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Abstract

In the paper we consider a wide class of shortest path problems where
the length of a path is defined through various associative binary op-
erations. Solving a system of two interrelated recursive eguations, we
simultaneously find both shortest and longest path lengths. We show
the existence and unigueness of the solution of the system. Further, we
propose an algorithm which solves the class of shortest path problems.

1. Introduction

In the so-called shortest path problem, the objective is to find a path of minimum
length from an origin node 1 to a destination node N in a network G(V, A); V and A are
finite sets of nodes numbered 1,2,..., N and of directed arcs, respectively. With each
arc (i, ) € A an arc length (or cost, ...} t;; is associated. Many authors have studied
the problem in which the length of a path is the sum of its arc lengths (Dreyfus (1969),
Bellman, Esogbue and Nabeshima (1982)): additive problem. They solved the additive
problem by using the recursive equation

= H - 1R 9 \ =4Q, 1.1
f jgg?i)[tﬂrf;] t#N, fn=0 (1.1)
where

f,;:m};m[t,;j+tjk+---+tmy], p={ijk....,mN), D@)={7€V]|(ij) €A}

Since the addition + satisfies the monotonicity condition (nondecreasingness with re-
spect to the second variable) on R!, the recursive equation (1.1) holds even if ¢;; may
be negative.

Some authors considered the problem where the length of a path is the multiplica-
tion of its arc lengths (Iwamoto (1987), Smith (1991), Sniedovich(1992)): multiplicative
problem. They have solved the multiplicative problem under the restriction that each
arc length takes the nonnegative value (¢;; > 0}. Since the restriction implies the mono-
tonicity in the operation o = x, the multiplicative problem can be also solved by the
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single recursive equation
; = min [t; x f;], 1 #N, - =1. 1.2
f: ie “)[ ij f}] : f.'\ ( )

where
f, = mpin[t,-j X t}'k oo X tmN], P= (i,j,k, .m,N)

But for the case some ¢,; < 0, the equation (1.2) does not necessarily hold (see Remark
in Section 2). Recently, [wamoto {1993) has proposed bynamic programming which
contains the multiplicative programming and the multiplicatively additive one. So,
through the bynamic programming, Maruyama (1996) has solved the multiplicatively
additive shortest path problem, where a pair of arc length and discount rate is associated
with each arc. The shortest path problem involves the multiplicative shortest path
problem with a negative arc length as a spejal case. However, these papers (Iwamoto
{1993), Maruyama (1996)) treated only the optimization problems for objective functions
with the multiplicatively additive value and the multiplicative one.

In this paper, we consider a wide class of shortest path problems (called associative
shortest path problem (ASP)} } with the length

lijotjpo---otmn, (13]

for a path p= (i, j.k,...,m,N) where o : Rx R — R is an associative binary operation:
(toy)oz=uxo0(yoz). The problem (ASP) includes not only the multiplicative prob-
lem with a negative arc length but also many other problems, for example, maximum
problem, multiplicative-additive problem, fractional problem and so on, which were not
studied in Iwamoto (1993} or Maruyama {1996). On the other hand, Frieze (1977} con-
sidered a wider class of shortest path problems where path length is defined as a real
valued function defined on paths; the class contains the additive problem, the maximum
problem and problem with time dependent arc lengths. Under certain monotonicity
condition, the class of problems was solved by using some single recursive equation.
Further, in Maruvama (1997), we derived a necessary and sufficient condition for the
associative shortest path problem (ASP) to admit the single recursive equation

fi= min [tio fil, i#N, fx=R(e), (1.4)

JED{H)
where
fi= mgn[tfj otk 00 EyN]

and R(o) is a right identity: 2 0 R(¢) = ¢ Va € 5 and solved the problem {ASP) by
the Ford’s procedure under the necessary and sufficient condition; of course, {1.4) does
not hold for {ASP) which does not satisfy the condition, (see Remark and Examples in
Section 2).

In the present paper, we will solve the problem (ASP) without the monotenicity
conditions but with a more generalized monotonicity (bitonicity) on the associative op-
eration o. We derive a system of two interrelated recursive equations in place of (1.4);
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the system holds for the problem which does not admit the single recursive equation
(1.4). that is, the problem excluded in Maruyama (1997). Solving the system. we find
both shortest and longest path lengths. Though this approach is also based on by-
namic programming, it is different from one in Maruyama {1996). Using an algebraic
structure (semigroup} with bitonicity with respect to the binary operations, we give a
bynamic programming formulaion for the wide class of problems; however, in Maruyama
{1996), the formulation was obtained only for the specific case (multiplicatively additive
problem).

In Section 2, we discuss the uniqueness of a system of two recursive equations in
the problem (ASP). Furthermore, we give several examples of the problem {ASP): max-
imum problem, multiplicative problem, multiplicative-additive problem and two types
of fractional problems. It is shown that the maximum problem can be solved through
the single recursive equation {1.4). On the other hand, the multiplicative problem with
negative arc lengths, the multiplicative-additive problem and the fractional problems
admit a system of two recursive equations but, in general, not the single one.

In Secticn 3, we present an algorithm (bidecision algorithm) which solves the prob-
lem (ASP) with the bitonicity conditions; the algorithm is applicable to the problem
which can not be solved by the Ford's procedure. Moreover, we investigate the com-
plexity of the algorithm for each type of problem.

2. Existence and Unigueness

In this section we derive a system of interrelated recursive equations through by-
namic programming (Iwamoto {1993)). Moreover we show the existence and uniqueness
of the solution to the system, which was proved by Bellman, Esogbue and Nabeshima
(1982} for the additive problem (for the multiplicative problem, see Maruyama (1996)).

Throughout this paper we assnme the following:

{HO) network G{V, A) contains no cycles;
(H1) each t;; belongs to a nonempty set § C R, where (5, ¢) is a semigroup:
o:8 x §— § is an associative aperation;
(H2) there exists an element RB(c) € 3, called a right identity:
ao R(o}=a Va€ S,
(H3) the associative operation o : § x § — 5 satisfies bitonicity:
{a} § is the disjoint union of A%, A~ : §=A" + 47,
() a € At a1,a2 € S,a1 < a2 = aoa <aoay,
(c)ae A7 a;,92 € S,a) <ap = aoa; Zaoday.

To solve the original problem {ASP):
min[tli © tij Q---0 tmN]t rP= (1‘ i}j! ey TR, ‘?v)-.
)

we imbed it into the following family of problems of finding both the shortest and longest
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path from i(# V) to N :
fi= mgﬂ[fu ot;p 0 olny).
E =X-I:x[tijotjko-—-otmh-], i#N,

fx = Fx = R(0),

where p is a path from ¢ to N :
r={ink.....,m N).
Then we have a system of two interrelated recursive equations.
THEOREM 2.1. Under the assumptions (HO) ~ (H3), it holds that

fi= erg1+n( [tiyo fi] A Ergm [ty 0 F],

F, = Max [tU o F}] V Max [i,‘,J ofil, i#N,

JED+(
v = Fn = R(0),
where
D*(i) = {jeD(i)|t; €At}
D7) = {j € IX3) | t; € A7}

Proor. It suffices to show only (2.4). Similarly, (2.5) is proved.
Let ¢(# N) be given but arbitrary. Put

tiiofilA ti;oFl =g;.
jHin o fiin min lti;oFjl=g

Moreover, suppose that there exists a path (i, 7, k,. ... n, N) satisfying that

g1->t‘-jotjko---otﬂN.

If t;; € A*, then
tiofi2 min [t;o f] 2 g

From this and {2.7), it follows that
tiofiz>totipo- oty

From (H3), we have
fi>tipo--otun,

which contradicts the definition of f;. Similarly, in case t;; € A™, we obtain

F; <tjpo---otuy,

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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which contradicts the definition of F;. Consequently. we see that
g £ mpin[tu otjpor-o fn.’\'] = fi. (2.9)

Oun the other hand, the reverse inequality to (2.9) follows from the definitions of
¢, fi and Fj.

Solving two recursive equations (2.4), (2.5) with {2.6}, simultaneously we find both
shortest and longest path lengths from i(# N} to N. In this sense we can also refer
to the problem (ASP) solved by using (2.4), (2.5), (2.6) as the associative shortest and
longest path problem.

From Theorem 2.1, we see that {f;, F;|i = 1,2,..., N} defined by {2.1}, (2.2), {2.3)
is one solution of the system of eqgs. (2.4}, {2.5) with (2.6). Hence the existence of the
solution of the system has already been proved. Next we will show the uniqueness of
the solution of the system.

Since the following lemma is proved in Maruyama (1996}, we omit the proof.

LEMMA 2.'2. Let {.I:j}f,-\;l,{yj}?-:l, {"j}?’:lr{vi}??:l CR, andputa= /\j\;l T;,b=

Aj-":l Y, = V:?;l uj,d = V}il v;. Then there exists an index j € {1,2,..., N} such that
la =V |c—d| £ |z; — wyl, {2.10)
where
zj—wj =mj'_yj or ’h‘;j-‘ﬂj.

THEOREM 2.3 (UNIQUENESS). The system of egs. {2.4), (2.5) with (2.6) possesses
a unique solution,

ProOF. We suppose that {f;, Fi|i = 1,2,..., N}, {g:.Gili = 1,2,..., N} are two
solutions of the system of egs. (2.4), (2.5) with (2.6). Let i be an arbitrary but fixed
node of ¥V and put

e[ el HiEDY. _f tyeq  ijeDH),
7T ko ;. ijeD(d), I bj0G,  ifje D),

{ tijoFy  if j € DY(d), { ti oG if j € DY{i),
uj = ep PN Uj = ey - —_
tijof; if j € D—(3), ti;09; if j € D(3).
Then from Lemma 2.2, it follows that there exists § € I{<) such that (z,7) € 4 and
[fi = gil V|Fi ~ Gy £ |z — wy, {2.11)

where z; —w; =t;; 0 f; —t;;0g;,0r t;;0F;, —t;;0G,.
Since
|Zj - w}-] < |t{j o fj - tiJ, Ogjl 1 |t{j O_F}- — tij OGjl,

it follows from (2.11) that

'f,‘ - Q'il v |F‘ - G,l < |t£j ij‘ —t"j Ogjl vV itg'j OFJ' —f,;j OGjl' (212)
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Let i € ¥ he an arbitrary node. Then we consider the following algorithm:
Initialize Set i = ig(# N). Go to step 1.
Stepl. Find j € D{7) s.t,

|fi— gi| V|E:i = Gi| € |ti;0f; —ti;0g;( VI, 0F, -t 0G|

Go to step 2.

Step2. If j = N, then stop; we obtain f; = ¢;, F; = G;. Else go to step 3.

Stepd. Seti=j. Go tostep 1.

Since G(V, A) contains no cycles, 7 = N for a finite number of repetition. Hence
we conclude that

fie = @i, Fig = G-
Moreover
fv =gn = Fx =Gx = R(o)}.

Consequently, the two solutions are in fact identical.

Through the equations (2.4). {2.5) with (2.6), we can define the minimum decision
function 7« and the maximum decision function o as follows:

#(¢) = the node j € V which attains the minimum of r.h.s. of {2.4),

o(i) = the node j € V which attains the maximum of r.hs. of (2.5).

Hence both optimal decision functions «(-) and (-) generate both a shortest path
(i,},k,l,...,rh,ﬁ,N);é = N and a longest path (¢, 7%, k*,0*,...,m*",n*, N);6" = N as
follows:

- N x(j), ifje D*(),

= k= . .

e s bdts
[ 7(k), ifkeDH).k=n(3),
o(k), ifkeD*(j)k=0(j),
ok), ifkeD (j)k==(3), 7
n{k), ifkc D (5).k=0{(s}

s,
i
o
>

(w{d), ifRe DY(h), A =x{m),
N = | a(#), if e DF(m),h=0o(m),
- a{n), if 7€ D (m),n=x(m),
\ m(R), if e D (m),h=a(m),
and
Ly e [ eli). i e DY),
¥, - 0(3)! k - { ﬂ(j-_z), i.f jna c D_(E)..

o(k®), ifk* € DH(j), k" =o(j*),
o 7(k*), ik € DY (5*) k" = a{3*),

x(k*), itk € D)k = o(j*),

a(k*). if k"€ D™(5%),k* = n(j*),
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a{n*), ifrn" €Dt (m*).n" =o(m")
N = a(n*), ifn €Dt m*),n" =n(m")
T m(n*), ifn" €D (m*).n* =c(m")
e{n*), ifn* €D {(m'),n" =n(m*)

Now we derive the svstem of two recursive equations for each type of problem.

ExaMPLE 2.4 (MAXIMUM PROBLEM}. Let us cousider the case o = v. Take § =
[a.8]. Then, since D=(i) = @, D*(i) = D(i), the system of eqs. (2.4}, (2.5) with (2.6} is

.= min [ty V fi 213
f jénéﬁ;[ 5V fil, (2.13)
F, = Max [t;; v F3}, i # N, 2.14

ng’[JE)[ i J] iF ( )
fnv =Fn =a=R(e). (2.15)

In this case, two optimal value functions f;, F; are quite separate. Therefore, in this
problem it suffices to solve the single recursive equation (2.13) or (2.14) with (2.15) as
well as in the additive problem and in the multiplicative problem with nonnegative arc
lengths. I

The maximum problem has the following practical meaning: The traveller whose
heart is weak wants to go to the destination. Unfortunately, he must walk up an uphill
road. Se, in order to lighten a burden on his heart, he will select a gentler slope rather
than a shorter road. For example, the traveller wants to go from the starting point 1
to the terminal point N, where roads are uphill all the way. With each arc (i,j), a
real number t;; = %‘- is associated, where a;; denotes the angle of elevation of § from
i. Then, the number #;; is considered to be a degree of steepness of a slope. In this
problem, it is absolutely appropriate that the length (measure) of a road p from 1 to N
is defined by

tlgvtijV”'VtmN, p:(l,i,j,...,m,N)

and the traveller’s objective is to find a path from 1 to /N which has a minimam length.

REMARK. As can be seen from Example 2.4, if the associative operation o is mono-
tone on § :

<Ry> a,bc€S b<ec=acb<Laoc

then, the single recursive equation (1.4) holds for the problem (ASP) because 5§ =
AT, D*(i) = D(i). However, the monotonicity condition < Rj > is not a necessary and
sufficient one for the problem (ASP) to admit the recursive equation; it is a sufficient
condition. In fact, we have the following example. Let us consider the multiplicative
shortest path problem (ach = ab) on a network given in Fig. 1. Since there exist negative
arcs (tgg = —2, ty4 = —1), in this problem the operation o = x is not monotone. But we
can verify that the single recursive equation (1.2} holds for the problem. In Maruyama
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Figure 1: Multiplicative shortest path problem aob = ab

(1997) it was shown that the problem (ASP) admits the single recursive equation (1.4)
if and only if (ASP) satisfies the condition:

<Ry > mEi’I(IJ[t,-j of;] € min{t;;oala € A;} Vi€ D(i), Vi# N,
Jel(s

where
Ay ={tjpo--otnun | (4% ...,m,N): path}

for j # N and Ay = {R(¢)}. The multiplicative problem stated above is sure to satisfy
the condition < R; > . In fact, it is clear that

n’gl(l_)[t,;j x f51 = min{t,, x ala € A;} for all j € D{i), i=2,3,4.
JELH

Moreover, since 45 = {—6,—35,4}, f; = —6, it holds that

'en}?iaﬁ)[tlj x f;] =2 x (—6) = —12 = min{-12, —10, 8} = min{¢,2 x ala € 4,}.
i

On the other hand. replacing only the arc length ;> with —2 in Fig.1, we see that
the multiplicative problem does not satisfy < R; >: hence the problem does not admit
the single recursive equation. For this problem, the system of recursive equations

fi= uinfts x S1A s = F, @15)
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fall

F?' = %}%[tu x FJ] v ;\U[i)é[t,j x fj] i -',l‘-' A (21?)

fx=Fx=1=R(x) (2.18)

holds. In fact. the case ¢ # 1 is clear. Further, we have
h=-8=tuxE, Fil=12=§Xf.

The above system, which was given in Maruyama (1996), is also derived from {2.4), (2.5)
with (2.6) since t;; € R = § and At = [0, +00), 47 = (—00c,0).

It is noted that by using the system of two recursive equations (2.4), {2.5) with
(2.6), we can solve not only the multiplicative problem with negative arcs but also other
associative problems which do not satisfy < R, > as far as we are concerned with the
problems satisfying the bitonicity condition (H3), (see Examples 2.5~2.7).

ExXaMPLE 2.5 (MULTIPLICATIVE-ADDITIVE PROBLEM). Let us consider the prob-
lem in which aeb=a+b—aband {;; € R = 5. For example, we consider the problem
on a network given in Fig.2. Since

Figure 2: Multiplicative-additive problem aob=a+b—ab

1 1 1 5 7
- -0 - — =1A-=-A—-=1.
2 (104)/\(30404)/\(303) A2A3 1,
7
f3 = 1/\(—2)/\%/\2:—2,

we have

gg? }[tlefJ-] =min{301,40(-2)} =1 > -2 = min{1, -2, —%} = min{#;pcala € 42}
JED(

Hence this problem does not satisfv the condition < Ry >, which implies that it does
not admit the single recursive equation.
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On the other hand. since the operation o satisfies the bitonicity for § (47 =

(—2<.1]. A7 ={1,+]) we can solve the problem by using the syvstem of egs.
fi= miplty + f; =t ol A minlty + F5 - 85 55), (2.19)
Fy = Maxlt;; + F; — t,, F5] v Maxfts; + f; — ti;fj], fori# X, (2.20)
fn=Fn =0 (2.21)

this system will be solved in Example 3.2.

EXAMPLE 2.6 (FRACTIONAL PROBLEM I}. Let us consider the case e o b = (o +
b)/(1 + ab) and § = [0, +o0). For example, we consider the problem on a network given
in Fig.3. In the same way as in Example 2.5, we have

Sl

Figure 3: Fractional problem I ecb= 1"*”

9
Jéfbl?i][tlj =] fJ] =1 ﬁ = m1n{t12 =] GEG € AQ},

which implies that this problem does not admit the single recursive equation.
But, since the operation o satisfies the bitonicity for § (A+ = [0,1), A~ = [1, +o0]),
we can solve the problem by using the system of eqs.

= . tij+fj . tij-|-F:i-
% ﬂ<tu<1 [1 ~+—thJ] Atl:?%:n]_ [1 + ;55| (2.22)
_ tii"‘F' ij +f; . .
=0, [1+t.JF] v ey [1+t,}fJ i# N (2.23)
Ji = Fn =0€0.+0); (2.24)

this system will be solved in Fxample 3.3.
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EXAMPLE 2.7 (FRACTIONAL PROBLEM II). Let us consider the case aob = ab/{1+
(1 - a)(1 =5)) and § = (—20.1]. For example, we are concerned with the problem on a
network given in Fig.4. Since we have

Figure 4: Fractional problem Il acb= —lm

2 1
in [ty 0 fi] = -— > —= = min{¢ A},
Jmin (e fil = =55 > —z =min{tiz o ala € 4}
this problem can not be also solved by the single recursive equation. However, since
the operation o satisfies the bitonicity for § (AT = {0,1], A~ = (—o¢,0]), the problem
admits the system of eqs.

fi= i, [1 +(1 —tiivgu - ff)]
o [T (228)
Fi= Max, [1 (1 —ttji(l - F;,—)]
slmrtay) 2w em
fv = Fy = 1€ (o0, 1]; (2.27)

this svstem will be solved in Example 3.4.

REMARK. Each of the operations aocbd = a x b, acb = ab/(1+ (1 — a}(1 — b))
is called triangular norm (t-norm), when a, b € [0,1]. On the other hand, each of the
operations aob=a+b—ab, acb = (a+ b)/(1 +ab} is known as triangular conorm
(t-conorm), when a, b € [0, 1] (see Butnariu and Klement (1993)).



158 Y AARTYAMA

3. Bidecision Algorithm

In this section we constitute an algorithm which solves the associative shortest
and longest path problem {ASP). We generate a sequence {(fz-[k).FfHHi eV} k=
0,1,2,.... which converges to the solution {(f;. F;)|i € 1"} of the system of eqs. {2.4),
{2.3) with (2.6). The desired minimal and maximal path lengths form one solution of the
system. Moreover, the uniqueness of the solution of the system was shown in Theorem
2.3. Therefore, using the sequence which converges to the solution, we can find the
desired minimal and maximal path lengths.

Bidecision algorithm

Step 1. Initialization. Set

,“”:jgﬂ}t,;,-, i=1,2,...,N-1, fi¥=R(o), (3.1)
}?,.“’):jméaﬁ}tﬁ, i=1,2,...,N-1, F{ =R(o). (3.2)

Step 2. Iteration. Set

o [ k) [ plEe1)
f= ;e [t” ° Ji ] A jeD (i) [t” ° ] ’ (3:3)
A= g oo B M e ) e 00
FB = FE = R(o). (3.5)

Step 3. Stopping rule. If
f.{k] = f‘(k_” F{kl = F-{k_l}. i=1.2 ... N
then stop. Otherwise, set k = & + 1 and go to step 2,

THEOREM 3.1. The bidecision algorithm terminates in at most N — 1 iterations.
Then we obtain the solution of the system of egs. (2.4), (2.5) with (2.6).

ProGF. Let ¢+ # N be a given but arbitrary node. Then from (3.3}, (3.4) and
Lemma 2.2, it follows that there exists 7 € D{#) satisfring that

N-1 N-2 N-1 N-z
D e I
N- N-— N-— N—
S |tij0f‘1(- 2]*—"&)'0)‘} 3)|V|t§j0F_} zi—t,‘jOF} 3]|.
Hence, in the same way as in the proof of Theorem 2.3, we obtain

fi(N_l) — fi{N_2)1 Fi(f\f_l) — F:,'(N_g); i= 1’21_ __:hr _ 1! (36)

Furthermore, )
FNY = V=2 Nl o N2 (3.7)
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Therefore, the bidecision algorithm terminates in at most ¥ — 1 iterations.
Aloreover, from (3.3), (3.4), (3.6) and (3.7) we have

AN = min o £ min 0 BT
= JE%LH [t,Jof{\ 1)]/\jErE}n [t”oF(N 1}]
FV-1 = Jé\jge}_.}{c )[tUoF“’ 2‘)]V NIa.x [tuof{N )
= J;\,Jiﬁa(;ﬂ[tqu” ”]VJ;\éaJ(:‘)[tUofm vy,
V-0 = FN Y = Ro).

Consequently, {(f}N"”, Ft-w_”]ﬁ € V'} is the solution of the system of eqs. (2.4), (2.5)
with (2.6).

REMARK. Meanings of fi(k}, F;k) generated above are as follows:

ffk) = the length (1.3) of the shortest path from node ¢ to reachable node or to N

when k 4 1 or fewer arcs are used, respectively.

F:k} = the length (1.3) of the longest path from node 7 to reachable node or to N

. when k + 1 or fewer arcs are used, respectively,

i=12,....N-1
Since these can be proved in the same way in remark 3 of Maruyama (1996), we omit
the demonstration.

Let
a*)(i) = the node j € V which attains the minimum

of r.hs. of (3.3), (3.8) -
o'*){i) = the node j € V which attains the maximum
of r.hs. of (3.4). (3.9)

Then in the same method as in Section 2 both optimal decision functions x(¥)(-)
and 6‘%)(-) generate both the shortest and the longest path from node i to reachable
node or N when k + 1 or fewer arcs used, respectively.

REMARK. In order to solve the problem (ASP) which admits the single recursive
equation {1.4), we can use the following algorithm (Ford’s Algorithm):
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Step 1. Initialization. Set

(D)

1

= min t;;, i=1,2,....N=1. 27 = R{o). 3.10
Jmin ty, , ‘ . f {o) (3.10}

Step 2. Iteration. Set

k . k— . , k
£ = min [t,-j o f! ”] L i#£ N, 9= R). (3.11)

Step 3. Stopping rule. If

1O = p-1 o2, N,

2

then stop. Otherwise, set ¥ =k + 1 and go to step 2.

REMARK. Let us compute the number of operations required by the bidecision
algorithm for each type of problem.

The maximum problem can be solved hy the Ford’s algorithm. So, each iteration
of the algorithm requires (N — 1)? maximization (v) and (N — 1){N — 2) comparisons.
Since N — 1 iterations are required, for all iterations 2I¥3 — 7N? 4+ 8N — 3 operations
are required; the number of operations is the same as that in the additive problem.

In the multiplicative problem, each iteration of the bidecision algorithm requires
2(N —1)? multiplications and 2(N — 1)(N — 2) comparisons. Since N — 1 iterations are
required, for all iterations 4N3 — 14N? + 16V — 6 operations are required; the number
is two times that in the additive problem.

In the multiplicative-additive problem, each iteration of the bidecision algorithm
requires 6(/N —1)2 operations (2(N —1)? additions, 2(N —1)? subtractions and 2({N —1)2
multiplications) and 2{¥ —1)(N —2) comparisons. Since N —1 iterations are required, for
all iterations 8N° —26 N2 428N — 10 operations are required; the number is approximately
four times that in the additive problem.

In the fractional problem I, each iteration of the bidecision algorithm requires 8(N -
1)? operations (4(N — 1)? additions, 2(N — 1)? multiplications and 2(N — 1)? fractions)
and 2(N — 1)(N — 2) coimparisons. Since N — 1 iterations are required, for all iterations
10N® —32N? + 34N — 12 operations are required; the number is approximately five times
that in the additive problem.

In the fractional problem II, each iteration of the bidecision algorithm requires
12{N — 1)? operations (2(N — 1)? additions, 4(N — 1)? multiplications and 4(N — 1)?
subtractions and 2(N — 1)? fractions} and 2(N — 1}(N — 2) comparisons. Since NV — 1
iterations are required, for all iterations 14N —44N? 446 N — 16 operations are required;
the number is approximately seven times that in the additive problem.

Consequently, in all problems above, we obtain the running time of O(N?) for all
iterations.



161

Associative shortest and longest path problems

ExanmPLE 3.2. We reconsider the multiplicative-additive problem {ecb=a + b —
ab) on a network given in Fig.2. By applving the bidecision algorithm, the sequence
{(f!.”"), Fi(k))}, k =10,1.2,... can be computed successively as shown in Table 1. From
this table, we can see that the shortest path length and the longest one from 1 to 6 are
—12 and 10, respectively. The pairs of the node 7'¥)(¢) and the node e®)(i} which are
defined by (3.8) and (3.9), respectively are given in Table 2. Using the optimal decision
functions 7*}(-), ¢{*!(), we can find the shortest path (1,3, 5,4,6) and the longest path
{1,3,4,6), simultaneously. We remark that since this problem does not admit the single
recursive equation, it can not be solved by the Ford's algorithm.

Table 1: Sequence in the multiplicative-additive problem (2 ob =a + b — ab)

Node | (FPLFE) [, F) TP 7P [ B FE) TP FYy = (7, F)
1 (3,4) (-2,%) (-11,2) (—12,10) -1 10)
2 (3,1) 3.5 (1,3 (1.5) (1,%)
3 (3:2) (4.5) (-2,%) (-2,4 (-2, 5
4 (4,4) (4,4) (4,4) (4,4) (4,4)
S (%53) {3! %) (3$ 14_3 (3! 143 (3! 14_3)
6 (0,0) {0,0) (0,0) (0,0} {0,0)

Table 2: Sequence of optimal decision function in the multiplicative-additive problem

Node | (#*11(3), (@) | (x'P(3), 6 ()} | (x®)(),a®)(a)) | (r'9(5), 6™ ()
1 (3,3) (3,2) (3,3) (3,3)
2 (5,3) {4,5) (4,5) {4,5)
3 (4.5) {4,3) (4,5) (4,5)
4 {6,6) (6, 6) (6,6) (6,86)
5 (6,4) (6,4) (6,4) (6,4)

ExAMPLE 3.3. Let us reconsider the fractional problem I (aob = (a + b)/(1+ ab))
on a network given in Fig.3. Since this problem does not admit the single recursive
equation, we must use the bidecision algorithm. The sequence {( ffk),ﬂ-(k})} can be
computed successively as shown in Table 3. From Table 4, we can find the shortest
paths (1,3,5,6),{(1,2,5,6) and the longest path (1, 3,4,6) whose lengths are % and %,
respectively.
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Table 3: Sequence in the fractional problem [ (g 0 b = (a + b)/{1 + ab))
Node | (7 F™y [V EY [ (A7 ) [ B [ (A R = (4 F)
1 (2,3) (3.3) ({7 18) (3. 13) (5 13)
2 | @y | &D | o | an (1 5)
3 (3:3) (3.3 (2. 4) (32 (3.5)
4 (2,2) (2,2) (2.2) (2,2) (2.2)
5 (3:4) (3.4) (£.4) (%4 (£:4)
6 (0,0) (0,0) (0.0) (0,0) (0,0)
Table 4: Sequence of optimal decision function in the fracrional problem 1
Node | (n'1(i), o'V (i)) TG, a6 (=B (), ™)) | (=0(6), a®(2))
1 (3,2),(3,3) (2,2),(2,3}(3,2),(3,3) (2,3),(3,3) {2,3}(3,3)
2 {5,5) {4,5) (4,35) (4.3)
3 (3,5) (4,5) (4,5) (4,5)
4 (6,6) (6,6) (6,6) (6,6)
5 {4,6) {4,6) (4,6) (4,6)

EXAMPLE 3.4. We review the fractional problem II (acb = eb/(1+(1 —a}{1—8)))
on a network given in Fig.4. The single recursive equation does not hold for this problem;
hence we can not use the Ford’s algorithm. So, by applying the bidecision algorithm, we

can compute the sequence {(f;

(k)

-{k})} successively as shown in Table 5. From Table

6, we can find both the shortest path (1,3,2,5,6) and the longest path {1,3,4,6) whose
lengths are —1 and 3%, respectively.

Table 5: Sequence in the fractional problem II (@ o b = ab/(1 + {1 —a)(1 — b)))

Node | (£, F7) | (7, £ | G0 ) [ F) LAY BT = (R
L Gap) L Cpd) | Cep) | Cow (—1-3)
2 (_35_2) (—%91_6_3) (‘%s%} (_ga%) (‘%%)
3| GLy) | Com) | Chim | R (=417
$) G | e | Ga) | (5 (5:3)
5| (=23 | (28 | GaE) | ) (=2.55).
6 (1,1) (1,1) (1,1) (1,1) (1,1)
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Table 6: Sequence of optimal decision function in the fractional problem II

Node | GIO0,000) [ 0000 [ O0.000) | 7 V6).000)

1 (3.3) (2.3) (3.3) (3,3)

2 (4,5) (4,5) (4.5) (4,5)

3 (4,5} (4,2) {4,2) (4,2)

4 (6,6) {6,6) (6,6) (6,6)

5 (6,4) (6,4) (6,4) (6,4)
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