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Abstract

In this paper, we investigate behaviors of 1-D finite cellular automata
with triplet local transitions rules of fixed boundary condition. We make
the number of limit cycles and transient length clear, and we show 2
theorems, ore is for period length of their limit cycles and the other is
for their transient length.

1. Introduction

Cellular automata were introduced by J. von Neumann as theoretical model to
demonstrate a system capable of self-reproduction and universal computation in 1950s.
In 19808 important roles of cellular automata are rerealized by S. Wolfram and other
physicists, and many researchers and engineers have been investigated and applied them.
Cellular automata have very simple structure. While cellular automata obey simple
transition rules, their behaviors are very complicated. The complication is caused by
interaction between cells and is similar to behaviors of complex systems as fractal, chaotic
phenomena. The cellular automata have heen applied to biology, physics, mathematics,
economics, computer science and so on.

Various cellular automata have been analised such as one dimensional and two di-
mensional cellular automata, cetlular antomata with cyclic cell array or liner cell array
and so on. Wolfram(1986) classified 1-D cellular automata into four complexity classes
according to pattern genmerated by the synchronous dynamics. With respect to linear
cellular automata Kawahara(1991,1995) and Lee(1992) aralyzed behaviors of cellular
automata with rule 60 and 90. With respect to non-linear cellular antomata the fol-
lowing are reported. Shingai{1978) stated that peried lengths of limit cycles of 1-D
cellular antomata of null boundary are four or less. Sato(1996a,1996b,1997,1998) and
Inckuchi(1996,1998,2000) investigated behaviors of 1-D} cellular antomata with triplet
local transition rules and showed that the numbers of limit cycles and transicnt lengths
obey simple rules like Fibonacci sequence. Furthermore, Lee and Kawahara(1996), and
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Inokuchi and Kawahara(1999) investigated transition diagrams of cellular automsata and
make an attempt to representing them by algebraic formulas called tree expressions.

However many non-linear cellular automata are not investigated. In order to see
characters of non-linear cellular automata we investigate behaviors of simple cellular
automata and see a character of a cellular actomaton by behaviors of simple cellular
automata. In this paper we investigate behaviors of 1-D) cellular automata with threshold
tramnsition rules of fixed boundary conditions, and prove rules of limit c¢ycles and transient
length.

2. Preliminaries

In this section, we define 1-dimensional finite cellular automata and introduce no-
tations used in this paper.

DEFINITION 2.1. The triplet local transition rule f is a function {0,1}* — {0,1},
and f is represented as follows;

111 110 101 100 011 010 001 000
YT ¢ Y3 T¢ T3 T2 T1 To
Rule number R of f is defined as follows;
R=2"r;+ 2%rg + -+ 2%r.
Usually the triplet local tramsition rule of rule number R is denoted by rule R for short.
DEFINITION2.2. Let I = {1,2,---,m} be a set of cells. We call m-dimensional

vector space {0,1}™ a configuration space. And a configuration is a vector
= (.'.I:]_,th, e ,Im) 15 {0, l}m.

The positive integer m is called cell-size. Usually a vector (x1,2,--,&m) denotes
£1%3 - - Ty for short.

DEFINITION 2.3. The global transition function & is defined as follows;
8zy,Zg,-- 9$m) = (f(aa zl::ti!)i f(wla z?:’-’:ﬂ):' - f(Tm-1,Tm, B))
where f is rule R and o, 8 € {0,1}.

We call a pair (o, ) a boundary. We say that the boundary condition is cyclic if and
only if @ = z, and 8 = #,, and the boundary condition is fixed if and only if o and 8
are fixed. We say that the boundary condition is ¢-bif a=a and A= 5.

CA-R,_g(m) denotes an one-dimensional cellular automaton such that m cells
exist and its transition rule is rule R and its boundary condition is a-8.

DEFINITION 2.4, The local transition rule f is threshold if there exist integers
a, b, c,8 such that

1 if au+dbvtew+02>0
0 otherwise )

fuw) = {
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DEFINITION 2.5. A configuration z is a Garden-of-Eden ( GOE, for short } config-
uration if there exists no configuration y such that z = é(y). And a configuration z is &
non-GOE configuration if there exists a configuration y such that z = é(y).

DEFINITION 2.6. Let z be a configuration of C A-R,-g(m). The configuration z is
on a limit cycle of period length T if there exists a positive integer s such that §°(z) = =,
and T = min{s > 1|6*(z) = z}. And the configurations z(1),z(2),-,z(T — 1) form
a limit cycle of period length T if (i + 1) = é(2{i)} and =(T} = #(1), and (i) is on a
limit cycle of period length 7" where 1 <i <T - 1.

A limit cycle of period length T is denoted by a T-cycle, in particular, a limit cycle
of period length 1 is denoted by a fixed point. And a number of a limit cycle of period
length T is denoted by yr(m).

DEFINITION 2.7. h{z) is defined as follows;
h(zx) = min{s > 0|6*(x} is on a limit cycle}.
Then the transient length H(m) of CA-R(m),—_g is defined as follows;
H(m) = maz{h{z)|z € {0,1}"}.

DEFINITION 2.8. The reverse transition rule f of a local transition rule f is defined

as follows;
flz,9,2)=1-fl—-=z,1—y,1 —2z).

DEFINITION 2.9. The symmetric transition rule fT of a local transition rule f is

defined a3 follows;
T(z.y.2) = f(z,9,2).

Let rule R and rule RT be the reverse rule and symmetric rule of rule R respec-
tively. Then we can identify CA-R_ —F(m) and CA- Rﬁ o(m) with CA-R,_s(m). So
CA-R,_g{m), CA—RE_E(m), CA-R]_,(m) and CA- RT-—_E(m) can be identified with
each other.

We use the following notations;
Let A be a subsequence.

¢ A* : sequence composed of k A’s.

e A} : sequence composed of & bits taken from the left edge when some A’s are
arrayed.

¢ * : ap irrelevant bit.
a,f € {0,1}.
#"(z)} is denoted by x(n) where n > 0. In particular £(0) =z

The state of ith cell of a configuration z is denoted by ;.

® o and Z,,4y mean the left and right boundary of #. That is, in CA-R,— B(m)
g+ o and z,, = 8.
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3. Behaviors of CA with Threshold Rules of Fixed Boundary Conditions

In this section we discuss behaviors of cellular automata (CA, for short} with thresh-
old rules. There are 38 threshold rules except for symmetric, reverse and symmetric
reverse rules. They are rule 0, 1, 2, 3, 4, 5, 7, 8, 10, 11, 12, 13, 14, 15, 19, 23, 32, 34,
35, 42, 43, 50, 51, 76, 77, 128, 136, 138, 140, 142, 160, 162, 168, 170, 178, 200, 204 and
232. With respect to behaviors of CA with threshold rules Shingai(1978) found that
period lengths of limit cycles of CA with threshold rule of 0-0 boundary condition were
bounded by 4. From the results by Inokuchi and Sato(1996) and others we can expect
the following theorems.

THEOREM 3.1. Period lengths of limit cycles of 1-D finite cellular automats with
threshold rules of fixed boundary conditions are bounded by 4.

THEOREM 3.2. Transient lengths of 1-D finite cellular cutomaia with threshold
rules of fized boundary conditions are 3 x {cell-size) — 4 or less.

In order to prove these theorems we investigate in the following subsections behaviors
of cellular automata with various threshold rules and show rules of limit cycles and
transient lengths.

3.1. CA with Rule 0

In this subsection we discuss behaviors of CA with rule 0. The symmetric rule of
rule 0 is rule 0 and its reverse, symmetric reverse rule are both rule 255. Rule 0 is the
function from {0,1}® to {0,1} such that f(u,v,w)} =0 for any u,v,w € {0,1}. That is,
in CA-0,...(m) for any configuration ¢

8c) = 0™.
So we get easily the following theorem.

THEOREM 3.3. CA-0,_.(m) has a unigue fired point and its transient length is 1.

3.2. CA with Rule 1

In this subsection we discuss behaviors of CA with rule 1. The symmetric, reverse
and symmetric reverse rule of rule 1 are rule 1, rule 127 and rule 127 respectively. The
following behaviors are obtained.

LEMMA 3.4. Let c be an arbitrary configuration. Then the following hold;

1. The configuration T is on a 2-cycle of CA-1_o(m) if and only if = satisfies the
Jollowing conditions;

a) Neither 101 nor 1001 a TS in x.
(a) ppea
(8) z1z5 #01.
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{c) Tm—12m # 10.
2. In CA-15_o(mn) neither 101 nor 1001 appears in c(1).
3. In CA-1p_o{m) c(1)1c(1)z # 01 and c(L)m—1¢(1)m # 10.
4. In CA-1._1(m) ¢(1)m = 0.
5. In CA-1,_.(m) c(1); =0.

PROPOSITION 3.5. All 2-cycles of CA-1g—o(m) can be constructed without redun-
dancy as follows;

1 Ifzizy - Zmei10 and Y14z -+ Ym—i—11 form o Z-eycle of CA-lo_o{m — i), then
F1Tg T 100151 and g1ys - -~ Ym—i—1100°~* form a 2-cycle of CA-lo_o(m)
where2 <1< m— 1.

By lemma 3.4 4 and lemma 3.4 5 behaviors of CA-1g_;{m) and CA-1,_;(m) after
one step transition are regarded as behaviors of CA-1g_o(m — 1} and CA-1p_o(m — 2),
respectively. And since rule 1 and its symmetric rule are the same CA-1,_o(m) and
CA-1p_1(sn) are isomorphic. So the following theorem results from lemma 3.4 and prop.
3.5.

THEOREM 3.6. CA-1._.(m) has 2-cycles only and for the number of those 2-cycles
the following formule holds;

Y2(m) = %2(m ~ 1) + Y2(m — 2).
And the transient lengths of CA-15_o(m), CA-1g—1(m), CA-1;_o(m) and CA-1,_(m)

are 1,2,2 and 2 respectively.

3.3. CA with Rule 2

In this subsection we discuss behaviors of CA with rule 2. The symmetric, reverse
and symmetric reverse rule of rule 2 are rule 16, rule 191 and rule 247 respectively. The
following behaviors are found.

LEMMA 3.7. Let c be an arbitrary configiration and = a configuration. Then the
following hold;

1. The configuration 0™ is a fized point of CA-2._o{m}.
2. The configurations (100)% , (001)%, and (010)%, form a S-cycle of CA-29_1(m).

8. The configurations 0{100)%,_,, 0(001)%,_, and 0(010);,_, form a 3-cycle of CA-
211(m).

4 In CA-2,_o(m) e(k)m—ks16(R)m—tiz - c(k)m =0F where 1 < k< m.

5 In CA-2y_.(m) c(1); =0.
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6. In CA-20_1 (m) lf Tm—i41®m—i42 Iy = (001):
then @(1)i—iz{1)m—is1 - 2(1)m = (001)},, where2 <i<m— 1.

7. In CA—21_1(m) tf Tm—it+1Tm—i42 " "Tm = (001):
then z(l),-_,-m(l)m_,-ﬂ L -x(l)m = (001):+1 where 2 S ) S m— 2,

8 In CA-2._1(m) if T 12 =11 or 10 then 2(1)m—12{1}m = 00 = (001)3.
9. In CA-2,_1(m) if Tp—gTm—12m = 101 then (1 )m-12(1}m = 00 = {001)3.

From lemma 3.7 5 we can regard behaviors of CA-2,_g(m) after one step transition as
those of CA-2g_g(m — 1). So the following theorem results from the above lemma.

THEOREM 3.8, CA-2._o(m) has a unique fired point and CA-2,_;(m) has a unigue
3-cycle. And transient length of CA-2i_¢(m), CA-2;_¢(m), CA-2_,(m) and CA-
2)_1(m) arem, m — 1, m — 1 and m — 2, respectively.

3.4. CA with Rule 3

In this subsection we discuss bebaviors of CA with rule 3. The symmetric, reverse
and symmetric reverse rule of rule 3 are rule 17, rule 63 and rule 119 respectively. The
following behaviors are found.

LEMMA 3.9. Let ¢ be an arbitrary configuration and z a configuration. Then the
following hold;

1. The configurations 0™ and 1™ form a 2-cycle of CA-3¢_,{m).

2. In CA3g_.(m) if z1Z2---wp_10; = OF then z(1)12(1)2- - 2(1)a_12(1); = 1%
where 1l < k <m,

3. In CA-3g_,(m) if 2122 - - za—y 2 = 1* then a(1)1z()z - 2(V)rz(1)rqr = 0512
wherel <k <m - 1.

4. In CA-3;_.(m) c(1), = 0.

By lemma 3.9 4 we can regard behaviors of CA-3;_s(m) after one step transition as
those of CA-35_g(m — 1}. So the following theorem results from the above lemma.

THEOREM 3.10. CA-3._.(m) has a unigue 2-cycle. Transient length of
CA-3y_.(m) is 2m — 2 and that of CA-3;_,(m) is 2m - 3.

3.5. CA with Rule 4

In this subsection we discuss behaviors of CA with rule 4. The symmetric, reverse
and symmetric reverse rule of rule 4 are rule 4, rule 223 and rule 223 respectively. The
following behaviors are obtained.

LEMMA 3.11. Let ¢ be an arbitrary configuration. Then the following hold;
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1. The configuration = is a fized point of CA-d,_g(m} if and only if no 11 appears
in oxf.
2. In CA4,_3 no 11 appears in ac(1)B.
2 In CA4_1(m) e(l)m =0,
4. In CA-4;_,(m) (1), = 0.

PROPOSITION 3.12. Al fized points of CA-4g_o{m) can be constructed without re-
dundancy as follows;

1. If 2223 -+ T is o fized point of CA-49_g(m—1), then Ox2x3 - - Zxm it a fired point
of CA-4y_o{m).

2. If z324 - ®m 5 o fived point of CA4y_o(m — 2), then 10z3zy - Tm i3 6 fized
point of CA-4g_o(m).

Since the symmetric rule of rule 4 is rule 4 CA-4p—;(m) and CA-4,_o{m) are isomorphic.
And by lemma 3.11 3 and lemma 3.11 4 behaviors of CA-4o_1(m) and CA4;_,(m)
after one step transition are regarded as those of CA-4g_g(m — 1) and CA-4p_o{m — 2},
respectively. So the following theorem results from lemma 3.11 and prop. 3.12.

THEOREM 3.13. CA4,_.(m) hes fired points only and for the number of those
fized points the following formule holds;

n(m} = nlm—1) +nim - 2).

And its transient length is 1.

3.6. CA with Rule 5

In this subsection we discuss behaviors of CA with rule 5. The symmetric, reverse
and symmetric reverse rule of rule 5 are rule 5, rule 95 and rule 95 respectively. The
following behaviors are found.

LEMMA 3.14. Let ¢ be an arbitrary configuration and T e configuration. Then the
following hold;

1. In CA-Bg_p(m) if z; = 1 then z(2); = 1 where 1 <i < m.

2. In CA-Bg—p(m) if z(1); = 0 then (3}, =0 where 1 < i < m.

3. In CA-5,_.(c) if z;yziziyy = 010 then (1), 2(1)ix(1); = 010 where1 <t < m.
{. In CA-5;_,(m) c(1}; = 0.

5. In CA-5._1(m) (1} = 0.

ProOPOSITION 3.15. All fized points of CA-bg—o(m) can be consiructed without re-
dundancy as follows;
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1. If 1324 - 2y is ¢ fized point of CA-59_¢(m — 2), then 10x3xq - Ty is a fized
point of CA-5o_n(m).
2 Ifzyzs-- 2y is a fized point of CA-By_o(m — 3}, then 0102,25 - - Ty, i o fized
point of CA-5y_g(m).

PROPOSITION 3.16. All 2-cycles of CA-50-¢(m) can be constructed without redun-
dancy as follows;

1. Ifxgxy -z and ygys - - Ym form a 2-cycle of CA-54_o(m—2), then 10z33, - - - 2,
and 10ysyys - ym form a 2-cycle of CA-55_o(m).

2 Ifxa®s - Tm and YaYs - - Ym form a Z-cycle of CA-Bg_g(m — 3}, then
010z4zs - - T, ond 0L0Y.Ys « - - ym form a 2-cycle of CA-59—o(m).

8 If1Zk40%54a T ONd Yrp2Yh43 - Ym form a L-cycle of CA-59_o(m — k - 1),
then 0k+llzk+3z:k+4 v T and 1"'0yk+2y;¢+3 Um ﬁwm a 2-cyde Of CA-50_0 (m)
where 2 < k< m — 2.

.{. Te4+2Lk43 " " isa ﬁa:ed po:'nt O_f CA~59_.0(m— k- 1), then 0k+l$k+2$k+3 " &m
and 10T 12Tk y3 Ty form o Z-cyele of CA-5y_g(m) where2< k< m -2,

5. The configurations 0™ and 1™ form a 2-cyele of CA-5;_g(mn).
By lemma 3.14 4 and lemma 3.14 5 behaviors of CA-5¢_;(m), CA-5,_o(m} and CA-
51-1(m) after one step transition are regarded as behaviors of CA-5y_g{m — 1) or CA-

50—o{m ~ 2). So the following theorem results from lemma 3.14, prop. 3.15 and prop.
3.16.

THEOREM 3.17. €CA-5,_.(m)} has fived points and 2-cycles, and for the numbers of
those limit cycles the following formulas hold;

71{m) = n(m — 2} + 71 (m — 3),

Y2(m} = Y2 (m —1) +72(m - 2)+ 72 (m—3) — 2 (m — 4} + 72 (m—5) — 2 (m — 6) + 11 {m — 5).

And transient lengths of CA-5g_g(m), CA-55_3(m), CA-5,_o(m)} and CA-5,_,(m) are
1, 2, 2 and 2, respectively.

3.7. CA with Rule 7

In this subsection we discuss behaviors of CA with rule 7. The symmetric, reverse
and symmetric reverse rule of rule 7 are rule 21, rule 31 and rule 87 respectively. The
following behaviors are found.

LeEMMA 3.18. Let ¢ be an arbitrary configuration and £ a configuration. Then the
following hold;

1. The configuration {10)} is a fized point of CA-Ty_p(m).
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2. If m is even then the configuration (10)% is a fized point of CA-To—1(m).

3. The configurations (10)3,0™ 2% and (10)3,1™ 2% form a 2-cycle of CA-To_o(m)
where 0 < k < [252].

4. The configurations (10)3,0™~2% and (10)3,1™** form a 2-cycle of CA-To_y(m)
where 0 €< k < [’“T_l]

5 In C’A-Tg_*(m) Sf T1Xa Ty = (lﬂ)k then I(l)lz(l}z"'x(l)zk = (IO)k where
1< k<2

6. In CA-To_.(m) if 2(1)12(1)s - - - 2(1)2x = (10)* then
Ty - 2g = {10)* or zyzg -+ Topy = (10)¥71011 where 1 < k <[]

7. In CA-To_.(m) there exists no configuration T such that z(1}1x(1)z - 2(1)2e41 =
(10)-1011 where 1 < k < [F].

8 In C’A-To,..(m) tf L1xg Tkt = (10)'"‘0" then 3(1)11(1)2 ' "$(1)2k+§ = (10]'&1"'
where 2 < i< m -2k and 0 < k < [Z52],

9 In CA-TO_* (m) ‘l.f 1Tz Taf4i = (IO)k ].i then
2(1)12(1)2 - - 2(V)gpsit1 = (10)50°+! where2 < i < m—2k—1 and 0 < k < [253].

10. Jn CA-To_.(m) if 2122 - - - B2z 43 = (10)*010 then
32(1)133(1)2 ‘e 'I(l)2k+2 = (lO)kll where 0 < k< [mT_ﬂ]

11. In CA-To_o(m) 8((10)0™~2%~11) = (10)*1™~2* where 0 < k < [=H].
12. In CA-To—o(2n + 1) 6{(10)™0) = (20)"1.
13. In CA-Ty_.(m) c(1)y = 0.

By lemma 3.18 13 behaviors of CA-7;_g(m) after one step transition can be regarded
as those of CA-Ty_g(m — 1). So the following theorem results from the above lemma.

THEOREM 3.19.

o CA-Ty_o(m) has a unigue fized point and Z-cycles, and for the number of those
2-cycles the following formulas hold;

m
mim) = 3]
And its transient length is 2m — 5.

e CA-To—1(m) has fized points and 2-cycles, and for the numbers of those limit cycles
the following hold;
0 ifmisodd
mim) = { 1 if miseven '

m+1
o[22
And its lransient length is 2m — 4.
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s CA-71. p(m) has o unique fized point and 2-cycles, and for the number of those
2-cycles the following hold;

Y2(m) = [mT_l] -

And its transient length is 2m — 6.

o CA-7;_1(m) has fized points and 2-cycles, and for the numbers of those limit cycles
the following hold;

|1 if mis odd
’Yl(m)_{ 0 if miseven ’
‘Yz(m)=[%]-

And its transient length is 2m — 5.

3.8. CA with Rule 8

In this subsection we discuss behaviors of CA with rule 8. The symmetric, reverse
and symmetric reverse rule of rule 8 are rule 64, rule 239 and rule 253 respectively. The
following behaviors are found.

LEMMA 3.20. Let ¢ be an arbitrary configuration and ¢ be a configuration. Then
the following hold;

1. The configuration 0™ is a fized point of CA-8,_.(m).
2. The configuration 0™"11 is a fired point of CA-8,_1(m).
3. In CA-8,_.(m} no 11 appears in ac(l).

4. In CA-8,_o(m) if no 011 appears in az then z(1) = 0™, that is, 2(1) is a fized
point.

5. In CA-8,_;(m) if no 011 appears in ax then z(1) = 0™ or O0™~11, that is, z(1) is
a fized point.

So the following theorem results from the above lemma.

THEOREM 3.21. CA-8,_o(m) hes o unique fived point and CA-B,_;(m) has two
fized points. And their transient lengths are both 2.

3.9. CA with Rule 10

In this subsection we discuss behaviors of CA with rule 10. The symmetric, reverse
and symmetric reverse rule of rule 10 are rule 80, rule 175 and rule 245 respectively.

The following behaviors are found.

LEMMA 3.22. Let ¢ be an arbitrary configuration. Then the following hold;
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1. The configuration O™ is a fized point of CA-10,_p{m).

2. The configuration z is on a {-cycle of CA-10g_1(m) if and only if no 000, no 010,
no 101 and no 111 appear in x.

3. In CA-10;_.(m) ¢(1}, = 0.
4. In CA-10,_o(m) c(k)m—ks16(kK)m—kiz - c(k)m = OF where 1 <k <m.
5. In CA-10¢_;(m) neither 111 nor 101 appears in ¢(1).

8. In CA-10p_;(m) neither 000 nor 010 appears in c(k)m—rc{k)m—g41 - - - ¢(k)m where
2<k<m-1.

7. In CA-10y_, (m) neither 000 nor 010 appears in c(k)m—k{k)m—r+1 - - (k) m where
2<k<m—-2.

By lemma 3.22 3 behaviors of CA-10;_g{m) after one step transition can be regarded
as those of CA-10p_g(m — 1). So the following theorem results from the above lemma.

THEOREM 3.23.
¢ CA-10p_g(m) has a unique fized point. And iis transtent length &3 m.
* CA-10,_y(m) has a unigue fized point. And its transient length ism — 1.
® CA-104_;1(m) hes a unique {-cycle. And ils transient length s m — 1.

s CA-10,.;(m) has o unique {-cycle. And its transient length iz m — 2.

3.10. CA with Rule 11

In this subsection we introduce behaviors of CA with rule 11. The symmetric,
reverse and symmetric reverse rule of rule 11 are rule 81, rule 47 and rule 117 respectively.
Sato(1996b) showed the following theorem.

THEOREM 3.24.
* CA-11p_,(m) has a unique 3-cycle. And its transient length is 2m — 4.

o CA-11p_o(m) has only 3-cycles and for the number of those 8-cycles the following
formula holds;

v3(m) = [%] .

And tts transient length 1s as foilows;

H(m)=2[m+1]—l

o CA-11_;(m) hes o unigue S-cycle. And its transient length is 2m — 6.
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o CA-11,_o(m) has only 3-cycles and for the number of those §-cycles the following
Sformula holds;
(m) = m=-1
Ys = 3 -

And its transient length is as follows;

H{m)=2 [-’;3] ~1

3.11. CA with Rule 12

In this subsection we discuss behaviors of CA with rule 12, The symmetric, reverse
and symmetric reverse rule of rule 12 are rule 68, rule 207 and rule 221 respectively.
The following behaviors are found.

LEMMA 3.25. Let ¢ be an arbitrary configuration. The followtng hold;

1. The configuration x is fired point of CA-12,_.(m) if and only if no 11 eppears in
z.

2. In CA-12,_.(m) no 11 appears in c(1).
S In C'A-121_..(m) C(l)]_ =0.

PROPOSITION 3.26. All fized points of CA-12,_g(m) can be constructed without
redundancy as follows;

1. If 2223 Zm i8 o fized point of CA-12¢_g(m — 1), then Ozaxs -~ %, i3 a fized
point of CA-12;_g(m).

2. If 2334 -2 i3 a fized point of CA-124_g(m — 2), then 10xgzy - -2y 15 a fized
point of CA-12y_g(m).

By lemma 3.25 3 we can regard behaviors of CA-12,_g(m) after one step transition as
those of CA-129_g{m — 1). So the following theorem results from lemma 3.25 and prop.
3.26.

THEOREM 3.27. CA-12,_.(m) hes fized poinsz only and for the number of those
fized points the following formula holds;

n(m) =nm—1}+m{m - 2).

And its transient length iz 1.

3.12. CA with Rule 13

In this subsection we discuss behaviors of CA with rule 13. The symmetric, reverse
and symmetric reverse rule of rule 13 are rule 69, rule 79 and rule 93 respectively. The
following behaviors are found.
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LEMMA 3.28. Let ¢ be an arbitrary configuration and T & configuration, Then the
following hold;

1. The configuration x is a fived point of CA-13¢_g(m) if and only if no 000 appears
in 0z3 and no 11 appears in z.

2. In CA-13,_.(m) if z,2;41 = 01 then 2(1);2(1);41 = 01 where 0 < i < m.

3 In CA'130_.(m) if I(l);z(l)§+1z(1)i+g = 000 then 2,12, = 11 where 2 € ¢ <
m - 1.

4 In CA-13p_.(m) If 2{1)iz(1)iq1 = 11 then x_ 1331 = 000 where1 S1 <m—1.
5. In CA-13¢_,(m) no 000 appears in Oc(k)ic(k)z - - - c(k)pc(k)pt1 wherel < k <m.
6. In CA-13p_.(m) no 11 appears in (k) c(k)s - - - c(k)p—1e(k)s where2 < k< m.
7. In CA-13,_1(m) (1), = 0.

8. In CA-13;_.(m) c(1); = 0.

PROPOSITION 3.29. All fized points of CA-13g_g(m) can be constructed without
redundancy as follows;

1. If 324 - T is a fized point of CA-13g_g(m — 2), then 102324 &m 5 o fived
point of CA-13y_g(m).

2. If 2425+ Tr 15 6 fized point of CA-135_p(m — 3), then 0102425 -+ - 2y 19 @ fized
point of CA-13p_(m).

By lemma 3.28 8 we can regard behaviors of CA-13;_g{m) after one step tramsition as
those of CA-13p_g{m — 1). So the following theorem results from lemma 3.28 and prop.
3.29.

THEOREM 3.30. CA-13,_.{m) has fived points only and for the number of those
fized points the following formula holds;

y2{m) = ya{m = 2) + y2(m — 3).

And the transient length of CA-13,_o(m) is m and that of CA-13,_1(m} ia m — L.

3.13. CA with Rule 14

In this subsection we introduce behaviors of CA with rule 14. The symmetric, re-
verse and symmetric reverse rule of rule 14 are rule 84, rule 143 and rule 213 respectively.
Inokuchi(1999) showed the following theorem.

THEOREM 3.31.
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¢ The cellular automaton CA-145_o(m) has only fized points and for the number of
those fized points the following formula holds;

Mim) = [mTH] .

And its transient length is m.

o The cellular automaton CA-14¢_;(m) has a unique fired point. And its transient
length is 2m — 1.

o The cellular automaton CA-14;_o(m) has only fizxed points and for the number of
those fized poinis the following formuls holds;

m+2
n(m) = [T] .
And its transient length 1s m.
¢ The cellular sutomaton CA-14;_y(m) has & unigue fized point. And its transient

length is 2m — 2,

3.14. CA with Rule 15

In this subsection we discuss behaviors of CA with rule 15. The symmetric, reverse
and symmetric reverse rule of rule 15 are rule 85, rule 15 and rule 85 respectively. The
following behaviors are found.

LEMMA 3.32. The following hold;
1. The configuration (10)%, is a fized point of CA-155_.(m).

2. Let c be an arbitrary configumition.
Then in CA-15y_,(m) c(k)ic(k)2 - - c(k)r_1c(k); = (10); where 1 < k < m.

Since the reverse rule of rule 15 is rule 15 behaviors of CA-15¢_¢(m) and CA-15¢_,(m)
is isomorphic to those of CA-15,_;(m) and CA-15;_g(m), respectively. So the following
theorem results from the above lemma.

THEOREM 3.33. CA-15,_.(m) has @ unigue fized point. And its transient length
s m.
3.15. CA with Rule 19

In this subsection we discuss behaviors of CA with rule 19. The symmetric, reverse
and symmetric reverse rule of rule 19 are rule 19, rule 55 and rule 55 respectively. The
following behaviors are found.

LEMMA 3.34. Let ¢ be an arbitrary configuration. The following hold;
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1. The configuration T is on a 2-cycle of CA-19,_s(m) if and only if T satisfies the
Jollowing condition;

» No 101 appears in azf.
¢ No 010 appears in x.

s 2y F10ifa=1.

® Ty 1T #FOLifB=1.

2. In CA-19._.(m) no 010 appears in c(1).
8. In CA-19,_g(m) no 101 appears in ac(2)f.
4. In CA-191_.(m) c(l)lc[l)g 9‘—' 10.

5. In CA-19,_1(m) e(1)m-1¢(1)m # O1.

PROPOSITION 3.35. All 2-cycles of CA-19,_0(m) can be constructed without re-
dundancy as foliows;

1 If 2122 Trm—20 end 31y2 - -~ Ym—21 form a 2-cycle of CA-194_o(m — 1), then
T1Zg - Em—200 and y1¥2 - - - Ym-21l form a L-cycle of CA-19,o(m).

2 If xi3g - Tpy—30 and g1y - - Ym—3l form a 2-cycle of CA-19, g{m — 2), then
T1T2 - Tm_3001 and y1yz - - Ym-2110 form a 2-cycle of CA-19,_o(m}.

PROPOSITION 3.36. All 2-cyeles of CA-19,_1(m) cen be constructed without re-
dundancy as follows;

1. Fxyzg - Tpyy_20 and 1192+ Ym—nl form e Z-cycle of CA-19,_1(m — 1), then
T1T3  Im—200 and y1¥2 <+ - Ym-211 form a L-cycle of CA-19;_;(m).

8. If zy2g- X300 ond y1Y2 - Y3l form a Z-cycle of CA-191_1(m — 2), then
T1%g - - Em-3011 and 4142 - - - Ym—2100 form e B-cycle of CA-19;_;(m).

By lemma 3.34, prop. 3.35 and prop. 3.36 we get the following theorem.

THEOREM 3.37. CA-19._.(m) has Z-cycles only, and for the number of those 2-
eycles the following formula holds;

Y2(m) = y2(m — 1) + v2(mm — 2).

And its transient length is 2.
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3.16. CA with Rule 23

In this subsection we discuss behaviors of CA with rule 23. The symmetric, reverse

and symmetric reverse rule of rule 2 are rule 23 each. The following behaviors are found.

LEMMA 3.38. Let z be a configuration. The following hold;

. The configuration = is o fized point of CA-23p_g(m) if and only if neither 00 nor

11 appears in 0zj3.

. The configuration x is on a 2-cycle of CA-234_,.(m) if and only if = satisfies the

Jollowing conditions;
¢ Neither 010 rnor 101 appears in z.
* X =¥

* Toy-1=Tm.

. In CA-23,_.(m) ifz; = ;1 thenz(l); = 2(1)iy) # z; where L <i<m — 1.

. In CA-23*_* (m) Sf Tit1Ti42 " Tig2k43 = 00(10)“0 then

3(1){+1&7(1),;+2 . '.’E(]),‘+23+3 = llflﬁ)k_llll where 0 S i S m—>5andl g k S

(2],

. In CA-23,_(m) if 2010542 Bigapgz = 1(10)*’0 then

2(1)ip1x(1ig2 - 2{)irn12 = 000(10)% 2111 where 0 K i € m—6and2< k &
[=5=2].

. In C‘A-23,‘...(m) if Zip1Ti42 " Lip2h4a = 00(10)‘:11 then

x(l)i+1$(1)i+2"'3(1)i+2k+4 = 11(10)"‘00 where 0 S 1 S m—6 and 1 S k S
[me=d).

. In CA-23,._,.(m) if T 1Tigs Tigakts = 1(10)"'11 then

2(1);12(Vigz - 2(iparss = 000(10)* 7200 where 0 < i <m—5and 1 < k <

[==3=2],

. Let 2 g 1Tmok 2 = 00(10);. Then in CA-23,_g(m) the following hold;

e If B=0 and k is even then £(1)pm_p—_12(1)m_g - - 2(1}n = 11{10)5_,11.
e If3=1 and k is even then z(1)m—g—1Z(1)m—p - - 2(1)}ym = 11{20)}.

o If 3=0andk is odd then z(1}m_k—1 T(1)m—t - Z(1}m = 1L{10}}.

o If3=1 and k is odd then T(1}m_x—1Z(1)m—t * - T(1}m = 11(10); _;.

Wherel <k <m -2,

. Let T kTm—gt1 " Tm = 1{10);. Then in CA-23,_g(m) the following hold;

e If 8 = 0 and k is even then (1) pm—ik®(1)m—k41 - 2(1)m = 000(10);_,11
where4 < k< m—1.
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e If3=1 andk is even then (1) m—iZ(1)m-s41 - 3(1}m = 000(10)} _, where
2<k<m—1.

o [fB=0 and k is odd then 2(1)m_r®(L}m-r41 - (1)} = 000(10)}_, where

2<k<m—1.
e If3=1 and k is odd then $(1)m_r®(1}m—t+1 - &(1)}m = 000(10)} , where
2<k<m-1.

o IfB=0and k=2 then 2(1)m—p2(1)m-15(1)m = 001.

In GA—230._,.(m} S-f T1Tg - Tok41 = (10]"0
then z(1)12(1)z -+ - 2(1)ap41 = (10)*71111 where 1 < k < [251],

In CA-23¢_.(m) if T1Z5 -+ - 2oy 2 = O(10)*0
then 2{1)12(1)z -+ - £(1)zr2 = 1(10)* 2111 where 1 < £ < [mT_z]

In CA-235_,(m) if 2135 - - Tor g = (10)%11
then z(1}1z{1)3 - - -.‘1’:(1)2;;4.2 = (10)"00 wherel < k£ < [%_—-2-].

In CA-230._* (m) 1:fI1$g e Zopyn = O(ID)kll
then z(1)12(1)z - - - 2(1) 243 = 1(10)*00 where 1 < k < [BF2].

Let z = (10);,. Then in CA-23g_g(mn} the following hold;
e If 3 =0 and m is even then (1) = (10)F,_,11.
o If3=1 and m is even then x is a fired poini.
o If 8 =0 ond m ts odd then ¢ is e fized point,
o If 8 =1 and m is odd then z(1) = (10)},_,0.
Let ¢ = 0(10);,. Then in CA-23,_g(m) the following hold;
o If 3 =0 and m ts even then z(1) = 1(10)%,_,.
o If 3=1 and m is even then 2(1) = 1(10)},_,.
¢ If 3 =0 and m is odd then 2(1) = 1{10)>, _;11.
o If 3=1 and m i3 odd then z(1) = 1(10)%,_,.

PROPOSITION 3.39. All 2-cycles of CA-23y_p(m) can be constructed without re-

dundancy as follows;

1.

If legxy -+ zm and Oyzys - - ym form a 2-cycle of CA-235_g(m - 1)
then 112324 - - - &wm and 00ysys - - - ym form a 2-cycle of CA-239_g(m)

2. If lzqzs - - Tm and Oyays - - -ym form a L-cycle of CA-23y_g(m — 2}

then 001z4zy5 - - 2 and 110y4y5 - - - ym form a 2-cycle of CA-23y_g(m).

Since the reverse rule of rule 23 is rule 23 CA-23,_o(m) and CA-23,_, (m) are isomorphic
to CA-23;_;(m) and CA-23;_p(m), respectively. So the following theorem results from
lemma 3.38 and prop. 3.39.
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THEOREM 3.40.

o CA-23, o(m) has fized points and 2-cycles, and for the numbers of those Limit
cycles the following formula hold;

1 if mis odd
"(m) _{ 0 otherwise
Y2(m) = ya(m — 1) + 72(m — 2).
And its transient length is as follows;

H(m) =2 [%] -1

o CA-23, 5(m) has fized points and 2-cycles and for the numbers of those limit
cycles the following formula hold;

(m) = 0 if mis odd
n T 11 otherwise

H

Y2(m) = 12(m = 1) + v2(m - 2).
And its transient length is as follows;

H{m) =2 ["‘—2_-1] .

3.17. CA with Rule 32

In this subsection we discuss behaviors of CA with rule 32. The symmetric, reverse
and symmetric reverse rule of rule 32 are rule 32, rule 251 and rule 251 respectively.
The following behaviors are found.

LEMMA 3.41. Let ¢ be an arbitrary configuration and z a configuration. The fol-
lowing hold;

1. The configuration 0™ is a fized point of CA-32,_,(m).

2. The configuration z is on a 2-cycle of CA-32,_;(m) if and only if neither 00 nor
11 appears in z.

3. In CA-32,_.(m} the following hold;

¢ If 2125 = 00 then z(1},2(1)3z(1); = 000.
o If ziaipy = 00 then 2(1);12(1);2(1)igp12(1)}i2 = 0000 where 2 < i < m — 2.
® Ifzp 1%, = 00 then (1) m—-22(1}m-12(1)m = 000.

4. In CA-32,_.(m) If ;741 = 11 then z(1);z{1)ip1 = 00 where 1 <i<m —1.
5 In CA-32|)_,(m) c(k)ye(kly - - ekl = 0%,
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6. In CA-32,_o(m) c(k)m_g410(k)m_gi2 - -e(k)m = OF.
So the following theorem results from the above lemma.
THEOREM 3.42.
o UA4-32g_¢(m) has a unigque fired point. And its transient length is as follows;

H(m) = [m_;_l} .

o CA-32,_z(m) has a unique fized point. And {ts transient length is m.

o CA-32,_;(m) has e unique fized point and a unique B-cycle. And its transtent
length s m — 1.

3.18. CA with Rule 34

In this subsection we discuss behaviors of CA with rule 34. The symmetric, reverse
and symmetric reverse rule of rule 34 are rule 48, rule 187 and rule 243 respectively.
The following behaviors are found.

LEMMA 3.43. The following hold;
1. The configuration 0™ is a fired point of CA-34,_¢(m).

2. The configuretion x is on a £-cycle of CA-34,_,(m) if and only if neither 00 nor
11 appears in z.

8. Let ¢ be an arbitrary configuration.
Then in CA-34,_o{m) c(k)m—ts16(K)m-t12 '+ c(k)m = 0% where 1 < k< m,

4. Let £ be a configuration such that x,, = 0.
Then in CA-34,_;(m) z(k)m—s2(k}m—ts1r  Z(k)m = (01);,, where 1 < k <
m-1.

5. Let x be a configuration. Then in CA-34,_;(m) if £, =1 then (1), = 0.

The following theorem results from the above lemma.

THEOREM 3.44. CA-34._o(m) has ¢ unique fized point and CA-34._,(m) has a
unique 2-cycle. And their transient lengths are both m.

3.19. CA with Rule 35

In this subsection we discuss bekaviors of CA with rule 35. The symmetric, reverse
and symmetric reverse rule of rule 35 are rule 49, rule 59 and rule 115 respectively. The
following behaviors are found.

LEMMA 3.45. Let ¢ be an arbitrary configuration and = a configuration. The fol.
lowing hold;
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The configurations 0™ and 1™ form a 2-cycle of CA-35¢_q(m).

The configurations 1%(01)%,_, and 0*(10)* _t form a 2-cycle of CA-355_;(m)
where 1 < k <m.

The configurations (010}, (100);, and (001)%, form e S-cycles of CA-35,_o(m).
The configurations (01), and (10)}, form a Z-cycle of CA-35,_,(m).

In CA-35,_.(m) if x(l);x(l)g+1z(1),:+2 = 101 then xy12122:4: = 101 where
1<i<m-—2.

. In CA-35,_p(m) no 101 appears in c(k)m—r—16(k)m—i - -c(k)m where 1 < k <

m—2.

Let ¢ such that no 101 appears in z. In CA-355_¢(m) if 2133 --- 2441 = 0*1
then 2(1)12(1)2 - z(1)a41 = 10 where L <k <m —1.

Let  such that no 101 eppears in z. In CA-350_o(m) if 122 --- Tryq = 150
then z(Ah1z{1)2 - 2(Dgyn = 0¥+ where 1 < k< m - 2.

. In CA-35p_¢(m) 6(1™10) = 0™,

In CA-351_.(m) #f £(1);z(1)}i412(1)it2 = 000 then zizi 1 = 11 where 1 < i <
m—2,

In CA-35;_.(m)if z(1);2(1)iy1 =11 then o, 12;2;4; = 000 where 2< i< m—1,
In CA-35;_.(m) ¢(1)1¢(1)2 # 11.

In CA-35;_.{m)} no 000 appears in c(2m — 4).

In CA-351_,(m) no 11 appears in ¢(2m — 3).

Let = such that neither 000 nor 11 appears in o, and Zp_1%m = 01. Then in
C-‘A-351_1(m)
z(2k)m_zk_la:(2k)m4k e I(Zk)m = (01)k+1

where 1 < k < [7F2].

In CA-35g_1(m) ifzy =23 = --- =z thena(l1 = z(l)y = - = 2(1s # =,
wherel < k< m.

In CA-354_3(m) c(1)1¢(1)z2c(1)3 # OL1.
In CA-35;_1(m) no 1011 appears in c{1).

In CA-350_1(m) if z(l);x(l);+;x(l),-+gz(1),—+3 = 1000 then TiTi41Xi42 = 011

wherel1 <i<m-—3.

In CA-350_y(m) if a:(l),-x(l),-+1=(l),-+3 = 011 then 2, 1T;T;y1%iy2 = 1000 where
2<i<m-2.
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21. In CA-350_1(m) no 011 appears in ¢(2m — 5).
22. In CA-35g—1(m) no 100 appears in c{2m — 4).
The following theorem results from the above lemmma.
THEOREM 3.46.
e CA-35,_g(m)} has a unique 2-cycle. And its transient length is 3m — 4.
e CA-35;_;(m)} has o unique 2-cycle. And its transient length is 3m — 4.
e CA-35)_g(m) has o unigue S-cycle. And its transient length is 2m — 3.

s CA-350_1(m) has m Z-eycles. And its transient length is 2Zm — 4.

3.20. CA with Rule 42

In this subsection we discuss behaviors of CA with rule 42. The symmetric, reverse
and symmetric reverse rule of rule 42 are rule 112, rule 171 and rule 241 respectively.
The foliowing behaviors are found.

LEMMA 3.47. Let ¢ be an arbitrery configureiion. Then the following hold;
1. The configuration 0™ is a fized point of CA-42,_o(m).
2. The configurations (101)%,,(011)%, and (110);, form a S-eycle of CA-42y_4(m}).

5. The configurations 1(101)%,_,, 0(011)% _, end 0(110)},_, form a $-cycle of CA-
421_1(17!.).

4. In C-'A-42,._0(m) c(k)m_k+1c(k)m_k+g . -c(k)m = Ok where 1 ‘_: k S .
5. In CA-42,_,(m) no 111 appears in ¢(1).

6. In CA-42,_;(m) no 00 eppears in c(k)m-i+16(K)m-t42 - c{k)m where 2 < k <
m—1.

7. In CA42, 1(m) no 010 eppears in c(k)m_p-1c{k)m—k - - c(k)m where 1 < k <
m— 2.

8 In CA-42;1{m) e(m — 1)1e{m — 1)z # 10.
The following theorem results from the above lemma.
THEOREM 3.48.
¢ CA-42,_o(m) has a unique fized point. And its transient length is m.
» CA-42_y(m) has a unigque 3-cycle. And its transient lengih is m

o CA-42; (m) has a unique S-eycle. And iis transient length ism — 1
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3.21. CA with Rule 43

In this subsection we introduce behaviors of CA with rule 43. The symmetric, re-
verse and symmetric reverse rule of rule 43 are rule 113, rule 43 and rule 113 respectively.
Sato(1997) showed the following theorem.

THEOREM 3.49.

* CA-43,_o(m) has J-cycles only and for the number of those 3-cycles the following
formula holds;

m
mlm) =[]
And its transient length is m — 1.
o CA-43,_5(m) has 3-cycles only and for the number of those 3-cycles the following

formula holds;
w(m) = [mTH] :

And its transient length iz as follows;
m
Hm) = |3

3.22. CA with Rule 30

In this subsection we discuss behaviors of CA with rule 50. The symmetric, reverse
and symmetric reverse rule of rule 50 are rule 50, rule 179 and rule 179 respectively.
The following behaviors are found.

LEMMA 3.50. Let ¢ be an erbitrary configuration and z a configuration. The fol-
lowing hold;

1. The configuration x is on e 2-cycle of CA-504_p(m) if and only if x satisfies the
following conditions;

e No 000 appears in azf.
¢ No 111 eppeors in T,
® T)To 7‘-‘ 11 zfa: 0.
®z, 1T, 11 ifF=0.
2 In CA-500_...(m) if 3(1)12(1)3 = 00 then 21 = 2.

3. In CA-SO,,_,.(m) Sf 2:(1),‘2:(1)“_11(1){.},2 = 000 then & = Tyl = Tigz where 1 S
T m— 2.

4. In CA-50,_o(m) if (1} m-12(1), = 00 then z,,—1 = T,,.

5. In CA-50,_.(m) no 111 appears in c{1).
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6. Let x be non-GOE. In CA-50y_.(m) if z1%3 - - 2;ziy1 = 01
then 2(1)y2(1)g -+ z(1); = 011 wherei > 2.

7. Let £ be non-GOE. Then in CA-50,_.(m) if TpTry1 ' ThpiTrtitl = 10°1 then
(V) ep12(Degn - 2{)p4; = 107721 where k >0 and 3 <i <m — k.

8. Let x be non-GOE. Then in CA-50,_o(m) #f Tm_iZm_ip1 - Zm = 10
then £(Dm_ir12(Dm-itz - -Z{1}m = 10°~" where i > 2.

2 In CA-SOD_.(m) C(l)lc(l)g # 11.
10. In CA-50,_o(m) e(1)m—1¢(1)m # 11.

PROPOSITION 3.51. All 2-cycles of CA-B0p_g{m) can be consirucied without re-
dundancy as follows;

1. If1zs®s- - Zm ond Oyays - Ym form a 2-cycle of CA-500_g(m — 1)
then 012324+« - &y and 10yzyy - - Ym form a 2-cycle of CA-50p_g(m).

2. If1z4%s++ Z,n and Oyays - - Ym form a 2-cycle of CA-50g_g(m — 2}
then 011z4%Ts - - - T,y and 100yays -+ ¥m Jorm a 2-cycle of CA-50p_g{m).

PROPOSITION 3.52. All 2-cycles of CA-50,_;(m) can be constructed without redun-
dancy as follows;

1. Iflzyzy -~ T, and Oyzyy - Ym form a 2-cycle of CA-50;_1(m — 1)
then 01z3z4 -+ &4 ond 10y3ys - Ym form o 2-cycle of CA-501_1(m)

2 Iflzgzs Ty and Oyays - Ym form a 2-cycle of CA-50,_1(m — 2}
then 00124®s5 - - - Ty and 110y4Ys - - - yry form a 2-cycle of CA-50;_;(m).

Since the symmetric rule of rule 50 is rule 50 CA-500_1(m} and CA-50;_o(m) are iso-
morphic. So the following theorem results from lemma 3.50, prop. 3.51 and prop. 3.52.

THEOREM 3.53.

o The cellular automaton CA-50y_o(m) has a unigque fived point end Z-cycles, and
for the number of those 2-cycles the following formule hold;

Y2 (m) = ya(m — 1) + 2(m - 2).
And its transient length s m — 2.

o The cellular automata CA-50q_,(m), CA-50;_o(m) and CA-50,_3(m) have 2-
cycles only and for the number of those 2-cycles the following formula holds;

Ya(m) = ya(m — 1) + y2(m = 2).

And their transient lengths are m each.
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3.23. CA with Rule 51

In this subsection we discuss behaviors of CA with rule 51. Rule 5] is the re-
versible rule, that is, f(u,v,w) = 7 for any u,v,w € {0,1}. The symmetric, reverse
and symmetric reverse rule of rule 51 are rule 51 each. So we get the following theorem
easily.

THEOREM 3.54. CA-51._,{m) has 2™~ 2.cycles. And its transient length is 0.

3.24. CA with Rule 76

In this subsection we discuss behaviors of CA with rule 76 The symmetric, reverse
and symmetric reverse rule of rule 76 are rule 76, rule 205 and rule 205 respectively.
The following behaviors are found.

LEMMA 3.55. The following hold;

1. The configuration z is a fized point of CA-T68,_g(m) if and only if no 111 appears
in azp.

2. Let ¢ be an arbifrary configuration. Then in CA-T6,_a(m) no 111 appears in
ac(1)8.

PROPOSITION 3.56. All fired point of CA-T6g_o{m) can be constructed without re-
dundancy by the followings;

1. Ifwyzs - Ty 15 a fized point of CA-T6y_o(m —1), then z1T2 -+ - T;n—10 is a fized
point of CA-T6o_o(m).

2, If 13- Tm—2 18 0 fized point of CA-Tg_o(m — 2}, then T,x3+ Ty 201 is o
fixed point of CA-T6y_g(m).

& Ifziza+  Tm—3 13 6 fived point of CA-76y_og(m — 3), then z125 - 2y 3011 is &
ﬁ.red pomt Of CA-TGD_g(m).

PROPOSITION 3.57. All fized point of CA-76,_1(m) can be constructed without re-
dundancy by the followings;

1 If 2132 2m_20 s a fired point of CA-T6,_1(m — 1), then 21Ty -+ T;-201 is a
fired point of CA-T6,_1{m).

g Hai29---Tpmi_y 99 a fized point of CA-?ﬁqll(m—t’ - 1), then zy2g -« Tyn—i—y 10
is a fired point of CA-T6,._1(m) where 1 <i<m — 2.

8. The configurations 0™ and 10™! are fized points of CA-T6,_y(m).

Since the symmetric rule of rule 76 is rule 76 CA-76¢_,(m) and CA-76;.¢(m) are iso-
morphic. So the following theorem results from lemma 3.55, prop. 3.56 and prop. 3.57.
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THEOREM 3.58. CA-T6,_,(m) has fired points only, and the number of those fized
points conforms the following formulea;

Ti{m) =m(m — 1) + va(m — 2) + 5 (m — 3).

And its transient length is 1.

3.25. CA with Rule 77

In this subsection we discuss behaviors of CA with rule 77. The symmetric, reverse
and symmetric reverse Tule of rule 77 are rule 77 each. The following behaviors are
found.

LEMMA 3.59. Let x be a configuration. The following hold;

1. The configuration  is a fixed point of CA-T7,_o(m) if and only if neither 000 nor
111 appears tn az0.

2 In CA-??._O(m] lf Tiliyy Lite41l = 0150 then I(l)"ﬂ?(l)g+1 “‘$(1);‘+k+1 =
0107210 where 3< k<m end0<i<m k.

3. In CA-TT._o(m) if @iipr - -Tigisr = 10F1 then o(1)ie(L)ig1 - @(iprtr =
101*7201 where 3<k<m-—-1gnd0<i<m—k—1.

4. M CA-TTy_o(m) ifzyzg - T4 = 0*1 then ::(1)1.1:(1)2 ‘- '33(1)];1.1 = 1¥-101 where
2<bk<m—1.

5. In CA-TT._o(m) if Tk Tyn—b1 -+ T = 10F
then £(1)m-i2(L}meit1 - T(D)m = 1017 where 2 < k < m.

6. In CA~771_o(m) ifﬁc]a:g Tkl = 1"0 then m(l)la:(l)g - '1‘-’(1);;4.1 = 0"‘110 where
2<k<m.

7. In CA-T7._o(m) if z(1)ix(1)iy12(1)iy2 = 000 then T, Z;Tiy1Ti42Ti4a = 11111
wherel<i<m-—3.

8. In CA*??,_o(m) if z(l),—:r(l),—+lz(l),-+g = 111 then 3, 12,%;y 1243243 = 00000
wherel <i<m—2,

9. In CA-WD_g(m) 6(0111) =1m.

PRoOPOSITION 3.60. All fired points of CA-T7, _o(m) can be constructed without
redundancy as follows;

1. If 2185 - - %ma—q i3 a fized point of CA-TTa—_o(m — 2) then 2125 Tpy_201 is a
fized point of CA-T7,_o(m).

2. If 2123+ -Zm~3 is a fized point of CA-TTq_o(m — 3) then z 22+ -2 p_25011is @
fized point of CA-TT,_o(m).
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3. If 129+ -Tm—3 is a fired point of CA-TT,_p(m — 3) then 3172 Tm_2010 is @
fized point of CA-T7,_o(m).

4. Ifzyxa - -xm_y is a fized point of CA-TT,_o(m —4) then T,23 - T 20110 35 @
fized point of CA-T74_o(m).

Since rule 77 and its reverse rule are the same CA-77;_3;(m) and CA-77p_;:(m) are
isomorphic to CA-T7y_p(m) and CA-77,_o(m) respectively. So the following theorem
results from lemma 3.59 and prop. 3.60.

THEOREM 3.61. CA-T7._.(m) has fizred points only and for the number of those
fized points the following formula holds;

1{m) =nlm - 2) + 2yi(m — 3) + n1(m — 4).

The transient length of CA-T7,_o(m) is es follows;

The transient length of CA-TT,_z(m) i5 as follows;
m

#m) = [7].

3.26. CA with Rule 128

In this subsection we discuss behaviors of CA with rule 128. The symmetric, reverse
and symmetric reverse rule of rule 128 are rule 128, rule 254 and rule 254 respectively.
The following behaviors are found.

LEMMA 3.62. Let © be a configuration. Then the following hold;

1. The configuration T is a fired point of CA-128)_,(m) if and only if no 1 appears
in z. That i3, the configuration 0™ is 4 unique fized point of CA-128;_,(m).

. The configurations 1™ and 0™ are two fized poinis of CA-128,_,(m).
. In CA-128,_,(m) if 2(1); = 1 then 2,_12;%i4y = 111 where 1 €i < m.
. In CA-128,_,(m) if ;3,41 = 00 then z(1);2(1);41 = 00 where 0 < { < m.

. In CA-128)_y(m) if z(1}) = 1™ thenx = 1™.

™ W b W b

. In CA-IZS,._,.(m) Sf XiXit] " Tithtl & 01"“0 then x(l),‘m(l)‘-_l.] . ‘I(l)s‘+k+1 =
0017200, where 1< k<m and0<i<m~ k.

7. In CA-128,_1(m) if Tk Tm—ps1 - Tm = 01%
then (1) m—kT(Dm—p+1 - - 2(1)m = 00152, where 1 <k < m.

& In CA-1281_,(m) !f E1XT9 Byl = 1"0 then :5(1)1:!.'(1)2 L 'E(l)k+1 = Ik_IOO.
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9. Let 17 appear in x and i = max{ j | 17 appears in = }. Then in CA-128y_o(m}
i4+1
([~ =0"
10. Let 17 appear in & and i = max{ j | 17 appears in © }. Then in CA-128;_,(m}
z{i) = 0™
11. Let 13 appear in z and i = max{ j | 1’ appears in = }. In CA-128,_,(m) if
c# 1™ then

z(2) = 0™.
Since the symmetric rule of rule 128 is rule 128 CA-128;_;(m) and CA-128;_p(m) are

isomorphic. So the following theorem results from the above lemme.

THEOREM 3.63.
o CA-128,_o(m) has a unique fired point. And its transient length is as follows;

H(m) = ["‘T“] .

o CA-128,_z(m) has e unique fized point. And its transient length is m.
o OA-128,_;(m) has only 2 fized point, And its transient length ism — 1

3.27. CA with Rule 136

In this subsection we discuss behaviors of CA with rule 136. The symmetric, reverse
and symmetric reverse rule of rule 136 are rule 192, rule 238 and rule 252 respectively.
The following behaviors are found.

LEMMA 3.64. The following hold;
1. The configuration 0™ is a fized point of CA-136,_o(m).
2. The configuration 1™ is ¢ fized point of CA-136._1(m).

3. Let ¢ be an arbitrary configuration. Then in CA-136,_o(m)
(k) mkt16(k)m—ri2 - e(k)m = OF where 1 < k< m.

4. Let z be a configuration. Then in CA-136,_1(m) if Zm—iTm—it1 ‘" Tm = 01° then
:c(l)m_;a:(l)m_i.,.l .- 'I(l)m = 01' where 0 S % 5 m=-1.

By lemma 3.64 4 we can regard behaviors of the configuration = such that
Em—iTm_it1 -~ Zm = 01¢ in CA-136,_;(m) as behaviors of CA-1364o(m — i —1). So
the following theorem results from the above lemma.

THEOREM 3.65.
e CA-136,_p(m) has a unique fixed point. And it transient length s m.
s CA-136,_;{m) has m + 1 fized points. And its transient length tsm — 1.
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3.28. CA with Rule 138

In this subsection we discuss behaviors of CA with rule 138. The symmetric, reverse

and symmetric reverse rule of rule 138 are rule 208, rule 174 and rule 244 respectively.
The following behaviors are found.

LEMMA 3.686. Let ¢ be an arbitrary configuration and & o configuration. Then the

Jollowing hold;

L

2

3

10.

The configuration O™ is a fized point of CA-138, o(m).

In CA-138,_o(m) c(k)m—sr16(k}m—iyz - c(k}m = OF where 1 < k < m.

. The configuration 1™ is a fized point of CA-138y_3(m).

. In CA-138._;(m) no 101 gppears in c(1)1.

Let no 101 appear in xl. Then in CA-138;_;(m)
(k) m—t+1Z(E)m k2 (k) = 1% where 1 <k < m.

The configurations 1™ and 01™~! are two fized point of CA-138;_,(m}.

. In CA-138,_1(m) ifz(1) = 1™ thenz = 1™.

. In CA-138,_1(m) if 312 - - - ays = 1%0 then 2(1)12(L)z2 - - - 2(1)x = 1¥710 where

1<k<m-L.
In CA-138,_.(m) if z; = 0 then z(1); = 0.

In CA-138;_;(m) e(k)m—kt2¢(F)m—ita+ c(k)}m = 1*71 where 2 < k < m.

So the following thecrem resulis from the above lemma.

THEOREM 3.67.

o CA-138,_o(m) has a unique fired point. And its transient length is m.

o CA-1385_;(m) has a unigque fized point. And its iransient length is m + 1.

e CA-138;_;(m) has only 2 fized point. And its transient length is m.

3.29. CA with Rule 140

In this subsection we discuss behaviors of CA with rule 140. The symmetric, reverse

and symmetric reverse rule of rule 140 are rule 196, rule 206 and rule 220 respectively.
The following behaviors are found.

1

LEMMA 3.68. Let x be a configuration. Then the following hold;

The configuration x is e fixed point of CA-140._¢(m) if and only if no 11 appears
inz.
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2. In CA-140,_g(m) $f 2:2i41 - TipkTivkt1 = 01%0
then 2(1%2(1)ip1 -+ T(1itax(D)igas1 = 0157100 where 2 < k< mand 0 i <
m-k.

3. In CA-140;_p{m) #f 2123 - T Tpt1 = 140
then z(1)12(1)g -+ - (1) 121} 2(Lpey1 = 157100 where 1 € k < m.
{- In CA-lm,_o(m) if$(1)1$(1)¢+1 =11 then 2;2:41Ti+z = 111 where 0 € { € m—2.

5 In C’A—140,._1(m) l'fIm..,‘Im._,‘+1 rr By = 01“ then z(l)m_,:a:(l)m_g.l,l . ':L'(l)m =
01° where 0 <i<m—1.

PROPOSITION 3.69. All fired points of CA-140,_p(m) can be constructed without
redundancy as follows;

1. If 2122 - Tm—-1 15 a fizred point of CA-140,_o(m — 1) then 2122+ 25,10 is a
fized point of CA-140,_p(m).
2 Ifryag--&m g i o fized point of CA-140,_o{(m — 2) then z122---Tm-201 5 a
fized point of CA-140,_p(m).
By lemma 3.88 5 we can regard transition behaviors of the configurations # such that
Ton—ifme—it1 - Em = 01° in CA-140,1(m) as those of CA-140,_o(m —i — 1}. So the
following theorem resulis from lemma 3.68 and prop. 3.69.

THEOREM 3.70.

e CA-140y_o(m} has only fized points and for the number of those fized point the
following formule holds;
n(m) =vlm—1) + n(m - 2}
And its transient length is m — 1.
o CA-140,_o(m) has only fired point and for the number of those fized point the

following holds;
n(m) =y(m - 1) + y1(m - 2)

And its transient length is m.
e CA-1405_,(m) has only fized point and for the number of those fixed points the

Jollowning holds;
n(m)=2m(m—1) - n(m-3).
And its transient length iz m — 2.
o CA-140,.;(m) has only fized poini and for the number of those fized points ithe
Jollowing holds;
v (m) = 27i(m - 1) = v1(m - 3).
And its transient length i3 m — 1.
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3.30. CA with Rule 142

In this subsection we introduce behaviors of CA with rule 142. The symmetric,
reverse and symmetric reverse rule of rule 142 are rule 212, rule 142 and rule 212 re-
spectively. Inokuchi(1999) showed the following theorem.

THEOREM 3.71.

o CA-142,_.(m) has fized points only and for the number of those fized poinis the
following holds;

m-+3
2

m1{m}) = [“ .
And its transient length is m.

o CA-142,_x(m) has fived points only and for the number of those fized points the

Jollowing holds;
(m) = m+2
" = 2 .
And its transient length is m.

3.31. CA with Rule 160

In this subsection we discuss behaviors of CA with rule 160. The symmetric, reverse
and symmetric reverse rule of rule 160 are rule 160, rule 250 and rule 250 respectively.
The following behaviors are found.

LEMMA 3.72. Let ¢ be an arbitrary configuration and = e configuration. Then the
following hold;

1. The configuration 0™ i3 a fized point of CA-160,_,(m) and CA-160y_,(m).
2. The configurations 0™ and 1™ are two fived points of CA-1601_;(m).

3. The configuration ¢ is on a 2-cycle of CA-160;_,(m) if and only if neither 11 nor
00 appears in c.

4. In CA-180p_.(m) c(k)rc(k)2 - - - (k) = OF.

5. In CA-160,_o(m) c(k)m—ri16(k)m_pya - (k) = OF.
6. In CA-180,_y(m) if z(1) = 1™ thenz = 1™,

7. Let & # 0™. In CA-160,_1(m) the following hold;

o If i3y~ 3 = 0F then z(1);2(1)z - - 2(1 )41 = 0L,

L If Tit1&i42 Ty = Ok then I(l),‘.‘t(l),q.l . 'I(l)i-l—k-l-l = 0"‘”"2 where 1 S
i<m-—k-1.

o If Tm—k+1Tm—k42 Ty = 0% then E(l)m-kz(l)m—k+l - z2(l)m = OF+L
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Where2 < k<m— 1.

8. Let no 00 appear in x. In CA-160,_;(m) if z(1);z(1);31 = 00
then i (LT 41T = 0110 where 2 s 1 S m -2,

9. In CA-160,_1(m) if I(l){:ﬂ(l)i.{.] =11 then #3241 = 11 where L <1 <m—1.

10, In CA-lﬁOl_l(m) if TiTitl " " Titk+r = 01"0 then x(1)¢+1z(1).‘+3 . '33(1),'4.# =
01*20 where 1 <i<m-—-k—1land2<k<m -2

1. In CA-lﬁOl_l(m) ‘lf T1T " " Tgp41 = 1’:0 then 3:(1)11:(1)2 . '3‘!'[1)* = 1"“‘0 where
2€k€<m—-1

12. In CA-180;_,(m) if TpnpTmeikt1 - Tm = 01*
then £(1)m—pi12(Dm—ttz - 2(1)m =015"! where2 < k<m—1.

So the following theorem results from the above lemma.
THEOREM 3.73.
o CA-160,_,{m) has 2 fized points and a 2-cycle. And its transient length is m — 2.
o CA-160y_y(m) has a unique fived poini. And its transient length is as follows;
H(m) = {"‘T“] .
e CA-160,_z(m) has a unique fized point. And its transient length is m.

3.32. CA with Rule 162

In this subsection we discuss behaviors of CA with rule 162. The symmetric, reverse
and symmetric reverse rule of rule 162 are rule 176, rule 186 and rule 242 respectively.
The following behaviors are found.

LEMMA 3.74. Let ¢ be an arbitrary configuration and z a configuration. Then the
Jollowing hold;

1. The configuration 0™ is g fized point of CA-162,_¢(m)
2. The configuration 1™ is a fived point of CA-162,_,(m)

3. The configuration z is on a 3-cyele of CA-162,_3(m). if end only if neither 00
nor 11 appears in «.

4. In CA-162, _o(m) c{E)m_pi16lk)m_piz - c(k)m = 0% where1 L k< m.
5. In CA-162._(m) if (1) = 1™ then z = 1™.

6. In CA-162.,_1(m) lf Pm—i-j41Tm—i—j+2 " " Fm = (01):‘1.‘?
' then I(l)m_i_j:r(l)m_;,j+1 ror(1)en = (01);'4_21"’6_1 where l € 1 < m—2 and
1€j€m—i—1.
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7. In CA-162._1(m} f Tm—_i31Tm—is2 " Tm = (01)}
then z(1)m—iZ(m—it1---2(1)m = (01}}}, where1 <i<m—1.
8. In CA-162,_1(m) if £ = (01)} 1™ then z(1) = (10)],,1™ "1,
9. In CA-162,_(m) if z = (10)}1™" then z(1) = (01)F, 1™ L.
The following theorem results from the above lemma.

THEOREM 3.75.

o CA-162)_,(m) has a unigue fired point and o unigue 2-cycle. And its transient
length is m — 1.

s CA-1629_,(m) has o unique 2-cycle. And its transient length is m — 1.
e CA-162._o(m)} has a unigue fixed point. And ifs transient length ia m.

3.33. CA with Rule 168

In this subsection we discuss behaviors of CA with rule 168. The symmetric, reverse
and symmetric reverse rule of rule 168 are rule 224, rule 234 and rule 248 respectively.
The following behaviors are found.

LEMMA 3.76. Let ¢ be an arbitrary configuration. The following hold;
1. The configuration 0™ is a fized point of CA-168, _g{m).

2. The configuration ¢ is a fized point of CA-168;_1(m) if end only if no 10 appears
inc.

3. The configuration ¢ is a fized point of CA-168,_,(m) if and only if ¢ satisfies the
Jollowing conditions;

e No 10 eppears in c.
® e 3 01,
4. In CA-168,_o(m) c(k)m—tt1c(E}m—t42 - €(k)m = 0% where 1 < k < m.
5. In CA-168,_;(m) if 2(1);2(1)i41 = 10 then 2y 1254 = 10 where 1 < i < m ~ 2,

6. In CA-168,_;,(m) no 10 appears in c(k)m—kC(K)m—k+1 - (k) where 1 £ & <
m—1.

7. In CA-168,_,(m) ¢(m) e(m)s # OL.
The following, theorem results from the above lemma.
THEOREM 3.77.
o CA-168._o(m) has a unique fized point. And its transient length is m.
e CA-168;_1(m)} has m + 1 fired points. And its transient length is m — 1.
e CA-168,_1(m) has m fixed points. And ils fransient length is m.
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3.34. CA with Rule 170

In this subsection we discuss behaviors of CA with rule 170, The symmetric, reverse
and symmetric reverse rule of rule 170 are rule 240, rule 170 and rule 240 respectively.
The following behaviors are found.

LEMMA 3.78. Let ¢ be an grbitrary configuration. Then the following hold;
1. The configuration 0™ is a fized point of CA-170,_g(m).
2. The configuration 1™ is & fized point of CA-170,_1(m).
3 In CA-170, _o(m) e(k)m_-pi16(E)m-rtyz - - c(k)m = 0 where L < k< m.
4. In CA-170,.3(m) e(k)m-ss16(E)m—-trz -+ c(k)m = 1% where 1 < k < m.
So the following theorem results from the above lemma.
THEOREM 3.79. C4-170,_,(m) has o unique fized point. And its transient length

s m.

3.35. CA with Rule 178

In this subsection we discuss behaviors of CA with rule 178. The symmetric, reverse
and symmetric reverse rule of rule 178 are rule 178 each. The following behaviors are
found.

LEMMA 3.80. Lei ¢ be an arbitrary configuration and z o configuration. Then the
following hold;

1. The configuration O™ is a fized point of CA-1T8y_g(m).

2. The configuration x is on a 2-cycle of CA-178a_g(m) if and only if = satisfies the
following conditions;

# Neither 111 nor 000 eppears in Ocf.
e 1) # To.
Ty F T
3. In CA-178¢_o(m) if &{c} = 0™ thenc =0".

4 In CA-178g_,(m) if 2(1)im1 = #(1)i = 2(1)ia
then z;_ymixppq = 2(1)iq2(1);2(1)i4; where L < i< m.

5. In CA-1TBy_o(m) if Trn—kTpn—kt1 " Tm = 10F
then 2(1)m—pp12{Dm—trz - -Cm = 10! where l <k <m—1.

6. In CA-l?Sg_.(m) if EiBig1 - " Titpdl = 01%0 then :c(l),-+1:::{l),-+g o '3(1);‘.}& =
01¥ 20 where 2< k<mand0<i<m—k.
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7 In CA-].TED_*(m) i BiTipr o Tipktl = 10%1 then 3:(1)5_1.1:1:(1)54.2---3:(1).;4_# =
10°-%1 where2<k<m-1landl<i<m—k.

8. In CA-178y_.(m) if £123 -~ -2y = OFL then z{11x(L)z - - - 2(1)p = 0F~11 where
1<k<m.

9. In CA-1780_1 (m) if $m_k$m_g+1 v = Ulk
then 2()m—p118(Dm—ktz2{1)m = 015~ where 1 < k< m.

10. In CA-178y_.(m) e{1)1c(l); #11.
11. In CA-178,_o(m) e(1)m—1c(1)m # 11.

PROPOSITION 3.81. All #-cycles of CA-178y_g(m) can be constructed without re-
dundancy as follows;

1. Ifloszy -+ & and Oysys - - ym from a 2-cycle of CA-178y_p(m — 1)
then Olzgzy - - T, end 10Y3yy4 - - - Y Jorm o Z-cycle of CA-178y_z(m)

2 Iflxszy - 2y and Oysys - - ym form a 2-cycle of CA-178;_g(m — 2)
then Ollxyxs - - &, ond 100ysys - - - y¥m form a 2-cycle of CA-1785_g(m)

Since rule 178 and its reverse rule are the same CA-178;_;(m) and CA-178,_¢(m) are
isomorphic to CA-1784_p(m) and CA-178,_,{m) respectively. So the following theorem
results from lemma 3.80 and prop. 3.81.

THEOREM 3.82.

¢ CA-178,_,(m) has a unique fired point and 2-cycles, and for the number of those
2.cycles the following hold;

F2(m) = y2(m — 1) + 2(m — 2}.
And its transient length ts m — 2.

¢ CA-178,_5(m) haa only 2-cycles and for the number of those 2-cycles the following
holds;
Y2(m) = 12(m — 1) + 72(m — 2).

And its transient length ts m — 2.

3.36. CA with Rule 200

In this subsection we discuss behaviors of CA with rule 200. The symmetric, reverse
and symmetric reverse tule of rule 200 are rule 208, rule 236 and rule 236 respectively.
The following behaviors are found.

LemMa 3.83. The following hold;
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1. The configuration z is o fized point of CA-200,_3(m) if and only if no 010 appears
in azfl.

2. For any configuration ¢ in CA-200,. g(m) no 010 appears in ac(1)8.

PROPOSITION 3.84. All fized points of CA-2009_g(m) can be constructed without
redundancy by followings;

1. If 3z -+ - T, i o fized point of CA-200_g(m — 1), then OxsZ3 - - Tm is o fized
point of CA-2000_p(n).

2. If 3z, zy, is a fired point of CA-200p_g(m — 2), then 1123&4 -+ Trn 8 6 fized
point of CA-2000_g(m).

3. If xs2e - T i3 a fized point of CA-2000_g(m—4), then 111025%¢ -+ * T 3 & fized
point of CA-200_g(m).

PROPOSITION 3.85. All fized points of CA-200;_1(m) can be constructed without
redundancy by followings;

1. If zaz3 -+ Ty is 6 fized point of CA-200;_3(m — 1), then lxaxs -+ Tn 5 a fized
pomt Of CA-2001_1 (m).

2 IfTi1aTipq T is a fized point of C'A-200;_,(m—i—2}, then 0£11$§+3$§+4 cee T
is o fized point of CA-200;_;(m).

3. The configurations 0™ 211, 0™~'1 and 1™ are fived points of CA-200;_,(m)}.

Since rule 200 and its symmetric rule are the same, CA-2000_:{m} is isomorphic to
CA-200;_o(m). So the following theorem results from lemma 3.83, prop. 3.84 and prop.
3.85.

THEOREM 3.86, CA-200,_.(m) has fived points only and for the number of those
fized points the following formule holds;

nm)=mnm-H+nlm-2)+nim-—4.

And its transient length is 1.

3.37. CA with Rule 204

In this subsection we discuss behaviors of CA with rule 204. Rule 204 is the identity
transition function, that is, f(u,v,w) = v for any u,v,w € {0,1}. The symmeiric,
reverse and symmetric reverse rule of rule 204 are rule 204 each. So we get the following
theorem easily.

THEOREM 3.87. CA-204,_.(m) has 2™ fized points And its transient length is 0.
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3.38. CA with Rule 232

In this subsection we discuss behaviors of CA with rule 232. The symmetric, reverse

and symmetric reverse rule of rule 232 are rule 232 each. The following behaviors are
found.

LEMMA 3.88. Let ¢ be an arbitrary configuration and = a configuration. Then the

following hold;

1.

10,

11.

The configuration = i3 & fized point of CA-232,_s(m) if and only f neither 010
nor 101 appears in azs.

. In CA-232,_,(m) if z; = iy, then 2(1); = 2(1)i41 = &; where 0 <i < m.
. In CA-2325_.(m) c(1)1c(1)z # 10.

. In CA-232, _o(m) c(1)m—16(1)ym # O1.

. In CA-232y_.(m) c(1)1e(1)y # OL.

. In CA-232,_y(m) ¢(1)m-16(1}y # 10.

. In CA-232,_,(m) if I(l)‘-_lm(l)im(l)i+1 =010 then 2, 2% 122,41 Ti+2 = 01010

where2<i<m-—1.

. In CA-232,._,(m) lf 1(1)1;_131(1),‘50(1),;4.] = 101 then LT i1 Tiy2 = 10101

where2 <i<m—1.

In CA-232._.(m) f Zixiyr - Tigy = (10)7,, then T(1)ip12(Digz - 2()ip5-1 =
(10)I_, wherei>0,j22andi+j<m+1.

In 0A-232.ﬁ.(m) if TiLig1 " Tifps = (01);4,1 then x(l),—.,_lm(l),-.;.g " '33(1);'4.1'_1 =
(01);_; wherei>0,j>2andi+j<m+1.

In CA-2329_p(m) neither 010 nor 101 appears in Oc([ZH])5.

PROPOSITION 3.89. All fized points of CA-232,_s(m) can be constructed without

redundancy as follows;

1.

If the configuration €323 --- T, is a fized point of CA-232¢_g(m — 1), then the
configuration 0zaTy - - - Ty 8 & fized point of CA-2325_z(m)

. If the configuration ziy1Ziy2 - Tm is a fized point of CA-232¢_g(m — i), then

the configuration 1'~200%; 11212 Trm 18 a fived point of CA-232y.5(m) where
4 <t <m—1.

. The configurations 1™ and 1™ 200 are fired points of CA-232y_g(m).

. The configuration 1™10 is a fized point of CA-2325_y(m).
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Since rule 232 and its reverse rule are the same CA-232;_o{m) and CA-232,_,(m) are
isomorphic to CA-232;_; (m) and CA-232,_o¢(m) respectively. So the following theorem
results from lemma 3.88 and prop. 3.89,

THEOREM 3.90. CA-232,_.(m) has only fired points and for the number of those
fized points the following formule holds;

Ti(m) = 2y1(m — 1) — y1(m — 2} + . {m — 4).

The transient length of CA-232,_,(m) is as follows;
m+ 1
Him) = | ———
m = =5,
and that of CA-232,_z(m) is as follows;

= 3]

4. Conclusion

In this paper we investigated behaviors of each 1-D finite cellular automata with
threshold triplet local transition rules of fixed boundary conditions. We got two main
resulis; One is that period lengths of limit cycles are bounded by 4 (theorem 3.1}, and
the other is that transient lengths sre bounded by 3 % (eell-size) — 4 (theorem 3.2).

There are some future works. The first is to investigate another 1-D cellular au-
tomata with triplet local transition rules and make a database of behaviors of cellular
automata. The second is to apply the results to analysing cellular automata with an-
other structure. The last is to analyze cellular automata closely, for example, to decide
transition diagrams,
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