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Yi-Hang SEA0 * and Kunio TsuJioka’

Abstract

This paper deals with the proper-efficiency conditions for nonsmooth multiob-
jective optimal control problems. For the problem without inequality constraints,
two kinds of Kuhn-Tucker-type necessary conditions are derived. One of them
is sufficient for the proper-efliciency under suitable assumptlions. Furthermore, we
give necessary and sufficient conditions to the problem in a convex case. These con-
clusions are also extended to the problems with functional inequality constraints.

Key Words and Phrases: Multiobjective optimal control problem, Properly efficient solution,
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1. Introduction

In this paper, we focus our attention mainly on the following nonsmeoth multiob-
jective optimal control preblem.

1

(MCP): “Minimize” (z()u() [ fo Gi(t, z(t), u(t))dt + g1 (2(1)),- - -,
1

[} eute.att,uienar + autotay)]

subject to: :i:(t)0= D(t, x(t),ult)) a.e.

z{0) €D
uw(t) € U(t) a.e,

in which

z(-) € AC([0,1], B™), =(-) € M([0,1],R")
Gi:[0,1]xR"xR* >R, g.:R*" > R, i€ [:={1,---,k}
$:[0,1] x R x R* - R™

DCR™, U(-):[0,1] —» 27"

where, AC([0, 1], R™) is the space of absolutely continuous functions on [0,1] with value
in R™, and M([0,1], R") denotes the space of Lebesgue measurable functions from [0,1]
to R™.
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For this problem (MCP), a pair {z,u) € AC([0,1], R™) x M([0,1], R") is called
an admissible process iff Gy(-,2(-),u(-)) is integrable in [0,1] for every ¢ € I, and
(x,u) satisfies the differential equation &(t) = ®(t, x(t), «(t)) a.e. with the initial condi-
tion £(0) € D and the control constraint u(t) € U(t) a.e.. The first component of the
process (,u) is called a trajectory and the second is called a control. Nonsmoothness
means that functions G, gi, i = 1,-- -,k , & are not assumed to be differentiable in any
argument.

Now, we set

Fi(z,u) = .[o Gi(t, z(3), u(t))dt + gi(2(1)) foranyiel,

and denote by ! the set of all admissible processes of (MCP), by B* the n-dimensional
unit closed ball at the origin. Then, we introduce the following definitions.

DEFINITION 1.1, (z,,u.) € 1 is called

(i) an efficient solution of (MCP) if there exists no (z,u) € {2 satisfying the fol-
lowing condition (C1};

(C1): Fi(z,u) < Fi(z.,u.) for any i € I and Fj(z,u) < Fj(x.,u.) for some 7 € I.

(i) a properly efficient solution of (MCP) if (., u.) is an efficient solution of
(MCP) and there exists a scalar K > 0, such that for each ¢ € I and every (z,2) €
0 with Fi(z,u) < Fi(z.,u.), the following condition (C2) holds.

(C2): There is at least one j € I with Fj(x,u) > F;(x.,u,) such that

(Fi(zx,u:) — Filz,u)) / (Fy(z,u) - Fj(z.,w)) < K.

DEFINITION 1.2, (2,,%,) € £} is called

(i) a weakly-local efficient sclution (resp. strongly-local) for (M CP) if there exists
no (z,u) € 2 with |[x — xs|lz= < € for some € > O (resp. with x(t) € z.(t) + €éB™ and
u(t) € u.(t) + eB™ a.e. for some ¢ > 0) satisfying (C1};

(ii) a weakly-local properly efficient solution (resp. strongly-local) for (MCP) if
{x.,1.) is a weakly-local efficient solution (resp. strongly-local) for (MCP), and there
exists a scalar K > 0, such that for each ¢ € I and any (z,u) € @ with Fi(z,u) <
Fi(%s,%,) and ||z — Z4[| e < € for some € > O (resp. with z(t) € z.(f) + ¢B™ and
u(t) € u.(t) + ¢B™ a.e. for some ¢ > 0), the condition (C2} holds.

Multiobjective optimization problems are important mathematical models for in-
vestigating the practical problems with several competing objectives, which arise from
economics, engineering and policy sciences. There are many papers dealing with the op-
timality conditions for multiobjective programming problems and multiobjective optimal
control problems under certain smoothness and convexity assumptions, for example, see
Bhatia (1995), Geoffrion (1968), Kanniappan (1983), Khanh and Nuong (1988), Mishra
and Mukherjee (1999), Yang and Jeyekumar (1997), Zemin (1996} and Zhukovskiy and
Salukvadze (1996). On nonsmooth problems, Craven (1989), Wang, Dong and Liu
(1994a), (1994b), and Ying (1985) derived optimality conditions for multiobjective pro-
gramming, Breckner (1997) for an abstract optimal control problem, Hu and Salcudean
{1998) for linear-quadratic and H* optimal control problems, and Zhu (2000} for a
differential inclusion problem. This paper is devoted to optimality conditions for the
propetly efficient solutions of the above general optimal control problem. We first study
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the proper-efliciency in the nonsmooth and nonconvex case. Then, we also discuss the
convex problems without smoothness assumptions.

The following sections are organized as follows. Section 2 gives single-objective
(scalar) optimization problems, which are equivalent to our multiobjective ones. In Sec-
tion 3, we derive two kinds of Kuhn-Tucker-type necessary conditions for properly effi-
cient solutions of (M C P}, and show that one of them is sufficient to the proper-efficiency
under a restricted setting. Section 4 will discuss necessary and sufficient conditions of
the proper-efficiency for the “convex” multiobjective problems.

2. Preliminaries

As a general rule, to obtain the optimality conditions for (M CP), we shall refor-
mulate this multiobjective optimal control problem as a single-objective (scalar) opti-
mization problem. The following results give the relationship between (MCP) and the
scalar optimal control problems,

LeEMMA 2.1. (z.,u.) € § is a properly efficient (or local properly efficient) solution
of (MCP) if and only if there is a scalar K > 0, such that (z,,u,) i3 an optimal (or
local optimal) solution of the following scalar optimization problem (P;) for everyie [.

(P} Minimize: ng;c{Fj(x,u) — Fi{@u, )} + Filz, u)
3
subject to: (x,u) € .

PRroOF. : [Necessity] Let (z.,#.) be a properly efficient solution of (MCP). Then,
there is K > 0 sach that for every ¢ € I and any (z,u) € 12 with Fi{z, ) < Fi(z., u.),
there exists j € I with Fj{z,u) > Fj(z.,u.) and

Fi{z,, u*) - E(l‘,ﬂ) < K(FB(E, u)) - Fj(zhu#))'
This implies that

K max{Fy(, ) - Fy(za, 0} + Fi{,0) 2 Filze,u.).
F)

On the other hand, for any (z,u) € ( with Fi(z,4) > Fi(z,, .}, it is obvious that

Kg;g;r{f*"j(:c,u) — Fi(z,u.)} + Filz,u) 2 Fi(z,v) 2 Fi(2,,u.).

Hence, (z,,u.} is an optimal sclution for every (F;).
[Sufficiency] Suppose that (z,,u,) is an optimal solution for every (P;), i € I. It is
easy to see that (z.,u.) is an efficient solution of (M CP). In fact, if there is (z,4) € Q
with Fi(z,u) < Fi(z.,u.) for some ¢ € I and Fj(x,u) < Fj(z,,u,) for all j € I/{i},
thus,
K max{F;(z,u) — Fj(z., %)} + Fi(z,u) < Fi(2,%) < Filz.,w),
J

which contradicts that (z.,u.) is a minimum for (P}).
For cach ¢ € I and any (z,u) € Q satisfying Fi(zr, ) < Fi(z.,%.), since

ng}{{ﬂ(zau) - Fj(x*’u*)} > E(xasu*) - F,-(x,u) >0,
I
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there exists j € I with Fj(z,u) > F;(z.,u.) such that
(FiTayus) — Fi(x!u))/(Fj(x)u)) - F}(m*,u,)) < K.
This completes the proof of Lemma 2.1. O

LEMMA 2.2. (See [Theorem 2, Geoffrion (1968)]) Assume that Q is a convez set,
G; and g;, i = 1,---,k are convex functions. Then, (z.,u.) € Q is a properly efficient
solution of (MCP) if and only if there exist A; > O for each i € I with Z:;l Ai =1 such
that (z.,%.) 13 an optimal solution of the following.

k
(P) Minimize: Y MFi(z,u)
i=1

subject to: (x,u) € (M

LEMMA 2.3. (See [Theorem 1, Geoffrion (1968)}) Let A; > 0 (i=1,---,k) be fized.
If (ze, 1) is optimal for (P)) given above, then (2., u.) is properly efficient for (MCP).

By using the above lemmas and the recent results in nonsmooth analysis, we will
study the properly efficient conditions for multiobjective optimal control problems in
next sections. In Section 3, the notations 8{ ) will denote the Clarke generalized gradi-
ents, N( ) will indicate the Clarke normal cones {see Clarke {1983)), except in Theorem
3.4. While, in Section 4, 8( ) and Ny will stand for the subdifferential and the normal
cone in the sense of convex analysis, respectively. We notice that for a convex Lipscitz
continuous function the Clarke generalized gradients coincides with the subdifferential,
and the Clarke normal cone of a convex set is the same of the normal cone from convex
analysis.

For simplicity, throughout next sections the variable £ will be omitted when it does
not cause canfusion. We will freeze (=, u,) € $ which will be a (local) properly efficient
solution for (MCP) or other problems, and abbreviate the arguments (¢, z, (t), z.(t)) to
[t], for instance, we write G;[t] := G,(£, z.(t), u.(t)).

3. Proper-efficiency conditions for (MCP)

We suppose the following hypotheses.

(A1): D is closed, U(-) is a nonempty compact set-valued map and the graph Gr/
is £ x B measurable.

(A2): g:(),£=0,--,1 are Lipschitz continuous in a neighbourhood of z.(1) € R™.

(A3): For every admissible control u(-), there are real-valued measurable function
€(t) > 0 and A(t) > 0 such that

|Gi(t, 2, u(t)) — Git, 2", u(t)| < h(t) |z — 2’| forany i€]
|B(2, z, u(t)) — B(E, ', u(t))| < h(t) |Jx — 2’|,
whenever |z — z.(2)] £ e(t), |2’ — 2.(t)] < €(t), £ € [0,1]. For u(-) = u,(-) these functions
can be chosen in such a way that €(t) = ¢ > 0 and h;(¢) (i =0, - -, 1) are integrable.
(Ad): For any u(-) € U := {u(-) € M((0,1], R") : u(t) € U(t) a.e.}, Gi(t, =, u(t)),
1=0,---,1 and ®(¢,z,u(t)) are measurable,

Now, let us state the “Pontryagin Maximum Principle” for the multiobjective op-
timal control problem (MCP).
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THEOREM 3.1. Suppuse that the above assumptions (A1)-{A4) hold. If (z.,u.) is
a weakly-local properly efficient solution for (MCP), then there ezist \; > 0,i=1,---k,
and an absolutely continuous function p(-) : [0,1] — R™ such that

—p(t) € B H(t,2.(8), p(t), ua(8), ) ae. (3.1)
k
p(0) € Np(2.,(0)), —p(1) € Y_XBgi(x.(1)) (3.2)
i=1
H(t, zu(t), p(t), u.(t}, A) = u:gg.(:g] H{t,z.(t), p(1),v,A) eae, (3.3)

where H is the Hamiltonian function defined as

k
H(t,z,p,u,)) = {p,B(t,z,u)) — Z,\;Gi(t, aoul A= (A, 5 AR

i=1

ProoF. Notice that the problems (P;),¢ = 1,---,k in Lemma 2.1 can be rewritten
as follows.

(P} Minimize: Fily):= Kmax{y;(1) + g;5(2(1)) ~ Fj(zs,2.)}
+1:(1) + gi(x(1)) .
subject to:  Lo(z,u) = z(t) — 2(0) — f (¢, z(t), u())dt = 0
: 1]

Lo, w) =vi(0) - [ Gita(t)u)dt =0 jer
y() €S, ul) €U,

where § := {z € C([0,1], R™) : z(0) € D} x C{[0, 1], R*), and U is given by (A4).
In this problem, the pair of trajectory and control is;

(y():u()) = (z(-),n (), ,yk(');u(')) € C([Dzv 1]$Rm+k) X M([Oa 1]! R").

Let y,,{t) := fot G;[t]dt for each j € I. By Lemma 2.1, we see that 7, = (2., 31,,"
-, ¥k, ) corresponding to u, minimizes F;(y) over all admissible processes (y;u) of ()
with z(-) being sufficiently close to z,(-) {(in the norm L), for every i € I.

For each (F}'), as in Section 5 of loffe (1984), the assumptions in [Theorem 2, Ioffe
(1984)] can be verified. Thus, by this theorem, there exist Lagrange multipliers § > 0,
z* € (C([0,1], R™))" and y; € (C(([0,1], R))*, j = 1,-- -,k not all zero (C* is the dual
space of '} such that

0e ayﬁi(ymy*s u,,&) + NS(S’*)! (3-4)
Li(ya, y* 1, 8) = min £i(¥s, 3" u,6), (3.5)

where y* := (z*, ¥}, -+, ¥}), Li is the Lagrangian for (P!) defined as follows:

Li(y(), 0% 0} 8) 1= 8Ty () + (2", Lo(z (), u( M) + ) w5, Lilz(-)u())) -

JEI
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(3.4) implies that
0 € 68, F(y.) + 9y ((x‘,LO(I,,u.» + Z (y}‘,L,;(z,,u.))) + Ns(ye)
i€l

According to the formulas of the Clarke gradients (see Clarke (1983}), we obtain
that
(i) for every £ € 68,Fi(y.), there are A; > 0 for j € I with ¥ .., A =1,vp €
Ag(x,(1)) for j € I/{i} and v;,,v;, € dg(x.(1)) such that for any y € C([0, 1], R*+}.

(&y)y=2¢ (Z Ky + 3 KX (v, z(1)) + KX (v, 2(1)) + 3:(1) + (Vizaz(l))) -
Jer Jelf{i}
Put A = 6KX; + & and A, := 6K}, for § € I/{i}. Since 8g(z,(1)) is convex, we have
v = KX, [ (KX + 1) + w5,/ (KX +1) € 8g(.(1)).

Thus, we get

€ =2 Xw()+ DX (,2(0)).
Jel el
Discussing as in the proof of [Theorem 3, Ioffe (1984)], we have the following.

(ii) Corresponding to * and y}, j = 1,---,k, there exist pairs of the nonnegative Radon
measure and Radon-integrable functions (y;,£;), § =0,---, k, with

1 t
(@, Lo(z,u)) = [U <m(t) — (D) - [D @(t,x(t),u(t))dt,co)duu,

(v, Li{=z,u)) = /0 1 <yj(t)— [0 t G, w(t)au(t))dhtfj)d#j-

For every § € 9y((a™, Lo(@s, v )} + 2 er (y;, Liz4,u.)}), there is a Lebesgue measurable
function #(:) with

n(t) € 8, (( /t " toduo, @(t,x.(z),u*(a))> + < ft £y, Gy, :::*(t),u*(t))>) ae.

such that for any y € C([0, 1], B™**),

1 1 1
(€)= [ (I(t)—m(o)ﬂfo)dﬂu+jezj f (v €5 dit = j (n, ) dt.

(iii) For every £ € Ng(y.), there is & € Np(z.(0})} such that

(&, 4) = {0, z(0))  for any y € C([0,1),R™F).
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In summary, we see that there are ij, Vi, =1,k (2;,€;), 3 =0,-- -k, n(-}
and a stated above such that

1
<§s y} = Z‘ijyj(l) + zij {V_‘i’z(l}) +f (‘T(t) = 3:(0),{0) dﬂ'ﬂ

Jei L el L 0 (3.6)

+3 [ &) dus - [ nabde+ (o 2(0)) = .

Jelve 0
for any z € €C([0,1], R™) and y; € C([0,1], R),  =1,---, k.
Put §(t) ;= Ll Loduo. As in loffe (1984), form (3.6), it follows that
1 -
[ Gdus =% forampjer (3.7)
%

5 (t) = —n(t) ae., H0) =, H1) = -3 ;. (3.8)

JEr

Notice that the above :\j, j =1,.--,k and p(t) are Lagrange multipliers of P,
Then, we set A := XL, §=1,---,k and §(t) := pi(t). Thus, (3.7), (3.8), (i), (ii) and (iii)
yield that

_i’i(t) € azHi(t:I*(tLpi(t)f"’*(t)?ki) a.c. (3'9)
Pi(0) € Np(z.(0)), —pi(1) € 3 Xidg;{(z.(1)) (3.10)
3

where

Hit,2,pi, 0, X'} 1= (ps, ®(t,z,u)) = ) AGj(t,z,u), X = (A, 2})
JET

It

For the above Lagrange muliipliers 6 and y* (depend on ¢), if § = 0, then y}
—A; = 0 for any j7 € I. From (3.9) and (3.10), we derive that p;(-) = 0. Thus, z*
0 which contradict that § and y* are not all zero. Hence, A} = 6K A; + 6§ > 0.

On the other hand, by (3.5), (3.7) and (3.8), we have

L 1
/0 (pi, @[ - Y XG;[t])dt = max /D ({9, ®(t, T, u)) = Y MGt 24, u))dt.

jel ueH €l
Analyze as in Toffe (1984), we can get
Hi(t, 2,(t), pi(t), ue(t), A*) = mgﬁ) Hi(t,z.(t), pi(t), v, A¥) a.e. (3.11)
vig .

A 20,j=1,--,ki=1,,kwithA! >0

Now we see that there are p;(t) € AC, i

such that (3.9)-(3.11) hold. Set

plt) =3 p(t), A= X

Jel JEI
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Because for every ¢ € I, Hi(t, z,pi, u, \') is linear in p; and M, we have

Yo (@,., olt)) - Zf\EGj[tl) =9, <Zp=« <I>lt1> -2 2 Gilﬂ)

icd Jjer el el jel

=8 { (p, Blt]) - E«\;Ge[ﬂ) -
i€l
Notice that 8g;(2.(1)) is convex set and Np(x.{0)} is convex cone, (3.1)-(3.3) are derived
directly form (3.9)-(3.11).
Thus we have proved the theorem. m]
Theorem 3.1 gives a kind of Kuhn-Tucker type necessary proper-efficiency condi-
tions for (M CP). Now, let us add the following condition to the constraints in (M CF),

1
F(z,u) ==£ Gj(t, z(t). u(t))dt + 3,(z(1)) <0 jel:={1,---1},

where G; and §; are defined as G; and g; in Section 1, and we denote this problem by
(MCP). We say (z,u) is admissible for (MCP) iff (x,%) € © and Fj(z,u) € 0 for any
i € I, and we define properly efficient solution (resp. local properly efficient solution)
for (M CP) as Definition 1.1 (resp. Def. 1.2) for (MCP). It is clear that Lemma 2.1 and
Lemma 2.2 also hold for (M CP). For this multiobjective problem, in the same manner
as above, we can get the following Fritz-John type necessary conditions.

COROLLARY 3.2. Let (Al)-{A4) be satisfied. Furthermore, we assume that (A2)-
(A4) also hold with G; and g; (i € I) replaced by G; and g; (j € I), respectively. If
(4, %) i a weakly-local properly efficient solution for (MCPF), then there exist A; > 0,
i=1,--,k+1 not all zero and p(-) € AC such that

—p(t) € O, H(t,z.(t),p(t), u.(t),X) a.e.
p(0) € Np(2.(0), —p(1) € T Agi(a (1)) + 85 Akssd5(2e(1))
el jerI
H(ti :E*(t),p(t), u*(t)a A) = :,Iélr?'(f] H(t:x* (t),p(t),‘v, A) a.e.

Ak'l'.f (‘[0 G‘j[t]dt"- 9_,—(3:..(1))) =0 forje I

where,

H(t,z,p,u,A) := (p, ®(t, z,u)) — Z)\,’Gg'(t, T, u) — Zkk...j(?j(t,:c,u)
jelI jel

A= (Ar o M)

For scalar nonsmooth optimal control problems, Pinho and Vinter (1995) pointed
out that the Pontryagin Maximum Principle may fail to be sufficient conditions for
optimality even in the "convex” case. Similarly, it is not difficult to show that the
conditions (3.1)-(3.3) in Theorem 3.1 may be not sufficient for the proper- efficiency to
(MCP) in the "convex” case.
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Next, we extend the results of Pinho and Vinter (1995} to our problem (M CP}, to
establish another kind of necessary conditions for the local proper-efficiency, the ‘weak
maximum principle’. We will show that this kind of conditions is sufficient for the
proper-efficiency if appropriate convexity assumptions are imposed on the Harmiltonian
function and constraint sets. Furthermore, in the next section, we will prove that this
kind of conditions is necessary and sufficient for the proper-efficiency to the “convex”
problems.

For (MCP), it is not difficult to get a Fritz-John type ‘weak maximum principle’.
In this paper, we will only discuss the ‘weak maximum principle’ for (MCP) in the
“convex” case.

In the next, the following assumption is required.

(AB): Gi(*,z,u), %=1, -k, B(-,z,u) are Lebesgue measurable, and there exist
€ > 0 and h(t) € L'([0,1], R), such that

1Gi(t, 3, u) — Gilt, o', u")] S A(E)(|lx — 2’| +lu—v']) forany i€]
(2, 7,u) — B(t,2", )] < A(8) |z — '] + |u— ]},
whenever .2’ € z,(t) + eB™, u,u" € u.(t) + eB™ a.e.

THEOREM 3.3. Let (A1), (A2) and (A5) be satisfied. If (x,,u.) is a strongly-local
properly efficient solution for (MCP), then there ezist A; > 0,i=1,---, k, an absolutely
continuous function p(-) : [0,1] = R™ and an integrable function ((-) : [0,1] — E™ such
that

(-f’(t): C(t)) € a(:r,u)H(ts I*(t), P, U (t)a Al) a.e. (3'12)
k

p(0) € Np(2.(0)), —p(1) € 3_Adgi(z.(1)) (3.13)

() € Nygy(ua(t) ac., (3.14)

where, H(t,z,p,u, ) is the Harmiltonian function given in Theorem 3.1.

ProoF. Reformulate the problems (F;) in Lemma 2.1 as follows,
(B} Minimize: %(y(1) = Kumax{us(1) + 05(a(D) - Fy(zn,.))
+3:(1) + g:(2(1))
subject to:  z(t) = ®(t,z(t),u(t)) a.e.
35(8) = Gs(t,o(0),ult) ve. €T
20V e D, 4;(0)=0 jel
u(t) e U(t) a.e.

where (y()!u()) = (E(‘), yl(')! n ')yk('),u(')) € AC([09 1]aRm+k) X M([Os 1]1 Rn) is the
pair of trajectory y and control u.

Define #,(-) as in the proof of Theorem 3.1. By Lemma 2.1, we know that g,
corresponding to 1, minimizes ¥;(y(1)) over all admissible processes (¥; ) of (P} with
z(t) € z.(t) + €eB™ and u(t) € u,(t) + eB" a.e. t € [0,1] for every : € I.

For each (P!}, by [Proposition 6.1, Pinho and Vinter (1995)], there exist an abso-
lutely continuous function §; = (p;,pi,- -+, p.) and an integrable function ¢; such that

(_ﬁi(t)r ﬂ(t)i C‘i(t)) € 3ﬁt(t$ y*(t)! ﬁi (”» Ty (t)) a.c. (3'15)
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ﬁi(ﬂ) € NDX{O} W oa- X {0}(3!*(0)) (316)
k

—pi(1) € 8%(y.(1)) (3.17)

Cg(t) € Ny(g)(u*(t)) a.e., (3‘18)

where )
Hi(ti yaﬁisu] = {pl's Q(t,a:,u)) + Z (p;;Gl{t! z, u)) .
F1
First, we observe {3.17). By the formulas of Clarke gradients, there exist 5«} >0

for every j € I with ., i} =1, v; € 92g;(z.(1)) for every § € I/{i} and %, %, €
8.g:(z.(1)) such that

—pi(1) = Y KXy + KXiv, + 7, (3.19)
i€l f{i}
—pi(1) = XK for any j€I/{i}, —pi{(1) = XK +1. (3.20)
Putting X! := MK + 1, X} := XK, (3.19) and (3.16) yield that
—pi(1) € 3 Xidg;(z.(1)), Pi(0) € Np(24(0)). (3.21)
jei

On the other hand, since H; does not contain the arguments y;, j = 1,-+, ¥, (3.15)
implies that $3(-) = 0. Combining (3.15) with (3.20), we have pj () = —A} and

(= Bi (8),5(2), G8)) € Fayp, ) ((pilt), B[E]) = D_NiG5lt))  ace.

Jel

From this inclusion, we deduce that

(=53(2), G:(8)) € oy ({psl®), B[H]) = 3 XG,[E])  aee.. (3:22)

xel

Now, let us put

PO =Y m(®), (=3 G A= X,

Jel ted =

Thus, ); > 0 for every i € I. Notice that {p:(t), ®[t]} — 3" ;7 A;G;[t] is linear in p;(¢) and
AL, j=1,---,k for each § € I. As in the proof of Theorem 3.1, it follows immediately
(3.12)-(3.14) from (3.22), {3.21) and (3.18). This completes the proof. ]

Now, we show that necessary conditions {3.12)-(3.14) are sufficient for the proper-

efficiency under suitable convexity assumptions on H, g;, D and U,

THEOREM 3.4. Assume U(t) fort € [0,1] and D are conves sets, g() G =1,---,k)
are conver functions. Let (z,,u.) be an admissible process for (MCP). If there ezist
A >0(E=1,---,k), p(-) € AC and {(-) € L" such that (3.12)-(3.14) be satisfied and
H(t,z,p(t),x,)) is concave in z and u for t a.e., then (z.,u.) is properly efficient for
(MCP). Here, 8( ) and N( y indicate the subdifferential and the normal cone in the sense
of conver analysis, respectively.
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ProOF. . Let (x,u) be an arbitrary admissible process for (MCPF). Recall the
definitions of the subdifferential and the normal cone in the sense of convex analysis,
from (3.12)-(3.14), it is easy to derive that

Y MFi(z,u) = Y _AFi(@s,u.))

iel iel

1 1
= f (H{t 2w, Py, A) — Hty 2, pyu, A))dt = f (p, 2 — £) dt+ D Mi(g:(2(1)) — gi(=.(1)))
o 0 i€l
1 1
> f (=, Zu — ) + {C, s — w))dt — / (D, 5, — &) dt + (—p(1), 3(1) — 2. (1))
L] 1 o
= (9(0), 2.(0) — 2(0)) + [ (€ e — u) dt
>0 ¢

Then, (., %.) is a minimizer for (Py). According to Lemma 2.3, (., 4.} is a prop-
erly efficient solution for (MCP). |

4. Necessary and sufficient conditions for convex problems

In this section, we consider the following multiobjective optimal control problem.

(MCP*): Minimize: [ fo IGI(t,z(t),u(t))dt+91($(1))s'“1
1

/ Gk(t,xm,u(t}m+gk(mc1))]

subject to: #(t) = A(8)z(t) + BRyu(®) + ) a.e.
z(0} e D
w(t) € UE) a.e,

where I(') € AC([D? 1]9Rm)r u(-) € Ll([oa 1]1Rn)= A() : [0$ 1] — R™%®, B() : [0$ 1] -
Rm*™ b(-}:[0,1] = R", and the other data are given as in (MCP). For this problem
the following hypotheses are in force.

(H1): A(-) is integrable, B(') is measurable essentially bounded, &(-} is measurable.

(H2): For every i € I, Gi(-,z(-),u(-)) is integrable for any (z,u) € AC x L%,
Gi(t,-,-) is convex lower semicontinuous, and there are v{t) € L*([0,1], R™**) and
w(t) € L*{(j0,1], R), such that G;(t,x,u) 2 (v(t),(z,u)} +w(t) for any « € R™, u € R",
a.e..

(H3): The functions g;(+), ¢ = 1,---, & is proper convex and lower semicontinuous.

(H4): The set D is convex, and U(t) is convex for a.e. t, and there is p(t) € L*
such that {u| < p(t) for any u € U(t) a.e..

THEOREM 4.1. Assume that (H1)-(H{) and (A1) are satisfied. An admissible pro-
cess (T4, 1) is a properly efficient solution for (MCP*) if and only if there exist A; > 0,
i=1, -k, p{-) € AC([0,1], B™), and {(-) € L>([0,1], R") such that

k
(5(t) + p(tYA(E), (1) B(2) — (1)) € D_NBGilt] aete 0,1 (4.1)

=l



150 Y. SHAO and K. TSUIIOKA

k

P(0) € Np(z.(0)), —p(1) € I_Ndgil2.(1)) (4.2)
=1

((t) € Ny({ua(t)) ae. (4.3)

REMARK. In this thecrem, (4.1) is equivalent to {3.12) in Theorem 3.3.

PROOF. [Necessity] According to Lemma 2.2, there are A; > 0,¢=1,---,k, such
that {z.,u.) is an optimal solution of the following.

(PY): Minimize: ZA,‘ (f Gi(t,z,u)dt + gi(.-“:(l)))
JET °
subject to: &(t) = Alt)z(t) + B(t)u(f) + b(t) a.e.
z € {x € AC([0,1}, R™): =(0) € D}
u€C:={ue LY[0,1],R™): u(t) € U(t) ae.}.

Thus, (., ., 2:(0),7.(1))} is a minimizer for the following optimization problem,

Minimize: A(z,u,a,8):= Z.;\i(fl Gi(t, z, u)dt + g:(3))

FET 0

1
subject to: Ty(z,u,0,08)=z—a— f (Az+ Bu+b}dr =0 a.e.
0
1

Fa(z,u,a,8) = B—a—f (Az + Bu + b)dr =0
(z,u,@, B) € M := L}{([0,1], R™) x € x D x R™

Put
8 := (z,u,a,8) € L}([0,1), R™) x L'([0, 1], R™) x ™ x R™.

It is obvious that 'y (8), ['2(?) are affine mappings, A(6) is convex function, M is convex
set. By [Theorem 5, p.74, Ioffe and Tihomirov (1979)], there exist § > 0, ¢(-) € (L')*
and o € R™ not all zero such that

1 1
5@+ [ (@i de+ (.0a0)) = mip (A®) + [ @ D@D e+ (o TalE)).
0
(4.4)
where 8, := (2., 1., 2.(0), 2.{1)).
Let 14((8) denote the indicator function of AM4. We see that I.4(@), A(@) are proper

convex and Jower semicontinnous (refer to Section 1 of Chapter 1 in Barbu (1994)).
According to [Theorem 1.1, Barbu (1994)], (4.4) implies that

0 € A5A(0.) + 6/01 {q,T1(8,)} dt + 8 (o, T'2(8.)) + Npq(8,). (4.5)

Now, let us calculate (4.5). By the formulas of subdifferentials (see Barbu (1994},
Toffe and Tihomirov (1979)), we have the following.
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For every £ € B6A(8,), there are (p;,m:) € L([0, 1], R™*") with (u:(t),n:(t)) €
8G[t] and v; € 8gi(x.(1)) for each i € I such that for any 8 € L' x L! x R™ x R™

1
€0 =500 ([ (s + oy aer 1,8)).
it 0
Corresponding to any £ € Na(8.), there are ¥ € Np{z.(0)), and ((-) € Ne(u.(-))
such that for any # € L' x L' x R™ x R™, one has

(€.6) = (v,a) + [o (€ u)

a fﬂl {q,T1{6,)} dt is a singleton {£}, where

{£,0) = ./: <q,z o /:(Az + Bu)df) dt

forany # € L' x L! x R™ x R™.
Similarly, 8 {¢,T2(6.)} = {£} with

€6 = (mﬁ -—a-— fol(Az + Bu)dt>

for any @ € L* x L' x R™ x R™,
Summarize the above interpretation of (4.5), we obtain that there are (g, m:), 4,
i=1,---,k, v and ¢ stated above such that

62*5 ./01 ((p‘,’z)+(m,u))dt+52.ki (yi,ﬁ)_'_fol <q’z__foi(,4z+Bu)dT>dt

—ie{fol th,a) + <a,ﬁ—a— AIEZ;+Bu)dt> +('Y,a)+/: {(,updt =0

for any (z,u,0,8) € L' x L! x R™ x R™.
Let p(t) := f: g(r)dr + o, then,

(46)

_ 1
q(t) = -p(t) a.e, .[o g{r)dr + ¢ = p(0), o = p(1).

Thus, (4.6) yields that

/0-1 <6Z/\iﬂ'i,2’> dt — /01 {p+pA z)dt+ fol <6Z)ung,u> dt — ]: {pB — {,u)dt

11=34 i€l
+{&Y A, 8) +i0, 8y — dt,a } — (o, )'l'( s )=0

for any (z,u,a, 8) € L}{[0,1], R™) x L*{[0,1], ™) x R™ x R™.
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From this equation, we conclude that

p+pA= 52%;&, pB-(= 524\57?; (4.7)
i€l wer
1
A =0 == Aws, p0) = [ alrddr+o=1. (4.8)
jel ¢

Here, if the above multiplier § = 0, then (4.7) and (4.8) imply that p(-) = 0 and
o = 0 which contradicts that &, p(-) and ¢ are not all zero. Hence, we have § > 0, and
we can set 6 = 1.

Thus, it follows (4.1} and (4.2) from (4.7) and (4.8), respectively.

Finally, from ((-) € Ne(u.(-)), it is easy to see that {(£){u(t}) — u.(t)} < 0 a.e. for
any u{-}) € C. Then, from the theory of measurable selection we get (4.3).

[Sufficiency] Let {x, u) be an arbitrary admissible process for (MCP). Using (4.1)-
(4.3) we deduce that

LY ( ful Gilt, z, u)dt + g; (:.:(1))) -5 N ( /; 1 Gi[t)dt + g,;(:n*(l)))

i jer

= ,Ze;'\i (]01 Gi(t, 2, u)dt + gi(a(1)) — /01 Gi[t)dt — g‘v(x*(l)))
r -

+-[0 (p’x_Aﬂ:—Bu—b)dt_./u (Pax.—Am*—Bu*—b)dt

1
= f SN (Gult, m, w)dt — Gilt]) de + 3 A (a((1)) - gafaa(1)

0 Ger i€l

1
—[u (54 pA,z —22) + (B = G, — wa)) dt + (p(1), 5(1) — 2, (1))
1
— (9(0), 2(0) — .(0)) - ] (Cou— ) dt

20,

which means that («.,u.) is a minimizer for (£y). By Lemma 2.2, (z.,%,) is a properly
efficient solution for (M C'P).
The proof of Theorem 3.1 is complete. m}

REMARK. From the proof of [Sufficiency] above, it is easy to see that the conditions
{(4.1)-(4.3} are also sufficient for the proper-efficiency for (MCP"*) under the following
weaker assumptions: A(t), B(t) are integrable, b(t) is measurable, G,, i = 1,---,k are
convex in {x,u), measurable in ¢, g;, ¢ = 1, -, k are convex functions, C is a convex set
and Ut} is convex a.e..

Now, let (MCP") indicate the problem (MCP) in the case where the differential
state equation is linear as in (M CP*). For this problem, we have the following.

_ COROLLARY 4.2. In addition to the assumptions in Theerem {.1, suppose that
Gy, 35, i € I also satisfy (H2) and (HS3), respectively. Let admissible process (T.,u.) be
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¢ properly efficient solution for (MCP*). Then, there exist \; > 0,i=1,---,k+1 not
all zero, p(-} € AC and {(-) € L such that

(5(8) + p(E)A(L), POB() - C(1)) € TINGGH] + S MsjdGslt] e (49)

€l sl

p0) € Np(z.(0)), —p(1) € Y _A:Bgi(z. (1)) + I_Ar1;88;(z.(1)) (4.10)

ie] jef
¢(t) € Ny (u(t)) ae. (4.11)
Aktj (/0 G;[t]dt +§j(a:.(1))) =0 forjel {(4.12}

In particular, assume that the following Slater constraint qualifications hold: there
is an admissible process (xg,uo) of (MCP ) with Fi(zo,up) <O foranyj€ {jel:
Fi(z,,u.) = 0}. Then, we have \; > 0 for all i € I. In this case, the above conditions
(4.9)-(4.12) are also sufficient for (x.,u,) to be a properly efficient solution of (MCP").

PROOF. Let (z.,u,) be a properly efficient solution for (MCP' ). Then, as in the
preceding proof, there are A > 0,4 =1,--+, k, such that 8, := (2., s, 2.(0), 2.{1)) is a
minimizer for the following problem,

Minimize: Aofz,u,a,B8) = 3 M( /0 Gi(t, z,u)dt + 4:(B))

jel
t
subject to: I'\(z,u,a,f):= z2(t) —a - / (Az+ Bu+b)dr =0 a.e.
0
Pe(z,u,a,8) =8 —a— / (Az + Bu+b)dr =10
0

1
Az, w e, 8) ;=/ Gtz u)dt +3:(8) <0 jel

(z,u,0,8) € M = I}(0,1, R™) x C x D x R™.

Using [Theorem 5, Ioffe and Tihomirov (1979)] again, there exist &, 81,---,6 >0,
g(-} € (L')* and ¢ € R™ not all zero, such that

! 1
Y 6iA(8.) + f (@T1(8) dt + (@, T2(6.))
=0 0

! 1
= Iﬁan (Z’SJAJ(z) i, o, ﬁ) + / (qa FI(Z,H, o, ﬁ)} dt + (05F2(z=u1 a, ﬁ))) ¥
i=0 0

Setting p(t) := f: g(T)dr + &, Ay == A} for ¢ € T and Apyy = §; for j € L.
Following the proof of Theorem 4.1 above, we can show that A;,---, Ayq¢ are not all
zero, and there is {(-) € L™ such that A;, ---, A4y, ¢ and p satisfy (4.9)-(4.12).
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Now, let us show the second part of this corollary. Assume that the Slater constraini
qualifications are satisfied. If the above multiplier 6, = 0, then X\; =0 for all i € I, (4.9)
and (4.10) implies that

(B(8) + pA(E), P()B(E) = ((2)) € Fe 1 3_re4iClt]) ace. (413)
jerl
p(0) € Np(z.(0)), —p(1) € DXt ;075(2(1)) (4.14)
Jjer

Notice that Eff:l’\k+ ; >0, by (4.12) and the Slater constraint qualifications, we have

0> 3 Mer;Fi(@0,u0) — D MeasFy(za, 1)

jEr JEI
1 1
= jze;/\m (fo Gj(t,zo,uo)dt+§j(zo(1))—fo (‘;j[t]dt—gj(x*(l)))J,

Calculate () as in the [Sufficiency] of the Proof of Theorem 4.1. By using (4.13), (4.14)
and (4.11), we can obtain that A > 0, which is a contradiction. Thus & £ 0, so A; > 0
forall T € 1.

Let (2, %) be an arbitrary admissible process of (MCP' ), comparing Yier MiFi(z,u)
with 3,y AFi(2.,w.) as in the [Sufficiency] of Proof of Theorem 4.1, we can see that
{2+, %.) i a properly-solution for (M CP*). Thus, the Corollary is proved. 0
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