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CRISPNESS IN DEDEKIND CATEGORIES

By

Yasuo KAwAHARA* and Hitoshi Furusawal

Abstract

This paper studies notions of scalar relations and crispness of relations in terms
of Dedekind categories. It is well-known that a category of L-relations in the sense
of Goguen is a Dedekind category. To compare with an ordinary notion of crispness
of L-relatione, we introduce three notions of crispness in Dedekind categories.
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1. Introduction

Just after Zadeh’s invention of the concept of fuzzy sets, Goguen (1967) generalized
the concepts of fuzzy sets and relations to L-(fuzzy) sets and L-(fuzzy) relations. The
sets of membership values of L-sets and L-relations are arbitrary lattices instead of the
unit interval [0, 1].

On the other hand, the theory of relations, namely relational calculus, has been in-
vestigated since the middle of the nineteen century. Almost all modern formalisations of
relation algebras are affected by Tarski (1941). Maddux (1981) summerized the history’
of relation algebras. Mac Lane (1961) and Puppe (1962) exposed a categorical basis for
the calculus of additive relations. Freyd and Scedrov {1990} developed and summarized
categoricel relational calculus, which they called allegories. In relational calculus, one
calculates with relations in an element-free style, which makes relational calculus a very
useful framework for the study of mathematics, theoretical computer science and also
a useful tool for applications. Kawahara (1995) studied relational approach to set the-
ory. Bird and de Moor (1997) described an algebraic approach to programming in the
framework of relational calculus. Kawahara (1990), Kawahara and Mizoguchi (1994)
developed relational methodology graph grammer. Schmidt and Strghlein (1993) wrote
a text book on relations and graphs with many useful examples in computer science.
Some element-free formalisations of fuzzy relations were provided in Furusawa (1996),
Kawahara and Furusawa. (1999) and Kawahara et al. (1999).

In this paper we consider Dedekind categories named by Olivier and Serrato (1995).
The aim of this paper is to study notions of crispness and scalar relations in Dedekind
categories. A notion of crispness in terms of Dedekind categories was introduced in
Kawahara et al. (1999) under the assumption that Dedekind categories have unit ob-
jeets which are an abstraction of singleton {(or one-point) sets. To generalize the notion
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of crispness, we use a notion of scalar relations. The notion of scalar relations in homoge-
neous relation algebras was introduced in Furusawa (1997). In L-relations we illustrate
a few relationships between the generalized crispness which is called s-crispness and lat-
tice structures of scalars.

Winter (2000} showed that it is impossible to characterize ordinary notion of crisp-
ness of L-relations in terms of Dedekind categories if L is an arbitrary complete distribu-
tive lattice. Also Winter introduced a notion of Goguen categories, namely, Dedekind
categories with a kind of cut operators, and characterized crisp L-relations. Now, a
question arises;

Under which assumption of the underlying lattice is it possible to characterize
in terms of Dedekind categories without adding cut operators?

One of main results in this paper answers to this question;

The notion of s-crispness coincides with ordinary crispness of L-relations if
the ordering on L is linear in the neighborhood of the least element.

This condition is fulfilled by the unit interval [0, 1], which is the case of fuzzy relations
in the sense of Zadeh (1963).

In addition to the notion of s-crispness we provide another notion of crispness by
using a concept of points. Then our notions of crispness is compared to one another and
also compared with an ordinary notion of crispness of L-relations.

This paper is organized as follows: In Section 2 we first state the definition of
Dedekind categories as a categorical structure formed by L-relations with sup-inf com-
position. Also we define a preoder amang objects of Dedekind categories which com-
pares the lattice structures on objects in a sense. In Section 3 we recall the definition
of L-relations, due to Goguen (1967). Section 4 studies notions of scalars for Dedekind
categories. The scalars on an object form a distributive lattice, which would be seen as
the underlying lattice structure. In Section 5 we study notions of crispness in Dedekind
categories and also in L-relations.

2. Dedekind Categories

In this section we recall the fundamentals on relation categories, which we will
call Dedekind categories following Olivier and Serrato (1995). Dedekind categories are
called locally complete division allegories in Freyd and Scedrov (1990).

Throughout this paper, a morphism o from an object X into an object ¥ in a
Dedekind category (which will be defined below} will be denoted by a half arrow o :
X — Y, and the composite of a morphism ¢ : X — Y followed by a morphism 3:Y — Z
will be written as af : X — Z. We denote the identity morphism on an object X by
idx.

DEFINITION 2.1. A Dedekind category D is a category satisfying the following:
D1. [Complete Distributive Lattice] For all pairs of objects X and Y the hom-set
D(X,Y) congisting of all morphisms of X into Y is a complete distributive lattice with
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the least morphism Oxy and the greatest morphism V xy. Its lattice structure will be
denoted by
DX,Y) = (D(X,Y),5, U, N, 0xy, Vxy)

and satisfies the following conditions;

(a) C is a partial order on D(X,Y), (b) Va € D(X,Y) : Oxy L a C Vxy, (e} Uafx C
a <> VA: 8 Ca (d)aTMby < VA:aL B, (e) aN(Uab) = Ux(aNB).
D2. [Converse] There is given a converse operator ! : D(X,Y) — D(Y, X) for all pair of
objects X and Y. That is, for all morphisms a,o/ : X — Y, 8:Y — Z, the following
involutive laws hold:

(8) (aB) = B, (b) (") = a, (c) If « C o, then of C o™,

D3. [DedekindFormula]Forallmorphismsa:X—.rY,ﬁ:Y—rZand'y:X—thhe
Dedekind formula a8 Ny C o 81 o) holds.

D4. [Residue] For all morphisms §:Y — Z and v : X — Z the residue (or division,
weakest precondition) ¥ = 3 : X — Y is a morphism such that a8 T -y if and only if
o C 4 + 3 for all morphisms a: X — Y.

ExaMpPLE2.2. Consider a category Relp whose objects are all nonempty sets and in
which a hom-set Rely(X,Y) between objects X and Y is the set of all (binary) relations
on X if X =Y, and Vxy = Oxy otherwise. That is, a hom-set Relo(X,Y) is a singleton
set when X and Y are distinct. Then it is easy to verify that the category Relp is a
Dedekind category. The conditions (D1) and (D2) are trivial, and (D3) and (D4) also
hold as follows: If X = Y = Z, then (D3) and (D4} are clear. If X =Y # Z, then
B=0yz,y=0xzand y+3=Vxx X #Y,thena=0xy and y+ 8 =0xy.

Throughout the rest of this section, all discussions will assume a fixed Dedekind
category D. The greatest morphism Vxy is called the universal morphism and the least
morphism 0xy the zero morphism. A morphism is nonzero if it is not equal to the zero
morphism. An object X is called nonzero if Vxx # Oxx. A morphisma: X — Y is
complemented if it has a complement morphism o~ : X — Y such that c U™ = Vxy
and aMNoa~ =0xy.

ProPOSITION2.3. Leta,o : X =V, 8,8 Y = Z,v: Y —-Z andbé:Z2 - X
be morphisms in D, and W an object of D.

(a) (aVyz M) Vzw = aVyw NyVzw and Vwz(VzxaMs) = Vwxa N Vwzé,
(b) aVyxVxw = aVyw and VwyVyxo = Vwxa,

(¢) VxxVxy = VxyVyy = Vxy,

{d) FaUa' = Vxy, aNa’ =0xy end Vxxa =a, then Vxxa' = o/,

(e) FuCidx and v’ Cidx, then W =uu=u anduv’ = uNv/,

(f) FuClidx and v Cidy, thenua=aNuVxy end ow = aNVxyv.

ProoF. (a) It is trivial that (aVyz N YVzw C aVyw N7Vzw. Conversely,

aVyw N Vzw C (aVywVhy NY)Vzw
= (C!Vyz rl’)’)VzW .
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{b) It is trivial that oVyxVxw C aVyw. Conversely,

aVyw NVxw
(aVywvg(w Midx)Vxw
aVywVwxVxw
aVYxwa .

aVyw

I

(c) Immediate from Vxy = idyVxy C VxxVxy.
(d) It is trivial that o/ C Vxxa'. Note that Vxxa’ N a = 0xy, because

Vxxo'NMal Vxx(ﬂtranxa) = Vxx(a'l_!a) =0xy .
Then we have
Vxxa =Vxxao'n Vxy = Vxxa'rl(a LJa') = (Vxxa' i'la) U(Vxxarl"l O.f') C o .

(e) Assume that 4 C idx. Then u = uNidyx C u(idx Nu!) C uu C «¥. Similarly it can
be shown that u! C u holds. uu C u is trivial, and ¥« = »uNidx C u(idx N u!) = uu.
Assume that «' C idx. Then ue’ = v’/ N’ C uNw’ and 4 N C ulidx Nuly’) Cu',
(f) follows from ua = uaNVxy Cu(aNuwVyy) EaNuVyy C u(t*aNVxy) = uo.

0

The statement (c) in the last proposition indicates that if Vxy # Oxy, then both of X
and Y are nonzero.

REMARK. In general, VxyVyz = Vyxz does not always hold. Consider a cate-
gory Rel whose objects are all sets and in which a hom-set Rel(X,Y) between objects
X and Y is the set of all relations from X to Y. Clearly, the category is a Dedekind
category. If a set Y is empty one and X, Z are nonempty sets, VxyVyz = Oxz but
Vxz #0xz.

PROPOSITION 2.4. Let o : X — Y be o morphism such that Vxxa = a. Then
the following three conditions are equivalent: (s) idx T aa¥, (b) Vxx = aof, (c)
Vxx =aVyx.

Proof is omitted; it may be found in Kawahara et al. (1999). 0

For a morphism o : X — Y and an object W define a morphism ¢w(a) =
VwxaVyw Nidy : W — W.

LEMMA 2.5. Leta: X — Y be ¢ morphism and W an object. Then
(8) dw(@)Vwz = VwxaVyz and Vzwow (a) = VzxaVyw for each object Z,
(b) dw(dx{a)} = dw(dy(a)) = dw (e},
(c) dwla) = dw(at),
{d}) If Vxy = VxwVwy, then a C Vxwow(e)Vwy,
(e) If Vxy = VxwVwy, then ¢w(a) = Oww is equivalent to @ =Oxy.
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ProoF. (a) The former follows from
dwl(a)Vwz = (VwxaVyw Nidw)Vwz = VwxaVyz

using proposition 2.3(a). The latter is similar.
(b) follows from

dw(dx(a)) = Vwxox{a)Vxw MNidw
= VwxVxxaVyw Nidu
= VwxoVyw Nidw
= dwla)
and
dw(¢y(a)) Vwy oy (@)Vyw Nidw

VwxaVyyVyw Nidw
VwxaVyw Nidy

pwia)

1 T (|

by (a) and proposition 2.3(c).

DIX,Y) 2 DX, X)
¢y ‘I_éw
DY,Y) o D(W, W)

(c) First, for each o’ : X — ¥, it holds that Vwxa'Vyw = (Viwxa'Vyw)? since

Vwxa'Vyw NVww

Vwxe (Vyw N C!"HV%VXVWw)
Vwy @'V xw

(Vwxa'Vyw)t

Vwxa'Vyw

1R In H

and

Vwye ' Vxw NVww
Vara™(Vxw No'Vew Vaw)
Vwxa'Vyw .

(VwxaVyw)

win

Then it follows from

¢Sw(a") = VwyafVxwNidw = (waa"wa)“I'lidw = VwxaVywnidw = dwia) .

(d) I Vxy = VxwVwy, then

aVxy

alNVxwVwy
Vxw(VwxaVyw Nidw)Vwy
Vxwéw(a)Vwy .

o

[

(e) iz immediate from {d). D
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A binary relation < among objects of D is defined as follows: For two objects X and
Y, & relation X < Y holds if and only if Vxx = VxyVyx. (Note that the three
conditions Vxx = VxyVryx, idx C VxyVyx and ¢x(idy) = idy sre mutually
equivalent.) It is easy to see that < is a preorder, that is, reflexive and transitive. For
Vxx = VxxVxx, and if Vxx = VxyVyx and Vyy = VyzVazy, then Vxx =
VxyVyvyVvx = VxrVyzVzyrVyx C VxzVzx. Hence its symmetric kernel with
X ~Yifand only if X <Y and ¥ < X, is an equivalence relation. Remark that in the
category Rely of 2.2, two distinct objects are never equivalent.

PROPOSITION 2.6. Assume that X < Y. Ifu C idx, v C idx and uVxy C
w'Vxy, thenuC o',

PrOOF. It follows from Vxx = VxyVyx that 4 = idy NuVyxxy = idx N
uVxvVyx. O

DEFINITION 2.7. A Dedekind category D is uniform if all pairs of objects of D are
equivalent, that is, if X ~ Y for all objects X and Y of D.

A morphism f: X — Y such that f#f C idy (univalent) and idx C ff* (total) is called
a function and may be introduced as f : X — Y,

PROPOSITION 2.8.  (a) If there exists @ total morphisma: X — Y, then X <Y,
(b) If there exists o function f: X =Y, then X < Y.
() X <W orY <W, then Vxy = VxwVwy.
(d) FX <Y and Vxy = VxwVwy, then X < W.

(&) If X <Y and Vxy = plq for some functions p: W — X andq: W = Y, then
X ~W.

PROOF. (a) idx C act C VxyVyx.
(b) is a just corollary of (a).
{c) If Vxx = VxwVwx, then Vxy = VxxVxy = VxwVwxVxy C VxwVwy.
(d) Vxx = VxyVyx = VxwVwyVyx C VxwVwx.
(e) First note that W < X by (a). Since Vxy = pl'g C VxwVwy, it follows from (d)
that X < W. ]

3. L-Relations

Let L be a complete distributive lattice (or, a complete Heyting algebra} with least
element 0 and greatest element 1. The supremum (least upper bound) and the infimum
{greatest lower bound) of a family {k1} of elements in L will be denoted by Vakx and
Axky, respectively. For two elements a,b € L the relative pseudo-complement of &
relative to b will be written az @ = b. Now recall some fundamentals on L-relations.

Let X and Y be sets. An L-relation R from X into ¥, written R: X — Y, is a
function R : X x Y — L. L-relations on finite sets may be expressed by matrices on a
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lattice L of membership values. For instance, let L = {0,4,b,1}, X ={1,2}, Y = {3,4}.
Then a matrix

0 b

1 a

expresses an L-relation R : X — Y given by R(1,3) = 0,R(1,4) = b5, R(2,3) =
1, R(2,4) = a. The set of all L-relations from X into Y will be denoted by L-Rel(X,Y).
An L-relation R is contained in an L-relation S, written R C S, if R(z,y) < S(z,y)
for all {z,y) € X x Y. The zero relation Oxy and the universal relation Vxy are
L-relations with Oxy(r,y) = 0 and Vxv(z,%) =1 for all (z,y) € X x Y, respectively.
It is trivial that C is a partial order, and Oxy C R C Vxyv for all L-relations R. For a
family { Ry} of L-relations we define L-relations Uy R, and NyR, as follows:

(UaRa)(z,9) = VaRa(z,y) and (MR}, y) = AsRa(2,y)

for all (z,y) € X x Y. It is obvious that UyR, and ryR, are the least upper bound
and the greatest lower bound of a family {Rj}, respectively, with respect to the order
C. The composite RS(= R;5) : X — Z of an L-relation R: X — Y followed by an
L-relation §: Y — Z is defined by

(R8)(z, 2} = Vyer |R(z, y) A S(y, 2)]

for all (x, z) € X x Z. This composition of L-relations is called sup-inf composition. The
composition is associative, i.e. the equation (RS)T = R(ST) holds for all L-relations R,
5 and T'. The identity relation idx of a set X is an L-relation such that idx(z,z'} =1
if z =2’ and idx(x, ) = 0 otherwise. The unit laws idx R = R and Ridy = R hold for
all R: X — Y. The converse (or transpose) RY : ¥ — X of an Lrelation R: X — Y is
defined by

Rl(y,z) = R(z,y)

for all (y,z) € Y x X. For Lrelations § : Y — Zand T : X — Z, the residue
T+ 5:X —Y is defined by

(T - S)(Iv y) = AZEZ[S(yi z) = T(z, Z')l

for all (z,y) € X x Y. The readers can easily see that L-relations and their operations
defined above satisfy all axioms of Dedekind categories; only D3 (Dedekind formula)
and D4 (Residues) are not so obvious, and will be proved in the following:

ProrOSITION3.1. Let R: X - Y, 5: Y — Z and T : X — Z be L-relations.
Then

(a) RSNT C R(S N RIT) (Dedekind formula),
(b) RSCT ifandonlysf RC T+ S.

PROOF. (a) Since R¥(y, z) AT(z, z) < (RIT)(y, 2), for all (z, 2) € X x Z we obtain

that
(RS NT)(z,z) Vyer [B(z, ¥} A S(y, 2)} AT(z, 2)

Vyev [R(z, y) A Sy, 2} A T(x, 2}]
Vyer [R(z, ¥} A S(y, 2} A R¥y, z) ATz, 2)]
Vyer [R(z, y) A Sy, 2) A (BMT)(y, 2)|
Vyev [R(z, ¥} A (SN RIT)(y, 2)]
[R(S 0 R¥))(x, 2) .

Ak n
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(b) follows from the following equivalence:

RSCT VzVz : (RS)(z, 2) < T(z, 2)

VzVz : Vyey |[R(z, y) A Sy, 2)] < T(z,z)
Yovz¥y : R{x, y) A S(y,2) < T(x,2)
Vzvavy : Rz, y) < ${y,2) = T'(x,2)
Vavy : R(x, 1) < Avez[S(2) = T(z, 2)]
VaVy : R(zr,y) < (T + S)(z,9)
RCT=8.

preeege

0
An L-relation k : X — X is a scalar (represented as a scalar matrix) if and only if
va,2' € X : k(z,z) =k(z',z')and x £ 2' = k(z,2'} =0 .
Scalar L-relations can be characterized algebraically:

PrOPOSITION 3.2. R is a scalar relation on o set X if and only if R C idx and
RVyxx =VxxER.

Proor. Remark that

RVXX(“’! y) VzEX(R(z’ z) AVxx (zl y))
R{z,x) AV xx(z.¥)

Rz, x)

forall z,y € X if R C idx. (Similarly Vxx R(z,y) = R(y,y).) Now assume that Ris a
scalar L-refation. Then it is trivial that R C idyx. Thus

RV xx(z,y) = R(z,x) = R(y,y) = Vxx R(z,y) -

Next assume that R C idx and RVxx = Vxx . By R C idx we obtain R(J:, y) =0if
z #y. Also R(x,x) = RVxx(z,y) = VxxR(z,y) = R(y,y) for all 7,y € X. Therefore
R is a scalar L-relation. o

4. Scalars

We now introduce a notion of scalars in Dedekind categories.

DEFINITION 4.1. Let X be an aobject of a Dedekind category D. A scalar k on X
is a morphism & : X — X of D such that & Cidx and ¥V xx = Vxxk.

A scalar k on X commutes with all endomorphisms o : X — X, that is, ka = ek,
becanse
ka=aNkVyx =aflVxxk=ak .

It is trivial that the zero morphism 0xx : X — X and the identity morphism idy :
X — X are scalars on X. The set of all scalars on X iz denoted by F(X). It is clear
that F(X) is a complete distributive lattice for all objects X. A morphism £: X — Y
is called an ideal if Vxx£Vyy = £. The notion of ideals in relation algebras was
initially introduced by Jénsson and Tarski (1952). The following lemma shows that
scalars bijectively correspond to ideals in a sense.
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LemMad.2. (&) If€: X — Y is an ideal, then k = {Vyx Nidx s ¢ scaler on
X such that £ = kVxy.

(b) If X <Y and k is a scalar on X, then £ = kVxy is an ideal such that k =
EVyx Nidy.

PRCOF. (3) We have
(Vyx Nidx)Vxx =&Vyx MV xx = &Vyx

and

Vxx{EVyx Nidx) = Vxx(VxxEVyyVyx Nidx) = Vxx&VryVyx = EVyx

by proposition 2.3(a), which means that {Vyx Midx is a scalar on X. Also it holds
that (Vyx Nidx)Vxy =&Vyy =&
(b) By VxvVyx = Vxx we have

Vxx(kVxy)Vyy =kVxxVxyVyy =kVxy

and .
(kVxy)¥Vy¥x Nidx =kVxx Nidx = kidx =k .0

Remark that ¢x (k) = k for all scalars k on X.

ProrOSITION4.3. Leta: X — Y be @ morphism. Then
(a) dw{c) is a scalar on W,
(b) FX XY, then ¢x{(dv(k)) =k for all scalars k € F(X),
(¢) If X ~ Y, then F(X) and F(Y) are isomorphic as laltices,
(d} dx(k)o = apy(k} for all scalars k on W,

(¢) If o # Oxy, then there is a nonzero scalar k € F(X) such that
Vxxav‘yy =kVxy.

ProoF. (a) Set W = Z in Lemma 2.5(a}. Then ¢w(a)Vww = VwxaVyw =
Vwwow(a).
(b) First note that ¢y {(k)Vyx = VyxkVxx by Lemma 2.5(a) and so

Vxyoy(k)Vyx = VxyVyxkVxx = VxxkVxx =kVxx .

Hence we have ¢x(dv(k)) = Vxyédy (k)Vyx Nidx = kVxx Nidx = k& by proposition
2.3(f).

(c) is obvious from (b).

(d) By Lemma 2.5(a) we have ¢x(k)Vxy = VxwkVwy = Vxydy (k). Consequently
it holds that ¢x(k)a = aMex(k)Vxy = aN Vxyov(k) = ady(k).

(e) Set k = ¢x(e). Then it is clear that k is a scalar on X by (a) and VxxaVyy =
k¥ xy by Lemma 2.5(a). And k is nonzero by Lemma 2.5(e), since « ie nonzero. (Cf.
Kawahara et al. (1999), Theorem 5.4) a
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From the above Lemia 4.2(a) we have ¢w as a mapping ¢w : D(X,Y) — F(W).

Fact 1
dwidx(a)) = Vwxdx{a)Vxw Nidw
= VwxyxaVyw Nidw
= VwxaVyxVxw Nidw
and
dwidy(a)) Vwyéy(a)Vyw MNidw

VwxaVyw Nidw
VwyVyxaVyw Nidw

by Lemma 2.5(a). In particular, the following holds for oo = Vxvy:

VwxVxyVyw Nidw VwxVxyVyxVxw DNidw

= VwyVyxVxyVyw Nidw .

ProPosITION 4.4. If all nonzero morphisms o : X — X satisfy VxxaVxx =
Vxx (Tarski rule), then there is no scalar on X except for the zevo morphism Oxx and
the identity idx.

Proor. Let k be a nonzero scalar on X. Then, by the Tarski rule, we have
EVxx = kVxxVxx = VxxkVxx = Vxx.and so k = idx N kVxx = idx since
kCidy. [}

5. Crispness

In this section we study notions of crispness in Dedekind categories. First of all
recall the definition of (0-1) crispness of L-relations. '

An L.relation B : X — Y is called 0-1 crisp if R(z,y) = 0 or R{z,y) = 1 for
all (x,y) € X xY. Of course Oxy, Vxy and idx are 0-1 crisp. For a 0-1 crisp L-
relation R : X — Y define an L-relation B : X — Y by R(z, ¥} = 0if R(z,y) = 1 and
R(z,y) = 1 otherwise. Then RUR = Vxy and RN R = Oxy. This fact means that
all 0-1 crisp L-relations are complemented. Note that all identity L-relations idy are
always complemented and & singleton set I is a unique set (up to isomorphisms) such
that 077 # id; = V-

Now we introduce a notion of crispness in Dedekind categories which is called s-
crispness.

DEeFINITION 5.1. A morphism & : X — Y is s-crisp (scalar crisp) if k7 € o implies
7 C a for all nonzero scalars &£ : X — X and all morphisms 7: X — Y.

It is trivial from the above definition that every universal morphism V xy is s-crisp.

A unit object I of D is an obiect of D such that 07y # idy = V7. Using a notion
of a unit object we define a notion of I-crispness in Kawahara et al. (1999). The notion
of I-crispness is defined only in hom-sets D(I, _) from a unit object I but the notion of
s-crispness is defined in any hom-gets. And an I-crisp relation is a s-crisp relation from
a unit object. So s-crispness is a generalized notion from J-crispness.
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ProposiTion5.2. (a) If X <Y and a morphism o : X — Y is s-crisp, then
o .Y — X is s-crisp.

{b} The infimum of s-crisp morphisma is s-crisp.

() If f: X = Y is a function and a morphism B : Y — Z is s-crisp, then the
composite f3: X — Z is s-crisp.

(d) If the identity idy is s-crisp, then all functions f : X — Y are s-crisp.

(e} A morphisma : X — Y is s-crisp if and only if its relative pseudo-complement
o' = o is s-crigp for every morphismo’ : X — Y.

(£} IfzNp £ Orx and I is a wunit object for a function x : I — X and an s-crisp
relation p: I — X, then x T p.

PROOF. {a) Assume that a : X — Y is s-crisp and kr C of for a nonzero scalar
konY and a morphism 7 : ¥ — X. Then ¢x (k) = 74k = (kr)! C (a*)! = @ and s0
¥ C a, since ¢x(k) is a nonzero scalar on X by Lemma 2.5(e). Hence 7 C af.

(b) Assume that a; : X — Y is s-crisp for i € I and kT € Miera; for a nonzero scalar k
on X and a morphism 7: X — Y. Thenwe have kr C o foralli € 1, and so 1 C ay
by s-crispness. Hence 7 T Mg rov;.

{c) Assume that kr C fj for a nonzero scalar k on X and a morphism 7 : X — Z.
First note that ¢y (k) is a nonzero scalar by Lemma 2.5(¢} and proposition 2.8(b), and
dv(k)f} = ftk by proposition 4.3(d). Then we have ¢y (k)ffr = flhir C fIfBEC B
and so ffr C S by the s-crispness of 3. Therefore 7 C fff7 C f5, which completes the
proof.

(d) is a special case of (b).

(e) First assume that & : X — ¥ is s-crisp and k7 C o’ = o for & nonzero scalar &k and
morphisms 7,0’ : X — Y. Then we have k(7 Na') =krNo’ Caandso7Na' C a,
since & : X — Y is s-crisp. Therefore 1 C o’ = a. Conversely, if &’ = a is s-crisp for
all morphisms o' : X — Y, then o = Vxy = « is s-crisp.

{f) Note that (z M p){z N pM'z C paPz C g and (z M p)(x M p)! is & nonzero scalar by
N p # 0rx. It follows from the s-crispness of p that z C p. (Consequently p is total
since it contains a total relation z.) This completes the proof. (u]

It immediately follows from the last proposition 5.2(c} that every composite of
s-crisp functions i3 also an s-crisp function.

THEOREM 5.3. The following four statements are equivaleni:
(a) If k #0xx and kNk' = 0xx for scalars k, k' € F(X), then ¥ =0xx,

(b) The zero morphism Oxy is s-crisp for every object Y (that is, if kT = Oxy for a
nonzere scalar k on X end a morphism17: X = Y, then v = Oxvy ),

(¢) For every morphism o : X — Y, its pseudo-complement ~a : X — Y is s-crisp,

{(d) Every complemented morphism o : X — Y is s-crisp.
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PROOF. (a)=-(b) Assume that kr = Oxy for a nonzero scalar £ on X and a
morphism 7 : X — Y. Recall that ¢x(7) is a scalar on X. Hence we have kM @x () =
kpx(T) = M(VxxmVyx Midx) C kVxxTVyx = VxxkrVyx = Oxx. It follows from
(a) that ¢x (7} = Oxx and so 7 = Oxy by Lemma 2.5(e). Hence Oxy is s-crigp. (b)=-(a)
is trivial. (b)<{c)<=(d) is a corollary of the last proposition 5.2. ]

Next we investigate a relationship between the notions of s-crispness and 0-1 crisp-
ness of L-relations.

ProrosITION 5.4. All 3-crisp L-relations are 0-1 crisp.

PROOF. Let an L-relation B : X — Y be s-crisp. Assume that a = R(zq, yo) is
not equal to 0 £ L for some point (zg, )} € X x Y. Consider a scalar £ on X such
that k(z,2’) = a if z = 2’ and k(z,2") = 0 otherwise, and an L-relation T : X — Y
such that T(z,y) = a = R(z,y) for all {z,y) € X x Y. Then we have k7" C R, since
(kT)z,y) = an(a = R{z,y)) < R(z,y) for all (z,y) € XxY. Hence T C R follows from
the fact that B : X — Y is s-crisp. Finally we have 1 = (a = a) = T'(xp, 0) < R{zo, %0),
which shows R is 0-1 crisp. O

The converse of the last proposition does not hold in general. Its necessary and
sufficient condition is given by the following:

PROPOSITION 5.5. For L-relations the following statements are equivalent:
CO. Va,be L:anb=0=a=00rb=0,
K0. All 0-1 crisp L-relations are s-crisp.

PrROOF. First assume that CO and kT C R for a scalar k on X, an L-relation
T: X =Y, and a (-1 crisp L-relation B : X — ¥. To prove that R is s-crisp we
have to show that T(x,y)} < R(z,y) for all (z,y) € X x Y. Since R(z,y) =0o0r 1 by
the 0-1 crispness of R it is enough to show that if R(z,y) = 0 then T(z,y) = 0. But
(kT)(z,y) = k(z,2) AT(z,y) < R(x,y). Hence when R(z,y) = 0, we have T{z,y) = 0
from CO and k(z,x) # 0. Conversely assume that KO and e Ab =0 for a,b € L. Define
a scalar ¥ on a singleton set 7 = {*} and an L-relation R: I — I by k(»,*) = a and
T(»,+) = b, respectively. Then kT = 07 and so k = 0;y or T' = 04 since 0y; is s-crisp
by the assumption K0. [

PROPOSITION 5.6. For L-relations the following statements are equivalent:
ClL VebeLl:anb=0andavb=1=2a=00rb=0,
K1 All .complemented L-relations are (-1 crisp,
K2. All L-relations which are functions are 0-1 crisp.
PrROOF. Trivial. D

The following proposition means that the s-crispness for L-relations is too strong.
This alerts that the notion of s-crispness does not always work as desired.
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PROPOSITION 5.7. Let X be an object of a Dedekind category D. If there exist two
nonzero scalars k and k' on X such that kO k' = Oxy, then there is no s-crisp relation
a: X — Y except for the universal relation V xy for all objects Y of D.

PROOF. We have to show that if a relation o : X — Y is s-crisp then a = Vxy.
Now let a be s-crisp. Then k(k'Vxy) = (kMk)WVxy = 0xxVxy = 0xy C o. Hence
EVyxy Caand Vyy C o by the s-crispness of o. m}

COROLLARY 5.8, Assume that there exist two nonzere elements a,b € L such that
a Ab= 0. Then there i3 no s-crisp L-relations except for the universal L-relations.

COROLLARY 5.9. Let (X,Y) be an object of the product Dedekind category D x D.
Then the lattice of scalars on (X,Y) is the product of two lattices of scalars on X and Y,
that is, F(X,Y) = F(X)xF(Y), and two nonzero scalars {idx,0vy) end (Ox x,idy) are
mutually complements. Hence oll s-crisp relations in D x D are just universal relations.

Although, as we have seen in proposition 5.5, s-crispness and 0-1 crispness are
equivalent in L-relations when I satisfies the condition C0. For example, in fuzzy rela-
tions that may be the most applicable case, s-crispness exactly represents 0-1 crispness.

Next we will state a kind of crispness which was originally suggested by Wolfram
Kahl,

DEFINITION 5.10. A scalar k on X is called linear if and only if for every scalar &'
on X an equation k Mk’ = 0xx implies ¥’ = 0xx.

Let W(X) denote the set of all linear scalars on X. Every identity idx is obviously
linear. Note that a scalar k on X is linear if and only if its pseudo-complement -k (=
idx M (k = 0xx)) in F(X) is equal to Oxx.

LEMMA 5.11. If X is a nonzero object, then W(X) is a filter of F(X).

PROOF. 0) It is trivial that Oxx is not a linear scalar, whencver X is nonzero.
i) If ko, k1 € W(X), then ko N ks € W(X): Assume (ko N k) Nk’ = Oxx. Then
koM (kiMk’) = 0xx and so k, Nk’ = 0xx, which shows k' = 0xx. ii) If ks € W(X) and
k1 € F(X) with ko C &y, then &y € W(X): Assume ki NE& =0xx. Then koNk' =0xx
and so k' = 0xx. 0

So the set of linear scalars on X is a sublattice of the lattice F(X) of all scalars on
X, and as such it is distributive.

DEFINITION 5.12. A morphism a: X — Y is [-erisp (linear crisp) if k7 C o implies
7 E « for all linear scalars k: X — X and all morphisms r: X — Y.

PROPOSITION 5.13. Every zero morphism Oxy 48 -crisp.
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PROOF. Assume that k7 = Oyy for a linear scalar & on X and a morphism

7:X =Y. Then

kNgx(7) kgx(T)
E(VxxTVyx Nidx)
Oxy

and so ¢x (1) = Oxx. Hence 7 = Oxy by Lemma 2.5(e). o

[ Il

DEFINITION 5.14. An element a of a lattice L is called linear if a A b = 0 implies
b=0for be L.

. Let k: X — X be an L-relation on a nonempty set X. If k is a linear scalar, then
k(z,x) is linear in L for all x € X.

Assume that k(z,z) Aa = 0 for ¢ € L. Now consider a scalar ¥’ : X — X such
that k'{x,z'} = ¢ if z = 2, and k¥'(z,2') = 0 otherwise. Then k Nk’ = Oxx and so0
k' = Oxx by the linearity of k. Hence a = 0, which proves that k(z, x) is linear.

PROPOSITION 5.15. All 0-1 erisp L-vrelations ere [-crisp,

PROOF. Let an L-relation R : X — Y be (-1 crisp and assume that kT C R
for & linear scalar k on X and an L-relation T : X — Y. We have to show that
T(z,y) < R(z,y) for all (z,y) € X X Y. Now k{z,2) AT(z,y) < (kT)(z,y) < R(z,y),
and since k(z,z) is linear, it follows that R(z,y) = 0 implies T'(z,y) = 0, which is
sufficient since R(z,y) can only be 0 or 1 by 0-1 crispness. o

The converse of the above proposition does not hold: Consider a Boolean lattice
L having a nontrivial element s such that ¢ # 0 and s # 1, and define an L-relation
R:X — X by R(z,z) = sif z = =’ and R(z, 5') = 0 otherwise. Then it is clear that R
is l-crisp, but not 0-1 crisp. Generally for a Boolean lattice L every L-relation is l-crisp
since the identity idx is & unigue linear scalar on X.

At the end of this section, we will state a kind of crispness which is called p-
crispness.

A strict unit T of D is an object of D such that Opy # id; =V and Vx;Vix =
Vxx for all objects X. Let X be an object X of D. An I-point = of X is a relation {or
a morphism} x : I — X such that zhz C idx {(univalent) and idy C zzk (total), that is,
an I-point « of X i3 a function from a strict unit I into X. A notation z € X denotes
z is an I-point of an object X.

Note that I-points in Kawahara et al. (1999) were required to be I-crisp as well as
to be functions. A notion of point relations (points) in homogeneous relation algebras
was introduced by Schmidt and Strohlein (1985).

DEFINITION 5.168. A relation o : X — Y is p-crisp (point-wise crisp) if zaVyy =
idy or za = Oyy for all I-points z : I — X. (Note that za = Ory iff zaVyr = 0;r.}

It is trivial from the above definition that all zero relations 0xy and all total rela-
tions are p-crisp. So all functions f : X — Y are p-crisp. Remark that every universal
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relations Vxy is not always p-crisp (total). For example, take a universal relation
Ve = (ids, Oz9) in the product category Rel x Rel of the category Rel of sets
and relations, where I = {*}. Then id; nVunueyVana,n = (idy, Orp)iidy, Ogz) =
(idr, 017} (# Or,ryr.ry 8nd # id(z.ny). (Note that id(y,;) is a unique I-point of (I,1).)
Thus V;,1y(1,¢) i8 not p-crisp (of course not total).

Let L = {0,1}% = {0,a,b,1}. Then an L-relation (a,b) : {x} — {1,2} is total and
80 p-crisp, since

(a,b)(a, b)! = (a, b)( s ) =(1) =idgy -

But (a,b) is not s-crisp because it is not 0-1 crisp. (Cf. proposition 5.4.} Hence this
example shows that p-crisp relations are not always s-crisp.

PROPOSITION 5.17.  {(a) The supremum of p-crisp relations are p-crisp.

(b) Ifz is an I-point of X and f : X — Y is a p-crisp partial function, thenzf = 01y
orzf is an I-point of Y.

(c) If x is an I-point of X and v : X — X is a p-crisp relation such that u € idx,
then zu=0;x orau=2x.

{(d) The composite of a p-crisp partial function followed by & p-crisp relation is p-crisp.

PROOF. (a) Let oj : X — Y (j € J) be p-crisp relations and z : I — X an I-point.
If 2(Ujesa;) # Oy, then za;Vy = id; for some j € J and so z(Ujeya;)Vyr = id;.
(b) Let f: X — Y be a p-crisp partial function and z: I — X an I-point. As x and f
are univalent, the composite zf is also univalent, that is (zf)!(zf) C idy. Now assume
that zf # O;y. Then zfVy; = id; and 80 zfVyy = Vyy from Vy;Viy = Vyy.
Hence xf is an I-point of Y.
(c) It is clear from (b) that zu = O;x or zu is an J-point of X. When zu is an I-point,
we have xu = z from xu C 2.
(d) Let f : X — Y be a p-crisp partial function, 8 : Y — Z a p-crisp relation and
£ : I — X an I-point. Assume that £f8 # 07z. Then xf # Oy and zf is an J-point
of Y by (b). Hence zf8Vz; = id; by the p-crispness of 8. This means that ff3 is
p-crisp. : W]

PROPOSITION 5.18. Assume that there are nonzero relations k, k' : I — I such that
kUK =idy and kK’ = 077, If zaVyy = 07 for an I-point z : I — X and ¢ p-crisp
relationa : X — Y, then yaVy; =0j7 for all I-points y: I — X.

PROOF. Let x,¢: I — X be an I-point of X and set z = kx Uk'y. Then z is also
an I-point of X, since #*z = (zfk Ltk (kx U k'y) = a'ke Uy k'y C zlz Uy C idx
and zz! = (kx U Ky)(atk U y*%") O kzalk U Kyfk' J kEUK'K = kUK = id.
Now assume that yaVyr # 077. Then yaVy; = idy by the p-crispness of o and so
zaVyr = (kx UK y)aVyr = kxaVy; UK yaVyr = k'. Again from the p-crispness of o
it follows that 2aVy; = k' is equal to ;7 or id;, which is a contradiction. O

PROPOSITION 5.19. Assume that Uyeyy = Viy. Then all s-crisp relations « :
X — Y are p-erisp.
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PRoOOF. Let a: X — Y be s-crisp. We have to see that for all I-points z : ] — X
the composite za is total unless za = 0;;. Assume that za # 0;;. Then by the
assumption Uyeyy = Vry there is some I-point ¢ : I — Y such that za Ny # 0;5y.
Recall that xo is s-crisp by proposition 5.2(c} and so y C za by proposition 5.2(f), which
claims that ra is total. ]

COROLLARY 5.20. All s-crisp L-relations are p-crisp.

Remark that every 0-1 crisp L-relation is not always p-crisp. Let L = {0,1}% =
{0,a,b,1} and take a 0-1 crisp L-relation « : {1,2} — {1,2} given by

{10
a={ 40 ) -
Then for an I-point (a,b) : {+} — {1,2} we have (a,b)aV (3 2}(.} = (a), which means
that o is not p-crisp.

(a,b)orV (1,2} (e} = (@, b) ( {1) g ) ( i ) = (a) .

PROPOSITION 5.21. Assume that the class of s-crisp relations is closed under com-
position. Then all s-crisp relations are p-crisp.

PRroOF. Let o : X — Y be s-crisp and z : I — X an I-point. Recall that Vy; is
g-crisp and so aVy  is s-crisp by the assumption. By proposition 5.2(c) zaVy; is also
s-crisp. Since a nonzero s-crisp relation k (= zaVyy) : I — I is equal to idy (forid; C k
from kid; C k), xaVyy = 0y7 or id;. (1]

6. Conclusion

In this paper, we introduce new notions of s-crispness, l-crispness and p-crispness
in Dedekind categories to specify crisp L-relations in terms of Dedekind categories and
compared with each other. As Winter (2000) reported, Dedekind categories do not have
enough operators to characterize crisp L-relations in the case that L is an arbitrary
lattice. So, all of our new notions of crispness may not work to capture crispness of
L-relations in general. Although, we made clear that the notion of s-crispness coincides
with ordinary crispness of L-relations if the ordering on L is linear in the neighborhood
of the least element. In fact the condition is fulfilled by the unit interval [0, 1], which is
the case of fuzzy relations in the sense of Zadeh (1965).
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