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AN APPLICATION OF A COMBINATORIAL
THEOREM TO A SEPARATION PROBLEM: I

By

Fumio MARUYAMA *

Abstract

We consider functionals which arise naturally from game theoretical
consideration and are also generalizations of the functionals in Hisano
and Maruyams (1989). In the study of the natural partial order on the
set of these functionals, we establish a separation theorem, making use
of the theorem of Hales-Jewett,

1. Introduction

A sequence of operations of minimizing or maximizing a function subject to the
variables can be considered an optimal play of some game. For example, for a real-valued
function F defined on the Cartesian product of finite sets Z!, Z2, 23, Z4,

min max min max F(z!, 2%, 2%, z%)

r2CZ2 yle 2t 424 27
is the value of some zero-sum game between minimizer and maximizer where F{resp.
—F) is the payoff function of maximizer (resp. minimizer). Since this game is a finite
zera-sum game of perfect information, in normal-form representation, this game has a
saddle point and the players have optimal pure strategies. And so there exist 23 €
22,0} € Z°Z' (where 2°Z! denotes the set of all functions from 22 into Z1), 3 €
{32”34]Z3¢p3 € Z'Z% such that (zZ,48) and (@}, ¢d) are optimal pure strategies of
minimizer and maximizer respectively. Then

min max min max F(z!,z%, 2% z%)
EL VNIV AN VAL ¥ A

= F(ph(23). 22, 03 (23, 04 (o5 (23))), b (10 (22))) -

Using such response functions we can also consider this game as a two-stage game,
whose value is equal to

min max F(2,22,2%, o' (z"))
(+2,9%)c22x 2 g+ (2',3%)€ZIxZ?

- = 1¢,.2 2 3.2 4 4
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Then, for instance, it is quite natural to consider two-stage games as follows,

(1) Minimizer chooses ¢? € %' Z2 and * € 2> Z* in the first stage, maximizer observes
minimizer’s choice and chooses z! € Z! and 2% € Z% in the second.

(2) Maximizer chooses ¢! € Z°Z! and * € 2" Z® in the first stage, minimizer observes
maximizer’s choice and chooses 22 € Z? and 2* € Z¢ in the second.

The values of these games are

H 1 2¢.1 3 4.3
.. B o S CRL A CO T ACD)

and

: 17,2 2 3.4 4
(v‘,sv’)i;!zl'f'.i'![l)cz‘.zs (z’-Z‘%gzxz‘F(tp (), 2% (=), 2 )

respectively. The functionals

FclZ'x2x2%x2%p | min max F(z',¢*(z"), 2%, 6*(z%))
(¢t pt)ed  22x 8% 24 (2',s*)EB < 5?

and

FE(Z‘xZ"xz“xz')R__} max min Flol(22). 22. o? (%), 24
(2B Z1x 2t 22 (2,24)E B2 74 (Lp( W2 &), ]

cannot be represenied by iteration of minimization and maximization.

The set of functionals corresponding to these kind of two-stage games is strictly
wider than the set of functionals represented by iteration of minimization and maxi-
mization. We consider the natural pointwise order on the set of such functionals.

By the result in Hisano and Maruyama (1989), the order structure on the set of
functionals of sequential minimization or maximization is clear. The purpose of this
paper is to study the order structure on thus widened set of functionals. We construct
a separating function in this paper and an ordering function in the follow-up paper. In
Maruyama {1992) the games related to the functionals in this paper are deseribed.

In Section 2, we give a precise definition of the set of functionals we are concerned
with in this paper. In Section 3, we study the pairwise order relations between the
functionals defined in Section 2. In Section 4, for functionals 7,7, 7a,... ,p with r; £ 7
{resp. 7 # 7) (1 < { € 1), we prove the existence of a separating function F such that
F) < 1]:«[:132: 7:(F) (resp. 7(F) > max 7;(F)) when the domain of each variable has
suﬁ'icientl} ;’la.ny elements. h

In the case of propositional functions, this generalization of functionals corresponds
to the generalization of linear quantifier prefixes to nonlinear quantifier prefixes (Henkin
quantifier prefixes Krynicki and Mostowski (1995}) and thier dual quantifier prefixes. So
in the present investigation we also obtain logical results relating to Henkin quantifier
prefixes and their dual quantifier prefixes.
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2. Notation
We denote the cardinality of a set U by §/. For a set U and a cardinal k¥ we write

( Z ) = {V C U | LtV = k}. Denote by UV the set of all mappings from a set U into

a set V. We note that *V = {¢}. Denote by D(f) and R(f) the domain and the range
of a mapping f respectively.

For integers k and [, [k, 1] denotes the set of integers larger than k— 1 and less than
I+ 1. We denote by N, R, respectively, the set of all positive integers, and the set of all
real numbers. We write R = RU {—o0, o0}

Let n € N be fixed. For each k € [1,n] let Z* be a set which contains &t least two

elements. We set

I = {n €™ [1,n] | In([1,4]) = k} (1 k< n), W=T1y, I = {¢},

n-{ 1 I
T(W,l): {‘Yz("h;--- ,"n)E UH") ] Um(‘)(k)CTT([li'],n])}
=0

k=1
(1€ n, w€Il),
I'(m, 0} = {4},
3(1,n) (B x.x gmR)) 7t (k1€ Ln], 7€ I.),
=2 (agign)

For F etz %2 ) B, r €11, I € [1,n], v € T(m,1) define

rxF:Z27Wx...x 27" LR

and
yreme F:®(r(1), ) x -+ x ®(r(l), 1) x Zr+) Lo x Z™W) R
by
(x* F)(z"0),.._,2") = F(z},... ,2")
and

('7 * Tk F)(Spiv ‘. ,w!'zar(td-])"" ’zr(n))
={(r*F) ('Pl (z'n(l),__' ,Z’H(hl)),__- "Pl(z-n(l),. . zw(h:)),zn[tﬂ), . ’zw(n})

respectively for all @' € B(x(1),1),...,¢" € ®(x(l),x) and z7U+1) € Z7U+)
%) € Z™(™) where D(w) = [, he] (1 kK 1). Weset prr* F=mxF.
For!l € [0,n], = € II, v € T'(x,{) define

ap(l,m ) o-(tm): E 2R R
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by

o (l,m,YF) = su &l inf inf
+(; : )( ) w‘E@(TE)-’hJ ‘pleq,(,l()i)m)z’“*”Ez"U*” zrin) g Zx(n)

(v+m* F)(o",... &, 27U+D, | 0y,

o_(l, 7 HF) = SHp s+ gup

inf - inf
Pled(a(l)m)  Pleda(don) pridnggeury)  e(n)gzrin)
(yxmxF) e, .. 0f, 2™ )y,

We set
Ty = {cr.,.(l,?r, 7} R g |[oglign, 7€l v€ I‘(rr,l]},
T = {o,(r,-«,fy) €? " RR logign, Tell, v € F(ﬂ‘,f)},
¥=X,uUX_.

For v = D'+(I,'JT,"{),}L = 0'._(1,11',‘)‘) € L weset ¥ = g = ﬂ-(llsl])a yv=p=
([ +1,n]),

i
ve =g = {J{(u7(k) € [1,n)? | u € %(m)},

k=1

i
Vo= py = U{(w(k),u) € [Ln)* | wex([l +1,n]) \ R(w)}-
k=1

For 7,7 € £ and p € [1,[n/2]] (where [r/2] denotes the largest integer not exceed-
ing n/2) define

Olr,7',p) = {n €Ty | (e +K)m(k) €74 (1 <k <P,
(1(k).nlo+k+1) €7 (1<k<p—1), (a(@hn(p+ 1) €7},

We set C(r,7,0)=zn7.

3. Orderon®

We define the order < on X by, for 7,7/ € T, 7 € 7' if and only if 7(F) € 7'(F) for
alt F: 2" x ... x 2" — R. We will give a necessary and sufficient condition of 7 < 7.

THEOREM 3.1. Suppose that v,v' € X, and p, pu" € E_. Then

(1) » £ v <= C(V, 1,00 U C (¥, v, 1) £ ¢,
(2) ug oy = Cl',p,0)UC(, u,1) # ¢
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PROOF. We prove only (1}. The proof of (2) is similar. Without loss of generality
we can assume that {0,1} C Z' 1< i< n).

(«=) : If C(V/,1,0) # ¢, then we take k € C(v',v,0) and define F : Z' x --- x
Z* — R by

1 "y 0 (zk=0)’
F(z*,... ,z )_{ 1 (*£0).

U C(/,v,0) = ¢ and C(v',»,1) # ¢, then we take 5 € C{v',»,1) and define F by

. m_ J O (20 =04= 7 =0),
F(zly....2 )-{ 1 (otherwise).

In both cases ' (F) = 0, ¥(F) = 1 and therefore v £ /.
(=>) : The condition C(+*,»,0) U C(v',v,1) = ¢ implies that there exist = €
I, k! € [0,n), v € T(x,h), § € T'(x,I) such that b < I, R(w) N w({l + 1,n]) C
R A€k Sh), v=ay(hmv), ¥ =ci(l,7,6). Thenfor F: Z' x---x Z* — R
v(F) = sup -+  sup inf v+ inf
eled(x(1)m)  wheb(x(h)om) STATVELTRID - mmezTe)

(v T FY (.. ot 2D, om0

£ sup e sup inf vvr inf
Pre®(r(1)m)  phed(n{h)y) mHHNEZTURN - primieg(n)

(7*“‘*1;‘)(“’1’-“ a‘PhaUs--- 90>zr[l+1)1--- ’zn[n))

< sup ses sup inf e inf
PrEB(x(1),51)  oFEdla(h), o) TIFVEZTILN ezt

(8 xx e F)p',... ,0",0,...,0,z70+0 57y
(where §' = (8,,... ,83) € T(m, h))

£ sup ses sup inf ‘e inf
PrEM((1).d1)  Ped(a(t),n) IV EZTIFY axmieze)

(6 * T ¥ F)({pl'l .= lwlizt(t+l)" == 12’(“.))

= V'(F).
Therefore v £ ¢/. O

LEMMA3.2. Let u € Z_,v € Zy,p € [1,[n/2]],7 € Clps,v,p) and let F : Z' x
---x Z® — R be defined by

Pt =l (=00 (1<k<p),
e 0 (otherwise).

Then u(F) =0 and v(F) = 1.

PROOF. By the condition # € C(u,v,p), we can write g = o_(I,7,”y) where | €
[p,n],# € II and v € T'(=,1) are such that (k) = n(p + k) (1 € k € p), nlk) €



66 F.MARUYAMA
R(ve+1) (1 < k < p—1) and 5(p) € R(m).
Define ¢} € &(x(k), ) (1 < k< p) by

0 (Zr'l{k]=0),
1 (XM £0) (1<kg<p-1),

(r) =g
10, m(1) ney [ 1 ),
*Pu(z IOy ) { q (zﬂ(p) 5&0)

where D(ve)} = [1,1e] (1 £k < p). Then

(Pg+1(z’!k+l(1), L ‘z‘b‘k+1(‘k+1)) = {

u(F) = . inf sup <+ sup
v E*(ﬂ'(l}.‘u) ‘P!E"fﬂ'(l)ﬂl) A e Zx41) galn) gz xin)

(7*W*F)(‘P1’“- ,(pi’zﬁ'(f+1)’." :z"(ﬂ])

< sup -+ sup
;t(f+1]ezi-(l+l} zs{n}ezr(n)

(Y rrx F)@h, ... ,95,0,...,0,270+0) _ =(n)y
={)

where v = (7,... ,7) €T(m, p). Clearly v(F)=1. O
LEMMA3.3. Letv € E,p € B_,p € [1,[n/2]],n € Cl{v,p5,p). Let T (0 € & <
p+1) be defined by
To = [{0,1}7 x Z7(P+1) 5 ... x Z728)] | {0,1)%®,
Te = {0}~ x {1} x {0}P~* x {0,1}*7" x {0} x {0,1}** (1< k< p),
Tpr1 = {0} x {1}*
and let T = (20 T Define F: 2V x ... x Z" — R by

= {0 (e ),

1
F(z 1 ("0, %) e T,

Then v(F) =0 and p(F) = 1.
PROOF. v(F) = 0: By the condition 7 € C(, 4, p), we can write v = oy (I, 7o, 7°)
where { € [p,n},my € II and 4° € T'(xp,I) are such that me{k) = n(k) (1 € &k <

p), n(p+k+1) ¢ R(Y) (1 < k< p-1) and n(p+1} ¢ R(rp). Let po € I1,6° € T(p0, p)
be such that for each k € [1, 2p] po(k) = (k) and for each k € [1,p—1] D(6]) = [1,p-1],

oy [ mo+i) (1€5<k),
5;:(.7)—{,?(’,4.3'4.1) (k+l<3~<\1’—1)

and D(&0) = [Lp—1], &G} =nlp+i+1) (1< p-1).
We claim that

sup e sup inf .. inf
@' €B(p0(1),80) #*E®(solp), 60] 3n{p+l)eZﬁ(P+1) zMEp) g Zn(2p)

(8% % po * F)(',... , P, 27000 020 g . |0}
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Assume to the contrary that there exist ' € $(p(1},87),... 0" € ®(po(p),6;) such
that

e ptl) g Zulpdl) | y,n(2p) ¢ Zni2p)
(i (270, 20(B49), | 70R)), | i (aneHt) pninmt),

D, 70 0t o) € T

S = {27 € {0,117 |
(PR onlpkk) | n(ap)) = 1} (1<k<p—1),
8, = {(zn(p+1),. .., 27?0 € £0,1}7 | PP(27PtR) o nlEe)y = 1]._

The assumption implies that S, NS; = ¢ (L <k, < p, k#Jj) and

Py = s

k=1
Since £S5 = 0 (mod?2) (1 € k < p) it follows that 2 — 1 = 0 (mod2), a contradiction.
Combining with ER('yk) N %i(n) C R(EY) (1 £ & € p), the claim implies that
v(F) = sup oo sup inf . inf
PRl WEBma) SO EZED ol zmo)
(70 %m0 # F) (9", o, 270 (Y [ zmolm))

< sup e sup inf . inf
ere®(pe(1),59) wred{polp), ,50) z'?[P+1]EZ r{p+l) zwtzr)ezu(zp)

(60 *PD*F)((P 1e-- ’(pp=ztr(p+1),'“ ’z’?@j’]’o’__ , 0}
=0

g(F) = 1 : By the condition n € C(, s, p), we can write p = o_{k, 71,4} where
h € [p,n], 7 € Landy' € ['(m, k) are such that = (k) = n{p+k), n(k) &€ R(v) (1 € k<
p). Let oy € I1,8' € T(p1, p) be such that for k € [1,p], p1(k) = n(p+k), pr(p+k) = n(k),

@ =tp-1, ai)={ 1P, Gk

Let ¢' € ®(py(1),81),... ,u” € B(p1(p),8}). W for some k € [1,p] *(0,... ,0) # 1, then
for (271 .. 27(9)) g {O}*-t x {1} x {0}PF,

(z“(”,... ,zﬂ(p),q,l(zﬂw}, . zﬂ(?)) (zn(l) , zn{p-l))) eTouTicT.
If for all k € [1,p] ©*{0,...,0) =1 then

(0,...,0,(,01(0,.. ),,QDP(D )ETp+1CT
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Therefore, since R(~:) NR(y) C RG)) (1 €k < p),
F)= inf ‘.- inf su ves s
#(F) wled(mi(1).7v])  Phed(mR)L) zr1<h+:)egnw+n m(-JEg-n-J
(Y xm « F)e', ..., " s7 B0 7))

z iof .- inf sup -+ sup
V1ER(p1,8])  wPE¥(m(P).BY) smiidcZn(1)  ue) g Zwip)

(ﬁl*pl *F)((pl?"' 1‘Pp:zn(1)$“° :zn(P)sos-" 10)
=1 0O

THEOREM 3.4. For any 7,7’ € L, it follows that

[n/2]
rd7 = |J ol ni) £
=0

PROOF. Let v € By, € Z_. By Theorem 3.1 it is enough to prove

(/2]
Wrvipe= | Claril£e,
t=1)

[n/2]
@udve |JChmi)e
i=0

Proof of (1): If C{u,v,0) # ¢, then v £ . ¥ U!f;‘;z] Clu,v,i) # ¢ then v ¢ o
follows from Lemma 3.2,

Suppose that UE';’?] C(p,v,4) = ¢ and let k = fu. Then there exists p € II; such
that g = p([1, &]) and

(i,ﬂ(j)) cp_ = ((p(J)l 1) ¢ Yy, (P(J + l)si) ¢ Vigyonn ,(p(k),i) ¢ IJ'+)
(ieR 1<j<k).

We show this first. If there exists nonempty § C p such that

VpeS3dgepIreS ((pg) €vy,(gr)€p)
then there exist i € [1,[n/2]], 21,P2,... ,Pi € &5, @1,Q2,... .95 € 7 such that (p;,q,) €
v (15 <4), (g5, Pin1) €u- (1<F<i-1), (¢iym) € p—. Letting 5 € IIy; be such

that 7(j) = ¢;,n{i + 7) = p; (1 £ j £ i) we have n € C(u, v, 1), which contradicts the
assumption. Therefore

¢#VSCudpeSVgeavres ((gr) e p-= (p,q) ¢ vy).
Using this we can define p(k), p(k — 1),... , p(1) € p 50 that

viervlep\p(lj +1,k) ((,1) € p- = (p(4),9) ¢ v ).



An application of a combinatorial theorem 69
For j € [1,k] let

A= (i€ | (p(3)1) € va (0 +1),9) € v, (00R),0) £ 4}

Then, since Ay C Az € --- C A, there exist n € Iz, k1, hy,... ,he € [0,n — k] s0
that by < he <+ < b, (LB} = 4; 1< < H).
Let

T= sup --- sup inf sup sup inf
Ve Zn(ll  guthydggznthy) PV EZPO) onih41) g gathy+1) amihg) g Zuihy) 22D g 2212}

sup S sup inf sup . su
MR 1+ e gathy 1 H1) 22 g Zalhg) 2HRVEZRR) L gihy 43} g Zathy+1) znln—k) g Zaln—k)

€ET,NEI_.

If (i,p(j)}) € p_ theni € A; and so (i,p(j)) € - ({EF 1K < k). Since p =17 we
have u_ C 7—. Therefore C(p, 7,0) = ¢,C(u,7,1) = ¢ and, by Theorem 3.1, T p. If
(p(5),%) € v4 theni ¢ 4; and so (p(j), %) € 74 (€ A, 1 < j < k). Thus (zxT)Nwy C 74.
Clearly ¥ C T. Therefore C(r,v,0} = ¢, C(7,v,1) = ¢ and, by Theorem 3.1, ¥ £ 7. Hence
v § p. This completes the proof of (1).

Proof of (2): (<=) follows from Lemma 3.3. The proof of (==} is similar to that
of (1. O

4. Separation Theorem

In this section we show the existence of F,G : Z! x --- x Z® — R such that
7(F) < min,.¢, 7'(F), max 4, 7'(G) < 7(G) for each 7 € T when $27,... ,}Z" are
sufficiently large.

THEOREM 4.1. (Erdés (1964)). For all p,q,r € N there ezists N = N(p,¢,r) € N
such that if m 2 N and § C [1,m]P,§S > mP/r then there exist 8;,...,5, C [1,m]
satisfying i18) = q,... 18, =¢q, 51 x -+ xS, C 5.

The following theorem is one of the most famous and fundamental results in Ramsey
theory.

THEOREM 4.2. (Hales-Jewett (1963)). For all positive integers m, ¢ there exists an
integer k such that whenever I 2 k

VF:[1,m}! —[1,d 3T ¢ [L,Y] 3f : J — [1,m] 4F(L(f)) =1
where
L(f) = {( )€ m) | [} = TTran Iltir e U {i}‘-“}.
ied jEJ i¢d ic[1,m]

Let HJ(m,c) be the least such integer.
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DEFINITION 4.1. For positive integers p, N' 2 2 we define X! = Xi(p, N) (0 j €
i—1, 1 €< p) as follows. Define m.;? and X;’ (1< j<p-1) by downward induction
on j by XJ_, = [1,N*,m? = HIX? N) and X7_, = (XI)™}. We set X7 = XP.
Define m} and X} (1 € j €i—1, 1< i< p— 1) by downward induction on ¢ and j by

P i
xia=|Ln- I H{(txfﬂ)m?—(nxf)m?} ,

k=i+l j=1

mi = HJ (ﬁX},NﬂX}ti ----- ﬂx;’-u) and X}_, = (Xiy™.
We set X* = X{ and M(N,p) =1X!. O

If1<7<k<i~1<pthen we can write w € X]_, as
" =

( (51854110 198) 1<8;<mf, 18, 1 €mé g, ooy 1€ My

or
W= (wﬂj)lg;,-gm} = (wliwﬂs"' swm:.)

where Wy, 0,0, o) € X (1<s;<mi, 1< 855 < miLy, «oy 1€ 8 < mi) and
w,; € X] (1€ s; gm}).

In the following definitions and lemmas let p € [2,[n/2]] be fixed. Set

. g, . . .
= | x (@<igp1<5<i~),
Jg[l,m}]

e¢(f) =1L, m\D(f) (feF)-

DEFINITION4.2. For j € [1,i— 1],i € [2,p] and f; € FL (1 € k < §) we set
L(fl"“ ’f.'i") = {zi € X': l H {xfau..-;si)} € U {w}letfl)""'ﬂqu),
(31, 85 YEE(f1) % E( ;) weX?
Tiag, o) = e(8) (81,0 ,86) €C(fi) X - x €(fuma) xD(f) A<k ﬂi))},

I(L(.fh 1fJ)) = E(."'1) X .--X Q(fj),
J(L(fli 'f.f)) = ([1,1"&.” X-or X [lum;]) \I(L(fh- s.fj')) |
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DEFINITION 4.3. We set

LX) ={LA,... . CX | fe€F A<k<H}
L(XH x - x XP)
= {L x o x IEC X x oo x X2 | Y e (XY, LE € £7(XPY,

LX) = {{(wl ,w,,,;;) € Xj_, | we=f(k) (keD(f),

I {wede |J {w}"‘“’}cx;_llfes;i} (1€jigi—1,2<i<p).

kce(f) weX}
Forf1ES"{,...,fj€3; (1€7<i—2 21 < p) weset
S(L(fh--- ’fj)) = {L(fla !fjafj+1) c L(fl; :fj) ! fj+1 € 8'_'fi+l}' O

For Li € £¥(X*) (2<i€p, 1Kkgi~-1)let Ar; be a bijection from Xi onto
L{ such that for all w € X}

2= Agi(w) &= IES;,...,sk) =w {(s1,...,8¢) € T(L})).

For L € £5(X9),..., L, e (X)) 1< k<p-1L, k+1<j<p j<igp)
let ALixn-xLi be a bijection from Xj x --- x X}; onto L] x ---x L}; such ¢hat for all

(wi,... ,w)eX] x-. x X}
ALix---xL;(wjl"' Jut) = (AL;';(wj)"" ,.\Li(wi)).

Note that

mi! i , ‘ . .
w= 3 ()-exy = x0T -ax) @sicnisisioy
r=0
S0
k . . )
et = [I{axi+ 0 - @x)™ ) a<k<p-1, k+1<i<o).
i=1

For eachk k € [1,p — 1] let &* be a fixed bijection from £F(X*+! x --. x XP) x [1, N]
onto XF_, and let a® be a fixed bijection from [1, N]? onto X]_,. We make the following
three definitions depending on these o, a?,... ,a”.

DEFINITION 4.4. (1) We define
QF XV x- o x XE - 2R (XM x ... x XP)U{e) (1gkgp—1)

by induetion on k as follows. For e € o! ({L%x---xLE}x[1, N]) where L} € £(X7) (2K
i€p),Q@)=L3x---xL}. Forke2,p—1]if

@ Yal,...,a" "V =Lf  x-- xIP_, e &F X" x - x XP)
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and a* € Age oo ({Lf* x -+ x LE} x [1,N]) where L € &(Li_ ) (k+1<j < p)
then Q*(a',... ,a*) = Li*' x -+ x L?. Otherwise Q*(al,... ,a*) = ¢.

(2) We define
QF: X' .- x XP —[1,N]U {9}

as follows. If ¢! = o! (Q'(a'),4') for some b' € [1,N] and o? € AGr-1(a,...,ar-1) ©
a?({d'} x [1, N]) then Q?(al,... ,a?) = b'. Otherwise QP(a!,... ,a?) = ¢.

(3) Forke [l,p—1],(a',... ,a*) € X' x--- x Xk if
Q*(al,... ,a*) = Lit! x - x L € S5 (X5 x ... x X7P),

let Q¥(a,...,a") = LA H Q*a',... ,a*) = ¢, let Q%(al,... ,aF})=¢. DO

DEFINITION 4.5. We define 8! : X' —s [1, N] by B'(a!) = #' if @' € X! and
' € [1,N] are such that o' = ol (Q'(al),b!). For k € [2,p] we define 8* : X! x
<o x X* — [0, N) by B¥(a',...,a*) = 8% if o' € X,...,a* € X* and ¥ € [1,N]
are such that a* = AQE-1(ar, _ ar-3) © of (Q*(a?,... ,a*),b*) and B*(a’,...,a*) = 0
otherwise, O

DEFINITION 4.6.

T=TN) ={(,...,2%9",... #?) € X' x - x X? x [L,N]? |

v =B, 24, 1<k <p). O

LEMMA 4.3. For each k € [1,p] let * : [L, N]P~' ~— X* and let d*, d% be distinct
elements of [1, N]. Then

{(cp‘(:ul,ya,--- ) PN i ¢ LR " B VLR 7.0 IR T .y

€X' x - x XP x [1,NJ? | y* € {dF,dt), 1gkgp} ¢T.
PROOF. Assume to cbtain a contradiction that

{(wl(v‘,vs,--- WP he @, T, PG Y L)

€X' x- xXPx[1,NF | 4 € {df,d§}, 1<k<p}CT.
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Then by induction we show that
vy' € {d},d}} - V¥ € {df, d§} Vy**? € {df*?, d5*?) - vyP € {d], df}
Qk(‘pl(yl,ya’.'.,y ’dk+l’y ""’yp)!"

(Pk_l(yla - syk_lidff+l1yk+2s--

.

Y Tl (VLN T L ,y”))
=" (qo‘(yl,ya,--- T P,
‘Pk-l (yla--- 1yk—1)d§+1ayk+2v .
#(b (1 P_ 1)9
vy’ E{df,dg} -y € {df,d}}
Qp(w (dliy | I 1y?)"" "Pp_l(d}1y2'l"' 7yp_1)!wp(y2"" 3yp))
=Qp( (d;ly )"'iyp)i"‘ "pp—l(dé’y2,.“,yp—l)‘wp(yi’"”,yp))#d’

The case k = 1 is obvious. We write

- 1yp)?¢k(yl,“‘ ka,yk-l-z"" ’yp))

'pk(ylayza ces ’yp)
= (o' (' % 1) P ) T )
(1 Sk<p— 1)-
Suppose that 2Lk < p—1 and
Qk_l (‘pk_l(yl" .. 1yk-11df’yk+la .- ’yp))
= Q" .. WA L)) #
for each 37 € {dI, &} (5 € [1,p] \ {k}). Then, since the assumption implies that

df = gt (", .. oF L dE P L)) £ 0 (7=1,2),

we have

Gty R ) € QF TN (R v L)

= Qf_l (’pk_l(yls e syk_ls d".f) yk+1 TR ’yp))
and

A LR et JE Ve LS )

7
'-)‘h:l

kfke kil k 1 gk .k l k
(wb-l(yl e yt-1,dk ,ye.;.;’m‘g’]) o (Q @@,y dj,‘y LAY ,yp)),dj)

k
= gt (pheh s s, ) © 0 (@O TG ), )

(j =1,2).

Therefore, since o is a bijection,

W@, LA T D) £ SRR L eP)
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and since y**! was arbitrary,

o ', .. ,y" Vb gt ), O (T A TR L yP)
€Q} @, Pt dE a2 L P))
ﬂQi‘"(&*"(yl,...,y" 1d: dﬁ“,y 09" (F=12).

Then for each ¢ € {d&,d3} (G € [1,7]\ {k+1})
ﬁ{‘?i‘" (i TR LI ARV SR 7 3}
NQF " w*Lyt, ... oF, diH1 g5 +2 ,y"))} > 2
Note that if L, I’ € £572(X*) then §(L N L'} » 2 implies L = I/. Hence

wk(yla--- ‘yk,yk+2 .a- ’yp) = Q’lc_l ('Pk_l(yls"' ,yk,d{c+1,yk+2,.“ 1yp))
= Q:“_l (‘pk_l(yl}" ' ayk$d§+11yk+2s e !yp])'

Then, gince the assumption implies that

oW Y y?)
k k
= 'x “,d'{'”.y""".o--.yl')) o ak(Qk(wk(yl’ b 1yk!dj+1!y +2: e ’,yp)J, yk)

=2A ak (Qk(pk(yl vy 'yky d?+1 ’ yk+2: LIS | yp))’ yk)

(j=1L2).

Q1 (or-101 . iy

-]
Qe {por-1(yt .kl 2, )

we have

Qk('Pk(’yl)“' ’yk’df+l’yk+2,~“ ,yp)) =Qk((pk(y]1 $ykad§+]1yk+2s"' }yp)) '-/: ¢
Similarly, from the k = p — 1 case, it follows that
Qp(‘sa (dla 1" adll’)i-“ s‘lopﬁl(d}v-- ,df—l]"pp(df,”_ ,d?))
= Qp(‘P (d;s 19°+» sdf)s“' ﬁop_l(d:l;'s-“ ’dg"l)’pp(d?,”' ,df)) #q&

Hence 8 ('(d},d8, ... ,d})) = B' (9" (d},d},... ,d}}). Then, since the assumption im-
plies that d} = ﬁl(tp (dl, 3 ...,d5)) and &} = 8" (p'(d}, d3,... ,d})), we have d} = d}
which contradicts d} # dj. I:l :

LEMMA4.4. For k € [1,p] let &% =(X' % xX T X*oxX®) 1 N1 Then

Vil €dl-..VpPe@? 3t -.. 2P € X7
(..“:!,... awPet (2P 2P, P (e, P e T

PROOF. Let p* € ®* (1 < k < p). Using the theorem of Hales-Jewett we will find
al,a?,...,a? inductively so that

(als--- :apa‘pl(azy“- ,ap),“. a‘Fp(a‘la‘-- ’ap—l)) €T
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Sincem? = HJ (uxf, Nﬂx"--"-ﬂx”)a.nd X2 = (X2)™ there exists L2 € £(X?) such that

vt e X3-..vzP € XP H{p(2?,... ,zP) € [,N) | PP e L} =1
Let 3 < i< pand L € £(X7) (2 < j < i—1). Suppose that

V&' e XP...¥zP € XP
ﬁ{g}l(:.r'z,... ,ZP) €[, N] | (=2,... ,a* N eLllx. .. xL‘i"} =1

Then, since mi = HJ (§X{, N4X"*3X") and Xi = (X{)™, there exists L} € £(X")
such that

vzit!l € XH1...vzP € XP
He'(2%,... ,2?) € [L,N] ] (=,... aYelix o xLi} =1
By induction there exist L? € £(X?),... ,L? € £(X?) such that fp' (LI x---x L) =L
Let ¥ € @'(L2 x -+ x L) and a! = o' (L] x -+ x Lf,8'). Then we have 8'(a!) = !
and Q'(a!) =L? x---x L%,
f2< k< p—-1andifa® € X',...,a*! € X*! and &',... 551 € [L,N]
are defined so that for each j € [1,k — 1] there exist LI*' € &(LIf}),... L% €
L(LE_,) (where L2 = X? ... L} = XP) such that
Q(a',...,d") = Lﬁ“ %+ x L,
Ba,...,af) =¥ =i(a,... a9t 2P) (&7, ,2?) e Qi(d),... ,@7))
then we define
(Pfﬂ.l.... .ﬂk_l) Lit} woeaa X L‘k’—l e [I,N]
by
(‘0?“1“"‘“1,_1)(3"-'-1,... ,xP) = wk(al,... ,a"_l,:c"“"l,... ,zP).

Then, since qofa:,__‘ b1y OApErpp X . x XP_, — [1,N], similarly as in
the case of ¢!, there exist U¥H! € (X 31), U2 € £(X[*2),... ,UP € £(X]_,) such
that

Bofr,... ast) @ Mgt gy (UM X UM x Uy =1,

Let L = Apy  (U') (i € [k+1,7)), let F € o} .“,,_,)(L’,;“ x --- x L¥) and let

a* = Ay © af(LE*! x ... x LP, %)
Then @*(al,... ,a¥) = Li*t x -« x [{ and

B¥(al, ... ,a") = b* = *(a',... ,aF 1 2, 2P)
(($k+1:--- ,z¥) € Qk(alv'“ :“’k))'
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Thus, inductively, we can find &' € X',... ,a?~! € X?~! such that for all k €
[lsp— ]]

ﬂk(ﬂl,, T ’ak) = {Pk(al" . Sak-‘_].,:ck-l-l;- - )Ip) ((Ik-'-lj-- . 5xp) e Qk(alj-. . |ak)).
Let
0" = Agr-i(ar.... vy 0 0P (B(a'), P(a", .. ,aP7)).

Then ¢”(a',... ,a?" 1) = BP(a},...,aP) is clear by the definition of 87 and for k <

p—1¢al,... af ekt . a?) = B%(al,...,a¥) follows from (a**1,...,a?) €
Q@*(a',... ,a*) and the above result. Hence
(al,... af, o' (a%,... ,a"),... ,eP(a',... ,af 1))

= (a',...,a% 8 (a"),... ,8%(a',... ,aP)) €T. O
PROPOSITION4.5. If§Z% > 21F (1 € k € n), then

VpeS_ FFelZ xR u(F) < n_;iu 7(F).
TR

PROOF. We may assume that {0, 1}{Z C Z* (1 € k < n). Let
B = {(e1;... ,eiz) € {0,1P% | e, =1} (1< s<I[E, i=0,1).

Suppose that g =o_({l,m,v)and {r€ X | r £ u} = {n,... , "}
For s € [1,8] if C(p, 15,0} # ¢ then we take k € C(u,7,,0) and define a function
F* by

af.1 ny _ 0 (ZkEE’)a
I

If C(u,7,,0) = ¢ then, since UE’;’?] C(p, 7ayi) # ¢, we take p, € [1,[r/2]] and 9, €
C(p, 14,p,) and define F* by

1 (zm(k) € E} = zhe(patk) E (1<kg Pa)),

LY ny __
'@z )-{ 0 (otherwise).

Let F: Z1x.-.x 2" — Rbedefined by F(2',... ,2") = max, ¢, F*(2',... , 2"}
and let

@t 2 s Zmlie) L, ZRR) (] <k g )

be such that

N G L L= (ﬂ ES) N ( N Ei’)

sEUy E[LIENY,
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where

U;, = Uk(zm‘(ll,. . ,2‘"'(&"))
= {s € [LLIZ] | Clis,7s,0) # ¢} U {5 € [LEE] | m(k) = na(ps + 1), 2™ (7 ¢ E}}

Pa
U (U{s € [LYE] | 7(k) = n(pa + 1), 270D € Ea})

F=2

and D(y} = {1, hs]. Then

VzmH) g =) Lypm(n) @ 2700 (v x B!, ..., 0, 2T L 2™y =0
so p(F) = 0. Since 7.(F) 2 m,(F*) = 1 (1 € s € t) is clear we have u(F) <
min g, +(F). O

PROPOSITION 4.6. If $Z* > M(N([nf2),2,tE),[n/2}) (1 € k < n), then

Vv ez, aF g(Z'xx2") p v(F) < miin r(F}.

PROOF. Let N = N([n/2],2,tZ). We may assume that [1, N] ¢ Z* (1< k < n).
Forp € [2,[n/2]],n €y, k € [1,p] let 67 : X*(p, N) — Z"*) be an injection. Define

8" : X (p,N) x -+ x XP(p, N) x [1, N]F — Z"™) x - x Z7(®) x [1, N]?
by

9‘?(31’“- ’Ip’yl’“-.’yﬂ) = (3?(I1)!"‘ !63(xp)!yls"' Qyp)'
Suppose that v = o4 (I,7,v) and T & v.
If C(v,7,0) # ¢ then we take k € C(v,7,0) and define F7 by

FT(ZI’". }zﬂ) = { ° (Zk < ll’N])s

1 (2*¢[1,N).
Then

V' € ®(m(1),m) Vo' € B(x(l), M}

H{ ™D, LY € [N (r e x BT, oo, 0, 2™ 2T = 1) = 0.
Clearly r{F7) = 1.

If C(r,7,0) = ¢ and C{v,7,1) # ¢ then we take n € C(»,7,1) and define F™ by

Pt ol 0 ((zﬂ(”.z»f*)) € (2% x [1, M)\ CJ{(a,s)}) :

=1
1 {otherwise).
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Then for ¢' € (7 (1), m),... %' € ®(x(l),m)

BT, 27 ) € [, N (s ms FTY(h . 0l 2704 o70) = 1)
Nﬂ.—f
1=
Clearly r(F7} = 1. :
If C(v,7,0) = ¢ and C(v,r,1) = ¢ then, since UE:';?] Cly,7,1) # ¢, we take p €
[2,[n/2]] and 5 € C(v,7,p) and define F” by

"-<-. Nn—l—l g

Friz',...,z")
_ [0 (et 2GRy e [, NP, (27D, 278} ¢ 67(T(p, N))),
_{ 1 {otherwise).

Then, since N(p, 2,tZ) € N = N([n/2],2, L), it follows from the theorem of Erdds and
Lemma 4.3 that

Yo' € 3(x(1),m) - V' € B(w(l), )
B{(zmHD Y e L, N (v e e P, 270D )y = 1)
Nn—!
SR

Lemma 4.4 implies that 7(F7) = 1.
Defire F by F(z!,...,2"%) = m;xF’(zl,... 2 ((2 ...,z e 2t x---x ZM).
Then for (Pl € @(1’((1), 71):- L. 1‘.01 € §(,"r(:)‘) 'Yl)
B0, ... 2 € [L,N] | (s m s P, .ol 70, L o7y = 1)
£ Eﬂ{(z”““),... 2" € L, N (v xm s )b, ., h, 2™ 0D o)y = 1}
v

sﬂ{r62|f§v}-N

n—i
1

< N4
So

V! € B(x(1),m) - V&' € B(r(l), ) ™) g ZUH) .. 37w ¢ Z7(n)
(7* L F)(‘Pls s ,‘Ptizx(H-l)s ve ’zar{n)) =0.
That is, ¥(F) = 0. Clearly 7(F} > r(F") = 1 (r £ v). Hence v(F) < min, ¢, 7(F). O
By Proposition 4.5 and Proposition 4.6 with the dual results we have the following.

THEOREM 4.7. Assume that}2',... ,tZ" are sufficiently large. Then forallT € 2
there emist F,G : Z'x-- - xZ" — R s0 that 7(F) < min,.¢, 7'(F) and max, 4., 7(G) <
{G).
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