
九州大学学術情報リポジトリ
Kyushu University Institutional Repository

AN APPLICATION OF A COMBINATORIAL THEOREM TO A
SEPARATION PROBLEM II

Maruyama, Fumio
Department of Economics, Miyazaki Sangyo-Keiei University

https://doi.org/10.5109/13497

出版情報：Bulletin of informatics and cybernetics. 32 (2), pp.123-138, 2000-12. Research
Association of Statistical Sciences
バージョン：
権利関係：



Bulletin of Informatics and Cybernetics, Vol. 32, No. 2, December, 2000

AN APPLICATION OF A COMBINATORIAL 
THEOREM TO A SEPARATION PROBLEM II

       By 

Fumio MARUYAMA*

                             Abstract 

   On the space of realvalued functions of several variables, we defined a partially 
ordered set of functionals  (E, and proved a separation theorem (Maruyama,2000). 
In this paper, an ordering theorem is proved: for an arbitrary order refinement 

(E, ~), we construct a function F such that T -< T' implies T(F) < r'(F).

1. Introduction 

    On the space of realvalued functions of several variables a sequential optimal 
choices of variables determines a functional. Typical examples of such functionals are 
the optimal plays of two players in finite zero-sum dynamic games of perfect information 
between minimizer and maximizer, which assign game values to payoff functions. In such 
a case each choice of variable depends on the previous choices of variables. Clearly the 
set of previous choices of variables is linearly ordered by set inclusion. In this sense we 
can say dependency of variables is linearly ordered. 

    By considering optimizations under nonlinearly ordered dependencies of variables, 
we generalized such functionals and defined a set of functionals E in Maruyama (2000). 
In the study of the natural pointwise order on E, utilizing the phenomenon that any 
sufficiently large structure contains a well regulated substructure, we proved a separation 
theorem. Precisely, by the use of the theorem of HalesJewett (cf. Graham, Rothschild 
and Spencer,1990), we proved that for functionals T, Tl, T2, ... , Tt E E, if there exists a 
function Fi such that T(F2) < Ti(FF) (resp. T(F2) > Tr(F2)) for each i E {1, 2, ... , t}, 
then there exists a function F such that T(F) < Ti(F) (resp. T(F) > T2(F)) for all 
i E {1, 2, ... , t} when the domain of each variable has sufficiently many elements. 

    In the linear case the analysis is not difficult. In fact, much more stronger result 
than this separation theorem was obtained in Hisano and Maruyama (1989). It was 
proved that if a subset S of E consists of functionals of linearly ordered dependency of 
variables, then any total ordering on S can be assigned by a function as long as it is 
consistent with the natural partial order. More precisely, if T1 , T2, ... , Tt are functionals 
defined by sequential optimal choices of variables and if there exists a function F2 such 
that Ti (FF3) < TJ (Fij) for all i, j E { 1, 2, ... , t} with i < j, then there exists a function 
F such that ri (F) < 7-2(F) < • • < Tt (F). 

    In this paper, as a strengthening of the separation theorem, we generalize this result 
to nonlinear case and clarify the order structure on E. 

    From the point of view of logic, the set of functionals E corresponds to a set of 
nonlinear quantifier prefixes (cf. Krynicki and Mostowski,1995) and their dual quantifier 
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prefixes, functionals of linear case correspond to linear quantifier prefixes and the or
der relations between functionals correspond to implication relations between quantifier 

prefixes. Hence, by the result in this paper, it maybe observed that as in the case of 
linear quantifier prefixes there exists no nontrivial implication relation among nonlinear 

quantifier prefixes and their duals.

2. Notation and statement of the main result 

   We denote the cardinality of a set U by  U. For a set U and a cardinal k we write 
  U

k={V C U I #V = k}. Denote by UV the set of all mappings from a set U into 
a set V. We note that ci'V = {4}. Denote by 0(f) and 91(f) the domain and the range 
of a mapping f respectively. 

    For integers k and 1, [k, 1] denotes the set of integers larger than k — 1 and less than 
1+ 1. We denote by N, R, respectively, the set of all positive integers, and the set of all 
real numbers. We write R = R U {—co, col. 

   Let n E N be fixed. For each k E [1, n] let Zk be a set which contains at least two 
elements. We set 

Ilk = In e[1'k1 [1,n] I tiij([1, k]) = k} (1, k , n), H = Hn, rlo = {0}, 
                     n—1 l l 

r('r, 1) _ 'Y = (-y1) ... , -yl) EU Ilk I U 91('Yk) C 7r([l + 1, n]) 
k=0k=1 

(1 1 n, 7r E H), 
F(ir, 0) = {0}, 

4)(1,77) =(Zn(1) x•••x n(k)) Zl (k,1 E [1,71], rl E nk), 
43(1, 4) = Zl (1 < l n). 

For FE(z1X•--xzn)R, 7rEII, 1E[1,n], lyEF(ir,l)define 

Ir*F: Z"(1) x ••  x Z7r(n) —.R 

and 

-y * 7r * F :(1.(7(1), lyl) x ... x4)(7(1), -0x Z"(l+1)x •   x Z"`(n) R 

by 
                     ~r(1)7r(n)1                      (~r*F)(z ,...,z)=F(z,...,zn) 

and 

              1l~r(l+1)7r(n)       (Y*~r*F)(~P,...,cp,z,...,z) 
     = (7C * F)((p1(z71(1) zr1(h1)1 wl(z-vi(1) zYt(hi)1 z7(1+1)z'r(n)) 

respectively for all (P1 E (N71-(1),'yl), • • • '401 E (1.04l),-yl) and z7r(1+1) E Zir(l+1) , 
z7(n) E Z7(n) where D(-yk) _ [1, hk] (1 k l). We set 0* 71 * F = 7r* F.
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   For 1  E [0, n], 7r E H, -y E F(7r, l) define 

u+(1,7,7)7a_(i,7,21) • (Z1x...xzn)R —^ R 

by 

+(l, 7r, -y)(F) = sup • • sup inf • • • inf ,p1Et.(n(1),71) (plE(1)(7r(l),'Yl) z-(1+1)EZ*(1+l) z,r(,z)EZ"(") 
                               * *1 l 7r (l+1) (n) 

o _ (l, 7r, "y) (F) = inf • infsup • • • sup 5p1E4)(7r(1),-M) C01E4)(7r(l),11) z',(1+1)EZ't(l+1) z'")EZ'r(?) 
                                          1l7r(1+1)7r(n)                                             (Y*7r*F)(~P ,.•.,cpz,...,z). 

We set 

       E+{u+i) E(Zlx...xZn)RR I 0 l < n, 7r E H, 'y E r(7r,1)1 , 
E— ={u—(1,7,y) E(Zlx...xZ)RR I 0 \ 1 n, 7r E H, 'y E F(7r, l)} , 
E=E+UE_. 

    For v = _4_ (1 ,  p = u_ (l, 7r, 7) E E we set 

          =µ=7([1,1]), 

v=µ=7r([l+1,n]), 

v+ = µ_ = U { (u, 7r(k)) E [1, n]2 I u E 9i(-yk) }, 
                            k=1 

v_ = µ+ = U { (7r(k), u) E [1, n]2 I u E 71-([l + 1, n]) \ 91(-yk)}. 
k=1 

   For T, T' E E and p E [1, [n/2]] (where [n/2] denotes the largest integer not exceed
ing n/2) define 

C(T~ T~ p) _ {7l E 112p I (77(p + k), il(k)) E T+ (1 < k < p), 
(71(k), i7(p + k + 1)) E T_ (1 < k < p — 1), (ri(p), 7l(p + 1)) E T— } 

We set C(T, T', 0) = T f1 T'. 
    We define the order < on E by, for T, T' E E, 

T<T'if and only if T(F)<T'(F) for all F:Z'xZ2x•••xZn—pR. 
    Then, when the cardinals of Z1, Z2, ... , Zn are large, every order refinement of the 

ordered set (E, <) can be refined by a function in (z1 x z2 x • • • x zn )R 
    This follows from the following ordering theorem. 

     THEOREM 2.1 (ordering theorem). Assume that Z1, Z2, ... , Zn have sufficiently 
many elements. Then for any T1, T2 i .. • , Tt E E such that Ti (1 < i < j < t), there 
exists F : Z1 x Z2 x • • • x Zn —f R such that r1 (F) < T2 (F) < • • < Tt (F).
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3. Proof of the theorem 

    In this section we prove the ordering theorem. We begin with some definitions and 
lemmas. 
    Throughout the following definitions and lemmas  T1, T2 i . . . , Tt will be arbitrary but 
fixed elements of E satisfying TiT s, (1 j < i < t). 

    For s E [1,t] let l,s, 7rs, -ys be such that r5 = u+(ls,1rs, ,^) for T5 E E+, Ts = 
u_ (ls, 7rs, -ys) for Ts V E+. For u,v E [1, t] with v < u define 

p(u, v) = min{ k e [0, [n/2]] 1 C(Tv, Tu, k) � 0} 

and fix pu,v E C (Tv, Tu, p(u, v)) . Set 

V (v, u) 

t = (([1y + 1,n]) x U ({s} x [1,s —1]) \ (pu,v([p(u, v) + 1, 2p(u, v)]) x {(u, v)}), 
s-2 

VOL, v) = 71u([lu + 1, n]) x U ({s} x [1,s — 1]) U ({u} x [1, v]) , 
sE[2,t]\{u} 

V (u, 0) = 7ru([lu + 1,7d) x U ({s} x [1,s — 1]). 
sE[2,t]\{u} 

If p(u,v) 1 and 1 k p(u,v)weset 

                              uvk= (Y7ruiii.pu,(0)Tu E E+), 

           U 

     (>>)( 
                                 \ry'~u'opu.v(p(u,v)+k)/ (TuV+)' 

                          v(_1(k))Uvuk=vEE+)'                               (
77rviTiopu.v(p(u,v)+k))  (TvE+) •

DEFINITION 3.1. For 1 v < u t, 1 k n define Xu,v = Xuk v (T1 , ... , TO and 
Yuv = Yuv (T1 , . . . , Tt)as follows. 

   If p(u, v) = 0, then Xuk v = Yu v = {0} (1 k n). 
   If p(u, v) 1, then for k V pu,v ([1, p(u, v)]) Xu v = {0} and for k ct pu,v ([p(u, v) + 

1, 2p(u, v)]) Yu v = {0}. Furthermore, for k E [1, p(u, v)] we write X(u,v,k)  = X.~,z"(k) 
and Y(u, v, k) = Y v."(p(u'v)+k) 
For ruEE+, 

   if Tv V E+, then X(u,v,k)  = Y(u, v, k) = {0,1}, 

   if Tv E E+, then X(u,v,k) = Y(u, v, k) = [1, t]. 
For r V E+, we define X (u, v, k), Y(u, v, k) inductively as follows. 

   If p(u, v) = 1, then X(u, v, 1) = [1, $$W (u, v,1)], Y(u, v, 1) = [1, Nu,v]
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where 

 Nu,v  =  t  • 11 f #X ',s 
                                       kEU(u,v,1) v+1<su-1 

and 

          W(u,v,1) _[11,N,] k 
                                  11kEU(u,v,1)liv+1<s<u-1 ttXU,s• 

We set riv+1<s<u-1 #X! s = 1 if v = u — 1. 

   If p(u, v) 2, let 

Nu ,v = Np(u, v), 1 + maxH NXus, t 
             1<j<p(u,v)'                                                        kEU(u,v,j) v+1...u-1 

let 
                             [1, Nu,v] 

W(u,v,i) _f #Xus(1 i p(u,v)) 
                            kEU(u,v,i) v+1<s<u-1 

and let 

X (u, v, p(u, v), p(u, v) — 1) = [1, #W(u, v, 1) • 1W (u, v, p(u, v))] . 

For i E [1, p(u, v) — 1] let 

m(u, v, p(u, v), i)) = HJ(IX (u, v, p(u, v), i), #W (u, v, i)) 

and let 

X (u, v, p(u, v), i — 1) = (X (u, v, p(u, v),Z))m(u,v,p(u,v),i) 

For j E [1, p(u, v) — 1], i E [1, j — 1] let 

X (u, v, j, j — 1) = [1, #W (u, v, j) 
II 11 l (#X (u, v, k, h) + 1)m(u'v'k,h) — (#X (u, v, k, h))m(u,v,k,h) } 

+1<kp(u,v) 1<h<j 

let 

      m(u, v, j, i) = HJ#X (u,v,~,i),(1W (u,v,i)) II~+1~hSP(u,v)0X (u,v,h,i-1) 

and let 

                     X (u, v, j, i — 1) = (X (u, v, j, i)) m(u,v,.7,z) . 

We set 

X (u, v, j) = X (u, v, j, 0), 
Y(u,v,j) = [1,Nu,v] (1 j p(u,v)). ^
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    DEFINITION 3.2. 

t u-1 

         Xk = Xk(T1,...,Tt) = H 11 Xu,v(T1)...,Tt), 
                                        u=2 v=1 

t u-1 

        yk =Yk(T1,...,Tt) _ H H Yu,v(T1, ... ,Tt) (1 k n). ^ 
                                        u=2 v=1 

   Let 

PrX(u,v,?) . XPu.v(7) —+ X,P v„(7), 

pry (u,v ,i)   YPu.,,(P(u,v)+9) —4 Yu v.,,(P(u,v)+3) (1 v < u t, 1 j p(u,v)) 

be the projections. 

    Suppose that #Zk #X k -1-`1‘7"kand let ci : X k —4 Zk, 4 : Y — Zk be injections 

satisfying (ci) n 91(4) = 0 (1 k n). We identify cl(Xk) and 4 (Yk) with X k and 

Yk respectively. 

   In the following five definitions and two lemmas, u, v E [1, t] are taken so that 
v < u, p(u,v) > 2, Tu V E+, Tv E E+. Set 

a(u, v, k, j) = U JX (u, v, k, j) (2 k p(u,v), 1 j k — 1), 
JC[1,m(u,v,k,j)] 

C(f) = [1,m(u,v,k,j)] \D(f) (f E a(u,v,k,j)). 

    DEFINITION 3.3. For fi E ,` (u, v, k, 1), ..., f j E a(u, v, k, j) (2 < k < p(u, v), 

1 j k-1) we set 

L(f1, . . , f3)) = {xk E X (u, v, k) 1 
 xkS1sh)=fh(Sh) ((si, ..., sh) E-(fl) x • — x(fh-1) x Z(fh) (1 h j)), 

( II {x/sl,...,.„)} E U {w}dc(f~).....dK(f,) 

, 

                   (si,...,s3)Ec(fi)x... xCr(fi)wEX(u,v,k,j) 

I(L(f1,..., fj)) = (f1) x -• x (fj), 
J(L(f1, ... , f j )) = ([1, m(u, v, k, 1)] x • • • x [1, m(u, v, k, j)]) \ I (L(f1, ... , f j)) ^
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    DEFINITION 3.4. We set 

 Z3(X(u,v,k)) = {L(f1,..., fj) C X(u,v,k) I fi E U(u,v,k,i) (1 < i j)} 

£) (X (u, v, j + 1) x • • • x X(u,v,p(u,v))) 
                                    = {L33+1 x ... x L13(u'v) C X (u, v, j + 1) x ... x X(u,v,p(u,v))  I 

L33+1 E ,ej (X (u, v, j + 1)), ... , L3P(u'v) E £i (X (u, v, p(u, v))) } 
and 

£(X (u, v, k, j — 1)) = {{(w1... , wm(u,v,k,j)) E X (u, v, k, j — 1) I 
wi = f (i) (i E °(f )), fl {wi} E U {w}11(f) } 

iEC(f)WEX(u,v,k,j) 

CX(u,v,k,j-1) I f Ea(u,V,k,j)(2 k<p(u,v), 1 j  k — 1). 

   For fi E a(u, v, k, 1), ... , f j E a(u, v, k, j) (2 k < p(u, v), 1 j k — 2) we set 

e(L(fi,..., fj)) = {L(f1,...,fj,fj+1) C L(f1,..., fj) I f3+1 E v(u,v,k,j +1)1. ^ 

   For Lii E £3 (X (u, v, i)) (2 i p, 1 j i — 1) let AL;. be a bijection from 
X (u, v, i, j) onto Lji such that for all w E X (u, v, i, j) 

xi = AL (w) <----> x(st,...,s;) = w ((s1, ... , sj) E I(Lji)) . 

Let 

     au,v :£k(X(u,v,k+1) x ••• x X(u,v,p(u,v))) x W(u,v,k) 
--- *X(u ,v,k,k-1)(1 k<p-1), 

ce„,v : W (u, v,1) x W (u, v, p(u, v)) ---> X (u, v, p(u, v), p(u, v) — 1) 

be fixed bijections. 
    We make the following definitions depending on cxu,v, au,v, ... , af(v ,v) . 

DEFINITION 3.5. (1) Define mappings 

Qu,v,k : X(u,v,1) x ••• x X(u,v,k) 
----> Zk (X (u, v, k + 1) x • • • x X (u, v, p(u, v))) U {0} 

(1<k<p(u,v)-1) 

by induction as follows. 

   For a1 E alu,v ({Li x • • • x LP(u'v) } x W (u, v, 1)) where Li E £(X (u, v, j)) 
(2 j p(u, v)) 

Qu'v'1(a1) = LZx ... xLp(u,v)            11



130F. MARUYAMA

 For  k E [2, p(u, v) — 1] if 

           u,v,k-11k-1(u,v)                    Q(a , ...a)=L-1 x ... x LPk1 
E £k1(X(u, v, k) x • • • x X (u, v, p(u, v))) 

and 
           ak E ALk i o au v ({Lk+1 x • • • x Lk(u'v) } x W (u, v, k)) 

where Lk E £(4 _1) (k + 1 j < p(u,v)) then 

Qu'v'k (a1ak) = 4+1 x ... x Lk(u'v) 
Otherwise 
                     Qvu,,k1k                               (a~a) _ 4)• 

   (2) Define a mapping 

Qu,v,p(u,v) : X (u, v, 1) x • • • x X (u, v, p(u, v)) —p W (u, v, 1) U {0} 

as follows. If a1 = au v (Qu'v'1(a1), B) for some B E W (u, v,1) and 

aP(u'v) E AQu.v.P(u.v)-i (al,...,aP(u.v)-1) 0 au(v'v) ({B} X W(u, v, p(u, v))) 
then 

Qu,v,P(u,v)(a1, ... , a' 'v)) = B. 
Otherwise 

Qu,v,P(u,v)(al, P(u,v)) 
    (3) For k E [1, p(u, v) — 1] and (a1, ... , ak) E X (u, v,1) x • • x X (u, v, k) if 

Qu,v,k(a1 ak) = Lk+1 XX Lk(u'v) Ek (X (u, v k + 1) X x X (u v p(u v))), 
    ui,v,k(a1ak)=Lk+1.IfQu'v'k(a1ak) =letQ1'v'k(a1,... , ak) _ ~. let^  Q1,...,,...>> 

DEFINITION 3.6. Define /3u v : X (u, v,1) —* W(u, v,1) by /3 ,(a') = B1 if a1 E 
X (u, v, 1) and B1 E W (u, v, 1) are such that a1 = au v (Qu'v'1(al ), B1) 

   For k E [2, p(u, v)] define 

            ,Qu v : X (u, v,1) x • • • x X (u, v, k) ---> W (u, v, k) U {q} 

by 3(a',... , ak) = Bk if a1 E X (u, v, 1), ... , ak E X (u, v, k) are such that 

ak = ~Ql,v,x'(a'....,a~-1) O au v (Qu'v'k(a1, ... , ak), Bk), 

and /3 ,(a',... , ak) = 0 otherwise. ^ 

    DEFINITION 3.7. 

Tu v = {(x',.. .  , xP(u'v), y1, ... , yP(u'v)) E X (u, v, 1) x ... x X (u, v, p(u, v)) 
X Y(u,v, 1) X ... x Y(u,v,p(u,v)) I yk E ~u,v(x1,...,xk), 1 k p(u,v)}. ̂
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 LEMMA  3.1. For each k E [1, p(u,v)] let cpk : [1, Nuv]P(u'v)-1—>X (u, v, k) and let 
Sk C [1, Nu,v] with#Sk~hEU(u,v,k)llv}1<s<u-1#Xus• Then 

  J (ç,1(Y1y3p(u,v))cpp(u,v)-1(y1 yp(u,v)-1)p(uv)(2p(uv)) 
l,...,,...,, 

       yl ,,yp(u'v)E X(u>v>1) x • • • x X (u>v>p(u>v)) x [1>Nu,v]p(u'v) ... 

yk E Sk, 1 k < p(u,v)} Tu,v. 
    PROOF. To obtain a contradiction assume that 

  { (i(yiy3 yp(u,v)) coP(u,v)-1 (yl yp('u.'v)-1) vp(u'v) (y2 yp(u'v) ) 
y1 yP(u'v) E X (u ,v, 1) x• x X (u v p(u v)) x [1 N ]P(u'v) 

yk E Sk, 1 k p(u,v)} C T. 
For k E [1, p(u, v)] let 

Bk (yl , . . . , yP(u'v) ) 
= Qu v (cpl (yl , y3, ... , P(uv) cpk (yl, ... yk yk+2 , ... , yP(u'v) )) 

(y3ESi, 1 j<p(u,v)). 

Then 

#Bk (y1, ... , yP(u,v)) _ JJ H #Xu s < µsk 
                                          hEU(u,v,k) v+1.<s<u-1 

and since the assumption implies that 

yk E Bk (yl, ... , yp(u'v)) (y3 E Si, 1 j P(u, v)) 

we see that for all y1 E S1, , yk-1 E Sk-1, yk+1 E Sk+l, yp(u,v) SP(u,v) there 

exist di , d2 E Sk such that 

   Bk(y1 yk-1 dk1>yk+1yP(u,v))~Bk(y1,yk-1dkyk+1 yP(u,v)).       ,...>>,...,...,>2>,..., 

    Then in a similar way as in the proof of Lemma 4.3 in Maruyama (2000) we have 

1/~1               ou,v1(~1(dl, y3, ... yuv                                 P))Nu1,v (~1(d2, y3, ...,yu                                             P(v))) 

for all di, d2 E Si, a contradiction to the above result for k = 1. ^ 

    LEMMA 3.2. For all 

cpk :X(u,v,1)X.•.XX(u,v,k1)XX(u,v,k+1)X•••XX(u,v,p(u,v)) —'W(u,v,k) 

(1 k p) 

there exist al E X (u, v, 1), ... , aP(u>v) E X (u, v, p(u, v)) such that 

(al aP(u v) 1 a2 aP(u v)P(u,v) al aP(u,v)-1 C T
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    PROOF. By using the theorem of HalesJewett, the proof is given similary as in 
the proof of Lemma 4.4 in Maruyama (2000) and is omitted. El 

    DEFINITION 3.8. For u, v E [1, t] with v < u define Tu,v C Z1 x • x Zn as follows. 
   If p(u, v) = 0, then 

Tu,v = {(zl, ... , zn) E Z1 X ... X Zn ( zPu.v yPu.v 1. 

If p(u ,v)>1,TuEE+,then 

Tu,v = { (z1, ... , Zn) E Z1 X ... X Zn 
zPu.v(k) E XPu.v,zPu.v(p(u,v)+k) E yPu.v(P(u,v)+k)zuw(k) = zpw(p(u,v)+k)~ 

1 k p(u, v)} 
US (z1, ... , Zn) E Z1 X • • • X Zn 

(zPu.,,(p(u,v)+1) zPu.v(2P(u,v))) yPu.,,(p(u,v)+1) x ... x yPu.v(2P('u,v))}. 
    If p(u, v) = 1,7-u E+, then 

Tu,v = S (z1, ... , Zn) E Z1 x ... x Zn I 

zPu.v(1) E XPu.v(1), zPu.v(2) E ypu.v(2), zu,v(2) E 1%1,v(4vv(1))} 
U {(z',. . . , zn) E Z1 x • • • X Zn I zPu.v(2) yPu.v (2) 

where /3u v : X (u, v, 1) —* W (u, v, 1) is a fixed bijection. 

   If p(u, v) 2,7-u V E+ then define Tu,v by 

Tu,v ={(z1,...,zn)EZ1 x...XZn I 
zPu,v(k) E XPu,v(k)~ zPu,v(P(u,v)+k) E ypu.v(p(u,v)+k) 1 \ k p(u, v), 

                                          lzu vv(1), ... , zu v"(2p(u,v))) E Tu,v} 

U{(z1, ... , Zn) E Z1 X ... X Zn I 
(zPu,v(p(u,v)+1),...,zPu,v(2p(u,v))) yPu,v(P(u,v)+1)x...xypu,v(2P(u,v))}. ^ 

    For 1 v < u t define functions Fo 'v, NI', F0 : Z1 x • • x Zn R by 

                 1n                uv1n1(z,...,z) E Tu,v),                F
o'(z,...,z) = 0 ((zl Zn) ) 

      17(u,v1                       Z1...Zn)  = 
1\minFo(z,...zn), 

Fo(z1, ... , Zn) = max (u — 1)Fo (zl, ... , zn). 
2~u<t
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 LEMMA  3.3. Let 1 < s < u t and Ts = o+(ls, 7rs, -ys)• Then for all cpl E 
(D(rs(1),-y1), (p2 E (1)(rs(2),-Y2), ..., cpl-° E (7rs(ls),7'ls) 

{(zzr_u(1z+1)z7r,(n)) E yr..(1,+1) x ... x yr.a(n) 
                                  1la1r4(1a+1)ir~,(n)}                            (NS*~S*Fow's)(cP,.,cp~,z,..,z)=1 

               < 1 sy7r,(l_a+1) .....#y7rs(n) 

t 

    PROOF. Suppose that p(u, s) > 2. Let cp3 E ('s(j),'y,) (1 < j ls) let 

Si = {1,...,i,i + 2, . . . , p(u, s)} (1 i p(u,^) — 1), 
SP(u's) = {2,...,p(u,^)} 

and let 

                  b = (bv,r)(k,v,r)EV(s,u) E H Ykr• 
(k,v,r)EV(s,u) 

We may assume that 91((p)) C X'r-°(j) (1 j la). Define 

cpb 9 1°P:1.s(z) [J Y(u, s, i) --^ x"-(i) (1 s)) 
jES` 

by 

                (pbs 1°Pu.s(z) ((Y)jEs) = (p'r-° 1°Pu.s(z) ((zk)kEU(s,u,z)) 

where (zk)kEU(s,u,i) E ICU (s ,u,i)  Yk is such that 

     zv r = by r (k E U(s, u, i), (k, v, r) E V(s, u)),zPc Ss(j) = y3 (j E Sz). 

The definition of Nw,s and Lemma 3.1 imply that 

  {(y1 , ... , yP(u'S)) E Y(u, s, 1) x ... x y (u, s, p(u, s)) 
        (Pr x (u s 1) ° 40b'9 1°Pu.s(1)(y1, y3, ... , yP(u's)), • • • ,                                ~31°Pti..s(P(u,^))(y2, ... , yP(u's)), y1,...,yp(u,^)) E Tu's                PrX(u,s,P(u,s))(pb 

1      •#Y(u, s,1) ..... tlY (u, s, p(u, s)) . 

Hence 

$ {(z1s(1s+1), ... , z'rs(n)) E y (13+1) x • • • x yir(n) 
(ys * s * Fo 's)(~1, ... , (pls z'rs(1s+1), ... , z'rs(n)) = 1} 

< 1 . ky"9(l,+1) ..... #y>r.y(n). 

           t The lemma is clear when p(u, s) 1. ^
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    LEMMA 3.4. For s E  [1,  t] if TS = u_ (ls, 7,s, -ys) E E \ E+ then for all cp1 E 
(irs(1),'4) , ... , cpl'° E (irs(ls),'yla) there exist a'3(1'+1) E X'3(1_V+1), ..., cer`°(n) E 

XR-`°(n) such that 

ss)( 1 iQ '(1'+1)' _Q(n) 

    PROOF. Let (ph E (irs(h),-yh) (1h la). We may suppose that ((ph) C 
177 '''.(h) (1 h < la). 

    We claim that for each v E [0, s — 1] there exists 

                   a(v) = (au,r)(k,u,r)EV(s,v) E JXu,r 
                                                   (k,u,r)EV(s,v) 

such that for all 

(zr`°03+1), ... , zirs(n)) E Z"3(13+1) x ... x Tr3(n) 

if 
                   (k                                'zu,r)(k,u,r)EV(s,v) = a(v) 

then 

           (ss,41lar3(13+1)'~s()                   'Y* *Fo)(~P,...,cp,z,...,z) = 1 

for all cq = 1,2, ... ,v. 
    We proceed by induction on v. The case v = 0 is trivially true for every a(0) E 

           X„r. We assume this is true for v — 1 and prove this for v. The case ~(k,u,r)EV(s,o) 
p(s, v) = 0 is trivial. We suppose that p(s, v) 1. Define 

   Caa(vlij.,,(P(s,v)+j) . JJJJ Xs,r—' yP3,(P(s,v)+j) (1<j<p(s, v)) 
kEU(s,v,j) v<r<s-1 

by 

            _1      730Ps,v(P(s,v)+j)(((k~9 10P3., (P(s,v)+j)k    'a(v-1)(\'zs,r1kEU(s,v,j),v<r<s-1) =((z)keu(s,v,j)) 

where (zk)kEU(s,v,j) E rikeu(s,v,j) Xk is such that 

zu r = au r (k E U(s, v, j), (k, u, r) E V (s, v — 1)) . 

If p(s, v) = 1, then since 

       tl (H H X s,r = H H #Xs,r, 
                    kEU(s,v,1) v<rs-1kEU(s,v,1) v+1<r<s-1 

we can take as v E Xs v (k E 7rs([ls + 1, n])) so that 

         PrY(s,v,1) Ocoa(v_l)v(2)XSr~svlaP(v)) 
                                           kEU(s,v,1) v.@ .5-1
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Let a(v) =  (au  r)(k,u,r)Ev(s,v) then if 

(z1',... , zr'(n)) E Zr-"(G+1) x ... X Zir'(n) 

is such that 

                       ((k                                Zuk,r)(k,u,r)EV(s,v) = a(v) 

then 

(7s *7s * Fos ,9)lciol,...,(pi',.z'°(1`+1),...,I''°(n)) = 1 

for all q = 1, 2, ... , v. 

If p(s, v) 2, let 

413 : X (s, v, 1) x • • • x X (s, v, j — 1) x X (s, v, j + 1) x • • • x X (s, v, p(s, v)) 
—*W(s,v,j) 

be such that for all xl E X (s, v, 1), x2 E X (s, v, 2), ... , xp(s'v) E X (s, v, p(s, v)) 

              7,1oPu.v(P(s,v)+7) Pr
Y(s,v,j) ° (Pa0,-1) 

{(Zsk,r)kEU(s,v,j),vrs—i EXs,rI zsvv(2) = xi (1 2AS, V))            kEU(s,v,j) v<r.s-1 } 
  C kifj (xl, ... , xj-1 , xj+1, ... , xP(s'v)) (1p(s, v)) . 

By Lemma 3.2 there exist el E X (s, v, 1), ... , eP(s'v) E X (s, v, p(s, v)) such that 

(e1 eP(s'v) T1(e2eP(s'v)) xiP(s'1)) (e1 eP(s'v)-1)) C T 

Take 

asv EXsv (kE7rs([1s+1,n])) 

so that 

aPsvu(j) = ej (1 j p(s, v)) 

and let 

                           a(v) = (an r)(k ,U,r)EV(s,v). 

Then if 

(z's(i8+1),...,,z7'a(n)) E Z79(1s+1) X ... X Zir9(n) 

is such that 

                   (k                                Zuk,r)(k,u,r)EV(s,v)= a(v)
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then 

 ss,91 1s ir.,(1.+1) zr.(n)) 

for all q = 1, 2, ... , v, completing the induction. 

   By the claim there exists 

                a(s — 1) = (ak)kE7rs([1s+l,n]) E 11 Xk 
kEir8([1s+1,n]) 

such that 

(ys * 7fs * ',4)(~1 ... , (P18 ars(Ls+1), ... , a",(n)) = 1 

for all q = 1, 2, ... , v and since Fos = minl~q~s_1 Fos'", we have 

('YS * 7fs * Fo)(cP1 (p18 air a(1s+1) ars(n)) = 1, 

completing the proof. 0

   Proof of the Ordering Theorem 

   Let 

K = maxt #Xk(T1,...,Tt) +tlYk(T1,...,Tt) E N 

T1i...,TtEE, Tj Ti (1<i<j<t), 1 t $$E, 1 k~n} 

and let 11Z1>K,...,#Zn K. Let r1,...,r E E be given with 73 TZ (1 i < j t) 

and let F0 be defined as before. We will prove Ts(F0) = s — 1 (1 < s < t) . There are two 
cases. 

   Case 1. TS = E E \ E+. Let 

vo : H Zk .. ylrs(i) (1 ls) 
kER('y;) 

be such that, if Tu E E+,p(u,^) > 1, then 

                 —1opu.s(P(u,^)+9)kPu.s(7-1) 

                                         s 

        Y(u,s,j) 0 ~0(('z)kEU(s,v,j)—zu,s 

(zPu.s(.9-1) E XPu.30-1), 2p(u, s)), 
                   1°Pu,s(P(u,^)+1)(zk) PrY(u,s,1) O (POs(                                    kEU(s,u,1))zf Ss(P(u,^))                7'

(zPu.s (P(u,^)) E XPu.s (P(u,^)) ) 

and if Tu E+,p(u,^) = 1, then 

               ~_a1oPu.s(2)zk1zPus(1)zu,s(1) E XPu.s(1)    PrY(u,s,1)(P0(()kEU(s,u,1)) I3u,s(u,s) (P)•
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Then it is clear that for all(l`+1) EZ'r°(G+l)z,°(1,a+2) EZ~-~(+2)zra(n) E 
 Tr .'(n) and for all u = s + 1, s + 2, ... , t 

            (s 1l,airs(1,+1)~rs(n)                   '1*~rs*Fo)(~o~...,(po,Z,...,z) = 0. 

Thus TS (Fo) s — 1. Lemma 3.4 gives Ts (Fo) s — 1. 

    Case 2. Ts = a+(ls, 7rs, -ys) E E+. Let 

4030 11 Zk Xns(3) (1 < j ls) 
kE91(-y; ) 

be such that if p(s,v) 1, then 

 Prx(s,v,j) ° (Pos 1°P''' (3) ((zk)ke(1(s,v,j)) = zp,vv(P(s,v)+3) 

(zPs.v(P(S,v)+3) E yPs.v(r(s,v)+3), 1 j p(s,v)). 

Then it is clear that for all zrs(I'+1) E Z"°(1,+1), zr9(1°+2) E Zn9(1a+2), • • , zirs(n) E 
Z"s(n) and for all v = 1, 2,...,s-1 

            ss,v1is3(1+1)7ra(n)                 (Y*lr s*Fo)((Po~...,cpo1                                 ,z,...,z)=1. 

Thus Ts (Fo) s — 1. 
    For (pi E 4) (is(1),'71) , ... , (Pis E 4) (7s(ls),'Yi) , by using Lemma 3.3, 

q(zr,(/,+1), ... , z~s(n)) E 177,(19+1) x ... x y7s(n) 
           (s)(113~3(19+1)~r9(n))t                 'y*~1's* Fp(P~,...,z>s—1 

            t 

EHt}{(z7r9(13+1), ... , z"s(n)) Eyir(13+1) x...x yir (n) 
            u=s+1 

                           (,Ys *7rs *Fo,^)(cp1,...,(p1`,z'r3(1.,+1),...,z'r3(n)) = 1} 
t — }{y7rs(18+1) ..... #yir (n) 

t 

< }{y7r8(13+1) ..... oyis(n) 

Hence Ts WOs — 1, completing the proof. D
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