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Abstract

Qn the space of real-valued functions of several variables, we defined a partially
ordered set of functionals (T, ) and proved a separation theorem (Maruyama,2000).
In this paper, an ordering theorem is proved: for an arbitrary order refinement
(Z, <), we construct a function F such that v < v’ implies 7{F) < 7/(F).

1. Introduction

On the space of real-valued functions of several variables a sequential optimal
choices of variables determines a functional. Typical examples of such functionals are
the optimal plays of two players in finite zero-sum dynamic games of perfect infornration
between minimizer and maximizer, which assign game values to payoff functions. In such
a case each choice of variable depends on the previous choices of variables. Clearly the
set of previous choices of variables is linearly ordered by set inclusion. In this sense we
can say dependency of variables is linearly ordered.

By considering optimizations under nonlinearly ordered dependencies of variables,
we generalized such functionals and defined a set of functionals ¥ in Maruyama (2000).
In the study of the natural pointwise order on X, utilizing the phenomenon that any
sufficiently large structure contains a well regulated substructure, we proved a separation
theorem. Precisely, by the use of the theorem of Hales-Jewett (cf. Graham, Rothschild
and Spencer,1990), we proved that for functionals 7,71, 7z,..., 7 € E, if there exists a
function F; such that r(F;) < ni(F;) (resp. 7{(F;) > 1i(F;)) for each i € {1,2,...,¢},
then there exists a function F such that 7(F) < w(F) (resp. 7(F) > n(F)) for all
i {1,2,...,t} when the domain of each variable has sufficiently many elements.

In the linear case the analysis is not difficult. In fact, much more stronger result
than this separation theorem was obtained in Hisano and Maruyama (1989). It was
proved that if a subset § of & consists of functionals of linearly ordered dependency of
variables, then any total ordering on 5 can be assigned by a function as long as it is
consistent with the natural partial order. More precisely, if 7,72, ..., are functionals
defined by sequential optimal choices of variables and if there exists a function F;; such
that 7 (Fi;) < (F;) for all ¢,5 € {1,2,...,t} with ¢ < 7, then there exists a function
F such that 7(F) < ma(F) < .-« < 7 (F).

In this paper, as a strengthening of the separation theorem, we generalize this result
to nonlinear case and clarify the order structure on .

From the point of view of logic, the set of functionals ¥ corresponds to a set of
nonlinear quantifier prefixes {cf. Krynicki and Mostowski,1995) and their dual quantifier
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124 F. MARUYAMA

prefixes, functionals of linear case correspond to linear quantifier prefixes and the or-
der relations between functionals correspond to implication relations between quantifier
prefixes. Hence, by the result in this paper, it maybe observed that as in the case of
linear quantifier prefixes there exists no nontrivial implication relation among nonlinear
quantifier prefixes and their duals.

2. Notation and statement of the main result
We denote the cardinality of a set U by #I/. For a set I/ and a cardinal & we write

( z ) = {V Cc U | §V = k}. Denote by YV the set of all mappings from a set U into

a set V. We note that ¢V = {¢}. Denote by D(f) and R(f) the domain and the range
of a mapping f respectively.

For integers k and I, {k, ] denotes the set of integers larger than k — 1 and less than
1+ 1. We denote hy N, R, respectively, the set of all positive integers, and the set of all
real numbers. We write R = RU {—o0, 00}

Let n € N be fixed. For each k € [1,n] let Z* be a set which contains at least two
elements. We set

o = {n €ltH [1,2] | n([1,k) =k} A <k <n), M=10,, Il = {4},
fn—i o
(1) = {7= (11y--2m) € (U Hk) | {J Rlve) € (1 + l,n])}
k=0 k=1

(gign, nell,

I'(r,0) = {¢},

B(l,7) = F"xx2N gl (1 [1,n], € T),

o(l¢)=2" (1<)

For F €(Z'xxZ") Bz €I, L € [1,n], v € [(x,]) define

geF 2" W x...x 270 L R

and
yaw s F:®(x(l),m) x -+ x $(a(l),w) x ge(Hl) o o x zt(v) __, B
by
(rx F)(z™M,, .., "My = F(2Y,...,27)
and

(yxm s F)(@l,... ¢, 27U+ ()
= (m* F)(pt(zmM), .. pmihdy, LA gy pmUrl) )y

respectively for all ¢! € B(r(1),m1),...,¢" € B(x(1),w) and 271 € 27+
z*(0) ¢ Z7(n) where D(1e) = [1,hx] (L < b K1) Weset gxx«F=nmxF.
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Forl € [0,n], m €I, v € I'(x,1) define
0'+(!,?T,’Y),0_(I,?T,7) : (lemxzﬂ)R — R
by
o {l,x,yWF) = su -1 inf -« inf
+( ‘Y)( ) V;IEQ(‘K?I)(H) leII)(‘n’l[Ji},‘n}zx“-'-l)ez*““-l) zt(u]eZ'(n]
R R e L N, LY
ol m,)F) =

inf - inf sup see SUP
gled(x(1),m)  PEBRINm) ;xtt+l)ggeit+l) i) Zmin)

(’Y*""*F)((Pl,...,tpf,z"'“"'l],___,z"'(“))‘
We set
lx...xZm —_
.= {oithmm e ER 0gI<n, €M, yeTx D},

g x2™)p —
N = {a_(l,ﬂ',"f) X TRB lagign, nell, 'yEI‘(‘n',!)},
T=Z,UZ_.

FOIV=0'+(J,1F,”(), }L=G'_(I,7T,"}()EE we set

V=p= W([]'J]),
v=g=n([l+1,n]),

i
vi = p. = | J{(x7(k) € [1,0]* | v € Rw)},
k=1

{
v_ = py = | J{(n(k),u} € [1,n] | v € 7 ([l + 1, )} \ R(%)}.
k=1

For 7,7 € £ and p € [1,[r/2]] (where [n/2] denotes the largest integer not exceed-
ing n/2) define

Cln7',p) = {'? €My | (nlp+k),nk) ety 1<k,
(nk)nlp+ k+ 1) €7 (L<k<p—1), (o(p)nlp+1) € 7-}.

We set C(r,7,0) =17
We define the order < on T by, for 7,7 € Z,
r<7 ifandonlyif T(F)KT(F) foralF:2Z'%xZ%%x---xZ"— R,
Then, when the cardinals of Z1,Z2,..., Z" are large, every order refinement of the
ordered set (T, <) can be refined by a function in (£'x2*xxZ"IR,
This follows from the following ordering theorem.

THEOREM 2.1 (ordering theorem). Assume that Z',Z2,...,Z" have sufficiently
many elements. Then for any 11, 7a,..., 7t € L such that 7; € = (1 €1 < j £ t), there
evists F: 21 % Z2 x -+ x Z" — R such that 11{F) < a{F) < --- < 7 F).
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3. Proof of the theorem

In this section we prove the ordering theorem. We begin with some definitions and
lemmas.

Throughout the following definitions and lemmas 7y, 72, ..., 7 will be arbitrary but
fixed elements of T satisfying . £ 7; (1 € j <i g ¥).

For s € [1,¢] let I,,7,,7* be such that 7, = o(l;,7,,7¥") for 7, € T4,7, =
o_(l;,7,,7") for 7, ¢ Z. For u,v € [1,1] with v < u define

p(u,v) = min{k € [0, [n/2]] | C(r, 7w, k) # ¢}
and fix p,., € C(7y, 7, p(u,v)). Set
Viv,u)

s=2

= (“’v([lv + 1,n]) x U({s} x[1,8— 1])) \ (Pu,v([P(“v v) + 1, 2p{u, v)]) x {(u’”)})n

V(u,v) = my(llu + 1,7]} x U st xLs—1)u{u} x[1,4))],
o€(2.\{u}
V(u,0) = m(fl + Lal) x  |J ({s} x[1,s—1]).
22,2\ {u}

If plu,v) 2 1and 1 € k € plu,v) we set

R 'Yu_ (T € B+)$
U(u!vi k) = { ( ‘I"lopu.u(k‘)) u«
R (’Yr;‘opu.v(ﬁ'(ﬂ.v)+k)) (T‘u ¢ E'l‘)y

n Tu—lo (TU € E+)1
U(‘U’,ﬂ, k) = { ( Ty Pu.v(k.))
m (7:;10Pu.u(P(“‘”)+k)) (Tv ¢ E+).

DEFINITION 3.1. For 1 S v < u < ¢, 1 <k € ndefine X¥ = X* (r,...,7)and
Y, =Yk (n,... 1) as follows.

If p(u,v) = 0, then X =YF ={0} (1 <k n).

If p(u,v) 2 1, then for k ¢ pu o ([1,p(x,2)]) X§, = {0} and for k ¢ p, . ([p(u,v) +
1,2p(x,v)]) Y¥, = {0}. Furthermore, for & € [1,p(x,v)] we write X (u,v,k) = X25"®
and Y (u,v, k) = Y5~ (P H0),

For r, € &,
if 7, ¢ L4, then X(u,v,k} =Y (u,v,k) = {0,1},
if 7, € 4, then X(u,v, k) = Y (u,v,k) = [L,¢].
For 7, € X, we define X(u,v, k), Y(u,v, k) inductively as follows.
If p(u,v) = 1, then X (u,v,1) = [1,§W(u,v,1)],Y(n,v,1) = [1, Ny o]
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where

New=t- ][] I axd,

kel{u,w, 1) v+lgsgu—1

(1, N )
Wiu,v,1) = iy .
( ) ( HkEU(u,v.l) Hv+l$s£u—1 uXtI:.a

and

We set [T, 11 cocut pxXk, =1ifo=u-1L

If p(u,v) 22, let

v = : ¢
Nys=N (p(u, v),1+ 15_;‘12%,1:) H H 1 [ G

kel {u,v.j) vHlgsgu—

let
[1, Ny o)
W (u,v,8) = II I ixk, (1<i< plu,v))
kel {u,vi) v+lgsgu—1
and let

X(‘H.,‘U, P(“a”)a?(“: ‘U) - 1) = [1,ﬁW(u,v, 1) ) ﬂW(‘H, v, p(“s '!J))] .
For i € [1,p(u,v) — 1] let
m (v, v, p(e, v}, 1)) = HI(1X(u, v, p(u, v}, ), 1W (v, ,))

and let )
X(’U., v, pu,v), i — 1) = (X(‘I'.C, v, p(u, v), I-'))mm'v’;:'(1""1)]‘*)'

For 7 € [L,p(,0) — 1}yi € [1,7 — 1] let
X{uyv,3,4 — 1) = [LﬁW(u,v,jy

H H {(uX(‘H-, v, k, h) + 1)m(‘u,ﬂ|k|h] _ (ﬂX(u, v, k, h))m{n,v,k,h) }]

Jt1ghkgp{u,v) 1ghs]

let
m{u,v, §,i) = HJ (ﬂX(u, v, 7,1), (ﬁW(u,v,g’))HHlG"'ér(u.v) I.X(u,v‘h,;‘_]_})
and let )
X (0,708 = 1) = (X, 9,5,9) ",
We set

X(u,v,7) = X(u,v,30),
Y(u,9,7) = [1,Nuy] (1 €7<p(,0). O
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DEFINITION 3.2.

t u—1

Xt = X¥m,..m) = [[ [ XEolrs---am),

w=7 y=1
t u-1

Yk=Yk(1'1,...,Tt)—HHYuv(ﬁ, L) (L€kgn). O

u=2 v=1

Let

PrX(u )} XPw1) —s Xouoli},
Pry(u,s) yruolplevi+i) Yt{”z.v(l’{u,u)-l-j} (1 cv<ugt 1<i< p(u’v))

be the projections.

Suppose that §Z* 2 1X*+§Y* and let ¢f : X* —— Z* & : V¥ — Z* be injections
satisfying R(5) NR(E) = ¢ (1 € k € n). We identify £ (X*) and £(V*) with X* and
Y* respectively.

In the following five definitions and two lemmas, ,v € {1,t] are taken so that
v < U, p(‘ll‘-,'ﬂ) ? 2) Tu ¢ E+,Tu € E+. Set

Fuv k)= |J  X@wvki) (@<k<pluv), 1<i<k-1),
JE[tmlu,v.k.5)]

e(f) = [Lm(u, v,k DI\ND(f)  (f € F(u,v,k,3)).

DerFiNiTION 3.3. For fi € {u,v,k,1), ..., f; € v, v, k,7) (2 <k < plu,v),

1gjgk—1) we set

L{fiy.. s fi) = {:c" € X(u,v,k) |
Ty on) = fnl8n) ((s15..-,8n) € €(f1) x - x W fn-1) x D(fn) 1< R <)),

(31,83 JEE(Fr) X X E(f3) weX(uv,k.5)
HL(fry- o £3)) = €fa) % - x &(fy),
J(L(fla .- -afj)) = ([l,m(n,v, k, 1)] Xoeee X [l,m(u,v,k,j)]) \ I(L(fh T 1fj)) ]
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DEFINITION 3.4. We set

£ X (u,v, k) = {L{f1,..., f5) € X(w,0,k) | f € F(w, v, k,8) (1<i< D}
X (u,0,§ + 1) x++- x X(u,v,p(x,v)))
= {Lj:"'l X eee X L;-’{"‘”) C X(u,v,5+1) x --- x X(u,v,p(u,v)) |
L;:"'l € & (X(u,v,5+ 1)),...,L;-’("’”) € L (X(u,v,p(u,v))) }

and

Q(X(u,v,k,j - 1)) = {{(wl'n'“awm(u,v,k,j}) € X(‘!.l.,‘lﬁ, k,j b 1) |

wi=f# (€D, [] fwte U {w}“c(”}

ice(f) weX (u,v.k.5)

C X(u,v,k,j— 1} | fEi}'(u,v,k,j)} (< k< plu,v), 15 <k-1).

FD[‘ fl G&(“!vsksl)’ ey f_‘,l c s(uavak)j) (2$ ksp(ui‘vL 1 SJ Q k_z) we set
E’(L(fla"':fj)) = {L(fla---:fjafj+l) cC L(fl:--wfj) I fj'!-l € 3(‘&.,‘0, ka]"‘ 1)}‘ O

For L} € £/(X(u,v,1)) (2€i<p, 1 €7 €i—1)let ,\L; be a bijection from
X (u,,%, 1) onto L} such that for all w € X(u,v,1,7)

zi = AL; (w) = .'L‘E.B'_“__,s,_) =w ((81,...,8;) € I(L})).
Let
aﬁ’u : gk (X(u,v,k+1) % --- x X(u,v,p(u,v))) X W(u,v,k)
—PX(‘H.,‘U,k,k—l) (lgkssp‘-l)l
o, W{u,v,1) x W (u,,p(u, v)) — X (u,v,p(u,v), plu,v) — 1)
be fixed bijections.
We make the following definitions depending on ol ,, 02 ..., oBle),

DEFINITION 3.5. (1) Define mappings

Q™¥F : X(u,v,1) X --+ X X{u,v, k)
— LY (X (u, v,k +1) x -+ x X(u, v, p(u,v))) U {$}
(L€ k € plu,v) - 1)
by induction as follows. .
For a! ¢ a}w({Lf Xeeo X Lf(“‘v)} x W{u,v,1)) where L] € £(X (u,v,j))
(2 <7 < plu,v)),
Qu.v.l(al) = Lf X oo X LT(“#’).
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For k € [2, p(u,v) — 1] if

Qu.v,k——l(GI} ey ak—-l) — LII:—I X Li(_ul,u)

€ Ek_l(X(’H., v, k) X oo % X(H,TJ,P(u:v)))

and
¥ €app oak ({LEH x o x LMY x W(u, o, k)

where L] € 8(L]_)) (k+1 < j € p(u,v)) then
Qu’u‘k(al, . ,ak) - L:+1 X oeee X Lz{u.u)‘

Ctherwise
Q@ rHal,...,a*) = 4.
{(2) Define a mapping

Quupel X(u,v,1) x--- % X(u, v, p(u, v)) — W{au,v,1) U {¢}
as follows. If a! = ol ,(Q*"'(a!), B) for some B € W(u,v,1) and
ap(u,v) E AQu.u.p(u.v}—t(al ,___’ap(u.u)—l.) o aﬁ{:‘”) ({B} x W(u,'u,p(u, v)))

then
Quuruv)(gl gPwely = B,

Otherwise
QH'U-P(""’)(GI, s ﬂp(u.v)) = g.

(3) For k € [1,p(u,v) — 1] and (a',...,a*) € X(u,v,1} % --- X X(u,v,k) if
Quk(al, .. ,a*) = LE x oo x L2 € g (X (u, v,k + 1) X -+ - X X (1,0, p(1, v))),
let Q1% (al, ..., a%) = LEFL I Quvb(al,. .., a*) = ¢, let QP M(e!,...,a*) =¢. O

DEFINITION 3.6. Define 8, , : X(u,v,1) — W(u,v,1) by 8} (a')=B'ifa' €
X(z,v,1) and B! € W(u,v, 1) are such that ¢! = al , (Q“"!(a!), B).
For k € [2, p(u, v)] define

Bk, X(u,v,1) x -+ x X(u,v,k) — W(u,0,k) U {¢}
by ,Bﬁ‘v(al,.. a¥)y=B*ifa' € X(u,v,1),...,a* € X(u,v,k) are such that
a* = J\Q:.v,k—l(al,““ak_l) o cxﬁ'v (Q“"”k(al, .ees@®), B") ,
and 8% (a',...,a*} = ¢ otherwise. O
DEFINITION 3.7.
Tuw = {(a:l,. caY) gt Py e X (e, 1) X X X (u, v, p{u, v)}

X Y(u,'u, 1) X X Y(u,v,p(u,v)) | yk £ ﬁ:,v(xly” . )xk)a 1€k p(ﬂ,v)}. m
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LEMMA 3.1. For each k € [L,p{u,v)] let @ : [1, Ny, JP¥"1 — X (u,v,k) and let
S* C [, Ny,o] with §5* > HhEU{u,v,k) Hu+1gsgu—1 ﬁX::,s’ Then

{ ((Pl(yl H y31 Ty yp(u'U})a BRE (Pp[u,u)—l (yla IERE yp(u,'v)—l)’ ‘Pp{"'”)('yza ceey y"("'“}):
yhnwm“g€waJbv~xx@mmmmnmewmw”
e sk 1gkg p(u,v)} ¢ Tu

ProorF. To obtain & contradiction assume that

{ (‘Pl(yl, ¥, Py, pplev) =1l plu)=1y plu) 2 p(eshy
yls---,y"(""’)) € X(u,v,1) % - x X (u,v,p(x,v)) x [1, Ny o)P1*) |
Fest 1<kg P(u,v)} o
For k € [1,p(u,v)] let
B (i, yP )
=85 (et vt ), R R LRy
(¥ € &, 1< < plu,v).

Then

By, .. v =[] IT exi.<as
heU{u,v k) v+1gagu—1

and since the assumption implies that
v* e B*y',....v") (¥ €57, 1< 5 <plu, )

we see that for all ¢* € S1,...,5%"1 € §F1 yb+l ¢ G+l yp(n2) g Gp(4.0) there
exist d¥,d5 € % such that

Bk(yl| e ?yk_l,df’ yk-'_l’ rer Iyp(u'v}) # Bk(yl’ e ,yk_l, dg’ yk+1’ R | yp(u’ﬂ))'
Then in a similar way as in the proof of Lemma 4.3 in Maruyama (2000} we have
ﬂ:,u((Pl (di H y3$ vy yp(u,v))) = ﬁ};,u (’Pl (d%v yﬂ’ “aey y’“’ﬂ} ))
for all d},d} € 51, a contradiction to the ahove result for k=1. [J

LEMMA 3.2. For ali

o 1 X(u,v,1) % x X (0,0, k~1)x X (1,9, k+1) x- - x X (u, v, p(w, v)) — W(u,v,k)
(1€k<p)

there exist @' € X(u,»,1),...,a"%" € X (u, v, p(u,v)) such that

(al,...,a"*?) ol (a?,..., 0P}, P9 (Gl | ) T,

N
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PROOF. By using the theorem of Hales-Jewett, the proof is given similary as in
the proof of Lemma 4.4 in Maruyama {2000) and is omitted. O

DEFINITION 3.8. For u,v € [1,t] with v < u define T, , C Z1 x--- x Z™ as follows.
If p(u,v) =0, then

Tuw = {(z,...,2") €ZV x --- x Z" | 2Pr g YPur ),
If p(v,v) 2 1,7, € T, then
1”,—{(z HaMeEZ  xox 27|
zﬂu.v(k} € Xpu.v’ zpﬂ‘u(P(u!”}"'k) e Yﬂum(?{“;","'k),z:;}u{k} - z:;:lt.,ﬂ(p(ﬂ'l”}‘l'k},
1<k < plu,v)}
U{(zl,...,z“) €2 x- o x 2™ |
(gPevPluFl) ,Zpu.»(zp(u,v})) ¢ YPuulpluw)+l) 5 L., Y.Pu.u(ﬂp(ﬂvv))}‘
If p{u,v) = 1,7, ¢ Iy, then

‘Iu,v= {(Zl,...,z")ezl X Z" |

zPu.u(l) c Xﬂn.uu)’ zﬂu.u(?) € Y‘“'-"(ﬂ,zﬁ“ﬁ"(z) c ﬂ:‘ zPu u(l))}

W

u {(zl,...,z") €Z % .. x Z™ | 2ruv (D) ¢ Y"“-”{z)}
where 81, : X(u,v,1) — W(u,v,1) is a fixed bijection.
If p{u,v) > 2,7, ¢ E; then define T, , by
= {(z‘,...,z")e Zl %o x 2™ |
zPu.u(k} € XPu.u(k), ZPu.e (p{u,v)+k) S 'Y'Pu.v(?(“’t')‘l'k) 1 g k _‘<\ p(u’ ‘U),
(zp'u u(l) . ’zgu{lu(zp(uﬂ’])) c Tﬂ ﬂl}

U{(z‘,...,z") €2 x.- x 2" |
(zouolpluddtl) | 2puw(@p(w:0))) ¢ Youulp(uo}t) .. .xyﬁmu{g?(“’”})}. 0

For 1 € v < u £ £ define functions F}"" F}, Fy : Z' x --- x 2" — R by
v 1 ny __ 1 (zls"')zn)esu,v E]
E.u (z 1"'?3)"’{0 %(Zl,---,zn)¢‘zu,v,
F¢,...,2Y = min F(zl,...,2"%),

1€0gu—1

1 ny _ 1 n
Fo(st,...,2") = max fu— DFS(",....2".
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LEMMA3.3. Let 1 € s < u € t and 75 = o4(l;,7,,v"). Then for all o' €
2 (75(1),7) ©* € P (7:(2),73), ---» @' € ‘I’(Tfa(ls),‘?'e’,) )
ﬁ{(zr,(t,m, T O S U VIR S
(7 %75 % FE®) (@, ol 2™ H D) gme(m)y = 1}
1

g Syl L, pyeln),

-

PROOF. Suppose that p(u,s) > 2. Let ¢* € & (m,(j), 7)) (1< <L) let
§ = (1. ii+2...,p0us)}) (1<i<p(ss)-1),
§Pwe) = (2. . p(u,s)}
and let

b= (b5 Nkvrieview € [I .
(kuv“')ev(syu)

We may assume that R(¢’) C X™0) (1 € § € 1,). Define

epr 2O ] Yew,5,5) — X0 O (1< < plu, 3)
jESH

by
epr e (y)es) = 0 PO (P reuomn)
where (zk}keu(,,u,a) € erv{s.u,:‘) Y* is such that
& =, (keU(s,u,i), (ko) eVisu), XD =y (jes)
The definition of N, , and Lemma 3.1 imply that
ﬂ{(yl,...,y”(“”)) € Y(u,8,1) x --- x Y (u,s,p(x,9)) |
(prx(usm © opr e gl B, Ly,

1 1, &
Pr X (u,5,p(u,a)) @ (P:s o0u.a (ple10)) (y21 LRS! yp(u"’))l yll e ’yp(u,s)) € Tﬂ,’}

€= fY(uy5,1) - - Y (u, 8, plu, 3)).

o | =

Hence
et L 2 @ Yl e Y |
(r° % 7 * Fo Wt 0, Zrellat) | pme(m)y = 1}

g l . ﬂY"a(‘s+l) ,,,,, ﬁY*s(ﬂ).
t

The lemma is clear when p(u,s) < 1. O
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LEMMA3.4. For 3 € [L1] if 7, = o_(L,75,7°) € T\ I, then for all ¢! €
(7 (1),7), -, 9" € B (7a(le), 1)) there exist (D) g Xmletl) | gmeln) g
X7(7)} such that

(“}'s * Wy * F{f}(w11 . ,wl’,ﬂw"[l“'—l), . ’ar,(n)) =1.
PROOF. Let ¢* € ®(m,(h),73) (1 € & € ;). We may suppose that R(p?) C

Y™ (1 € h g L)
We claim that for each v € [0, 5 — 1] there exists

a(v) = (af Ik .urevisn) € H Xir
(kyu,r)EV{s,v)

such that for all
(2Pl oy g Zmlb ) Ly g
if
(z:,r){k.u,r]ev(.;‘v) = a(v)
then

(,.y& * My * Fg;?)({pl’ .. ',(pla’z*a(!s"'l), ceey z’ra(n}) =1

forall g=1,2,...,v.
We proceed by induction on ». The case v = 0 is trivially true for every a(0) €
ik eryevis,o X% . We assume this is true for v — 1 and prove this for v. The case

p(s,v) = 0 is trivial. We suppose that p(s,v) > 1. Define

¢p:f_:jf;‘v(p(8m]+j} : H H Xak,r —_— Yﬂa.U(I‘(G,U)'Fj) (1 “<\ J é p(s1 ‘l))) .
kEU(S,ﬂ',j} vErge—1

by

""3_‘ LR ROES 7l oga. i
Cutomty D (K Teevismiugrga-t) = @7 PP ((

k)kEU(a,v,j))
where (z*)ter(o 0.5 € Iicv (s X* is such that
zk =at, (keU(s,u,j), (kur) € V(is,o—1)).
If p(s,v) = 1, then since
ol I II x )= 11 II .
kel (a,v,1) vgErgs—1 kel (s,v,1) v+1grLs—1
we can take @, € X¥, (k € 7,([l, + 1,n])) so that
PPY(emnt) © Pafu oy ( I 1II Xf.r) C 8,0 (af5)).

kel(sv1}vgrga—1
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Let a(v) = (af ) (¢,u,mev(s,v) then if
(D) ey @ Z7alletl) i Ly ge(n)
is such that
(25 Yk ryev(s,0) = a(v)
then
(v # 7o % Fg ) (0t ..y, 2™ )y = g
forall g =1,2,...,v.
If p(s,v) 2 2, let

O X(s,v,1) X --- x X(8,0,5 — 1) x X(8,9,5 +1) x - -- x X (s,v,p(s,v))
— W(s,v,j)

be such that for all ! € X(s,v,1), 2? € X(s,9,2),..., 27" € X(s,v,p(s,v))

7 ope. o (psv)45)
pry(ssvrj) © Lpﬁ(‘lr—l)

({(z:,r)kEU(s,u,j),viréa—l € H 1-[ Xf,r | zf,‘iv"(i] = xi (1 €£ig P(S,‘U))})

kel (s,w,7) vErge—1
c Wi, .. ,a7 2 L 2Py (1 €5 € (s, v)).

By Lemma 3.2 there exist ¢! € X(5,v,1),...,e***) € X(s,v,p(s,v)) such that

(b, €2 W12, ., ePleV)) | gPed(el | (1)) o T,

Take

a;, € X5y (k€ me(lls +1,m])
so that

afer@ = ¢ (1< < pls,v)
and let
a(v) = (e rumevisy
Then if
(zmolerl) | pmeindy g grallatl) o Ly Z7e (M)

is such that

[Zﬁ,r){km.r)ews,v) = a(v}
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then
(0w ¥ B, e, 2ot L)) < 1
for all ¢ =1,2,...,v, completing the induction.

By the claim there exists

a(s — 1) = (6" Vrem (.41, € H x*
kex, ([fa+1.n])

such that

(7’ ¥ W ¥ Fl;’q)((plv LN (ph)aﬂau’*'l]! v ,alr,[ﬂ)) =1
for all g=1,2,...,v and since F§ = minjg.c.—1 Fy'¥, we have

(1 4 7 )t a4 g™ () = 1,

completing the proof. 0O

Proof of the Ordering Theorem
Let

K= ma.x{ﬂxk(’r!,. . .,1":) + ﬂyk(ﬁ_,... ,Tg) eN ‘

M. omeD, nEn(1<i<igh), 1SS, 1gkgn}

and let $Z' 2 K,...,Z* > K. Let 1,...,m € T begiven with ; € . (1 €i<j <)

and let Fy be defined as before. We will prove ,{Fp) = s — 1 (1 £ s £ ¢). There are two
cases,
Case 1. 7o = 0_(l,, %, 7'} E E\ X4. Let

wh: [[ 22—v™9 (i<
keR(+])

be such that, if 7, € T4, plu,s) = 1, then

7, Y opy. s (plu,a)+5) (=

PPy (us.i) © P = 28071

k) .
keU(a,mJ)
(zﬂu.s(j_l) c Xpu.a{j'l}, 2 é j \<._ p(ﬂ., 3)),

-1
Prycusny o D (M) ) # e P
(zpu.a(P{u'S)) € Xﬂu.o(]’(u,s)))’

and if T, € X4, p(u,s) =1, then

m 1 LTI ] 2 . A U & .8
Pryusn) 0@n P PP eu(omny)  BL (2852 D))  (2Pee ) € XPur D),
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Then it is clear that for all z%=(«+1} g Zmla+) ,ml.+2) ¢ Zr.(.32)  ,*a(n) g
Zm("} and forallu =s+1, s+2,...,t

(v % s * B2 )b, ...,tpﬁ,‘,z”‘“""l),...,z”‘{“)) =0.

Thus 15(Fy) € s — 1. Lemma 3.4 gives 7,(Fp) 2 s — 1.
Case 2. T, = oy (I4, 75, ¥} € Z+. Let

[MI z2—x~Y (a<igl)
keM(y])

be such that if p(s,v} = 1, then

Pf)((s’g‘j} a (Pn Op.s w J)((z )kEU(s,v,j)) — z?;;v(?(ﬁ,ﬂ)"‘j)
(zﬂs.v(P(s-U)‘l‘j) g Yroolplaw)ti) 1 £ 5 ¢ p(s,v)).

Then it is clear that for all z7™(ls*1) g ZT:(etl) mlletd) ¢ Zr(+2)  ,mln) ¢
Zrs(W) and forallv =1, 2,...,8—1

(,Ys * g * F;,v)(wé’ e W:f , zw,(!;-!-l), ey zfr,(n]) =1.

Thus 7o(Fp) 29 — 1.
For ¢! € ®(7.(1),7]),..., " € (ra(l,.,),fyfs) , by using Lemma. 3.3,

ﬂ{(zﬂ,(l,+1),_“ ’zvr,(n)) € Y:r,(la+l) Ko X Y'ar,(n) |
(v s mg x B, ... oo, am bt gme(n)) s-—l}
t
< Z ﬁ{(z"‘“‘"'l),. _.’zn(n)} e YT lett) o L x y*:(n) |
u=s+1

O * 7 # F) (s pigle, 2D, ey = 1}

< t-s, gy ety gy ein)
t

< Yyt gy e (n},

Hence 7,(F;) € s — 1, completing the proof. [
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