracy of U ¥ is at least d — 23— 1for 1< j < (d—1)/2.
@ , 0

Proof of Proposition 2.3: Since Equ X100 Xe) £ E[gfj)(xl, ..., X;)] and by
Minkowski's inequality

{Elgty(X1, - ,)1}“’“('c :) > {Blg* (X7 KPP,

ity =k

under the assumption we have Ezi;m Xy X) <oofore=1,.,jand j=1,..,k

These assure the convergence of U’ in distribution as stated in connection with (1 8).
Since 35, A1) (3) = (**F7Y), from (1.4) we have

i n
n* (B, —8)=3Y_ ( k-1 ) f_’;;i)l nd/2Uk-9 — 9] + T, (6.1)
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where

k-l-1 T
k-1\ (G .
Tin = Z ( P 1) n-l(-i)_l nd/2[U’£;) - 6.
J (™)

=1
For 1 < J < k-1-1, we have (})n?2/(**7") = O(n~1/2). Since U converges to

EU as B — oo w.p.l, Tm converges to zero as n — oo w.p.l. For 0 < j < I, the
order of degeneracy of U9 is at least d — 27 -1 by Lemma 2.2 and E[U Uik 'ﬂ] = § by
Lemma 2.1. Hence if the order of degeneracy of U i d - 2§ — 1, then by {1.8),

(E:_Ei)f)'"dﬂwr(ak“ﬂ -8 = E§_+%):_l_j.n(d-21)/2[U,(‘k—j} — 4
k

-(.k}—:_!j)! (; _ ;,) (k ; 1) B (k _; +j) Ja-25(8a.d-23) (6.2)

in distribution as n — oc. Where we used the relation for the kernel (2.1) related with
U(k—:r)

converges to

k—d+j

k—~1
—).d=2i{T1y 000y Tg—24) — O = .
WYik-1),d—25(1 d_:.:) (]) ( p

)Edd 24 (T 1y cory Tdm2i).

If the order of degeneracy of US™ is larger than d — 25 — 1 and is equal to
d —2j + i for some i > 0, then n@-2++D/2[UE~?) _ g converges in distribution.
Then, (,2;)n/nl-2/2[U; (k=9) ~ 8]/ ("%~} converges to zero in probability. In this
case, @d4-2; is equal to @ by (2.3) since pgg4..o; is constant. Therefore £34-2; = 0
and we have Jy-.25(£4,4—25} = 0. Thus the corresponding term does not appear in the
asymptotic distribution. Applying these convergence to the right-hand side of (6.1), we

get (2.4). | 0

Proof of Lemma 2.4: The kernel of U™ is given by (1.5) replacing j by
k —I. So we consider ry,..., *x—; satisfying vy + --- + rp_g = k, where d = 2l. Since
M-+ -+ (re2—-1) =1, not.ingk—l=l+(k—d) we know that the number of
7's, equal to 1 among 7y, ..., rx.y, is at least k = d.

At first let ug assume that the number of r's equal to 1 is exactly k —d. For example,
if we consider the case that vy =-. =rp_;=1,then (r1 — 1) +---+(ry— 1) =1 with
ri1—1,..,r—=12>1and hence ry = --. = r; = 2. The number of ways, such that the
number of 7’8 equal to 1 among r,..., re—; is exactly k —d, is (’;:i). The corresponding
Eg(X[', ..., X;*7') is equal to Eg(X1, ..., Xk—ds X2 _girs e XE—JH] = Eyq( X%, ..., X?)

Now let us assume that the number of r's among ry, ..., 7—; equal to 1 is more
than or equal to k — d + 1. For example, if we assume that r4_; = --- = rx_; =1, then
r1+---+rg_1-1 =d—1 and Eg(XT',. X;k_il) = Bg(X', - X330 Xaty oy Xnt) =
Epg_1 (X7, ..., X271} = 6. Thisis stlll valid for the another 1, ..., "x— which include
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at least the k — d + 1 components equal to 1.

Thus by (1.5) we have

EU%D « (" . ‘)"1{(":: ;)Equ(xf,..., X7 + [("’ N 1) - (: - ;)]"}'

By our notation, a(X7?, ..., X?) means ¥4(X;, X1, ..., X1, Xi). Hence we get the desired
relation. O

Proof of Proposition 2.5: By the same reason stated in the first paragraph of
the proof of Proposition 2.3, under the assumption we have E¢?j)‘ X1y XY < 00 for

¢=1,..,jand j =1,..., k, and the convergence of UY are assured. From (1.4) we have

-1 n
k -1 T .
n B, —0) =" (k c 1) fﬁki)l n/2[7kk=3) _ g) (6.3)
i=0 J ( k )
'+ k—1 _Qan;l.)_nd/z[g(k—u -6+ T
k—i—1)(Efy" T i

where

k—i-1 n
Ton= (j::)fg%;)_ﬁndfz[UE)—ﬂ].

For 1 < j < k~1-1, we have (})n#2/(**;~) = O(n=') and Ton converges to zero as
n — o0 w.p.l.

=1

(= 32/ (P*E~1) converges to Kl/(k — ) sud US™ to EUF™ wpl asn —
co. Hence (F71)(,» )n?/2[U ™D — g/(**+5~1) converges w.p.1. as n — oo to (¥77)k!

[EULF=Y — 0]/ (k — 1)), which equals {k!/[I\(k — )|} Epa(X2,...X?) ~ 6} by Lemma 2.5.
By our notation, $a(X?, ..., X7) means ya(X1, X1, ..., X1, X1)-

For 0 < j < [-1, the order of degeneracy of U,Ek_ﬁ is at least d—2j—1 anld therefore
by (1.8), (" In2[U¥) -6/ (™+£=") converges to (K/ (k- (£ 2) (*7) ™ (") Juss
(£4,4-2;) in distribution as n — co. Here we used the relation immediately after (6.2).

If the order of degeneracy of 51 g larger than d - 24 —1, then the corresponding
term does not appear in the agymptotic distribution as stated at the last of the proof
of Proposition 2.3. Applying these convergence to the right-hand side of (6.3), we get
(2.5). m}
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