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RELATIONAL ASPECTS OF RELATIONAL 
     DATABASE DEPENDENCIES

                 By 

Hitomi OKUMA * and Yasuo KAWAHARAt

                             Abstract 

   This paper presents a relational treatment of inference rules for functional and 

multivalued dependencies in relational databases, to show the soundness and the 

completeness of the inference rules in Dedekind categories, which also cover the 

fuzzy case.

1. Introduction 

    It is well-known that relational database models were introduced by Codd (1970). 
Functional and multivalued dependencies are the most important examples of relation
ships (constraints) between attributes in database relations. The completeness theorems 
for functional and multivalued dependencies have been proved by Armstrong (1974) and 
Beeri et al. (1977), respectively. 

   Schmidt and Strohlein (1993) explained a basic relational feature of functional de

pendency for relational models of databases, and Ounalli and Jaoua (1997) studied di
functional dependencies in relational databases. Orlowska (1987) proposed a relational 
formulation of functional, multivalued and other dependencies, and an axiomatic re
lational calculus for dependency theory was developed in Buszkowski and Orlowska 

(1998). MacCaull (2000a), (2000b) gave a relational formulation for functional, mul
tivalued dependencies and association rules, and developed a Rasiowa/Sikorski-style 
tableaux method of proof which is sound and complete for the implication problem for 
these dependencies. 

    In this paper we will propose a foundation of a relational treatment for functional 
and multivalued dependencies in Dedekind categories.

    This paper is organized as follows. In Section 2 we review the definitions of 
Dedekind categories (Olivier and Serrato (1980) and Kawahara (1998)) as one of rela
tional categories, and relational products (Desharnais (1997)), that provide total spaces 
of database tuples. In section 3 we introduce a notion of database schemes to present a 
relational and algebraic framework to study database dependencies. In Sections 4 and 5 
we will give the definitions of functional and multivalued dependencies in our database 
schemes, and show the inference rules, which implies the soundness theorems for the 
dependencies. Finally we will remark that database schemes with a weaker condition 
have sufficient basic properties to show the completeness theorems. 
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2. Relational Products 

   In this section we recall the definition of Dedekind categories discussed in Olivier 
and Serrato (1980) and Kawahara (1998), and review relational products (Desharnais 

(1997)) in Dedekind categories. 

   Throughout this paper, a morphism a from an object X into an object Y in a 
Dedekind category (which will be defined below) will be denoted by a half arrow a : 
X — Y, and the composite of a morphism a : X — Y followed by a morphism /3 : Y — Z 
will be written as a,3 : X — Z. Also we will denote the identity morphism on X as idx • 

DEFINITION 2.1. A Dedekind category D is a category satisfying the following: 
Dl. [Complete Heyting Algebra] For all pairs of objects X and Y the horn-set D(X, Y) 
consisting of all morphisms of X into Y is a complete Heyting algebra (namely, a com
plete distributive lattice) with the least morphism Oxy and the greatest morphism VxY. 
Its algebraic structure will be denoted by 

D(X, Y) = (D(X, Y), C, U, n, OxY, V xY)• 

That is, 
(a) E is a partial order on D(X, Y), 
(b) Va E D(X, Y) :: Oxy C a C V xY, 
(c) 112Elai Eaiffa2 E a for all i E I, 
(d) a E H2 iai iffaLa, for all i E I, 
(e) a H (UiE/ai) = Ui€7(a 
D2. [Converse] There is given a converse operation : D(X, Y) —* D(Y, X). That is, for 
all morphisms a, a' : X — Y, ,Q : Y Z, the following involutive laws hold: 
(a) (a/3)a = 1PaO, 
(b) (ab)a = a, 
(c) If a C a', then as C 
D3. [Dedekind Formula] For all morphisms a : X — Y, /3 : Y Z and 'y : X —P Z the 
Dedekind formula a/3 H ry C a(13 H ati-y) holds. 
D4. [Residue] For all morphisms /3 : Y Z and -y : X — Z the residue (or division, 
weakest precondition) -y +13 : X —j Y is a morphism such that a/3 C -y if and only if 
aCry=/3 for all morphisms a:X— Y.^ 

   A morphism f : X —j Y such that f d f C idy is called a partial function (univalent) 
and may be introduced as f : X -* Y. A partial function f : X —* Y such that 
idx C f f (total) is called a function. A morphism a : X Y such that aaaa C_ a is 
difunctional. In what follows the word relation is a synonym for morphism of a Dedekind 
category. 

   An object I of a Dedekind category D is called a unit if OH � id/ = VII. A unit 
I of D is called strict if V xiV ix = V xx for all objects X of D. An /-point x of X is 
a function x : I —* X, that is, a univalent and total relation. 

    For the basic properties of Dedekind categories, or relation categories, the reader 
is referred to Freyd and Scedrov (1990), Schmidt and Strohlein (1993).
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    LEMMA 2.2. Let a : X Y be a relation, and let x : I  —* X and y : I —+ Y be 
Ipoints of X and Y, respectively. Then 

 (a) xy C a if and only if xay = idi, 

 (b) If xy n a = Oxy, then xay = OIi. 

    PROOF. (a) Assume that xy C a. Then id/ C xxyy° C xay by the totality 
of x and y. Hence xayt1 = id/. For the converse, suppose that xayt1 = id/. Then 
x4y = xaypy E a, since x and y are univalent. 

(b) Assume that xay n a = Oxy. Then xay = xay n id/ C x(a n xy)ya = Oii• ^ 

   Let U be a finite set and let {Da ( a E U} be a Uindexed set of objects in a 
Dedekind category D. We call U a set of attributes and Da a domain of possible avalues 
for an attribute a E U. In this section we assume that the Dedekind category D has 
finite relational products for all subsets of {Da a E U}. That is, for each subset X C_ U 
there exists an object T[X] of D and an Xindexed set {pxa : T[X] —^ Da a E X} of 
functions (called projections) in D satisfying the following three conditions: 
(PD1) Va E X :: PXaPXa = idDa, 
(PD2) Va E X :: Pxa(nb�aPX6Pxb) = V DaT[X], 
(PD3) HaEXPXaPxa = idT[x]. 

    REMARK. (i) In the case that X is a singleton set, namely, X = {a}, we set 
T[X] = Da and p{a}a = idDa. Then the conditions (PD1), (PD2) and (PD3) hold under 
the convention that the infimum of the empty set of relations is the universal relation. 
(ii) In the case that X is the empty set, we set TM= = I. Then the above conditions are 
valid, too. 

    THEOREM 2.3. (Sharpness) Let Y be a subset of U, and let {ay : A —V Dy I y E Y} 
and {/3y : B Dy y E Y} be Yindexed sets of relations in D. If all ay are difunctional, 
or all 13y are difunctional, then 

nyEYayNy = (nyEYayPyy)(nyEYPYy0t)

For the proof of this theorem the reader is referred to Desharnais (1997). ^ 
    For a subset Y of X we define a relation pxy : T[X]  T [Y] as follows: 

PXY = naEYPXaPya• 

It is trivial that Px{a} = PXa for all a in X, and pxx = idT[x]• 

    PROPOSITION 2.4. Let X, Y and Z be subsets of U. Then the following hold: 

 (a) The relation pxy : T[X] —V T[Y] is the unique function such that PXYPYa = PXa 
for all a E Y, 

 (b) PxYPYZ = Pxz if ZCYC X.
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    PROOF. (a) First we will see that pxy is univalent and total. Univalence follows 
from 

PxyPXY = (HaEYPYaPxa)(naEYPXaPYa) 
C naEypyaPxaPXaPYa{ Subdistributivity } 

           C naEYPYaPya{ PxaPX a C 1dDa 
         = idT[y]{ (PD3) }, 

and totality from 

idT[x] C naEYPX aPX a{ idT[x] C PxaPxa } 
(naEYPXa4a)(naEYPYa4a){ Theorem 2.3 (sharpness) } 

            = PxYPxy, 

since all pxa are difunctional. Finally assume that f : T[X]  -* T[Y] is a function such 
that fPYa = PXa for all a E Y. Then 

      f = fidT[Y] = f (HaEYPYapya) = naEYfPYaPya = naEYPXaPya = PXY, 
which proves the uniqueness of pxy. 
(b) It is easy to see that PXYPYZPZa = PXYPYa = PXa = PXZPZa for all a E Z, and so 
PxYPYZ = Pxz by the uniqueness of pXz, proved in (a).D 

   For each subset X of U we define an equivalence relation 8[X] : T[U] — T[U] by 
9[X] = naEXPUaPUa• When X is empty set, set 8[0] = VT[U]T[U]. 

PROPOSITION 2.5. Let X and Y be subsets of U. Then 

 (a) 8[U] = idT[U] and 9[X] = PUXPUx, 
 (b) 8[X u Y] = 8[X] n 8[Y], 

 (c) 8[X n Y] = 8[X]8[Y]. 
    PROOF. (a) First note that naEXPXaPXa = idT[x] by (PD3), and that puxPxa = 

PUa for all a E X by Proposition 2.4(a). We have 

PUXPUX = PUX (naEXPXa)Xa)PUX { naEX PXaPXa = 1dT[X] } 
                = naEXPUXPXaPXaPUX q} naEXPUaPUa{ PUXPXa = PUa 

             = 0[X]. 

(b) From the definition we have 8[X] n 6[Y] = (naEXPUaPUa) n (naEYPUaPUa) 
naEXUYPUaPUa = 9[X U Y]. 
(c) For a subset X of U define a Uindexed set {aQI a E U} of relations by as= idDa 
if a E X and as= VDaDa otherwise. As PUaaaPUa = PUaVDaDaPUa = VT[U]T[U] for 
a V X we have naEUPUaaa PUa = naEXPUaPUa = 8[X]. Therefore, applying sharpness 
(Theorem 2.3) we obtain 

8[X]8[Y] = (nacuPUaaaPL)(naEUPUaaa PUa) 
          = naEUPUaaa as PUa { Theorem 2.3 (sharpness) } 

        XnY dXYXnY           naEUPUaaa PUa{asas= as 
         = 8 [X n Y] .
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(Note that all  pUaaa are difunctional.)^ 

   Throughout this paper we will assume that D is a fixed Dedekind category with a 

strict unit I and relational products.

3. Attribute Schemes 

    To realize a relational treatment of some dependencies on relational databases we 
will introduce a notion of attribute schemes in the following: 

DEFINITION 3.1. An attribute scheme in a Dedekind category D is a triple (U, T, 9) 
of a set U of attributes, an object T of D and a mapping 0 : p(U) -* D(T,T) assigning 
a relation 0[X] on T to each subset X of U such that 

 (a) 0[X] is an equivalence relation for each subset X of U, 

 (b) 0[U] = idT and 9[0] = VTT, 

 (c) 9[X U Y] = 0[X] n 9[Y] and 9[X n Y] = 9[X]9[Y] for all subsets X and Y of U. 

   Note that 9[X] is an equivalence relation if and only if it is reflexive (idT C 9[X]), 
symmetric (0[X]t1 C 0[X]) and transitive (9[X]9[X] C 9[X]). 

   DEFINITION 3.2. A database relation on an attribute scheme (U,T ,  9) is a relation 
r: T T such that r C idT.^ 

    The following shows technical properties of database relations in attribute schemes. 

    LEMMA 3.3. Let r be a database relation on an attribute scheme (U, T, 0). For all 
subsets X, Y and W of U the following hold: 

 (a) If Y C X, then 0[X] C 9[Y], 

 (b) If X U Y = U, then 9[X]r9[Y] n 0[W] = 9[X U W]r9[Y U W] n 0[W]. 

   PROOF. (a) Assume that Y C X. Then 0[X] = 9[X U Y] = 9[X] n 0[Y] C 9[Y] 
(and 9[X]9[Y] = 0[X n Y] = 0[Y]). 
(b) It is clear from (a) that 9[X U W]r9[Y U W] n 9[W] C 9[X]r9[Y] n 9[W]. Conversely 
we have 

9[X]r9[Y] 110[W] 
              C_ {9[X]r n 9[W](9[Y])b}{9[Y] n (9[X]r)119[W]} { Dedekind Formula } 

C_ {9[X] n 9[W](9[Y])Orti}r{9[Y] n (9[X]r)09[W]} { Dedekind Formula } 
C_ (9[X] n 9[W]9[Y])r(9[Y] n 0[X]0[W]){ r C idT, 9[X]a = 9[X] } 

  = 9[X U (W n Y)1r9[Y U (X n W)]{ Definition 3.1(c) } 
  = 9[X UW]r9[YuW] 

            {Xu(WnY)=XuW, Yu(XnW)=YuWbyXuY=U}. 

    PROPOSITION 3.4. Let r be a database relation on an attribute scheme (U, T, 0). 
For all subsets X and Y of U the following hold:
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 (a) re[X]r C 6[Y] if and only if re[X]r C r8[Y]r. 

(b) e[,Y]re[Y] n 0[X] = 0[X u -,Y]re[X U Y] n 0[X] = e[,(X u Y)]re[X U Y] n 0[X]. 

    PROOF. (a) It is obvious from r C idT. 
(b) From Lemma 3.3(b) we have 

6[ (X U Y)]r8[X U Y] n 0[X] = 0[X U  (X u Y)]re[X u Y] n 8[X] 
                       = 0[X u ,Y]re[X U Y] n 0[X].

4. Functional Dependencies 

   Let r be a database relation on an attribute scheme (U, T [U], e) discussed in Section 
2. A relation aXy = pUXrpuy :T[X]  T [Y] is functional (or, univalent) if and only 
if : 

aXyaXY C idT[y] 

        > (puXrpUY)°(PUXrpUY) E idT[y] 
<—> puYpUyrpUXPUXrpuYPUy C PUYPUy { pUy is a function. } 
<----> 8[Y]re[X]r8[Y] e[Y]{ e[Y] = PUypauy } 
~--> r8[X]r C 0[Y].{ Definition 3.1(a) } 

Following the above observation we will define the functional dependencies on attribute 
schemes in Dedekind categories, as follows: 

DEFINITION 4.1. Let r be a database relation on an attribute scheme (U, T, 0). We 
say that there is a functional dependency of a subset Y of U on a subset X of U, denoted 
by r X -* Y, if and only if r8 [X ] r C 0[Y]. 

^ 

    We now show the basic laws on functional dependencies. 

   FDO. If X ID Y, then r = X -* Y. (Reflexive law) 

    PROOF. Assume that X J Y. Then r8[X]r C 0[X] E 0[Y], since r C idT. ^ 

   FD1. If r X — Y and Z D W, then r XUZ -* Y U W. (Augmentation law) 

    PROOF. Assume that re[X]r C 6[Y] and Z D W. Then 

re[X U Z]r = r(8[X] n 8[Z])r { Definition 3.1(c) } 
C r8[X]r n 0[Z] { r C idT } 
C 9[Y] n 0[W] { r8[X]r C 0[Y] and Z I) W } 

                = 9[Y U W] { Definition 3.1(c) }. 

    FD2. If r = X -* Y and r = Y -* Z, then r X -3 Z. (Transitive law) 

    PROOF. Assume that r8[X]r C 0[Y] and r8[Y]r C 0[Z]. Then we have 

re[X]r C rO[Y]r C 0[Z].
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   Let  (U,  T,  O) be an attribute scheme in a Dedekind category D. A formal expression 
X -> Y, namely, an ordered pair of subsets X and Y of U, joined by an arrow, is called 
a functional dependency. Inference rules for functional dependencies are the following 
three rules: 

               [FDO]X-------_Y{X 2 Y} 

X -+ Y 
                  [FD1] XuZ ->YuW{Z 

                  [FD2]X -+ Y Y -* Z                                          -> 

   Let Let F be a set of functional dependencies (FD's). A derivation from F is a 
nonempty sequence 

{X0>Yo,XI +Y1i...,Xn—*Yn} 

of FD's such that, for all k = 0,1, ... , n, one of the following holds: 
(0) Yk C Xk ([FD0]) or Xk -i Yk is in F, 
(i) 3i :: i < k such that 

[FD1]Xi-+Yi Xk — Yk' 

(ii) 3i, j :: i, j < k such that 

                [FD2]                             X,Y, X;--+Y3 Xk -*Yk 

For example, the union rule 

                  [FD3]X-+Y X X ->YuZ 

is proved from [FD1] and [FD2] as follows: 

           XXXuY{X~X}XuY-~YuZ{Y 
X->YuZ 

    A functional dependency X -+ Y is provable from F, written F H X -i Y, if 
there is a derivation {Xo --> Yo ,  X1 -* Yi, • • • , X Yn} from F such that X = X and 
Y = Yn. A database relation r is valid for F, written r = F, if r = X — Y is valid for all 
X— Y E F. Also we define a subset F+(X) of U by F+(X) = {a E U I F I X -^ a}. 

LEMMA4.2. FI-X -+Y iffYCF+(X). 

    PROOF. (=) Assume that F I X —* Y and let a E Y. Then I Y --^ a by [FDO] 
and so F I X --* a by [FD2]. Hence a E F+ (X). 
(=) Assume that Y C F+ (X). Then, for all a E Y, we have F I X —* a by the 
definition of F (X) and hence F I X -> Y by the union rule [FD3], because U is a 
finite set.0
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    A family X0,  Wl,  ... , W,,, of subsets of U is a partition of U if the family is disjoint 
and covers U. The set {1, ... , m} will be denoted by M, and a union U3EJW3 by WJ 
for all subsets J of M. When J = 0, set WJ = 0. Also for subsets J, J' of M a set 
(J f1 J') U (J U J')— will be written as J 0 J'. 

DEFINITION 4.3. An attribute scheme (U, T, 9) in a Dedekind category D is effective 
if for all partitions Xo, Wl, ... , Wn (m > 1) of U, there exists a family {t j : I —* T I J C_ 
M} of 2m /-points of T indexed by all subsets of M satisfying the following conditions: 
(am) 60, C 9[X0 U WJOp] for all subsets J and J' of M, 
(bm) tt!itj' n 9[{a}] = OTT for all attributes a CZ X0 U WJOJ,. ^ 

    REMARK. The condition (bm) in the above definition is equivalent to a condition 
(b',) If Z g Xo U then tJtJin 0[Z] = OTT• 

    For example, if an attribute scheme (U, T, 0) is effective, then for a subset Xo of U 
there is a pair of /-points s,t : I —+ T satisfying the following conditions: 
(ai) sat C 9[X0], 
(b1) sat n 9[{a}] = OTT for all attributes a ¢ Xo. 

    PROPOSITION 4.4. Assume that (U, T, 9) is effective and Xo is a subset of U. and 
a given subset X0 of U, a pair s, t : I --> T of Ipoints of T satisfies the above conditions 
(ai) and (b1). Define a database relation ro C idT by ro = sas !Jet.  Then for all subsets 
Z of U the following hold: 

 (a) Z C X0 if and only if r0 0 Z, 

 (b) If Z g Xo, then ro = Z —* U. 

    PROOF. (a) Note that rOVTI = (sas U tat)VTI = sa U to by the totality sVTI = 
DII = id/ and that 

         roVTTro = roVTIVITro = (sa U ta)(s U t) = sas U sat U tas U tat. 

Hence it is easy to see that sat C 0[Z] iff roVTTro C 0[Z], which is equivalent to 
ro 0 —f Z. Thus it is enough to show that sat C 0[Z] iff Z C_ Xo. Assume that 
Z C Xo. Then sat C 9[X0] C 0[Z] by the condition (al) and Lemma 3.3(a). Conversely 
assume that sat E 9[Z]. Then for all a E Z we have sat C 9[{a}] by Lemma 3.3(a) 
and so a E X0, unless sat n 9[{a}] = OTT by the property of the pair (s, t). (Note that 
sat � OTT because ssatta = id/ � OII•) 
(b) Assume that Z g Xo. Then there is at least one attribute a E Z such that a Xo. 
It follows from sat n 9[{a}] = OTT and 0[Z] E 0[{a}] that s9[Z]ta = OII by Lemma 2.2(b) 
and so 

roO[Z]ro = (sas U tat)0[Z](sas U tat) = sas9[Z]sas U tat9[Z]tat = sas U tat C idT = 0[U], 

since sas C idT E 9[Z].^ 

    Now we will state the soundness and the completeness theorems of functional de
pendencies for database relations in Dedekind categories.
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    THEOREM 4.5. If a relational scheme  (U,  T,  9) in a Dedekind category D is effective, 
then it is sound and complete, that is, for all sets F of FD's 

FI-X—Y <---> [Vr :r X-+Y]. 

    PROOF. (1) First we show the soundness 

FI X >Y Y]. 

Assume that F I X -> Y and r = F. Then it is trivial r X -+ Y, since the relational 
database model satisfies the basic laws FDO, FD1 and FD2. 
(2) Next we show the completeness 

[Vr Y] Y 

Assume that [Vr : r F = r X -> Y]. By the effectivity of the relational scheme 
(U, T, 9), one can choose a pair of /-points s, t : I --> T of T such that st C 9[F+(X )] 
and sq n 9[{a}] = OTT for a V F+(X). Set ro = s°s LI tat (E idT). Then we will show 
ro F, that is, ro Z*W for all Z->WEF. 
(i) In the case of Z C F+(X). Then FIX*Zby Lemma 4.2. AsZ-> W EFwe 
have F I X —* W using [FD2] and so W C F+(X ). Hence ro 0 -* W by Proposition 
4.4(a). Recall that ro Z -> 0 always holds by the reflexive law FDO. Therefore 
ro Z*WbyFD2. 
(ii) In the case of Z F+(X ). Then ro Z -} U holds by Proposition 4.4(b). Since 
ro U -> W always holds by FDO, we have ro Z — W using FD2. 
By the assumption, we have ro X -> Y. Then we will see F I X -> Y. Since 
X C F+(X), we have ro 0 -* X by Proposition 4.4(a). Hence ro 0 -p Y by FD2, 
which is equivalent to Y C F+(X) by Proposition 4.4(a). We conclude F I X -> Y by 
Lemma 4.2.^

5. Multivalued Dependencies 

   Let r be a database relation on an attribute scheme (U, T [U], 9) discussed in Section 
2. The original definition of the multivalued dependency in Been et al. (1977) will be 
transformed as follows (Set Z = -i(X U Y)): 

rpuxpuxrpuy = rpuxuzpuxuzrpuy 
<---> rpuxpuxrpuypuy = rpuxuzpuxuzrpuYPUy { PUYPUyPUY = PUY } 

  <---> r9[X]r9[Y] = r9[X U Z]r9[Y]{ 9[X] = puxpux } 
<---> r9[X]r9[Y] C r9[X U Z]r9[Y]{ 9[X U Z] E 9[X] } 
<---> r9[X]r C 9[X U Z]rO[Y]{ r C idT and Definition 3.1(a) } 
<-> r9[X]rC9[XU,Y]r9[Y] {XuZ=Xu-,Y} 
<---> r9[X]r E 9[,Y]r9[Y] { 9[X U ,Y] E 0[--11-] and Proposition 3.4(b) }. 

We now define multivalued dependencies on attribute schemes in Dedekind categories, 
as follows: 

    DEFINITION 5.1. Let r be a database relation on an attribute scheme (U, T, 9). We 
say that there is a multivalued dependency of a subset Y of U on a subset X of U, 
denoted by r = X -» Y, if and only if r9 [X ] r C 9 [-iY] r9 [Y] . ^
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    First of all we show the basic laws for multivalued dependencies. 

   MVDO. If X D Y, then r = X — Y. (Reflexive law) 

    PROOF. Assume that X ID Y. Then r8[X]r C rO[X] C re[Y] C 8[iY]r8[Y], since 
r C idT and idT C 9[-iY].^ 

    MVD1. If r= X -›* Y and Z D W, then r= XUZ .0 Y U W. (Augmentation 
law) 

    PROOF. Assume that r8[X]r C O[-iY]re[Y] and Z ID W. Then 

re[X U Z]r = r(8[X] n 8[Z])r { Definition 3.1(c) } 
C re[X]r n O[Z]{ r C idT } 
C 8[-,Y]r8[Y] n 0[Z] { re[X]r C 8[Y]r8[Y] } 
C_ 8[-,Y]r8[Y U Z] { Proposition 3.4(b) } 
C 0[-,Y n -,W ] r8 [Y U W ] { -iY J -iY n -,W and Z ID W 1. 

                                                              0 

    MVD2. If r = X Y and r = Y  H Z, then r = X -4* Z n  Y. (Transitive law) 

    PROOF. Assume that re[X]r C 8[-,Y]r8[Y] and rO[Y]r C 8[-,Z]r8[Z]. First note 
that re[X]r C rO[Y]re[--,Y] and rO[Y]r C r8[-,Z U Y]r8[Z]. Then 

r8[X]r C rO[Y]r8[-iY] 
C 8[~Z U Y]r8[Z]8[-iY] 

                        = 8[-Z U Y]r8[Z n -Y]. 

^ 

   MVD3. r X Y if and only if r X -» -'Y. (Complement law) 

    PROOF. Assume that r8[X]r C 8[--,Y]r8[Y]. Since 74 = r and 0[Y]ti = 8[Y], we 
have r8[X]r = (re[X]r)b C (8[iY]r8[Y])0 = 8[Y]r8[--,Y]. ^ 

FD-MVD1. If r = X —* Y, then r X -** Y. 

    PROOF. Assume that r8[X]r C 8[Y]. Then re[X]r C re[Y] C 8[-iY]r8[Y] by 
idT C e[--1Y].^ 

    FD-MVD2. Let YnZ =0 and Y D W. Ifr X *Yandr Z *W,then 
r X W. 

    PROOF. Assume that Y n Z = 0, Y I W, r8[X]r C 8[-,Y]r8[Y] and r8[Z]r C 
0[W]. Then 

r8[X]r C re[-Y]re[Y] { re[X]r C 9[-,Y]re[Y] } 
C r8[Z]re[Y] { 8[-iY] C 0[Z] by Y n Z= 0} 
C 0[W]0[Y] { rO[Z]r C 0[W] } 
C 8[W]8[W] { Y D W } 
C e[W].
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    The next proposition indicates the well-known fact that multivalued dependency is 
a special case of join dependency. The proof follows from Lemma 3.3(b), and is omitted. 

    PROPOSITION 5.2. Let r be a database relation on an attribute scheme  (U,  T,  9). 
Then for subsets X and Y of U the following two conditions are equivalent: 

 (a) rO[X]r C 9[,11r0[Y], 

 (b) 0[X U Y]rO[X U Y] n O[X u  Y]r9[X U -iY] C r. 
   Let (U, T, 9) be an attribute scheme in a Dedekind category D. A formal expression 

X  * Y, namely, an ordered pair of subsets X and Y of U, joined by a two-head arrow, 
is called a multivalued dependency. The inference system for multivalued dependency 
consists of the following six rules: 

           [MVDO] XY{X D Y} 

Y  

            [MVD1] XuW -YuZ{W  Z} 

[MVD2]X-»Y YZ  
                    — X -HZn  ,Y 

[MVD3]XY  X 

          [FD-MVD1]XY  X~Y 

          [FD-MVD2]X~X~WW{YnZ=0, Y D W} 
   The following inference rules [MVD4] and [MVD5], called the union and the in

tersection rules respectively, were derived from the inference rules [MVDO][MVD3] in 
Mendelzon (1979). 

X -~ Y X -H Z  
[MVD4] X Y U Z 

X --417 X ~ Z  
[MVD5] X -4* Y n Z 

    In the rest of this section we will prove some properties of a particular database rela
tion, which will be needed for formalizing the proof originally given in Beeri et al. (1977) 
of completeness theorem for the inference rules [FD0][FD2], [MVDO][MVD3] and [FD
MVD1]-[FD-MVD2]. 

    Let Xo, Wl, ... , Wm (m > 1) be a partition of U, and assume that a family {t j : 
I -- T J C M} of 2m /-points of T indexed by all subsets of M satisfies the following 
conditions: 
(am) 6t0, C 9[X0 U WJOJ,] for all subsets J and J' of M, 
(bin) 60, n e[{a}] = OTT for all attributes a ¢ X0 U WJO J, • 

Then define a particular database relation ro : T —V T by ro = UJcMtJtJ.
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    REMARK. If  6t0, C 0[Z], then 60, C roO[Z]ro as follows: Assume that 6t0, C_ 
0[Z]. Then 00[Z]6, = id/ by Lemma 2.2(a), and so tJtj' = 600[46,0, C ro0[Z]ro. 

    LEMMA 5.3. (a) ro = Z -; X0 for all subsets Z of U, 

 (b) ro = {a} — Wi for all a E Wi, 

 (c) ro 134-'Wi -4 Wi, 

 (d) ro = Z -4+ W, for all subsets Z of U, 

 (e) ro [ -iWi -» W for all nonempty proper subsets W of Wi. 

    PROOF. (a) It is trivial by (am) that roVTTro = UJ,J'ct JtJ' C 0[Xo]• 
(b) Assume that a E W. If i E J O J', then 60, C 0[Xo U WJOp] C 0[{a}] by (am) 
and so tj0[{a}]tJ, = id/ by Lemma 2.2(a). Moreover, if i ' JO J', then a Xo uWJOJ' 
and so tM0[{aM, = OH by (bm) and Lemma 2.2(b). Hence 

ro0[{a}]ro = UiEJ®J'tjtJ' C 0[Wi]. 

(c) First we recall that the condition (bm) is equivalent to a condition (b'm,) If Z g Xo U 
WJOJ~, then tJtj, n 0[Z] = OTT. Assume that ro -'Wi --* Wi, that is, ro0[-,Wi]ro C 
B[Wi]. Now choose J = M and J' = M{i}. (Note that MO(M{i}) = M{i}.) Then 
we have tMtM_{i} C ro0[-iWi]ro C 0[Wi], since tMtm_{i} C 0[X0 U WM_{i}] = 
by (am). On the other hand it follows from (b'm) that tMtM_{i} n 0[Wi] = OTT, which 
is a contradiction. 
(d) Since roVTI = UJCMtJ by the totality of tj's, we have 

               roVTTro = ToVTIVITro = (UJCMtj)(UJCMtJ)• 

Hence to prove that roVTTro C ro8HWi]ro0[Wi]ro it suffices to see that tjtj' _C 
ro0HWi]ro0[Wi]ro for all J, J' C M. First assume that i E J 0 J'. Then 60, C_ 
0[X0 U WJOJ'] C 0[Wi]. Recall that it is trivial that t~tj C 0[-iW1]. Hence we have 

                                                      = (60)(60,) C ro6[-iWi]ro0[Wi]ro. 

Next assume that i ¢ J and i E J'. (Note that i J 0 J' if i J and i E J', or 
i E J and i J'.) Set J" = J U {i}. Then it is easy to see that J O J" = M  {i} and 
J" O J' = (J 0 J') U {i}. Hence using (am) we have 

t"jtj„ C 0[X0 U WM{i}] = 

and 

tl,„tj' C O[Xo u147,0,, u Wi] C 9[Wi] 
which shows that 60, = 60,6„t ,/, C ro0[-'Wi]ro0[Wi]ro. 
(e) Assume that ro =  Wi -4, W for a nonempty proper subsets W of W, that is, 
ro0[iWi]ro C 0[-iW]r00[W]. Now choose J = M and J' = M  {i}. Then, since 
tItM_{i} C 6[-iWi] in the same way as in (c), we have 

tJtM_{i} C ro0[-iWi]ro C O[-iW]ro0[W]



Relational aspects of relational database dependencies103

and so  tM9[-'W]roO[W]4,1_{i} = id/ by Lemma 2.2(a). To show that the last fact is a 
contradiction we will see that tMO[-'W]ro9[W]t1_{i} = O1r• Assume that J is a subset 
of M containing i. Since J O (M  {i}) = J  {i} and W C Wi C -,(X0 U WJ_{i}), it 
follows from (b'm,) that tJ9[W]tM_{i} = OH. Next assume that i V J. Since M O J = J 
and 0 � -W n Wi c -iW n -,(Xo U WJ), it follows from (b',) that tM9[-W]6 = 011. 
Therefore 

tMe[,W]r09[W]tM{i} = UJCMtM9[-lW]tJtJ9[W]tM{i} 
                                    = O11. 

^ 

COROLLARY 5.4. (a) If 0 0 W C_ Wi, then ro = Z -^ W if and only if Z n Wi ~ 
    0, 

 (b) If 0 W C Wi, then ro Z -» W if and only if Z n Wi � 0. 

    PROOF. (a) Let 0 W C W2. First assume that Z n Wi 0, that is, there 
exists a E Z n Wi. Then, recalling ro = {a} -* Wi in Lemma 5.3(b) and applying the 
laws FDO, FD1 and FD2 a dependency ro Z —* W follows. Conversely assume that 
Z n W2= 0, that is, Z C -iWi. Notice that ro = W —* Wi is valid by Lemma 5.3(b). If 
ro = Z --* W is valid, we immediately have ro =  Wi —* Wi again using FD2 and FD1. 
However this contradicts a fact ro V -'Wi --> Wi already seen in Lemma 5.3(c). Hence 
ro [ Z—+W. 
(b) Let 0 � W C W2. First assume that Z n Wi 0. Then ro = Z —* W is valid by (a) 
and so ro k Z — W by using the law FD-MVD1. Conversely assume that Z n Wi = 0, 
that is, Z C If ro = Z W is valid, a dependency ro -* W follows 
from the augmentation law MVD1. But this is impossible by Lemma 5.3(e). Therefore 
ro Z-*W.^
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