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AN APPLICATION OF A COMBINATORIAL 

THEOREM TO A SEPARATION PROBLEM: I

       By 

Fumio MARUYAMA *

 Abstract 

   We consider functionals which arise naturally from game theoretical 
consideration and are also generalizations of the functionals in Hisano 
and Maruyama (1989). In the study of the natural partial order on the 
set of these functionals, we establish a separation theorem, making use 
of the theorem of Hales-Jewett.

1. Introduction 

    A sequence of operations of minimizing or maximizing a function subject to the 
variables can be considered an optimal play of some game. For example, for a real-valued 
function F defined on the Cartesian product of finite sets Z1, Z2, Z3, Z4, 

min max min max F(zl,z2, z3, z4) 
                           z2EZ2 z3EZ3 z4EZ4 z3EZ3 

is the value of some zero-sum game between minimizer and maximizer where F(resp. 
—F) is the payoff function of maximizer (resp . minimizer). Since this game is a finite 
zero-sum game of perfect information, in normal-form representation, this game has a 

saddle point and the players have optimal pure strategies. And so there exist zo E 
Z2, cpo E z2 Z1(where z2 Z1 denotes the set of all functions from Z2 into Z1), cpo E 
(z2 xz4)Z3, cpAO E Z1 Z4 such that (z, coil) and (cpo, cpo) are optimal pure strategies of 
minimizer and maximizer respectively. Then 

min max min max F(z1, z2, z3, z4) 
                       z2EZ2 z3EZ1 z4EZ4 z3EZ3 

= Fp(zo),z02,"0(4,cpo((po(zo))),cpo(vol (zo)))• 

    Using such response functions we can also consider this game as a two-stage game, 

whose value is equal to 

minmax F (z1, z2, z3, p4 (z1) ) 
(z2,4,4)EZ2xZlz4 (z1,z3)EZ1XZ3 

                   maxmin F(cpl (z2), z2, (p3(z2, z4), z4). 
(,1 ,,3)EZ2 Z1 x(Z2 XZ4)Z3 (z2,z4)EZ2 XZ4 
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Then, for instance, it is quite natural to consider two-stage games as follows. 

(1) Minimizer chooses  cp2 E zl Z2 and cp4 E Z3 Z4 in the first stage, maximizer observes 
minimizer's choice and chooses z1 E Z1 and z3 E Z3 in the second. 

(2) Maximizer chooses col E Z2 Z1 and cp3 E 2.4 Z3 in the first stage, minimizer observes 
maximizer's choice and chooses z2 E Z2 and z4 E Z4 in the second. 
The values of these games are 

minmax F(zl, cp2(z1), z3, cp4(z3)) 
((P2,(P4)EZIZ2XZ3Z4 (z1,z3)EZ1xZ3 

and 

maxmin F (cp1(z2 ), z2, cp3 (z4 ), z4 ) 
((,1, ,3)Ez2Z1XZ4Z3 (z2,z4)EZ2XZ4 

respectively. The functionals 

F E (zlxz2xz3xz4)R----> min max F(z1,cp2(z1),z3,cp4(z3)) 
((,2,c,4)EZ1z2XZ3z4 (z1,z3)EZ1xz3 

and 

F E (Z1 xz2xz3xz4)R----^ max /min F(cp1 (z2), z2, cp3(z4), z4)                              ((pl,(G3)EZ2Z1xZ4z3(z2,z4)EZ2xz4 

cannot be represented by iteration of minimization and maximization. 
    The set of functionals corresponding to these kind of two-stage games is strictly 

wider than the set of functionals represented by iteration of minimization and maxi-
mization. We consider the natural pointwise order on the set of such functionals. 

    By the result in Hisano and Maruyama (1989), the order structure on the set of 
functionals of sequential minimization or maximization is clear. The purpose of this 
paper is to study the order structure on thus widened set of functionals. We construct 
a separating function in this paper and an ordering function in the follow-up paper. In 
Maruyama (1992) the games related to the functionals in this paper are described. 

    In Section 2, we give a precise definition of the set of functionals we are concerned 
with in this paper. In Section 3, we study the pairwise order relations between the 
functionals defined in Section 2. In Section 4, for functionals T, 71, 72, ... , Tt with Ti T 

(resp. Ti T) (1 < i < t), we prove the existence of a separating function F such that 
T(F) < min Ti(F) (resp. T(F) > max Tr(F)) when the domain of each variable has 

l~i~t1~i~t 
sufficiently many elements. 

    In the case of propositional functions, this generalization of functionals corresponds 
to the generalization of linear quantifier prefixes to nonlinear quantifier prefixes (Henkin 

quantifier prefixes Krynicki and Mostowski (1995)) and thier dual quantifier prefixes. So 
in the present investigation we also obtain logical results relating to Henkin quantifier 

prefixes and their dual quantifier prefixes.
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2. Notation 

   We denote the cardinality of a set U by  U. For a set U and a cardinal k we write 
 U

k = {V c UIV=k}. Denote by UV the set of all mappings from a set U into 
a set V. We note that OV = {q5}. Denote by D(f) and 91(f) the domain and the range 
of a mapping f respectively. 

   For integers k and 1, [k,1] denotes the set of integers larger than k — 1 and less than 
1 + 1. We denote by N, R, respectively, the set of all positive integers, and the set of all 
real numbers. We write R = R U {—oo, oo}. 

   Let n E N be fixed. For each k E [1,711 let Zk be a set which contains at least two 
elements. We set 

IIk = {r1 Ewki [1, n] I ri([1, k]) = k} (1, k < n), II = IIn, lb = {o}, 
n-t l t 

r(7,  = "Y — ('Yi , • • • , 'yl) E nk I U 91 ('Yk) C 7r ([1 + 1, n] ) 
=0k=1 

(1 1 n, 7r E II), 

r(7r, 0) = {0}, 

43.(1,'r1) =(Zn(1) x •••xZn(k)) Zl (k, 1 E [1,n],r]E 

 4)nk),        (1,(11) = Z1 (1<l<n).l 

For F E(Z x•• xZ ) R, 7r E II, 1 E [1,n], -Y E r(7r,1) define 

7r*F: Z7(1) x ••• x Z"(n)  R 

and 

-Y * 7r * F : (1,(7r(1),'Yi) x .. • x 4i(7(l),'0 x Z7(1+1) x ... x Tr(n)R 

by 

                                         ~r1                ()7(n)1                    (7r * F)(z
, ... , z) = F(z, ... , zn) 

and 

1 l zn- rr(n) 

    = (7r * F)(cp1(z71(1) z Y1{h1)) cpl(z7~(1)z71(h1)) z"(1+1) z"(n)) 

respectively for all cp' E4)(7r(1),ryi),..., (pi E4:00T-(/),71) and z"(i+1)e 
z"(n) E Z"(n) where O(-yk) = [1, hid (1 < k < 1). We set (/)*  7r *F=  7r * F. 

For l E [0, n], 7r E rI, -Y E F(7r, l) define 

cr+(17lr7 !),u_(1,lr7 I) • (Z1x...xZn)D -~ R
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by 

 U+ (l,  7r,  7)(F) =sup...sup
z'~(i+1)nZx(I+1)• • •zx(n)EZx(n)                                                                 ~G1E4'(7r(1),'Y1) ,piE4(7r(1),`n) 

( * 7r * F (( 1l zr(1+1) zn(n) 

CT_ (l, 7r, -y) (F) = inf• • • inf sup • • • sup 
,p1E4'(ir(1),'Yi) <p'E(D(r(1),'Yc) zx(l+1)EZx(l+1) zx(n)EZ,r(n) 

* 7r * F 11 z7r(1+1)z7r(7) 

We set 

E+ = {+(l,,)E(z1x...xzn)RR I 0 < l < n, 7r E H, -y E I'(7r, /)} , 
E_ = {0_(l,7r,7) E(Z1x...XZn)RR 0 < l < n, 71-EH, -y E I'(7r,1)}, 
E=E+UE_. 

    For v = u+ (l, 7r, ~y), p, = o _ (l, 7r, ry) E E we set Ti = µ = 74[1, l] ), v = µ = 
7r([l + 1,7d), 

v+ = µ- = U { (u, 7r(k)) E [1,n? I u E 91(-yk) }, 
k-1 

v- = µ+ = U { (7r(k), u) E [1, n]2 I u E 7r([l + 1,7d) \ 31(7k)}. 
k-1 

   For T, T' E E and p E [1, [n/2]] (where [n/2] denotes the largest integer not exceed-
ing n/2) define 

CO-, T', p) = {n E ll2p I (i (p + k), r1(k)) E T+ (1 < k < p), 

(ri(k), 77(p + k + 1)) E T_ (1 < k < p - 1), (n(p), 77(p + 1)) E T_ }. 
We set C(T, T', O) = T f T'.

3. Order on E 

   We define the order < on E by, for T, T' E E, T < Ti if and only if T(F) < T'(F) for 
all F : Z1 x • x Zn R. We will give a necessary and sufficient condition of T < T . 

    THEOREM 3.1. Suppose that v, v' E E+ and µ, u' E E_. Then 

(1) v v' <---> C(v', v, 0) U C(1/, v,1) � 0, 

                (2) p i' <---> C(j.c', µ, 0) U C(µ', /1, 1) ~.
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   PROOF. We prove only (1). The proof of (2) is similar. Without loss of generality 
 we  can  assume  that  {0,1}  C  Z2 (1 i n). 

( =):IfC(v',v,0)�0,thenwetakekEC(v',v,0)anddefineF:Z1 x•••x 
Zn ---- R by 

                F(zlzn) =0 (zk = 0)~               '1 (zk # 0). 

If C(v', v, 0) = 0 and C(v', v, 1) � 0, then we take r,i E C(v', v, 1) and define F by 

          (1n) = 0 (zn(1) = 0<—>zn(2) = 0),              Fz, .. • , z1 (otherwise). 

In both cases v'(F) = 0, v(F) = 1 and therefore v v'.     
(----->) : The condition C(v', v, 0) U C(v', v, 1) = c implies that there exist 7r E 

II, h,1 E [0,4 'y E F(7r, h), 8 E F(7r, l) such that h < 1, 9'(yk) n 7r([l + 1,711) C 
91(6k) (1 < k < h), v = o-+ (h, 7r, y), v' = v+ (l, 7r, 8). Then for F : Z1 x • • • x Zn --4 R 

   v(F) = sup • • • sup inf • • • inf 
               4:71E4(7r(1),y1) 50hE4(7r(h),-yh)z*(h+1)EZx(h+~) z'r(")EZ'r(++) 

1 h er(h+1)n(n) 

      •sup• • • supinf • • • inf 
cp1E4'(7r(1),-yl) cphEt(r(h),ryh) zx(i+1)EZx('+1) z'r(n)EZ.(n) 

( * 7r * F) (cp1 (ph 0 0 z" (i+1)Zw(n) ) 
      •sup• • - supinf • • • inf 

471Et(7r(1),(51) whE4(a(h),Sh) zx(1+l)EZ,r(1+1) z'r(n)EZ"(n) 

(b' * 7 * F')(co1 (Ph 0 0z7r(l+1) et- (n)) 

                                   (where 8' = (61, ... ,8h.) E F(7r, h)) 
      •sup• • • supinf • • • inf 

4,1E4,(,(1),61) cp'E4(7r(l),6i) z2.(1+1)EZx('+1) z'r(n)EZ'r(n) 

                     (8 * 7r * F)(cp1 cal e(1+1) z' (n)) 
         = v` (F). 

Therefore v < v'. ^ 

LEMMA 3.2. Let p, E E_, v E E+, p E [1, [n/2]], ri E C(µ, v, p) and let F : Z1 x 
• - • x Zn — R be defined by 

      (1n)—1 (zn(k)=0<---->zn(p+k)=0 (1~k<p)),       Fz, .. • , z0 (otherwise). 

Then ji(F) = 0 and v(F) = 1. 

    PROOF. By the condition ij E C(µ, v, p), we can write u = u_ (1, 7r,'y) where 1 E 
[p, n], 7r E II and -y E r(7r, 0 are such that 7r(k) = 77(p + k) (1 k < p), 71(k) E
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 9('Yk+1) (1 <k<p-1) andr)(p) Ef{('Y1). 
Define (po E (I)(7r(k), -yk) (1 < k < p) by 

       4+1 (1)1±1(1), ... , z7k+1(1k+1)) = 0 (zn(k) = 0), 1 (zn(k) � 0) (1 k p - 1), 

       4)(z''1(1),...,z71(11))=1 (zn(P) = 0)                        0 (zn(P) � 0), 

where 0(-yk) = [1,4] (1 < k < p). Then 

µ(F) = inf ••• infsup ••• sup Elt('i-(1),1'1) Cal Et(r(1),71) zx(1+1)EZ=(1+1) z=(n)EZ (n) 
                         * 7r* F 1 1 f(1+1)z'r(n) 

              sup• • • sup 
z,r(t+1)EZ.(i+1) zx(n)EZ.(n) 

P 0, , f(1+1) (n) 
=0 

where -y' = (ry1, ... , ~y1,) E F(ir, p). Clearly v(F) = 1. ^ 

LEMMA 3.3. Let v E E+, µ E E_, p E [1, [71121],n E C(/1,11,P). Let Tk (0 k 
p+ 1) be defined by 

To = [{0,11P x Zn(P+1) x • • • x Z77(271 \ {0, 1}2P, 
Tk = {0}k {1} x {0}P-k x {0,11k-1 x {0} x {0, 1}P-k (1 k < p), 
TP+1 = {0}P x {1}P 

and let T = Uk±o Tk. Define F : Z1 x • • x Zn -k R by 

           (1n) =                             0 ((zn(1), ...,zn(2P)) T),               Fz, ... , z1 ((z77(1), ... , z77(2P)) E T). 

Then v(F) = 0 and µ(F) = 1. 

    PROOF. v(F) = 0 : By the condition 71 E C(v, µ, p), we can write v = cr+(l, i-o, ,yo) 
where 1 E [p, n], iro E II and -y° E F(iro, l) are such that rro(k) = ri(k) (1 < k 
p), rl(p+k+1) 0 91('y2) (1 < k p- 1) and i(p+1) 0 91(77°,). Let po E 11,6° E F(po,p) 
be such that for each k E [1, 2p] po(k) = i1(k) and for each k E [1,p-1] 0(6) = [1,P- 1], 

          82(.7)-_ {77(1)± j) (1<j<k), r](p+j+1) (k+1<j<p-1) 

and 0(Sp)_[1,p-1] sp(j)=rl(p+j+1)(1 j p-1). 
   We claim that 

        sup • • supinf • • • inf 
'l (P0(1),6°) 49PE4(Po(P),(5P) zn(P+1)EZn(P+1) zn(2P)EZn(2P) 

                (S(6°)((P1 (0n(P+1)n(2P)                           *PO*F,...,,z,...,z,0,...,)0 
               = 0.
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Assume to the contrary that there exist  (p1 E (D(p0(1), S°), ... , COP E 4(po(p), Sp) such 
that 

dzn(P+1) E Zn(P+1) ... de(2P) E Zn(2P) 

((p1 (zn(P+1) zn(P+3), ... , z11(2P)) ... , (pP-1(zn(P+1), ... zn(2P-1)), 
cpP(zn(P+2), ... , zn(2P)), zn(P+1), ... , zn(27))) E T. 

Let 

   Sk = {(zn(P-1-1),  ... , zn(2P)) E {O, 1}P 
(pk (zn(P+1) ... , zn(P+k) zn(P+k+2) ... , z77(2P)) = 1 } (1 k p - 1), 

SP = {(zn(P+1) ... , zn(ZP)) E {O, 1}P I (pP(zn(P+2), ... , zn(2P)) = 1 }. 

The assumption implies that Sk n Sj = q (1 k, j < p, k # j) and 

P {O,1}P\{1}P= U Sk. 
                                                     k=1 

Since Sk - 0 (mod2) (1 k < p) it follows that 2P - 1 = 0 (mod2), a contradiction. 
   Combining with 91(711) n 91(9) C 9t(S2) (1 < k p), the claim implies that 

  v(F) = sup - • • supinf • inf 
(PiE(1)('7,0(1) 'Y°) cP(E4)(7ro(() 'Yo) z=o(z+i)EZ=o(l+i) zxo(n)EZ'ro(n) 

01 l 7ro(l+1) 5 7r0(71)*ro 
          sup• • • supinf • • • inf 

'PlEcl(P0(1),6°) (PPE4(Po(P),5P) zn(p+1)EZn(p+1) zn(2P)EZ+1(2P) 

(6° * * F 1 (PP, zn(P+1) zn(2P) 0 o) 
= 0. 

p (F) = 1 : By the condition ij E C(v, t, p), we can write /.c = cr_ (h, 7r1, ) where 
h E [p, n], 7r1 E II and -y1 E F(iri, h) are such that iri (k) = 77(p+k), 7(k) Ct 91(')/4) (1 < k 
p). Let Pi E lI, S1 E r(pi, p) be such that for k E [1, p], pl (k) = n(p+k), pl (p+k) = 77(k), 

      1176) (1<jk - 1),        ~(s k) _ [l~p - 1]~ Sk(7) _ il(j + 1) (k j < p - 1). 

Let (p1 E (pi (1), Sl ), ... , cpP E (1' (pi (p), Sp). If for some k E [1, p] (pk (0, ... , 0) 1, then 
for (zn(1), ... , zn(P)) E {0}k-1 x {1} x {0}P-k, 

(zn(1), ... , zn(P),p1(zn(2), ... , zn(P)), ... caP(zn(1), ... , zn(P-1))) E To U Tk C T. 

If for all k E [1,p] (pk (0, ... ,0) = 1 then 

(0, ... , O, col (0, ... , 0), ... , cpP (0, ... , 0)) E TP+1 C T.
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Therefore, since  91(-yk) (1 91(n) C 91(4) (1 < k < p), 

p(F) = inf • • inf sup • • • sup cp1Et'(ri(1),'4) SohEb(n1(h),'Yh) zx1(h+1)EZx1(h+1) z'r1(m)EZx1(' ) 
1)(p1 (Ph, 7r(h+1)7(n) ) 

             inf • • • infsup • • • sup 
<p1EI(P1,bi) coPE,D(P1(P),5P) zn(

(1)EZ+1(1)zn(P)EZ'(n)                      (61)((Plr,1                                ()'~(P)0)                            (S*pl*F ,z,...z,0,...,0 
= 1. ^ 

    THEOREM 3.4. For any T, T' E E, it follows that 

[n/2] 
T T' <-->  C (T', T, 2) ~ 0. 

i=o 

    PROOF. Let v E E+, p, E E_. By Theorem 3.1 it is enough to prove 

                                [n/2] 

(1) V 1.1 <—> U C(u, v, i) � 4, 
i=o 
                                [n/2] 
                   (2) pv <--->  C(v, p, i) 46- 

                                                                               7,-=o 

   Proof of (1): If C(p, v, 0) � 0, then v p. If U' C(p, v, i) � 0 then v p 
follows from Lemma 3.2. 

    Suppose that U[n/o2] C(p, v, i) _ 0 and let k = p. Then there exists p E IIk such 
that p = p([1, k]) and • 

(i, P(j)) E p— = ((P(j), i) 0 v+, (P(.7 + 1)7i) v+77 7 , (P(k)7i) 0 v+) 

(iEµ, 1 < <k). 

We show this first. If there exists nonempty S C p such that 

VpES2gE ES ((p, q) E v+,(q,r) E p_) 

then there exist i E [1, [n/2]] , pl, p2, .. ,pi E p, q1, q , , qi E µ such that (pi, qj) E 
v+ (1 < j i), (gj,pj+1) E p— (1 < j < i — 1), (qi, pl) E p_. Letting rJ E H27, be such 
that ri(j) = g,71(i + j) = pi (1 < j < i) we have ij E C(p, v, i), which contradicts the 
assumption. Therefore 

VSCp3pESVgET VrES ((q,r) E p_ (p,q) v+). 

Using this we can define p(k), p(k — 1), ... ,p(1) E p so that 

         ViEFiV/EA\p([j+1,k]) ((i,l)EA _=(P(j),i) v+)•
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 For  jE[1,k]let 

Ai = {i E I (P(j), i) v+1 (P(7 + 1),i) v+, ... , (p(k), i) 0 v+}. 

Then, since Al C A2 C • • • C Ak, there exist i E IIn—k, hl, h2, ... , hk E [0,n — k] so 
that hi < h2 • • • < hk, ij([1, hi]) = Aj (1 < j < k). 
Let 

T = sup • • • sup inf sup • • • sup inf 
zn(i)EZn(1) zn(hi)EZn(hl) z (1)EZP(1) zn(h1+1)EZn(h1+i) zn(h2)EZn(h2) zP(2)EZP(2) 

• • sup• • • sup infsup • • sup 

zn(hk-1+1)EZn(hk-1+1) zn(hk)EZn(hk) zP(k)EZP(k) zn(hk+1)EZn(hk+i) zn(n-k)EZn(n-k) 

E E+ n E_. 

If (i, p(j)) E p_ then i E A3 and so (i,p(j)) E T_ (i E µ, 1 < j < k). Since p = T we 
have p_ C r_. Therefore C(p, 7,0) = ~, C(p, T, 1) = q5 and, by Theorem 3.1, T < p. If 

(p(j), i) E v+ then i A3 and so (p(j), i) E T+ (i E ~.t, 1 < j < k). Thus (T xT)nv+ C T. 
Clearly v C 'T. Therefore C(T, v, 0) = (1), C(T, v, 1) = 0 and, by Theorem 3.1, v < T. Hence 
v < p. This completes the proof of (1). 

   Proof of (2): (~) follows from Lemma 3.3. The proof of (=) is similar to that 
of (1). 0

4. Separation Theorem 

    In this section we show the existence of F, G : Z1 x • • • x Zn —> R such that 
T(F) < minT,T T'(F), maxTT, T'(G) < T(G) for each T E E when Z1, ... , #Zn are 
sufficiently large. 

   THEOREM 4.1. (Erdos (1964)). For all p, q, r E N there exists N = N(p, q, r) E N 
such that if m N and S C [1, m]P,S > mP/r then there exist Si, ... , Sp C [1, m] 
satisfying tS1 = q, ... , #Sp = q, Si x • • • x Sp C S. 

    The following theorem is one of the most famous and fundamental results in Ramsey 
theory. 

    THEOREM 4.2. (Hales-Jewett (1963)). For all positive integers m, c there exists an 
integer k such that whenever 1 > k 

VF : [1, m]1 -; [1, c] 3J C [1, l] 3f : J -- [1, m] F (L(f )) = 1 

where 

L(f) = (i1 i ... ,i1) E [1, m]1 I fJ {i3 } = IT { f(i)}, [J{ij } E U {i}l—p" 
jEJ jEJ j0JiE[1,m] 

Let HJ(m, c) be the least such integer.
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    DEFINITION 4.1. For positive integers p, N 2 we define X = X"gp, N) (0 < j 
i — 1, 1 i < p) as follows. Define mp and X r (1 j < p— 1) by downward induction 
on j by X12;_1 = [1, N2], mil = HJ(X', N) and X _1 = (Xp)m''. We set XP = X. 
Define mij and X; (1 G j < i — 1, 1 < i < p — 1) by downward induction on i and j by 

                                p i

~~}}(y~ Xi-1= [1N.ft fl {(x + l)m,-(Xj)m, } , 
k=i+1 j=1 

m? = H (X~,NpX;±i.....pxp-1) and X.;-1 = (Xym?. 

We set Xi = Xo and M(N,p) = #X' .  ^ 

Ifl<j <k<i-1<pthenwe can write wEX .;_1 as 

W = (w(33,33+1i-,-,sk))1s~m'1sm`ismi 
                                                 7~,7+1~+1,-..,kk 

or 

W = (wsi) i <si <m? = (Wl'W2'... , wm ) 

wherew(si,si+1,... ,sk) E XL (1 < Si < mji, 1 < sj+1 < mei+i, ..• , 1 < sk < ink) and 
wsi E X. (1 < si mij). 

    In the following definitions and lemmas let p E [2, [n/2]] be fixed. Set 

            a~=U X~ (2<i<p, 1<j<i--1), 
Jc[1,m ] 

C(f) = [1, m;] \ D(f) (1 E .37i). 

   DEFINITION 4.2. For j E [1, i — 1], i E [2,p] and fk E al (1 < k < j) we set 

L(f1, ... , fj) = xi E Xi{x 3l,... ,si) J E U {type(f1).....dc(fi), 
(Si ,... ,si) E4fl) x ... x Cr(fi) WEX.1 

   X(si,...,3k) = fk(Sk) ((Si,... 34) E C(fl) X ... X C(fk-i) x O(fk)(1<k<j))' 

I(L(fi,... , fj)) = (fi) x ... X C(fj), 
J(L(fi , ... , fj)) = ([1, mi] x ... x {1,m]) \ I (L(fi , ... , fj)) ^
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    DEFINITION 4.3. We set 

 Z'  (X')  = {L(f1, ... , fi) C X' I fk E al (1 k j) }, 
,^? (X7+1 x ... x XP) 

    = {L2+1 x ... x Lp C X'+1 x • - • x XP I L'+1 E e'(Xj+1), ... , Lp E Z'(XP)}, 

e(X.;-1) _ {{(Wi... , wm) E X.;:-1 I wk = f (k) (k E 0(f)), 
fl {wk}E U {w}(f) CX~_1 I f Eai (1 '<i-1 2 ip). 

kE(f)wEX; 

   For flE al, ... ,fiEa? (1<j i-2, 2<i p)weset 

£(L(fl,..• ,h)) = {L(f~,... ,fj,fi+1) C L(fi,... ,f;) ( fj+1 E 3;+1}. ^ 

   For Lk E ,£k(X') (2 < i < p, 1 < k < i — 1) let ALk be a bijection from XL onto 
Lk such that for all w E Xk 

xi = AL=k(w) <----> x(31i...,8k) = w ((Si,... , Sk) E-44*) 

For Lk E £k (XJ ), ... , Lk E £k (X') (1 < k p — 1, k +1 < j < p, j < i < p) 
let ALkx•••xLk be a bijection from Xi-lc x • - • x Xk onto Lk x • • • x LL such that for all 
(wi, ... , w2) E X3k x ... x Xk 

ALkx...xLk(wi,... ,w') = (ALk(w3),••• ,ALt(wti))• 

    Note that 

mJ-1 
                   Mi. _ 

r3 •(tlX~)r=(X1+1rnj—(X?)m; (2<i<p, 1<j<i-1) 
r=0 

SO 

k 

   ek(X')=11{(1Xj+l)m _(X~)m} (1<k<p-1, k+1 i<p). 
                 j=1 

For each k E [1,p — 1] let ak be a fixed bijection from ,£k(X k+1 xx XP) x [1, N] 
onto Xk_1 and let aP be a fixed bijection from [1, N]2 onto Xp_1.We make the following 
three definitions depending on these a1 , a2, ... , aP. 

    DEFINITION 4.4. (1) We define 

      Qk : X1 x ... x Xk - . £k(Xk+1 x ... x XP) U {q5} (1 < k < p— 1) 

by induction on k as follows. For a1 E al (IL? x • • • x Lp} x [1, N]) where Li E ,£(X3) (2 
j < p), Q1(a1) = Li x • • • x L. For k E [2,p — 1] if 

Qk-1(a1, ... , ak-1) = Lk_1x • - • x Lk-1 E £,k-1(Xk x • - • x X' )
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and ak E ALk-i o ak({Lk+l x • • x Lk} x [1, N]) where Lk E £(Lk_1) (k + 1 < j < p) 
then Qk(al, ... , ak) = Lk+l x • • • x L. Otherwise Qk (al , ... , ak) 0. 

   (2) We define 

                      QP : X 1 x ... x XP —. [1, N] U {0} 

as follows. If al = al (Ql (al ), bl) for some bl E [1,N] and aP E ~QP-1(al,... ,aP-~~ o 
aP({bl } x [1, N]) then QP(al, ... , aP) =1)1. Otherwise QP(al, ... ,aP) = ~. 

(3) For kE[1,p-1],(a',..., ak) EX' x ••xXkif 

Qk (al, ... , ak) = L~+1 x ... x Lk E £k (Xk+1 x ... x XP), 

let Qif(al ak) = Lkk+l If Qk(al ak) = let Qk(al ak) = ^ 

DEFINITION 4.5. We define f3l : X1 -; [1, N] by $1(al) = bl if alE Xl and 
bl E [1, N] are such that al = a1 (Q1 (a1), bl) . For k E [2, p] we define /3k X l x 
• • • x Xk —* [0,N] by /3k (al, ... , ak) = bk if al E x-1,  ... , ak E Xk and bk E [1, N] 
are such that ak = AQ1-1(al,... ,aA-1) o ak (Qk(al, ... ,ak), bk) and ,Qk (al , ... , ak) = 0 
otherwise. ^ 

    DEFINITION 4.6. 

T=T(p,N)={(x1,...,xP,yl,...,y")EX' x•••xXPx[1,N]" 
yk = /3k(xl, ... , xk), 1 < k p}. ^ 

LEMMA 4.3. For each k E [1,p] let cpk : [1, N]P-1 Xk and let di , d2 be distinct 
elements of [1, N]. Then 

    13      111)   {(c•Pi(y~y~...,yP),...(PP-1(y~... ,yP)~~pP(y2~...,yP)~y1~... ,yP 
E X l x • • • x XP x [1, N]P I yk E {di, d2 }, 1 < k < p} ICC T. 

   PROOF. Assume to obtain a contradiction that 

 {(401(Y1, y3, • • • , 9), • • • , CoP-1 (yl , .. • , yP-1 ), (pP(y2, • • • , e), yl, • • • , yP) 
E Xl x • • • x XP x [1, N]P I yk E {di, dk}, 1 < k < p} C T.



An application of a combinatorial theorem73

Then by induction we show that 

 Vyl E{d;,4} • • •Vyk E {di,d2}Vyk+2e{di-1-2,d2+2}••• dyp E {dl;, dp} 

   Qk113kdk+lk+2           ~P(y,y,...,y,1,y,...,yp),... 

(pk-1 (yl , ... yk-1 , d1+1 , yk+2 ... , yp), cpk (y1, ... yk , yk+2, ... , yp)) 
     =Qk(v,' 13kdk+1k+2 (y,y,...,y~2,y ,... ,yp),... 

        k-1k-1dk-}-1k+2k1kk+2p)               ~P(y1,...,y~2,y,...~yp)~~P(y,... ,y,y,...y) 

(1<k<p-1), 
   Vy2 E {4, 4} } • • • ̀dyp E {4,41 } 

  Qp(~v1dl1dl214213(Y2,            (l~y3~... ,yp),... ,cpp—(1,y~... ,yp)~... YP)) 
      = Qp (cpl (4, y3, ... , yp), ... (pi-1(4, y2, • • • , yp-1 ), (pp(y2, ... , yp)) (/)• 

The case k = 1 is obvious. We write 

cpk(y1, y2, ... , yp) 
   _(1132124kyk, yk+2'••, yp))         ~P(yyY73),~P(yyy...y)..., cp(y1, ..., 

(1<k<p-1). 

Suppose that 2 < k p - 1 and 

Qk-1 cpk-(yyk-1 ,dik+1                       (11,...y,...,yp)) 
                k-1k-1kk+l                  = Qk-1((P(y1,...,y'd2,y,... ,yp)) � 

for each y3 E {di, d} (j E [1,p] \ {k}). Then, since the assumption implies that 

dj = ~k ((pk (yl, ... ~ yk-1, dk, yk+1 yp)) (7 = 1, 2), 

we have 

   kk-1kk+2k-1(k-11k-1kk-{-1p)    ~P(y1y ~dj,y,...,yp) EQ1~p(y~y~d1~y~y) 
                                   =Qk-11(cook-1(y1,yk-1~y                                               dkk+1 yp))                                  ..., 

and 

  k1k-1kk+1yp)   ~P(y
,...,y,dj,y,... 

             kk-1kk+lk 
=      '~k-~k -~k-~kk+~no a(Qk(~k(yl,...,y,dj,yyp)), dj)        Q1 (~ (y ,... ,y ,di ,y ,... ,y ~) 
=k(kinkk-1kk+l         k-1k-11k-1kk}1POaQ(ink,...,y,dj,y..yp)), dj )        Qi (~ (y ,... ,y ,ds ,y ,... ,y )) 

                                                       (j = 1, 2). 

Therefore, since ak is a bijection, 

    klk-1kk+2k1k-1kk+2       ~P(y,...,y~d1,y,...,yp)~~P(y,...,y~d2,y,... ,yp)
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and since  yk+1 was arbitrary, 

     k l k-1kk+2k1k-1kk+2          cp(y~y~dl~y~...,yp),cp(y,... ,y,d2,y,...,yp) 
           k-1(k-11k-1kk1+1k+2p) E Q

1(y~...~y,d,d1~y,...y) 
       nQk-1k-11k—ik+lk+2             l(~(y,...,y,dj,d2,y,...yp)) (j = 1,2). 

Then for each y3 E {di, d2} (j E [1, p] \ {k + 1}) 

                    ykd+1yk+2yp))          {Q_1(k_1(y1,...~... , 
nk-1k-1kdk+1k+2                          Ql(~p(Y1,...,Y,2yp))2. 

Note that if L, L' E £k-1(Xk) then (L n L') 2 implies L = L'. Hence 

     cpk(yl, ... yk, yk+2, ... , yp) E Q1-1 (cpk-1(yl , ... , yk, 4+1 yk+2, ... , yp)) 
                      =Qk-1k-1kdk+1k+2                                     1(~(yl,...,y'2 'y,...yp)). 

Then, since the assumption implies that 

cpk(yl, ... yk~ yk+z, ... , yp) 
  =k _1(kOak (Qk((pk(y1,y...,k+l>+yk2 yp)), yk) Q1~k-1(yl,...,yk,dl+l,yk+2,•-•,yP))di?> ... , 

                                          O a  =k(Qop(y ,ydjkk1kk~1, yk+>y2p))>yk)     ~Qk_1(~k-1(yl,...,yk,d2+l,yk+2,...,yP))...... 

                                                       (j = 1,2) . 

we have 

Qkkkk1+1k+2—kkkk+1    (~p(y1~...yd1~y,...yp))Q(~p(y1~...~y~dz ,Yk+2,...,yp)) 

    Similarly, from the k = p — 1 case, it follows that 

     Qp(491(d11d3dp)coP-1(d1,•••dp-i)pd2dp               1~1,...,1,...,1,... ,1~~(1,... ,1)) 
       = Qp ((Pi (4,d3 • • • , di) • • • , cpp-1(dlz, ... , 4-1)' (PP (di ... , di)) � 

Hence /31(cpl (di,dl,..., din) =pl((pl (d2,d;,... ,dr)) . Then, since the assumption im- 
plies that di = /31(cp1(d1 di, ... ; d')) and 4 = /31 ((p1 (d2, d3 ... , cif )), we have di = 4 
which contradicts di 4. ^ 

LEMMA 4.4. For k E [1,p] let 4)k Xl x---xXk-1 xXk+l x-•.xXP) [1, N]. Then 

             bcpl E 4:01 . • • V 9 E 4)p 2x1 ... 3xp E X p 

(x1, ... , xp, p1 (x2, ... , xp), ... , cpp(xl, ... xp-1)) E T. 

   PROOF. Let cpk E 4)k (1 < k < p). Using the theorem of Hales-Jewett we will find 
al, az, ... , ap inductively so that 

(a1, ... , ap, p1 (a2, ... , ap), • • ,9(a',... , ap-1 )) E T.
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Since mi = HJ (tx- , NpX3.....oXP)and X2 = (X1)"'4 there exists Li E .£(X2) such that 
        Vx3 E X3 • • yxp E XP t { cpl (x2, ... , xp) E [1, N] I x2 E Li } = 1. 

Let 3 ( i < p and Li E .£(X3) (2 < j i - 1). Suppose that 

yxZ E X' •Vxp E XP 

{col (x2, ... , x") E [1, N] I (x2, ... , xi-1) E Li x • • • x Li-1 } = 1. 

Then, since ml = HJ (X,Nx'+'.....OXP) and Xi = (X1r1, there exists LI E £(Xi) 
such that 

Vxi+1 E Xi+1 ... yxp E XP 

{ cp1(x2, ... , xp) E [1,N] I (x2, ... , xi) E Li x • • • x L1 } = 1. 
By induction there exist Li E ,~(X2}, ... , LP E £(X") such that cpl (Li x • • • x 14) = 1. 
Let b1 E (p1-(L? x • • x Lp) and al = al (Li x • • • x Lp, b'). Then we have /31(a1) = bl 
and Q1 (al) = Li x • • - x L. 

If 2 < k < P - 1 and if al E X1, ... , ak-1 E Xk-1 and bl, ... , bk-1 E [1,N] 
are defined so that for each j E [1, k - 1] there exist Laj+1 E(L3±i ), ... , Li; E 
£(L _1) (where Lo = X2 ... , Lo = XP) such that 

Q3 (al, ... , a3) = Lii+1 x ... X Lp, 
O3 (ala3) = b3 = (p) (al a3-1 x3+1, ... , XP) ((x3+1  •.• , XP) E Q3 (al, ... , a3)) 
then we define 

              cpk : Lkk+1-11x • - xLp[1,N]            (al,...,ak-~)~ 

by 

       kk+1pk(alk-1k+1xp) . 

Then, since cp(al ,ak_1)0 ALk+1x•••xLP • X'k+1x • • • x Xk_l-^[1, N], similarly as in          ,...k-1k-1 

the case of cpl, there exist Uk+lE~(Xk+},Uk+2E z(Xk±1 ),...,UpE £(Xk_1) such 
that 

              ~(a1,...,ak-1) 0 ALk±ix...xLk-1(Uk+1 x Uk+2 x...X Up) = 1. 

Let Lk = .Lk-1(Ui) (i E [k + 1, p]), let bk E (p(al,... ,ak_1) (Lk-F1 x x Lk) and let 

ak = ALk-1 o ak(Lk+l X • • • X Lk, bk). 

Then Qk (al, ... , ak) = Lk+1 x • • • x Lk and 
k (al ak) bk k (al k-1 k-}-1 xp) 

                                     ((xk+1, xp) c Qk (al ak)).
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    Thus, inductively, we can find a1 E X', ... , ap-1 E XP-1 such that for all k E 
[1,p- 1] 

,Qk (al , ... , ak) = cpk(a1, ... , ak-1, xk+1, ... , xp) ((xk+1, ... , xp) E Qk(al, ... , ak))• 

Let 

                                            1(( ap=~Qn-1(a,l,...P-i)OCYp~la1), (pp(a1..., ap-1)) 

Then cpp (a1, ... , ap-1) = /3P (al , ... , ap) is clear by the definition of 13P and for k 
p 1 4pk(a1 ak-1 ak +1 ap) = /3k (a1 ak) follows from (ak+1ap) E 
Qk(al, ... ,ak) and the above result. Hence 

(a1,... ,a',(p1(a2,... ,a"),... ,(pp(a1,... ,ap-1)) 
                  = (a1, ... , ap, 131 (a1), ... ,/3(a',... , a1)) E T. ^ 

PROPOSITION 4.5. If #Zk > 2pE (1 < k < n), then 

dµ E E_ 2F E(zlx ..xz") R µ(F) < minr(F). 
TO. 

    PROOF. We may assume that {0, 1}11E C Zk (1 < k < n). Let 

Ez = {(e1, ... , epE) E {0,1}pE es = i} (1 < s <E, i = 0, 1). 

Suppose that µ = a-_(1, i, -y) and {T EEIT µ} = {T1, ... , Tt }. 
   For s E [1, t] if C(µ, Ts, 0) � 0 then we take k E C(µ, Ts, 0) and define a function 

FS by 

                        ks 
                  F3(z1zn) _0(zEEO),                    >1 (

zk EO ). 

If C(1-1,73,0) = 0 then, since an112' C(µ, Ts, i) 0, we take ps E [1, [n/2]] and 1]s E 
C(µ, Ts, ps) and define F3 by 

        1n1 (z'13(k) EEo4--> z773(ps+k) EEo(1<k<Ps)),     Fs(z ,..• ,z) = 0 (otherwise). 

Let F : Z1 x • • • x Zn —> R be defined by F(z1, ... , zn) = maxl<s<t Fs(z1, , zn) 
and let 

cpk:Z7k(1) x••-xZ7k(hk) Zr(k) (1 k 1) 

be such that 

           /rjTk(z7k(1),..zYk(hk))En Eonf1El 
sEUk sE[1,, ]\Uk
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where 

  Uk =  Uk(Z"  (1),  ... , z'Yk(hk)) 

= {s E [1, tE] I C(µ, Ts, 0) # 01 U Is E [1, q 17r(k) = is (ps + 1), zns(ps) 0 Eo } 

(U{sU  E [14E] 17r(k) = ris(ps +.7), zr13(3-1) E Eo } 3=2 

and D(-yk) = [1, hk]. Then 

Vz7 (l+1) E L7r(1+1) ... `dz'r(n) E Z'r(n) ('y * 7r * F)((pl, ... , (pl, z'r(I+1), ... , z7r(n)) = 0 

so ,a(F) = 0. Since Ts (F) > •rs (Fs) = 1 (1 s t) is clear we have t(F) < 
minT 4 T(F). ^ 

PROPOSITION 4.6. If #Zk M (N ([n/2], 2, ttE), [n/2]) (1 k < n), then 

Vu E E+ aF E(zi x—xzn) R v(F) < min T(F). 
TO 

   PROOF. Let N = N([n/2], 2, E). We may assume that [1, N] C Zk (1 < k < n). 
For p E [2, [n/2]] , ij E 112p, k E [1, p] let OZ : X k (p, N) —^ Z"(k) be an injection. Define 

On : X1 (p,  N) x • • • x XP (p, N) x [1,N? —^ Z-n(1) x • • • x Z17(P) x [1, NV 

by 

6"(xl,... ,xp,y1,... ,yp) = (61(x1),... ,6P(XP ),yl,... ,yp). 

Suppose that v = cr+(l, 7r, -y) and T v. 
   If C(v, T, 0) # 0 then we take k E C(v, T, 0) and define FT by 

                  FT (z1 , ... , zn) = 0 (zk E [1,N]), 1 (
zk f [1, N]). 

Then 

dciol E (D(ir(1),'y1) ...Vvi E 4)(7r(l),-yl) 

t{ (zn(1+l), ... , ir(n)) E [1, N]n—1 I(,), * 7r * FT )((pi. ... , cpl, z" (l+1), ... , z"(n)) = 1} = 0. 

Clearly r(FT) = 1. 
   If C(v, T, 0) = 0 and C(v, 7,1) # 0 then we take' E C(v, T, 1) and define FT by 

                                               N 

               0 ((Z1Z2) E (Z) x [1,N]) \UN{(ss)}FT(z1,...,zn)_ s_1 
                    1 (otherwise).
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Then for (pl E (1)(7r(1), y,), ... , (pi E (7r(l),'yl) 

   t{{(z'r(1+1),..., z'r(n)) E [1, N]n-1 I('I(')/* 7r * FT)(tpl, ...cpl, z"(l+1),...,f(n)) = 1} 
                                                                                     Nn-1 Nn—1-1 <  

#E 

Clearly r(FT) = 1. 

    If C(v, T, 0) = q and C(v, T,1) = 0 then, since U{in22' C(v, -r, i) � 0, we take p E 
[2, [n/2]] and 7/ E C(v, T, p) and define FT by 

FT (zl zn) 
        0 ((zn(p+l)~ ... , zn(2p)) E [L AT?, (zn(1), ... , zn(2p)) en(T (p, N))) 

         1 (otherwise). 

Then, since N(p, 2, pE) < N = N([n/2], 2, t$E), it follows from the theorem of Erdos and 
Lemma 4.3 that 

b'cp1 E (1)(741), 71) . • • dcpl E (1)(7r(l),'yl) 

{(z'r(l+l), ... , z7r(n)) E [1, N]n—1 I(7 * 7r * FT)(cpi, ... , col, z'r(l+l), ... , z" (n)) = 1} 
Nn-1  
tE 

Lemma 4.4 implies that T(FT) = 1. 
     Define F by F(z1, ... , zn) = max FT (zl, ... , zn) ((z', ... , zn) E Zl x • • • x Zn) . 

TL 

Then for (pl E 4)(741), , cpl E 4)(71-(l),71) 

                                         {(z7r(l+1) ... , f(n)) E [1, N]n-1 I lY * 7r * F)(c01, ... , cpl, z7r(1+1), ... , zr(n)) = 1} 
  Eµ{(z~r(l+l )...,z'r(n))E [1, N]n—1 I (7 * 7r * FT) ((p1...,(pl,z~r(l+l),...,z~r(n)) = 

T1}       LLH 

                    Nn-1 
   {T E E I T v} •E------ < Na'.— 

So 

d(pl E (ir(1), -yi) ... V(pl E 4 (7r(l),'yl) az'r(1+1) E Z'r(1+1) ... az7r(n) E Z7r(n) 
1l 7(1+1) zw(n)) = 0. 

That is, v(F) = 0. Clearly T(F) > r(FT) = 1 (T v). Hence v(F) < minTL T(F). 0 

    By Proposition 4.5 and Proposition 4.6 with the dual results we have the following. 

    THEOREM 4.7. Assume that Z1, ... , Zn are sufficiently large. Then for all T E E 
there exist F, G : Z1 x • x Zn —^ R so that T (F) < min, T T' (F) and max,,, T' (G) < 
T(G).
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