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CRISPNESS IN DEDEKIND CATEGORIES

                  By 

Yasuo KAWAHARA* and Hitoshi FURUSAWAt

Abstract 

  This paper studies notions of scalar relations and crispness of relations in terms 

of Dedekind categories. It is well-known that a category of Lrelations in the sense 

of Goguen is a Dedekind category. To compare with an ordinary notion of crispness 

of Lrelations, we introduce three notions of crispness in Dedekind categories.
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1. Introduction 

   Just after Zadeh's invention of the concept of fuzzy sets, Goguen (1967) generalized 
the concepts of fuzzy sets and relations to L(fuzzy) sets and L(fuzzy) relations. The 
sets of membership values of L-sets and Lrelations are arbitrary lattices instead of the 
unit interval [0,1]. 

   On the other hand, the theory of relations, namely relational calculus, has been in
vestigated since the middle of the nineteen century. Almost all modern formalisations of 
relation algebras are affected by Tarski (1941) . Maddux (1991) summerized the history 
of relation algebras. Mac Lane (1961) and Puppe (1962) exposed a categorical basis for 
the calculus of additive relations. Freyd and Scedrov (1990) developed and summarized 
categorical relational calculus, which they called allegories. In relational calculus, one 
calculates with relations in an element-free style, which makes relational calculus a very 
useful framework for the study of mathematics, theoretical computer science and also 
a useful tool for applications. Kawahara (1995) studied relational approach to set the
ory. Bird and de Moor (1997) described an algebraic approach to programming in the 
framework of relational calculus. Kawahara (1990), Kawahara and Mizoguchi (1994) 
developed relational methodology graph grammer. Schmidt and Strohlein (1993) wrote 
a text book on relations and graphs with many useful examples in computer science. 
Some element-free formalisations of fuzzy relations were provided in Furusawa (1996), 
Kawahara and Furusawa (1999) and Kawahara et al. (1999).

   In this paper we consider Dedekind categories named by Olivier and Serrato (1995). 
The aim of this paper is to study notions of crispness and scalar relations in Dedekind 
categories. A notion of crispness in terms of Dedekind categories was introduced in 
Kawahara et al. (1999) under the assumption that Dedekind categories have unit ob

jects which are an abstraction of singleton (or onepoint) sets. To generalize the notion 
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of crispness, we use a notion of scalar relations. The notion of scalar relations in homoge
neous relation algebras was introduced in Furusawa (1997). In Lrelations we illustrate 
a few relationships between the generalized crispness which is called scrispness and lat
tice structures of scalars. 

   Winter (2000) showed that it is impossible to characterize ordinary notion of crisp
ness of Lrelations in terms of Dedekind categories if L is an arbitrary complete distribu
tive lattice. Also Winter introduced a notion of Goguen categories, namely, Dedekind 
categories with a kind of cut operators, and characterized crisp Lrelations. Now, a 
question arises; 

    Under which assumption of the underlying lattice is it possible to characterize 
    in terms of Dedekind categories without adding cut operators? 

One of main results in this paper answers to this question; 

    The notion of scrispness coincides with ordinary crispness of Lrelations if 
    the ordering on L is linear in the neighborhood of the least element. 

This condition is fulfilled by the unit interval [0, 1], which is the case of fuzzy relations 
in the sense of Zadeh (1965). 

    In addition to the notion of scrispness we provide another notion of crispness by 
using a concept of points. Then our notions of crispness is compared to one another and 
also compared with an ordinary notion of crispness of Lrelations. 

   This paper is organized as follows: In Section 2 we first state the definition of 
Dedekind categories as a categorical structure formed by Lrelations with sup-inf com
position. Also we define a preoder among objects of Dedekind categories which com
pares the lattice structures on objects in a sense. In Section 3 we recall the definition 
of Lrelations, due to Goguen (1967). Section 4 studies notions of scalars for Dedekind 
categories. The scalars on an object form a distributive lattice, which would be seen as 
the underlying lattice structure. In Section 5 we study notions of crispness in Dedekind 
categories and also in Lrelations.

2. Dedekind Categories 

   In this section we recall the fundamentals on relation categories, which we will 
call Dedekind categories following Olivier and Serrato  (1995)  . Dedekind categories are 
called locally complete division allegories in Freyd and Scedrov (1990). 

   Throughout this paper, a morphism a from an object X into an object Y in a 
Dedekind category (which will be defined below) will be denoted by a half arrow a : 
X Y, and the composite of a morphism a : X Y followed by a morphism ,Q : Y — Z 
will be written as a,3 : X Z. We denote the identity morphism on an object X by 
idx. 

   DEFINITION 2.1. A Dedekind category D is a category satisfying the following: 
Dl. [Complete Distributive Lattice] For all pairs of objects X and Y the horn-set 
D(X, Y) consisting of all morphisms of X into Y is a complete distributive lattice with
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the least morphism Oxy and the greatest morphism Vxy. Its lattice structure will be 
denoted by 

                D(X, Y) = (D(X,  Y), E, U, n, Oxy, V xY) 

and satisfies the following conditions: 
(a) C is a partial order on D(X, Y), (b) ̀ da E D(X, Y) : Oxy C a C Vxy, (c) UA/3), E 
a <---> : ,C3A C a, (d) a C 11a/3A <---> VA : a C /3A, (e) a n (U),/A) = Ua(a n /3),)• 
D2. [Converse] There is given a converse operator : D(X, Y). —^ D(Y, X) for all pair of 
objects X and Y. That is, for all morphisms a, a' : X —p Y, ,Q : Y — Z, the following 
involutive laws hold: 
(a) (a/3)0 = 130a0, (b) (a0)0 = a, (c) If a C a', then a# C a'p. 
D3. [Dedekind Formula] For all morphisms a : X — Y, /3 : Y Z and 'y : X Z the 
Dedekind formula a/3 n y C a(/3 n aay) holds. 
D4. [Residue] For all morphisms ,Q : Y — Z and 'y : X Z the residue (or division, 
weakest precondition) -y = /3 : X — Y is a morphism such that a/3 C y if and only if 
a C y = /3 for all morphisms a : X —p Y. 

EXAMPLE 2.2. Consider a category Relo whose objects are all nonempty sets and in 
which a hom-set Relo(X, Y) between objects X and Y is the set of all (binary) relations 
on X if X = Y, and Vxy = Oxy otherwise. That is, a hom-set Relo (X, Y) is a singleton 
set when X and Y are distinct. Then it is easy to verify that the category Relo is a 
Dedekind category. The conditions (D1) and (D2) are trivial, and (D3) and (D4) also 
hold as follows: If X = Y = Z, then (D3) and (D4) are clear. If X = Y Z, then 
13 = OYz, y = Ox and y +13 = Vxx. If X Y, then a = Oxy and -y /3 = Oxy. 

    Throughout the rest of this section, all discussions will assume a fixed Dedekind 
category D. The greatest morphism Vxy is called the universal morphism and the least 
morphism Oxy the zero morphism. A morphism is nonzero if it is not equal to the zero 
morphism. An object X is called nonzero if Vxx # Oxx • A morphism a : X — Y is 
complemented if it has a complement morphism a : X — Y such that a U a = V xy 
and ana =Oxy. 

PROPOSITION 2.3. Leta,a':X —pY„Q,/3':Y Z, y:Y —Z and(:Z —fX 
be morphisms in D, and W an object of D. 

 (a) (aVyz n y)V zw = aVyw n yVzw and V wz (V zxa n 6) = Vwxa n V wza, 

 (b) aVyxVxw = aVyw and VwyVyxa = Vwxa, 

 (c) V xxV xy = V XYV YY = V XY, 

 (d) If a U a' = Vxy, a n a' = Oxy and V xx a = a, then V xx a' = a', 

 (e) IfuCidx and u' C idx, then u# = uu = u and uu' = u n u', 

 (f) IfuCidx and vCidy, then ua=anuVxy and av=anVxyv. 

    PROOF. (a) It is trivial that (aVyz n 'y)V zw C aVyw n yV zw. Conversely, 

aVyw n yVzw E (aVYwVzw n'y)Vzw 
                          = (aVyz 11 y)V zw •



4Y. KAWAHARA and H. FURUSAWA

(b) It is trivial that  aV  yxV  xw C aVyw. Conversely, 

aVYw = aVYw n VXw 

C (aV ywVxw n idx )V xw 
                    E aVYwVwxVxw 

                       E aVYxVxw • 

(c) Immediate from Vxy = idxV xY C V xx V xY• 
(d) It is trivial that a' C Vxxa'. Note that Vxxa' n a = Oxy, because 

           Vxxa' n a C Vxx(a' n Vxxa) = Vxx(a' n a) = Oxy • 

Then we have 

Vxxa' = Vxxa' HVxY=Vxxa'H(aUa')=(Vxxa' Fla) U(Vxxa'Ha')Ea' • 

(e) Assume that u E idx. Then u = u n idx C u(idx n utt) E uutt E u . Similarly it can 
be shown that utt C u holds. uu C u is trivial, and u = u n idx C u(idx n u#) = uu . 
Assume that u' C idx. Then uu' = uu' n u' C u n u' and u n u' C u(idx n u#u') C uu' . 
(f) follows from ua = ua n Vxy C u(a n u#Vxy) E a n uVxy C u(u°a n Vxy) = ua.

The statement (c) in the last proposition indicates that if Vxy Oxy, then both of X 
and Y are nonzero. 

    REMARK. In general, VxyVyz  = V X z does not always hold. Consider a cate
gory Rel whose objects are all sets and in which a hom-set Rel(X, Y) between objects 
X and Y is the set of all relations from X to Y. Clearly, the category is a Dedekind 
category. If a set Y is empty one and X, Z are nonempty sets, VxyVyz  = Oxz but 
V xz Oxz • 

PROPOSITION 2.4. Let a : X -f Y be a morphism such that Vxxa = a. Then 
the following three conditions are equivalent: (a) idx C aatl, (b) Vxx = aatt, (c) 
Vxx = aV yx • 

Proof is omitted; it may be found in Kawahara et al. (1999).H 

   For a morphism a : X — Y and an object W define a morphism Ow(a) 
VwxaVywHidw:W — W. 

   LEMMA 2.5. Let a : X Y be a morphism and W an object. Then 

 (a) Ow (a)V wz = V wx aV yz and V zw Ow (a) = V zx aV yw for each object Z, 

(b) cbw (cbx (a)) _ cw (q5Y (a)) = Ow (a) 

 (c) Cbw (a) = Ow (a#) 

 (d) If V XY = VxwVwy,  then a C V xwOw (a)V wY, 

 (e) If Vxy = VxwVwy, then Ow(a) = Oww is equivalent to a = Oxy.
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    PROOF. (a) The former follows from 

 q5w(a)Vwz = (VwxaVyw n idw)Vwz = OwxaDyz 

using proposition 2.3(a). The latter is similar. 
(b) follows from 

Ow(cbx(a)) = Vwxcx(a)Vxw n idw 
                          = V wxV xxaV yw n idw 
                          = V wx aV yw n idw 

                       = Ow(a) 

and 
Ow(Oy(a)) _ Vwycy(a)Dyw n idw 

V wxaV yyV yw n idw 
                         = DwxaVyw n idw 

                       = Ow (a) 

by (a) and proposition 2.3(c). 

                D(X, Y) D(X, X) 

Osyt jcw 
D(Y, Y) D(W,W) 

(c) First, for each a' : X —r Y, it holds that V wxa'V yw = (V wxa'Dyw)° since 

V wxa'V yw = V wxa'V yw n V ww 
C Vwxa'(Vyw n a'tlVWxVWW) 
C V wya,t/VxW 

                        = (Vwxa'vyw)U 

and 

(V wx(VV yw)# = VwycOpxw n V ww 
C V wy al# (VXW n a'V ywV ww ) 

V wx a'V yW • 

Then it follows from 

Ow(aa) = VwyallVxwnidw = (Vwya°Vxw)Pnidw = OwxaDywnidw = Ow(a) . 

(d) If V xy = V xwV wy, then 

a = anVxy 
                 = anVxwVwy 
                     Vxw(VwxaVyw n idw)Vwy 
V xwOw (a)V wy • 

(e) is immediate from (d).^
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A binary relation -< among objects of  D is defined as follows: For two objects X and 
 Y, a relation X  Y holds if and only if Vxx = VxyVyx.  (Note that the three 

conditions Vxx = VxyVyx, idx C VxyVyx and Ox (idy) = idx are mutually 
equivalent.) It is easy to see that -< is a preorder, that is, reflexive and transitive. For 
Vxx = V xxV xx, and if Vxx = VxyVyx  and Vyy = V yzV Zy, then Vxx = 
V xyV yyV yx = V xyV yzV ZYV YX C V X ZV zx • Hence its symmetric kernel with 
X ~ Y if and only if X -< Y and Y -< X, is an equivalence relation. Remark that in the 
category Relo of 2.2, two distinct objects are never equivalent. 

PROPOSITION 2.6. Assume that X ~ Y. If u E idx, u' C idx and uVxy C 
u'Vxy, then u E u'. 

PROOF. It follows from Vxx = VxyVyx  that u = idx n uV xx = idx f l 
uVxyVyx•0 

   DEFINITION 2.7. A Dedekind category D is uniform if all pairs of objects of D are 
equivalent, that is, if X ti Y for all objects X and Y of D. 

A morphism f : X —7 Y such that f d f C idy (univalent) and idx C f f # (total) is called 
a function and may be introduced as f : X —; Y. 

PROPOSITION 2.8. (a) If there exists a total morphism a : X Y, then X  Y. 

 (b) If there exists a function f : X —> Y, then X  Y. 

 (c) If X -< W or Y  W, then V xY = VxwVwy.• 

 (d) If X  Y and Vxy = VxwVwy,  then X  W . 

 (e) If X -< Y and Vxy = p q for some functions p : W —> X and q : W —> Y, then 
X W. 

    PROOF. (a) idx C aa° E VxyVyx. 
(b) is a just corollary of (a). 
(c) If Vxx = V xwV wx, then Vxy = V xxV XY = V xwV wxV xY C VxwVwy. 
(d) Vxx = VxyVyx  = V xwV wyV yx C V xwV wx. 
(e) First note that W -< X by (a). Since V xy = pq C VxwVwy,  it follows from (d) 
that X -< W.0

3. LRelations 

   Let L be a complete distributive lattice (or, a complete Heyting algebra) with least 
element 0 and greatest element 1. The supremum (least upper bound) and the infimum 
(greatest lower bound) of a family {kA} of elements in L will be denoted by VAkA and 
AAkA, respectively. For two elements a, b E L the relative pseudo-complement of a 
relative to b will be written as a = b. Now recall some fundamentals on Lrelations. 

   Let X and Y be sets. An Lrelation R from X into Y, written R : X Y, is a 
function R : X x Y —> L. Lrelations on finite sets may be expressed by matrices on a
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lattice L of membership values. For instance, let L  = {0, a, b,11, X = {1, 2}, Y = {3, 4}. 
Then a matrix 

                         0 b 

                                        a 

expresses an Lrelation R : X Y given by R(1, 3) = 0, R(1, 4) = b, R(2, 3) = 
1, R(2, 4) = a. The set of all Lrelations from X into Y will be denoted by LRel(X, Y). 
An Lrelation R is contained in an Lrelation S, written R C S, if R(x, y) < S(x, y) 
for all (x, y) E X x Y. The zero relation OXy and the universal relation Vxy are 
Lrelations with OXy(x, y) = 0 and OXy(x, y) = 1 for all (x, y) E X x Y, respectively. 
It is trivial that c is a partial order, and Oxy C R C VXy for all Lrelations R. For a 
family {RA }A of Lrelations we define Lrelations UARA and nARA as follows: 

(UARA)(x, y) = VARA(x, y) and (nARA)(x, y) = A RA(x, y) 

for all (x, y) E X x Y. It is obvious that UARA and nARA are the least upper bound 
and the greatest lower bound of a family { Ra }A , respectively, with respect to the order 
C. The composite RS(= R; S) : X —v Z of an Lrelation R : X — Y followed by an 
Lrelation S : Y Z is defined by 

(RS) (x, z) = V yEy [R(x, y) A S(y, z)] 

for all (x, z) E X x Z. This composition of Lrelations is called sup-inf composition. The 
composition is associative, i.e. the equation (RS)T = R(ST) holds for all Lrelations R, 
S and T. The identity relation idx of a set X is an Lrelation such that idx(x, x') = 1 
if x = x' and idx(x, x') = 0 otherwise. The unit laws idX R = R and Ridy = R hold for 
all R : X Y. The converse (or transpose) R# : Y — X of an Lrelation R : X — Y is 
defined by 

R# (y, x) = R(x, y) 

for all (y, x) E Y x X. For Lrelations S : Y —i Z and T : X — Z, the residue 
T = S : X — Y is defined by 

                (T : S)(x, y) = AZEZ[S(y, z) = T(x, z)] 

for all (x, y) E X x Y. The readers can easily see that Lrelations and their operations 
defined above satisfy all axioms of Dedekind categories; only D3 (Dedekind formula) 
and D4 (Residues) are not so obvious, and will be proved in the following: 

PROPOSITION 3.1. Let R : X Y, S : Y Z and T : X Z be Lrelations. 
Then 

 (a) RS n T C R(S n RUT) (Dedekind formula), 

 (b) RS C T if and only if RC T÷ S. 

    PROOF. (a) Since RO(y, x) AT(x, z) < (RtT)(y, z), for all (x, z) E X x Z we obtain 
that 

(RS n T)(x, z) = VyEy[R(x, y) n S(y, z)] n T(x, z) 
                   = VyEy [R(x, y) A S(y, z) A T(x, z)] 

V yEy [R(x, y) A S(y, z) A Ra (y, x) A T(x, z)] 
                  < V yEy [R(x, y) A S(y, z) A (ROT) (y, z)] 

                  = VyEy[R(x, y) A (S n R#T)(y, z)] 
                  = [R(S n ROT)] (x, z) .
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(b) follows from the following equivalence: 

         RS  C T <--->  VxVz  : (RS)(x, z) < T(x, z) 
<----> VxVz : V yEY [R(x, y) A S(y, z)] < T(x, z) 
<==> VxVzVy : R(x, y) A S(y, z) < T(x, z)                  
<----> VxVzVy : R(x, y) < S(y, z) = T(x, z) 
<--> VxVy : R(x, y) < nz€z[S(y, z) = T(x, z)]                 
<----> VxVy : R(x, y) < (T = S) (x, y) 
<---> RCT=S 

^ 

   An Lrelation k : X X is a scalar (represented as a scalar matrix) if and only if 

Vx, x' E X : k(x, x) = k(x', x') and x x' = k(x, x') = 0 . 

Scalar Lrelations can be characterized algebraically: 

   PROPOSITION 3.2. R is a scalar relation on a set X if and only if R C_ idx and 
RVxx = VxxR. 

    PROOF. Remark that 

RV x (x, y) = V ZEx (R(x, z) A V xx (z, y)) 
                        = R(x, x) n V xx (x, y) 

                         = R(x , x) 

for all x, y E X if R C idx. (Similarly VxxR(x, y) = R(y, y).) Now assume that R is a 
scalar Lrelation. Then it is trivial that R C idx. Thus 

RVxx(x, y) = R(x, x) = R(y, y) = OxxR(x, y) 

Next assume that R C_ idx and RVxx = V xx R. By R C_ idx we obtain R(x, y) = 0 if 
x # y. Also R(x, x) = RV xx (x, y) = OxxR(x, y) = R(y, y) for all x, y E X. Therefore 
R is a scalar Lrelation.^

4. Scalars 

   We now introduce a notion of scalars in Dedekind categories. 

DEFINITION 4.1. Let X be an object of a Dedekind category D. A scalar k on X 
is a morphism k: X -p X of D such that k C idx and kV xx = V xx k• 

A scalar k on X commutes with all endomorphisms a : X X, that is, ka = ak, 
because 

ka=ankVxx =anVxxk=ak 

It is trivial that the zero morphism Oxx : X — X and the identity morphism idx : 
X X are scalars on X . The set of all scalars on X is denoted by .F(X) . It is clear 
that .F(X) is a complete distributive lattice for all objects X . A morphism e : X Y 
is called an ideal if V xx V YY = The notion of ideals in relation algebras was 
initially introduced by Jonsson and Tarski (1952). The following lemma shows that 
scalars bijectively correspond to ideals in a sense.
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   LEMMA 4.2. (a) If : X  — Y is an ideal, then k = n idx is a scalar on 
    X such that = kV xy • 

 (b) If X  Y and k is a scalar on X, then e = kVxy is an ideal such that k = 
.V Yx n idx 

    PROOF. (a) We have 

(eVYx n idx)Vxx = VYx n Vxx = eVYx 

and 

V xx (eV Yx n idx) = V xx (V xx eV YYV Yx n idx) = V xxeV yyV yx = eV Yx 

by proposition 2.3(a), which means that eVyx n idx is a scalar on X. Also it holds 
that (eVyx n idx )V xY = SVYY = e• 
(b) By V xyV Yx = Vxx we have 

V xx (kvxY )V yy = kV xxV xYV YY = kVxy 

and 
(kV xy )V yx n idx = kV xx n idx = kidx = k .0 

   Remark that Ox (k) = k for all scalars k on X. 

    PROPOSITION 4.3. Let a : X — Y be a morphism. Then 

 (a) Ow (a) is a scalar on W, 

 (b) If X  Y, then Ox (q y (k)) = k for all scalars k E .F(X), 

 (c) If X ti Y, then .F(X) and ,F(Y) are isomorphic as lattices, 

 (d) q5x(k)a = a¢y(k) for all scalars k on W, 

 (e) If a Oxy, then there is a nonzero scalar k E .F(X) such that 
    VxxaVyy = kVxy. 

    PROOF. (a) Set W = Z in Lemma 2.5(a). Then cw(a)Vww = V wxaVYw = 
V wwgw(a). 
(b) First note that q5y (k)V yx = V Yx kVxx by Lemma 2.5(a) and so 

Vxy0Y(k)VYx = VxyVyxkVxx = VxxkVxx = kVxx • 

Hence we have Ox (Oy (k)) = V xy Cby (k)V yx n idx = kVxx n idx = k by proposition 
2.3(f). 
(c) is obvious from (b). 
(d) By Lemma 2.5(a) we have Ox(k)Vxy = VxwkVwy = Vxy0y(k). Consequently 
it holds that cbx(k)a = a n ox(k)Vxy = a n Vxyq5y(k) = acy(k). 
(e) Set k = q5x (a) . Then it is clear that k is a scalar on X by (a) and VxxaVyy = 
kVxy by Lemma 2.5(a). And k is nonzero by Lemma 2.5(e), since a is nonzero. (Cf. 
Kawahara et al. (1999), Theorem 5.4)^
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From the above Lemma 4.2(a) we have  Ow as a mapping ¢w : D(X, Y) —> .F(W ). 

Fact 1 
Ow (cbx (a)) = V wx qx (a)V xw n idw 

                         = OwxaVyw n idw 
                         = OwxavYxVxw n idw 

and 
Ow (01, = Vwy y(a)Dyw n idw 

                          = V wxaV yw n idw 
                             = V wYV YxaV vw n idw 

by Lemma 2.5(a). In particular, the following holds for a = V xy 

OwxV xYDYw n idw = V wxV xyVYxV xw n idw 
                             = V wYDYxvxYDYw n idw • 

PROPOSITION 4.4. If all nonzero morphisms a : X —7 X satisfy V xxaV xx = 
V xx (Tarski rule), then there is no scalar on X except for the zero morphism 0xx and 
the identity idx • 

    PROOF. Let k be a nonzero scalar on X. Then, by the Tarski rule, we have 
kV xx = kV xxV xx = V xxkV xx = Vxx, and so k = idx n kVxx = idx since 
k C idx.U

5. Crispness 

   In this section we study notions of crispness in Dedekind categories. First of all 
recall the definition of (0-1) crispness of Lrelations. 

   An Lrelation R : X — Y is called 0-1 crisp if R(x, y) = 0 or R(x, y) = 1 for 
all (x, y) E X x Y. Of course Oxy, Vxy and idx are 0-1 crisp. For a 0-1 crisp L
relation R : X — Y define an Lrelation R : X — Y by R(x, y) = 0 if R(x, y) = 1 and 
R(x, y) = 1 otherwise. Then RU R = Vxy and R f1 R = Oxy. This fact means that 
all 0-1 crisp Lrelations are complemented. Note that all identity Lrelations idx are 
always complemented and a singleton set I is a unique set (up to isomorphisms) such 
that 0jj idj = VII. 

   Now we introduce a notion of crispness in Dedekind categories which is called s
crispness. 

   DEFINITION 5.1. A morphism a : X — Y is scrisp (scalar crisp) if kT C a implies 
T C a for all nonzero scalars k : X — X and all morphisms T : X — Y. 

   It is trivial from the above definition that every universal morphism Vxy is scrisp. 
   A unit object I of D is an object of D such that OH j idj = VII.  Using a notion 

of a unit object we define a notion of /-crispness in Kawahara et al. (1999). The notion 
of /-crispness is defined only in horn-sets D(I, _) from a unit object I but the notion of 
scrispness is defined in any hom-sets. And an /-crisp relation is a s-crisp relation from 
a unit object. So scrispness is a generalized notion from /-crispness.
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   PROPOSITION 5.2.(a) If X  -< Y and a morphism a : X —7 Y is scrisp, then 
a# : Y X is scrisp. 

 (b) The infimum of s-crisp morphisms is scrisp. 

 (c) If f : X --> Y is a function and a morphism ,3 : Y Z is scrisp, then the 
    composite f,3 : X -i Z is scrisp. 

 (d) If the identity idy is scrisp, then all functions f : X —> Y are scrisp. 

 (e) A morphism a : X Y is s-crisp if and only if its relative pseudocomplement 
    a' = a is s-crisp for every morphism a' : X Y. 

 (f) If xi-1p  Oix and I is a unit object for a function x : I —+ X and an s-crisp 
    relation p : I —p X, then x C p. 

    PROOF. (a) Assume that a : X — Y is s-crisp and kr E all for a nonzero scalar 
k on Y and a morphism T : Y X. Then ox(k)T# = T#k = (kr)# C (a#)# = a and so 

C a, since Ox(k) is a nonzero scalar on X by Lemma 2.5(e). Hence T C a#. 
(b) Assume that ai : X — Y is s-crisp for i E I and kr C niE jai for a nonzero scalar k 
on X and a morphism T : X —7 Y. Then we have kr C ai for all i E I, and so T C ai 
by scrispness. Hence T C niEjai• 
(c) Assume that kr E f /3 for a nonzero scalar k on X and a morphism T : X — Z. 
First note that q y (k) is a nonzero scalar by Lemma 2.5(e) and proposition 2.8(b), and 
Øy (k) f # = f #k by proposition 4.3(d). Then we have qy (k) f #T = Pier kr C f # f /3 E (3 
and so f # r C /3 by the scrispness of 0. Therefore T C f f # T C f/3, which completes the 
proof. 
(d) is a special case of (b). 
(e) First assume that a : X —i Y is s-crisp and kr E a' = a for a nonzero scalar k and 
morphisms T, a' : X — Y. Then we have k(r n a') = kr n a' C a and so T n a' C a, 
since a : X — Y is scrisp. Therefore T C a' = a. Conversely, if a' a is s-crisp for 
all morphisms a' : X — Y, then a = Vxy = a is scrisp. 
(f) Note that (x n p) (x n p)#x C_ px#x C p and (x n p) (x n p)# is a nonzero scalar by 
x n p # 1)1.x.  It follows from the scrispness of p that x C p. (Consequently p is total 
since it contains a total relation x.) This completes the proof. El 

   It immediately follows from the last proposition 5.2(c) that every composite of 
s-crisp functions is also an s-crisp function. 

    THEOREM 5.3. The following four statements are equivalent: 

 (a) If k # Oxx and k n k' = Oxx for scalars k, k' E .F(X ), then k' = Oxx, 

 (b) The zero morphism Oxy is s-crisp for every object Y (that is, if kr = Oxy for a 
    nonzero scalar k on X and a morphism T : X —7 Y, then T = Oxy), 

(c) For every morphism a : X — Y, its pseudocomplement : X —7 Y is scrisp, 

 (d) Every complemented morphism a : X — Y is scrisp.
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    PROOF.  (a)(b) Assume that kr = Oxy for a nonzero scalar k on X and a 
morphism T : X — Y. Recall that Ox (T) is a scalar on X. Hence we have k n OX (T) = 
kcx (T) = k (V xx rV YX n idx) C kV XX rV YX = V XX krV YX = Oxx. It follows from 

(a) that Ox(r) = Oxx and so T = Oxy by Lemma 2.5(e). Hence Oxy is scrisp. (b)=(a) 
is trivial. (b)a(c)<=>(d) is a corollary of the last proposition 5.2. ^

   Next we investigate a relationship between the notions of scrispness and 0-1 crisp

ness of Lrelations.

PROPOSITION 5.4. All s-crisp Lrelations are 0-1 crisp.

    PROOF. Let an Lrelation R : X Y be scrisp. Assume that a = R(xo, yo) is 
not equal to 0 E L for some point (xo, yo) E X x Y. Consider a scalar k on X such 
that k(x, x') = a if x = x' and k(x, x') = 0 otherwise, and an Lrelation T : X Y 
such that T(x, y) = a = R(x, y) for all (x, y) E X x Y. Then we have kT C_ R, since 
(kT)(x, y) = an (a = R(x, y)) < R(x, y) for all (x, y) E X xY. Hence T C_ R follows from 
the fact that R : X —7 Y is scrisp. Finally we have 1 = (a = a) = T(xo, yo) <_ R(xo, yo), 
which shows R is 0-1 crisp.^

   The converse of the last proposition does not hold in general. Its necessary and 
sufficient condition is given by the following:

   PROPOSITION 5.5. For Lrelations the following statements are equivalent: 

CO. Va,bEL:anb=0=a=0 orb=0, 

KO. All 0-1 crisp Lrelations are scrisp.

    PROOF. First assume that CO and kT C R for a scalar k on X, an Lrelation 
T : X — Y, and a 0-1 crisp Lrelation R : X Y. To prove that R is s-crisp we 
have to show that T(x, y) < R(x, y) for all (x, y) E X x Y. Since R(x, y) = 0 or 1 by 
the 0-1 crispness of R it is enough to show that if R(x, y) = 0 then T(x, y) = 0. But 
(kT)(x, y) = k(x, x) A T(x, y) < R(x, y). Hence when R(x, y) = 0, we have T(x, y) = 0 
from CO and k(x, x) 0. Conversely assume that KO and a A b = 0 for a, b E L. Define 
a scalar k on a singleton set I = {*} and an Lrelation R : I I by k(*, *) = a and 
T(*, *) = b, respectively. Then kT =OH and so k =OH or T =OH since OH is s-crisp 
by the assumption KO.^

   PROPOSITION 5.6. For Lrelations the following statements are equivalent: 

Cl. `da,bEL:anb=0 andaVb=l~a=0 orb=0, 

Kl. All complemented Lrelations are 0-1 crisp, 

K2. All Lrelations which are functions are 0-1 crisp. 

 PROOF. Trivial.^

    The following proposition means that the scrispness for Lrelations is too strong. 

This alerts that the notion of scrispness does not always work as desired.
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   PROPOSITION 5.7. Let X be an object of a Dedekind category  D. If there exist two 
nonzero scalars k and k' on X such that k n k' = Oxy, then there is no s-crisp relation 
a : X — Y except for the universal relation Vxy for all objects Y of D. 

    PROOF. We have to show that if a relation a : X — Y is s-crisp then a = Vxy. 
Now let a be scrisp. Then k(k'Vxy) _ (k n k')Oxy = OxxVxy = Oxy C a. Hence 
k'Vxy E a and Vxy C a by the scrispness of a.0 

    COROLLARY 5.8. Assume that there exist two nonzero elements a, b E L such that 
a A b = 0. Then there is no s-crisp Lrelations except for the universal Lrelations. 

   COROLLARY 5.9. Let (X, Y) be an object of the product Dedekind category D x D. 
Then the lattice of scalars on (X, Y) is the product of two lattices of scalars on X and Y, 
that is, .F(X, Y) = .T(X) x .F(Y), and two nonzero scalars (idx, Oyy) and (Oxx, idy) are 
mutually complements. Hence all s-crisp relations in D x D are just universal relations. 

    Although, as we have seen in proposition 5.5, scrispness and 0-1 crispness are 
equivalent in Lrelations when L satisfies the condition CO. For example, in fuzzy rela
tions that may be the most applicable case, scrispness exactly represents 0-1 crispness. 

   Next we will state a kind of crispness which was originally suggested by Wolfram 
Kahl.

   DEFINITION 5.10. A scalar k on X is called linear if and only if for every scalar k' 
on X an equation k n k' = Oxx implies k' = Oxx• 

   Let W(X) denote the set of all linear scalars on X. Every identity idx is obviously 
linear. Note that a scalar k on X is linear if and only if its pseudo-complement –k (= 
idx n (k Oxx)) in .F(X) is equal to Oxx• 

   LEMMA 5.11. If X is a nonzero object, then W(X) is a filter of .F(X) . 

    PROOF. 0) It is trivial that Oxx is not a linear scalar, whenever X is nonzero. 
i) If ko, k1 E W(X), then ko n ki E W(X): Assume (ko n ki) n k' = Oxx. Then 
ko n (k1 n k') = Oxx and so k1 n k' = Oxx, which shows k' = Oxx. ii) If ko E W(X) and 
k1 E .1(X) with ko C k1, then k1 E W(X): Assume k1 n k' = Oxx. Then ko n k' = Oxx 
and so k' = 0xx •O 

   So the set of linear scalars on X is a sublattice of the lattice .1(X) of all scalars on 
X, and as such it is distributive. 

   DEFINITION 5.12. A morphism a : X —z Y is 1-crisp (linear crisp) if kr C a implies 
T C a for all linear scalars k : X X and all morphisms T : X Y. 

    PROPOSITION 5.13. Every zero morphism Oxy is 1-crisp.
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    PROOF. Assume that  kT = Oxy for a linear scalar k on X and a morphism 
T : X — Y. Then 

k n ox (T) = kOx (T) 
                         = k(VXXTVYX n idx) 

C kVxxTVYX 
E VxxkrVYX 
= oXY 

and so cbx(T) = Oxx. Hence T = Oxy by Lemma 2.5(e).^ 

   DEFINITION 5.14. An element a of a lattice L is called linear if a A b = 0 implies 
b = 0 for b E L. 

   Let k : X — X be an Lrelation on a nonempty set X. If k is a linear scalar, then 
k(x, x) is linear in L for all x E X. 

   Assume that k(x, x) A a = 0 for a E L. Now consider a scalar k' : X —i X such 
that k'(x, x') = a if x = x', and k'(x, x') = 0 otherwise. Then k f1 k' = Oxx and so 
k' = Oxx by the linearity of k. Hence a = 0, which proves that k(x, x) is linear. 

    PROPOSITION 5.15. All 0-1 crisp L-relations are 1crisp. 

    PROOF. Let an Lrelation R : X Y be 0-1 crisp and assume that kT C R 
for a linear scalar k on X and an Lrelation T : X —i Y. We have to show that 
T (x, y) < R(x, y) for all (x, y) E X x Y. Now k(x, x) n T (x, y) < (kT) (x, y) < R(x, y), 
and since k(x, x) is linear, it follows that R(x, y) = 0 implies T (x, y) = 0, which is 
sufficient since R(x, y) can only be 0 or 1 by 0-1 crispness.^ 

   The converse of the above proposition does not hold: Consider a Boolean lattice 
L having a nontrivial element s such that s # 0 and s 1, and define an Lrelation 
R : X — X by R(x, x') = s if x = x' and R(x, x') = 0 otherwise. Then it is clear that R 
is 1crisp, but not 0-1 crisp. Generally for a Boolean lattice L every Lrelation is 1-crisp 
since the identity idx is a unique linear scalar on X. 

   At the end of this section, we will state a kind of crispness which is called p
crispness.

   A strict unit I of D is an object of D such that OH id/ = DIi. and Ox/V zx = 
Vxx for all objects X. Let X be an object X of D. An /-point x of X is a relation (or 
a morphism) x : I --, X such that xax C idx (univalent) and idi C xx11 (total), that is, 
an /-point x of X is a function from a strict unit I into X. A notation x E X denotes 
x is an /-point of an object X. 

   Note that /-points in Kawahara et al. (1999) were required to be /-crisp as well as 
to be functions. A notion of point relations (points) in homogeneous relation algebras 
was introduced by Schmidt and Strohlein (1985).

   DEFINITION 5.16. A relation a : X — Y is p-crisp (point-wise crisp) if xaVYi = 
id/ or xa = Oiy for all /-points x : I —* X. (Note that xa = Oiy if xaVYi = Oii.) 

   It is trivial from the above definition that all zero relations Oxy and all total rela
tions are pcrisp. So all functions f : X --> Y are pcrisp. Remark that every universal
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relations Vxy is not always p-crisp (total). For example, take a universal relation 
 V  (1,r)(1,0) = (id', 0i0) in the product category Rel x Rel of the category Rel of sets 

and relations, where I = {*}. Then id(1,1)V (1,1)(1,0)V (1,0)(1,1)= (idi, 010)(idl, 001) = 
(id', O11) ( O(1,1)(1,1) and id(1,1)). (Note that id(1,1) is a unique /-point of (I, I).) 
Thus V(1,1)(1,0) is not p-crisp (of course not total). 

   Let L = {O, 1}2 = {O, a, b, 1}. Then an Lrelation (a, b) : {*} {1, 2} is total and 
so pcrisp, since 

(a, b)(a, b)a = (a, b) b = (1) = id{*} 
But (a, b) is not s-crisp because it is not 0-1 crisp. (Cf. proposition 5.4.) Hence this 
example shows that p-crisp relations are not always scrisp. 

PROPOSITION 5.17. (a) The supremum of p-crisp relations are pcrisp. 

 (b) If x is an I-point of X and f : X —* Y is a p-crisp partial function, then xf = Oiy 
    or xf is an I-point of Y. 

 (c) If x is an I-point of X and u : X —7 X is a p-crisp relation such that u C idX, 
    then xu = Oix or xu = x. 

 (d) The composite of a p-crisp partial function followed by a p-crisp relation is pcrisp. 

    PROOF. (a) Let aj : X —i Y (j E J) be p-crisp relations and x : I —> X an /-point. 
If x(UjEjaj) Oly, then xaiVyl = id/ for some j E J and so x(UjEJaj)Dyl = idl. 

(b) Let f : X — Y be a p-crisp partial function and x : I -* X an /-point. As x and f 
are univalent, the composite x f is also univalent, that is (x f)0 (x f) C idy. Now assume 
that xf # Oly. Then xfVyl = id/ and so xfVyy = V1Y from VyjViy = Vyy• 
Hence x f is an I-point of Y. 

(c) It is clear from (b) that xu = OIX or xu is an I-point of X. When xu is an /-point, 
we have xu=x from xuLIx. 

(d) Let f : X — Y be a p-crisp partial function, ,Q : Y —r Z a p-crisp relation and 
x: I -~ X an /-point. Assume that xf/3  O jz. Then xf Oiy and xf is an I-point 
of Y by (b) . Hence x f /3V z j = id/ by the pcrispness of /3. This means that f 13 is 
pcrisp.^ 

    PROPOSITION 5.18. Assume that there are nonzero relations k, k' : I I such that 
k U k' = id/ and k n k' = 011. If xcaVyl = O11 for an I-point x : I —+ X and a p-crisp 
relation a : X —7 Y, then yaVyl = O11 for all Ipoints y : I -* X. 

    PROOF. Let x, y : I --> X be an I-point of X and set z = kx U k'y. Then z is also 
an /-point of X, since zaz = (x#k U ytik')(kx U le y) = xakx U yOk'y C xtlx U y y C idx 
and zz# = (kx U k'y)(xak U yak') ~ kxxak U k'yytik' ~ kk U k'k' = k U k' = id/. 
Now assume that yaV yi O11. Then yaV yl = id/ by the pcrispness of a and so 
zaV yi = (kx U k'y)aV yl = kxaV y1 U k'yaV yl = k'. Again from the pcrispness of a 
it follows that zaVY1 = k' is equal to OH or idi, which is a contradiction. ^ 

PROPOSITION 5.19. Assume that UyEyy = V jy. Then all s-crisp relations a : 
X —7 Y are pcrisp.
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    PROOF. Let a : X  —i Y be scrisp. We have to see that for all Ipoints x : I -* X 
the composite xa is total unless xa = OH.  Assume that xa O j j . Then by the 
assumption UyEyy = V jy there is some I-point y : I  Y such that xa n y Ojy• 
Recall that xa is s-crisp by proposition 5.2(c) and so y C xa by proposition 5.2(f), which 
claims that xa is total.^

    COROLLARY 5.20. All s-crisp Lrelations are pcrisp. 

    Remark that every 0-1 crisp Lrelation is not always pcrisp. Let L = {0, 1}2 = 
{0, a, b, 1} and take a 0-1 crisp Lrelation a : {1, 2} — {1, 2} given by 

                           1 0 
                   a= 0 0 

Then for an /-point (a, b) : {*} {1, 2} we have (a, b)aV {1,2}{*} _ (a), which means 
that a is not pcrisp. 

                    1 0 1 
             (a, b)aV{i,2}{*} = (a, b) 0 01 = (a) 

    PROPOSITION 5.21. Assume that the class of s-crisp relations is closed under com

position. Then all s-crisp relations are pcrisp.

    PROOF. Let a : X Y be s-crisp and x : I —* X an /-point. Recall that VI,/  is 
s-crisp and so aV y j is s-crisp by the assumption. By proposition 5.2(c) xaV y j is also 
scrisp. Since a nonzero s-crisp relation k (= xaV yj) : I — I is equal to id/ (for id/ C k 
from kid/ C k), xaV y j= OH j or id j.^

6. Conclusion 

    In this paper, we introduce new notions of scrispness, 1crispness and pcrispness 
in Dedekind categories to specify crisp Lrelations in terms of Dedekind categories and 
compared with each other. As Winter (2000) reported, Dedekind categories do not have 
enough operators to characterize crisp Lrelations in the case that L is an arbitrary 
lattice. So, all of our new notions of crispness may not work to capture crispness of 
Lrelations in general. Although, we made clear that the notion of scrispness coincides 
with ordinary crispness of Lrelations if the ordering on L is linear in the neighborhood 
of the least element. In fact the condition is fulfilled by the unit interval [0, 1], which is 
the case of fuzzy relations in the sense of Zadeh (1965).
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