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Abstract

This paper presents a relational treatment of inference rules for functional and
multivalued dependencies in relational databases, to show the soundness and the
completeness of the inference rules in Dedekind categories, which also cover the
fuzzy case.

1. Introduction

It is well-known that relational database models were introduced by Codd (1970).
Functional and multivalued dependencies are the most important examples of relation-
ships (constraints) between attributes in database relations. The completeness theorems
for functional and multivalued dependencies have been proved by Armstrong (1974} and
Beeri et al. {1977), respectively.

Schmidt and Stréhlein (1993) explained a basic relational feature of functional de-
pendency for relational models of databases, and Ounalli and Jaoua (1997) studied di-
functional dependencies in relational databases. Orlowska (1987) proposed a relational
formulation of functional, multivalued and other dependencies, and an axiomatic re-
lational calculus for dependency theory was developed in Buszkowski and Orlowska
(1998). MacCaull (2000a), (2000b) gave a relational formulation for functional, mul-
tivalued dependencies and association rules, and developed a Rasiowa/Sikorski-style
tableaux method of proof which is sound and complete for the implication problem for
these dependencies.

In this paper we will propose a foundation of a relational treatment for functional
and multivalued dependencies in Dedekind categories.

This paper is organized as follows. In Section 2 we review the definitions of
Dedekind categories (Olivier and Serrato (1980) and Kawahara (1998)) as one of rela-
tional categories, and relational products {Desharnais (1997)), that provide total spaces
of database tuples. In section 3 we introduce a notion of database schemes to present a
relational and algebraic framework to study database dependencies. In Sections 4 and 5
we will give the definitions of functional and multivalued dependencies in our database
schemes, and show the inference rules, which implies the soundness theorems for the
dependencies. Finally we will remark that database schemes with a weaker condition
have sufficient basic properties to show the completeness theorems.
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2. Relational Products

In this section we recall the definition of Dedekind categories discussed in Olivier
and Serrato (1980) and Kawahara (1998), and review relational products (Desharnais
(1997)) in Dedekind categories.

Througheout this paper, a morphism & from an object X intc an object ¥ in a
Dedekind category (which will be defined below) will be denoted by a half arrow o :
X — Y, and the composite of a morphism o : X — Y followed by a morphism 5: ¥ — 2
will be written as a : X — Z. Also we will denote the identity morphism on X asidx.

DEFINITION 2.1. A Dedekind category D is a category satisfying the following:
D1. {Complete Heyting Algebra] For all pairs of objects X and ¥ the hom-set P(X,Y)
consisting of all morphisms of X into Y is a complete Heyting algebra (namely, a com-
plete distributive lattice) with the least morphism Oxy and the greatest morphism V xy.
Its algebraic structure will be denoted by

D(X: Y) = (D(X) Y), Esu'} , DXY: VXY)'

That is,

(a) C is a partial order on D{X,Y),

(D) Vae D{X,Y) 2 0xy CaC Vxy,

(c) Wicro; Caxife; Cax for all i € I,

(d) a C Myejo; iff a C o forall i € I,

(e) aN (Uiera;) = User(aNag}).

D2. [Converse] There is given a converse operation ! : D(X,Y} — D(Y, X). That is, for
all morphisms o, o' : X — Y, 8:Y — Z, the following involutive laws hold:

(a) (0"!3)11 = ﬁﬂaﬂ:

(b} (a*) = e,

(c) If « C o, then of C .

D3. [Dedekind Formula] For all morphisms a: X — Y, 8:Y — Zand v: X — Z the
Dedekind formula a8 My C a8 M o'y) holds.

D4. [Residue] For all morphisms 8: Y — Z and v : X — Z the residue (or division,
weakest precondition) v+ 8 : X — Y is a morphism such that &8 C « if and only if
a C v+ 8 for all morphisms a: X — Y. O

A morphism f : X — Y such that f1f C idy is called a partial function (univalent)
and may be introduced as f : X — ¥. A partial function f : X — Y such that
idx C ff! (total) is called a function. A morphism & : X — Y such that acta C o is
difunctionel. In what follows the word relation is a synonym for morphism of a Dedekind
category.

An object I of a Dedekind category D is called a unit if Oy # idr = V7. A unit
I of D is called strict if Vx;Vix = Vxx for all objects X of D. An I-point « of X is
a function ¢ : I — X, that is, a univalent and total relation.

For the basic properties of Dedekind categories, or relation categories, the reader
is referred to Freyd and S&edrov (1990), Schmidt and Stréhlein (1993).
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LEMMA2.2. Leta: X —V be arelation, and let . I - X andy: T =Y be
I-points of X and Y, respectively. Then

(a) =y C o if and only if zoy! = id;,
(b} If sy Na = Oxy, then zay! = 01,

PROOF. (a) Assume that z*y C «. Then idy C zrtyy' C zoyt by the totality
of z and y. Hence zay® = id;. For the converse, suppose that zoy? = id;. Then
zty = 2lzay'y C o, since z and y are univalent.

(b) Assume that a1y Mo = Oxy. Then zoy® = ray* Nid; E z(a N2fy)y* = 07 o

Let I/ be a finite set and let {D, | @ € U} be a U-indexed set of objects in a
Dedekind category D. We call U a set of attributes and D, a domain of possible a-values
for an attribute @ € U. In this section we assume that the Dedekind category D has
finite relational products for all subsets of {D, | @ € U}. That is, for each subset X C U
there exists an object T[X] of D and an X-indexed set {px, : T[X] = Da | a € X} of
functions (called projections) in D satisfying the following three conditions:

(PD1) Ya € X :: p pxa = idp,,
(PD2) Ya € X = P o (MoxaPxsPs) = VDaTiX]-
(PD3) MaexpxaPya = id7(x]-

REMARK. (i) In the case that X is a singleton sct, namely, X = {a}, we set
T[X] = D, and p(,}, = idp,- Then the conditions (PD1), (PD2) and (PD3) hold under
the convention that the infimum of the empty set of relations is the universal relation.
(ii} In the case that X is the empty set, we set T{#] = I. Then the above conditions are
valid, too.

THEOREM 2.3. (Sharpness) Let Y be a subset of U, and let {ay, : A— Dy |y €Y}
and {8, : B — Dy | y € Y} be Y -indezed sets of relations in D. If all vy are difunctional,
or all 8, are difunctional, then

ﬂyeyayﬁi = (Hyeraypiry)(”yevaﬁﬁ)-
For the proof of this theorem the reader is referred to Desharnais (1997). o
For a subset Y of X we define a relation pxy : T[X] — T[Y] as follows:
PXY = MaevPXaPha
It is trivial that px(s) = px. for all @ in X, and pxx = idg(x)-
PrOPOSITION2.4. Let X, Y and Z be subsets of U. Then the following hold:

(a) The relation pxy : T[X} — T{Y] is the unique function such that pxyPre = PXe
forallae?,

(b) pxvpyz=pxz ¥ ZCY CX.
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PRrRoOF. (a) First we will see that pxy is univalent and total. Univalence follows

from

Pypxy (MaeyPyoPya(Macy PxXabh)

C naeYPYaP?XGPXaPuya { Sub-distributivity }
c naEYPYapa"a { pf!(aPXa Cidp, }
= idrm {(¥D3) },
and totality from
idrix] C MacyPxaPxa {idrxy © pxaPas }
= (naeYPXnPuyn)(naeYPnpgra] { Theorem 2.3 (sharpness) }
= PXYP'_’)(}!:

since all px, are difunctional. Finally assume that f : T[X] — T[Y] is a function such
that fpy, = px. forall a € Y. Then

f = fidey] = f(NaeyPraPls) = Noey fPVaPys = NacyPXaPs = Pxv,

whichk proves the uniqueness of pxy.
(b) It is easy to see that pxyPYzPze = PX¥D¥a = Pxe = PxzPze for all a € Z, and so
PxyPyz = pxz by the uniqueness of px z, proved in (a). m]

For each subset X of U/ we define an equivalence relation 8[X] : T[U] — T[U] by
#[X] = I'Iaexpuapﬂuﬂ. When X is empty set, set 88] = Vo))

ProprosITION 2.5. Let X and V' be subsets of U, Then
(a) 8[U) = idqyp and {X] = puxplx,
(b) €[X UY] = O[X]NofY],
(c) f[X nY] = @[X)8[Y]-

H

PROOF. (a) First note that Myexpxapy, = id7x) by (PD3), and that pyxpxa
pua for all a € X by Proposition 2.4(a). We have

puxPyx = Pux(MaexPxaPio)Phrx  { Maex PxaPla = idrpx }
= I'Iaexpuxpxcapgfnpgfx
= rlaEprapgja { prxpxa = pua }
= §[X].

(b) From the definition we have 8[X] N 8]Y] = (Macxpratl,) M (Mecypvaply,) =

Mae XUy PUably, = 6[X UY].
(¢c) For a subset X of U define a U-indexed set {a2 | a € U} of relations by X =idp,

ifeae X and o:;:( = Vp,p, otherwise. As pUaaaXp}‘,a = PUavDaDaPEra = Vo for

a ¢ X we have Ngcypyaee nga = Mgex pUapg;ﬂ = 9[X]). Therefore, applying sharpness
(Theorem 2.3) we obtain

8X18Y] = (MacuPvea) Pl Mecupuact ph,)
= Macupueoyal p%;a { Theorem 2.3 (sharpness) }
= Macopu.cf™Y i, {afal =™}

= fXnY].
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(Note that all pyaa are difunctional.) O

Throughout this paper we will assume that P is a fixed Dedekind category with a
strict unit J and relational products.

3. Attribute Schemes

To realize a relational treatment of some dependencies on relational databases we
will introduce a notion of attribute schemes in the following:

DEFINITION 3.1, An attribute scheme in a Dedekind category D is a triple (U, T',8)
of a set U of attributes, an object T of D and a mapping ¢ : () — D(T, T assigning
a relation #[X] on T to each subset X of U such that

{a) 8[X] is an equivalence relation for each subset X of U,
(b) 8[U] = idr and 6{8] = Vzr,

(c) X UY] =6[X]N6[Y] and 9[X N Y] = 9[X]0[Y] for all subsets X and ¥ of U.
O

Note that #[X] is an equivalence relation if and only if it is reflexive (idr C 6[X]),
symmetric (#[X]* C [X]) and transitive (6[X]8[X] C 9[X]).

DEFINITION 3.2. A database relation on an attribute scheme (U, T, 6) is a relation
r : T — T such that r C idr. D

The following shows technical properties of database relations in attribute schemes.

LEMMA 3.3. Let 7 be a database relation on an atiribute scheme (U, T,8). For all
subsets X, Y and W of U the following hold:

(a) IfY C X, then 6[X] C 0[Y],
(b) IFXUY = U, then 6]X)r8{Y] n8[W] = 8]X U W]ré[Y L W} n6[W),

PROOF. (a) Assume that ¥ C X. Then 8[X] = [ X UY] = §[X]| N oY] C 8[Y]
(and 6(X]0[Y] = 8|X NY] = 9[Y])-
(b) It is clear from (a) that 8[.X U W]r8[Y U W]NéW)] C 8[X]ré[Y] N 8[W]. Conversely

we have

6[X]ro[Y] N 8[W]
C {8[X]r no[W](8(Y]) HO[Y) n (6[X]r) oW} { Dedekind Formula }
C  {g[X]ne[W](@Y])!ri}r{8[Y] N (8] X]r)tEIW]} { Dedekind Formula }
C  (8[X] neWle[Y])-(e[Y] n O[X]6[W]) {r Cidr, 8[X]' = 8[X] }
= XuU(WnY)rolY L(X W) { Definition 3.1{c) }
= X UWIrolY UW]

{Xu(WnY)=XUuUW, YU XnW)=YuWbyXuY=U}
a

PrOPOSITICN 3.4. Let v be a database relation on an attribute scheme (U,T,8).
For all subsets X and Y of U the following hold:
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(a} r8|X|r C Y] if and only if 78[X]|r C rO[Y}r.
{b) 8[-Y|r8[Y]NO[X] =8[X u-Y]|r8[ X UY]|NE[X] = 8~(X UY)]r[X UY] M O[X].

Proor. (a) It is obvious from r  idr.
(b) From Lemma 3.3(b) we have

(X uY)jrf[X uY]Ne[X] X U~{XuY)r8lX LY]NE[X]

X U-Ype[X uY]né[X].

4. Functional Dependencies

Let r be a database relation on an attribute scheme (U, T[U], #) discussed in Section

2. A relation axy = plyyrpuy : T[X] — T[Y] is functional (or, univalent) if and only
if :

oyaxy Cidry]

- (ngx "I’UY)”(P{;XTPUY) C idypy

=  puyPhyrouxPhxrouyphy Couydlhy { puy is a function. }
— gY]r8[X]r8[Y] C 8[Y] { 8Y] = puyply }
— rIX]rCO[Y] { Definition 3.1(a} }

Following the above observation we will define the functional dependencies on attribute
schemes in Dedekind categories, as follows:

DEFINITION 4.1. Let r be a database relation on an attribute scheme (I/, T, 8). We

say that there is a functional dependency of a subset ¥ of I/ on a subset X of U, denoted
by r E X =Y, if and only if r8[X]r C 8[Y]. 0

We now show the basic laws on functional dependencies.

FDO. If X DY, thenr E X =Y. (Refiexive law)

PROOF. Assume that X D Y. Then r8[X]r C 8[X] C 8[Y], since r C idy. O
FDL. HrEX > Y and ZD W, thenrE X UZ — Y UW. (Augmentation law)
PRrROOF. Assume that r0[X]|r C 8[Y] and Z O W. Then

XUZlr = r(8[X)NO[Z])r { Definition 3.1(c) }
C r9[X]rn8Z] {rCidr}
C eY)new)  {r6[X}rCO[Y]and Z 2 W }
= gy uw] { Definition 3.1(c) }.

FD2. rEX—=Yandr EY — Z, then r £ X — Z. {Transitive law)
PROOF. Assume that r@[X]r C 8[Y] and r0[Y]r € #[Z]. Then we have
r8]X]r C +8[Y]r C 6{Z}.
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Let (I, T,8) be an attribute scheme in a Dedekind category D. A formal expression
X — Y, namely, an ordered pair of subsets X and Y of U, joined by an arrow, is called
a functional dependency. Inference rules for functional dependencies are the following
three rules:

FDO] (X 27}

X-Y

X=Y
o
[FD1] XuZ-YUW {Zz2w}

X-=Y Y2
X7

[FD2]

Let F be a set of functional dependencies (FD's). A derivation from F is a
nonempty sequence
{XO - myxl - }”ll"'!Xﬂ — Yﬂ}

of FD’s such that, for all k = 0,1,...,n, ane of the following holds:
(0) Y3 € X ([FDO}) or X, = Yy isin F,

(i) 34 i < k such that

X;—Y;

o1 v =

(ii} 34,7 1 4,5 < k such that

XioV X,
D2 .
[FD2] X, =Y,

For example, the union rule

X-Y X—-Z2
X-aYuzZ

is proved from [FD1)] and [FD2] as follows:

[FD3)

X-Y X—-2Z
X—rXUY{XQX} Xu¥YYuZz
X-Yuz

A functional dependency X — Y is provable from F, written F - X — Y, if
there is a derivation {Xg — Yo, X3 — ¥1,..., X — Y.} from F such that X = X, and
Y =VY,. A database relation r is valid for F, writtenr = F,ifr = X — Y is valid for all
X — Y € F. Also we define a subset F*(X) of U by F*(X)})={ecU|FF X —a}.

{vy oY}

LEMMA4.2. FFX oY if Y C FH(X).

PROOF. (=) Assume that F - X — Y and let a € Y. Then F Y -» o by [FDO}
and so F - X — a by [FD2|. Hence e € F*(X).
(<) Assume that ¥ C F*(X). Then, forall @ € Y, we have F - X — a by the
definition of F*(X) and hence F + X — Y by the union rule [FD3], because U is a
finite set. O
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A family Xq, W1,..., Wy, of subsets of U is a partition of U if the family is disjoint
and covers U. The set {1,...,m} will be denoted by M, and a union U;e;W; by Wy
for all subsets J of M. When J = 0, set W; = ). Also for subsets J, J' of M a set
{(INnJF)u(JUJ) will be written as J © J'.

DEFINITION 4.3. An attribute scheme (U, T, #) in a Dedekind category D is effective
if for all partitions Xq, W1,...,W,, (m > 1) of U, there exists a family {¢; : I = T | J C
MY} of 2™ I-points of T indexed by all subsets of M satisfying the following conditions:
(am) thty C 8[Xo U Wyg ] for all subsets J and J* of M,
(bm) t525 N 8[{a}] = Ozr for all attributes a & Xo U W, u]

REeEMARK. The condition (b,,) in the above definition is equivalent to a condition
(b'm) If Z € XoUWsgp, then th¢p NO[Z] = Opr.

For example, if an attribute scheme (U, T, 8} is effective, then for a subset Xo of U
there is a pair of I-points s,¢ ; I — T satisfying the following conditions:
(3-1) Snt E Q[XG],
(b1) s*t N 8[{a}j = Opy for all attributes a ¢ Xo.

PROPOSITION 4.4. Assume that (U, T, ) is effective and Xy is a subset of U. and
a given subset Xo of U, a pair s,t : I — T of I-points of T satisfies the above conditions
{&1) and (b,). Define a database relation ro = idr by ro = s¥aUt¥t. Then for all subsets
Z of U the following hold:

() ZC Xp¢fandonlyifro =0 — Z,
(b) FZZ Xy, thenroEZ - U.

PROOF. (a) Note that roVr; = (sfs Utlt)Vr; = st U ¢! by the totality sV =
Vir=idy a.nd that

o Vorry = 1oV Virr = (.'.rn u t")(s ug = stsustetutts U,

Hence it is easy to see that st C 8{Z] iff roVprro C 6{Z], which is equivalent to
ro = @ — Z. Thus it is enough to show that sit C #[Z] iff Z C X,. Assume that
Z € Xp. Then stt C 8(Xq] C 9[Z] by the condition (a;) and Lemma 3.3(a). Conversely
assume that s*¢ C @[Z]. Then for all ¢ € Z we have st C 8[{a}] by Lemma 3.3(a)
and so a € Xo, unless st N 8{{a}] = Orr by the property of the pair (s,2). (Note that
8% 5 Orp becanse ssltt! =id; # 0;7.)

(b) Assume that Z € X,. Then there is at least one attribute a € Z such that a € Xj.
It follows from s'M8[{a}] = Orr and 6[Z] C #[{a}] that s8[Z]#! = O;; by Lemma 2.2(b)

and so
08| Z]ro = (ss L '6)B[Z](s"s L ') = s150[Z]sPs L th10[Z]t*t = shs L Mt C idp = O[U],
since sts C idy C 6{Z]. (w}

Now we will state the soundness and the completeness theorems of fanctional de-
pendencies for database relations in Dedekind categories.
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THEOREM 4.5. If a relational scheme (U, T, 6) in e Dedekind cotegory D is effective,
then it is sound and complete, that is, for all sets F of FD's

FEFX oY < [VrirEFa3rEX Y]
PRrRoOF. (1) First we show the soundness
FFXsY=|rirEF=a22rEX->Y]

Assume that F+ X — Y and r | F. Then it is trivial r b X — Y, since the relational
database model satisfies the basic laws FDO, FD1 and FD2.
{2) Next we show the completeness

MrirEF=22rFX Y| =FFX Y

Assume that [Vr : 7 F F = 7 F X — Y]. By the effectivity of the relational scheme
{(U,T,6), one can choose a pair of I-points s,t : ] —+ T of T such that s* C 8[F* (X))
and s% N@[{a}] = 077 for a & FH(X). Set ry = s's Uit (C idr). Then we will show
robE F thatis, g F Z > W forall Z - W e F,

(i) In the case of Z C FY(X). Then FI- X — Z by Lemma 4.2. As Z - W € F we
have F I X — W using [FD2] and so W € F+{X). Hence ro F ® — W by Proposition
4.4(a). Recall that 7y E Z — @ always holds by the reflexive law FDO. Therefore
rD|=Z—>WbyFD2.

(i) In the case of Z € F™(X). Then ry F Z — U holds by Proposition 4.4(b). Since
1o F U — W always holds by FDO, we have ry E Z — W using FD2.

By the assumption, we have 7 E X — Y. Then we willsee F F X — Y. Since
X € F*(X), we have rp £ 0 — X by Proposition 4.4(a). Hence ro E § — ¥ by FD2,
which is equivalent to ¥ C F+(X) by Proposition 4.4(a). We conclude F i X —» Y by
Lemma 4.2. c

5. Multivalued Dependencies

Let r be a database relation on an attribute scheme (U, T'[U], ) discussed in Section
2. The original definition of the multivalued dependency in Beeri et al. (1977) will be
transformed as follows (Set Z = ~(X UY)):

?'Puxjx xTPuy = TPUXuZP!; xuzTPhuYy

= TVPUXPyuxTPUYPpy = TpUXUZP?JXUZTPUanUY { PUYPLyPUY =pyy }
= rO[X]r8[Y] = r8[X U Z]r8[Y] { 0[X] = prxplx }
<  r8{X]r8[Y] C r8[X U Z]ro[Y] {elxuz|Co[x])}
= rX]rCo[X U Z]ro[Y] { r C idr and Definition 3.1(a) }
<= 9X]r C X uU-Y]ro[Y] {XuZ=Xu-Y}
— r8[X]r CO[-Y]r8Y]  {6[X uU-Y]LC 6{-Y] and Proposition 3.4(b) }.

We now define multivalued dependencies on attribute schemes in Dedekind categories,
as follows:

DEerFINITION 5.1. Let r be a database relation on an attribute scheme (U, T, 8). We
say that there is a multivalued dependency of a subset ¥ of I/ on a subset X of U,
denoted by » = X —» Y, if and only if r8[X]|r C 8[~Y]r0[Y]. O
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First of all we show the basic laws for multivalued dependencies.

MVDO. If X DY, then r | X - Y. (Reflexive law)

PROOF. Assume that X 2 Y. Then r8[X|r C r8[X]| C r8]Y] C 6[-Y]ré{Y], since
7 Cidr and id7 C 8[1Y]. ]}

MVDL. Hrl=X »Y and Z2 W, thenr = XU Z - Y UW. (Augmentation
law)

PROOF. Assume that r8[X]r C #[-Y]r6{Y] and Z 2 W. Then

X U Z]r = r@[XIN8Z])r { Definition 3.1(c) }
C r8[X]rneZ] {rCidr}
C 8-Y]ro[YIneZ] { r8[X]r C 9[-Y}r0[Y] }
C 9[-Y)r8Y U Z] { Proposition 3.4(b) }
C -YN-WrYuWwW] {~Y2-¥Yn-WandZ2W }.

a
MVD2 frEX+Yandr Y - Z, then r E X - Z N Y. (Transitive law)

PROOF. Assume that +@[X]r C [-Y]r0[Y] and r8[¥]r C [~Z]r8[Z]. First note
that r8[X]r C r8[Y|ré[~Y] and r@[Y]r C 70{~Z U Y]r#[Z]. Then
rd[X|r rd[Y)ro[Y]
8(-~Z U Y]ro|Z)0[-Y]
-~Z UY]r8[Z N Y.

i

MVD3. r= X — Y if and only if r | X —+ -Y. (Complement law)

PROOF. Assume that r@[X]r C 8[~Y]ré(Y]. Since +! = r and O[Y]} = 9[Y], we
have r8{X|r = (+8[X]r)* C (6[-Y]ro[Y])! = 8[Y]r6]-Y]. 0

FD-MVDL. rEX =Y, thenr X V.,

PROOF. Assume that r8]X|r C 6{Y]. Then r8{X]r C #8[Y] C 8[-Y]r8{Y] by
idr C 9["]”]. a

FD-MVD2. Let YNZ =0andY 2O W. Ifr =X »Yandr | Z — W, then
rEX W,

PROOF. Assume that Y NZ = @, Y D W, #8[X|r C #[-Y]r8[Y] and r8[Z}r C
8[W]. Then '
rd[X|r r6{-Y|ro[Y] { r0X]r C6[-Y]8[Y] }
rd[Zlr8lY] {9[-Y]COZlby¥YNnZ =98}
ewleY]  {re[Z]r COW] }
swiew]  {Yow}
B{W].

NIt
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The next proposition indicates the well-known fact that multivalued dependency is
a special case of join dependency. The proof follows from Lemma 3.3(b), and is omitted.

PROPOSITION 5.2. Let 7 be a database relation on an attribute scheme (U,T,6).
Then for subsets X ond Y of U the following two conditions are eguivalent:

{a) r9[X]r C 9[-Y]rd[Y],
(b) X LY X uY]neX u-Y]rf[XU-Y]E .
Let (I, T,8) be an attribute scheme in a Dedekind category D. A formal expression
X — Y, namely, an ordered pair of subsets X and ¥ of U, joined by a two-head arrow,

is called a multivalued dependency. The inference system for multivalued dependency
consists of the following six rules:

MVDO] 5 {X2V)
IMVD1] Xufv:}}f’uz w2z}
oy KL=t
[MVD3] Xﬁ%
[FD-MVD1] %
FD-MVD2] X ”’; _"fv"’ Wivnz=0Y2wW)

The following inference rules [MVD4] and [MVD5], called the union and the in-
tersection rules respectively, were derived from the inference rules [MVDO0]-[MVD3] in
Mendelzon (1979).

X»Y X—Z
X—-YuZz
XY X2
[MVDs} X+»Yn2Z
In the rest of this section we will prove some properties of a particular database rela-
tion, which will be needed for formalizing the proof originally given in Beeri et al. (1977}
of completeness theorem for the inference rules [FDO]-[FD2], [MVDO0]-[MVD3] and [FD-
MVD1]-[FD-MVD2].

(MVD4]

Let X3, W1,..., Wy, (m > 1) be a partition of U, and assume that a family {t; :
I—-T|JC M} of 2™ I-points of T indexed by all subsets of M satisfies the following
conditions:

(am) thty T 8[Xo U Wigp) for all subsets J and J* of M,
(bm) thty M O[{a}] = Oy for all attributes a € Xo U Wior.

Then define a particular database relation ro : T — T by rp = Liy¢ Mt‘}t;.
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REMARK. If ¢4t C 8[Z], then ¢}t C ro8[Z]ry as follows: Assume that thty C
8(Z]. Then ¢;6(Z]t}, =id; by Lemma 2.2(a), and so tht, = t}£,0[2Z]t% 2, T re8[Z]ro.

LEMMAS5.3. (a) ro |2 Z — X, for all subsets Z of U,
(b) o E{a} = W, for alla ¢ W,
(c) ro £ ~W; > W,
(d) ro |E Z —» W; for all subsets Z of U,
(e) ro = Wi > W for all nonempty proper subsets W of W,

ProoF. (a) It is trivial by {an,) that rqVoprry = UJ‘J!th?ftJ! [ G[Xo]
{b) Assume that a € W;. Ifi € J @ J', then t%t_p C 9[Xo UWjgr] C 8[{a}] by {(am)
and so t;0}{a}]t, = id; by Lemma 2.2(a). Moreover, ifi € J©J', then a € XoUW gy
and so ¢y8[{a}]t, = 0;r by (b,,) and Lemma 2.2(b). Hence

rob[{a}lro = Uicsorthtsy CO[W)).

{c} First we recall that the condition (b} is equivalent to a condition (b',,)  Z & XpU
Wigar, then tf,ty MN8{Z] = Orr. Assume that ry | ~W; — W, that is, ry8[-W;]ry C
#[W;]. Now choose J = M and J' = M ~{i}. (Note that M®(M —{i}) = M—{i}.) Then
we have tLtM_{,A} C rpf[~W;|ry C 8[W,], since tthM_{,-} C XU WM_{,‘}} = 8[-W;]
by (a:). On the other hand it follows from (b’ ) that #,¢ M—{z} N B[Wi] = O0p¢, which
is a contradiction.

(d) Since 7¢Vp; = LI_;;MtE, by the totality of ¢;’s, we have

roVrrre = roVriVirre = (Uscrth)(Uscarty).

Hence to prove that roVyrrg T rof[-W,]r36[W;]rp it suffices to see that t’}t s C
ToB[~W]rob|[W]ro for all J,J' C M. First assume that i € J @ J'. Then tf,t‘p C
0l Xo U W;g ) C 8[W,]. Recall that it is trivial that ti}t_; C #[-W;]. Hence we have

tﬁ.t,p = (t?,t.r)(t?;t.i') E rof[~Wi|ro@[Wilro.

Next assume that { € Jandi € J', {(Notethati ¢ JO J ifi g Jand i € J, or
1€ JandigJ") Set JY = JuU{i}. Then it is easy to see that J® J" = M — {i} and
I J =(J© J}YU {i}. Hence using (a,,) we have

t&t.;,m C6[X,u WM—{i}] = 9[-.W5]

and

t'},,t;r [ O[Xo UWigr U W,‘] C G[W,]
which shows that t‘_‘;t_;r = t%t;nt?,,,t;r C rob[~W;]ra8[W;]ro.
(e) Assume that ro = ~W; — W for a nonempty proper subsets W of W, that is,
rob[~Wire C 8[~Wlrof{W)]. Now choose J = M and J' = M - {i}. Then, since
t’futM_{,g} C 6[-W;] in the same way as in (c), we have

a3 T roB[-Wilro C 6[-Wire8[W]
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and so tMG[—'W]rBQ[W]tL_{‘-} = idr by Lemma 2.2(a). To show that the last fact is a
contradiction we will see that ¢ ME[‘IW]TUB[W}tL_ W= O77. Assume that J is a subset
of M containing i. Since J© (M ~ {i}) =J — {i} and W C W; C ~(Xo U W;_(3), it
follows from (b",,) that t_rB[W]tL_{i} = 0y7. Next assume that i € J. Since MO J=J

and @ £ W N W, C =W n (X, uW;), it follows from (b’,,) that tMB[--W]tE, = 0y;.
Therefore
tmB[-Wired(With, ., = Uscmtub-WIthts,0W)t),
= 0Oyy.

O

COROLLARY 5.4. (a) If0A W CW,thenro=EZ =W ifand only if ZO W, #
0,

(b) £ WCW,, thenro e Z W ifandonly f ZnW,; £ 0.

ProoF. (a) Let § 2 W C W,, First assume that Z N W; # @, that is, there
exists ¢ € Z N W;. Then, recalling rp & {a} — W; in Lemma 5.3(b} and applying the
laws FDO, FD1 and FD2 a dependency ry |E Z — W follows. Conversely assume that
ZNnW; =B, that is, Z C -W;. Notice that ry E W — W, is valid by Lemma 5.3(b). If
1o = Z — W is valid, we immediately have ro | ~W; — W; again using FD2 and FD1.
However this contradicts a fact 7y & -W; — W; already seen in Lemma 5.3(c). Hence
TopEZ - W.

{b) Let @ # W C W;. First assume that Z N W; £ 0. Then ry = Z — W is valid by (a)
and so vo = Z — W by using the law FD-MVD1. Conversely assume that Z NnW; = @,
that is, Z C ~W,. If rp E Z = W is valid, a dependency vy | -W; - W follows
from the augmentation law MVD1. But this is impossible by Lemma 5.3(e). Therefore
To e Z = W. ]
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