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Abstract

In this paper, we introduce trilevel dynamic optimization problems.
Reformulating the trilevel dynamic problem as a single-level optimal con-
trol problem with state-control functional constraints, we derive the nec-
essary optimality conditions. We also show that the necessary conditions
are sufficient for optimality in a ‘convex’ case.
Key Words and Phrases: trilevel dynamic optimizaion problems, nonsmooth analysis,
necessary conditions, sufficient conditions, constraint qualifications.

1. Introduction

In this paper, we consider the following trilevel dynamic optimization problem
(TDOP). In this problem, there are three players 4, B and €' whose controls are u,
v and w, respectively. The players 4, B and C minimize their cost functionals on the
following manner:

For each u chosen by the player A, the player B selects a control v = v[u] € Viu],
where V[u] is the set of optimal controls v of the following optimal control problem,

1
Pglu]:  Minimize: /0 G1(t, y(8), u(t), v(t))dt + g1 (y(1))
subject to - ¥ (t) = o(t, y(t), u(t), v(t)) .e.

y(0) € Cy
v{t} € Us(t) a.e..

Next, the player C chooses a control w = wlu,v] € W(u,v] (v = v[u]), where W[u,v] is
the set of optimal controls w of the following problem.

Folu,v] : Minimize: /1 Ga(t, z(8), u(t) e (). wi(t))dt + g=(2(1))
subject to: éu(t) = (t, z(£), ul(t), v{t), w(t)) a.e.
z(0) € C;
w(t) € Us(t) a.c..
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Among ail controls (u,z, &) = (u. v[u}. wlr.v[y]]). the player 4 selects a control
optimizing the following optimal control problem,

1
Py Minimize: f F{t, z(8), w{t). e(£). w(thdt + f(z{1))

subject to -J:U(t) = ¢(t.x{t). u{t). v(t), w(t)) a.e.
z(0) € O
a(t) € U(t) a.e.
v € V[u]
w € Wiu,v|.

In this trilevel dynamic optimization problem (T DOP}),

(z(-),w( ). 2(-)) € AC([0, 1],R"‘1 x R™ x R™3) is the state,
(u(-),v(-), w(-}) € L'{[0,1], R™ x R"* x R™) is the control,
F:[0,]]x R™ x B x R™ x R™ — R, )
f:R™ - R,
Gp:[0,1]] x R™2 x R™ x R™ — R,
g1: R™ = R,

(D) : G2 :[0,1] x B™s x R™ x B™ x R™ —+ R, VY are given functions,
g2: R™ — R,
¢:[0,1] x B™ x R™ x R% x R" — R™,
w:[0,1] x B™ x R™ x R™ — R™:,
¥:[0,1] x R™ x RA™ x R" x R™ — R™s )
C;is subset of R™ (i =1,2,3),
Ui(t): [0,1] — 28" ¢s set valued function (i = 1,2,3),

where AC([0, 1}, R™ x R™2 x R™3) denotes the space of absolutely continuous functions
on [0,1] with value in R™ x R™2 x R™,

A control (u, v, w) of (T DOP) corresponding to the state (z,y, z) is called admissible
iff (z,u,v,w) satisfies the differential equation = ¢{t,x, %, v, w) a.e. with initial con-
dition z(0) € €y and control constraint u(t) € U;(¢) a.e., (y,») and (2, w) are optimal
solution for Pglu] and Pe[u,v] respectively. An admissible control {(u.,,v.,w.) corre-
sponding to state (z., ¥, 2.) is called optimal for (T DOP) iff (2., s, Ve, wi) minimizes
the value of cost functional of P4 over all admissible controls corresponding to the states
of {TDOP).

This trilevel dynamic optimization problem can be applied in various areas. For
instance, in economics, the controls # are government’s monetary or fiscal policies; the
controls ¢ are decisions of consumers which respond to the policies u: the controls w
are decisions of firms which depend on the policies of government u and the consumer’s
decisions ©.

Many papers have been devoted to bilevel programming problems (static optimiza-
tion). Yezza (1996} studied necessary optimality conditions for multilevel programming
problem. For the bilevel dynamic optimization problenis, the recent results are given
by Ye (1995, 1997). In these papers, under some assumptions. Ye reduced the bilevel
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dynamic optimization problems to single-level optimal control problems without state-
control constraints. Then, Ye derived the necessary optimality conditions.

To our knowledge. there is no paper dealing with optimality conditions for general
trilevel optimal control problems. The main purpose of our paper is to discuss the
necessary optimality conditions for the above trilevel dynamic optimization problem in
general case. This problem can not be reduced to a single-level optimal control problem
which has no state-control constraints. Thus, we can not extend the results of necessary
conditions in Ye (1993, 1997) to our (TDOP). Moreover, we show that our necessary
conditions are also sufficient for optimality under some convexity assumptions on the
functions and sets in (D). Using the results given below, we can also derive the optimality
conditions for another type trilevel optimization problems {see Remark (i) below). These
conclusions can be generalized easily to k-level dynamic optimization problems without
other additional hypothesis.

Define the value function V3 (u) : L*([0,1], R™) — RU{+oo}U{—oc} for Pg[u] by:

1
Vi) o= mf{ /0 Gt y(8). u(t), ()t + a1 (w(1))
¥ {t) = olt, y(), u(t), v(t)) a.e., y(0) € Cy, v(t} € Ua(t) a.e.},

the value function V3(u,v) : L'([0,1], R™) x L}([0,1], R™*) — RU {+oc} U {—o0} for
Pclu,v] by:

1
VG v) = inf{ / Galt, 2(2), u(t), v(t), w(t))dt + ga(=(1)) :
z (8) = w(t, z(t) u(t),v(t), w(t)) a.e., 2(0) € C3, wit) € Ua(t) a.e.}.

Throughout this paper, by convention, we assume that the infimum over empty set is
+o0. ’
Then, the above problem (TDOP) is obviously equivalent to the following single-
leve] optimal control problem,
1
P: Minimize : ] F(t, z(t), u(t),v(t), w(t))dt + f(=(1))
subject to; io(t) = (¢, z(t}, u(t),v(t), w(t)) a.e.
(1) = ot y(t) u(t).v(t))  ae
z (8} = (¢, z(t), u(t). v{T). w(t)) a.e.
(2(0), (0}, 2(0}} € C1 ¥ C2 X C3
(uith v(t), w(®)) € Uh(t) x Up(t) x Us(7) e

1
fo Gt 9(8), ult), v(E))dt + g1 (4(1)) — Va(u) <O
1
fo Galt, =(t). u(£), 0(£), w(t)}dt + ga(x(1)) — Valu, ) < O,

which contains state-control constraints in which the value functions are nonsmooth in
general. We shall study the optimality conditions for such optimal control problem in
the next sectiom.
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2. Nonsmooth Optimal Control Preblem

In this section, we deal with the following problem:

(NOCP): Minimize : fl Lo(t, z(t), u(t))dt + ho{z(1))
subject fo: :ic[{)t) = ¢, 2(t), u(t)) a.€.
(e C

ult) € U(t) a.€.
Gi(z,u) <0  i=1,---k,

in which

Gi(w,u) = /Dl Li(2, o8}, w(t))dt + hi(w(1)) — Ai(u).

Here, z(-) € AC([0,1], R™), u(-} € L'(|0,1],R"), L; : [0,1]x R" x R® - R, h; : R™ —
R(i=0,---1), A : L' = Ru{+octu{—oc} (i=1,---k). ®:[0.1] x R™ x R"® - R™,
C is a subset of R™ and U : {0,1] — 27",

We say that (z,4) € ACx L is an admissible process for (NOCP) iff L; (-, z(-), u(*))
(i = 0,--, k) are integrable and (z, u) satisfies all constraints in (NOCP). An admissible
process (x.,u.) is called a local minimizer for (NVOCP) iff (x.,u.) minimizes the cost
over all admissible processes (z,u) satisfying |lv — 2., ~ < € and [Ju — u.]|;: < € for
some € > 0.

2.1. Necessary conditions

Letting (x,,u.) be an admissible process for (NOCP), we assume that {C, U(%),
$ L, h; (i=0,---,1), A; (i = 1,---, &)} satisfies (A1)-(A6) below,

(Al): C is a closed subset of R™,

(A2): U(-) is a closed set-valued map, Gri is £ x B measurable. There exists p{-) € L,
such that |u| < p(t) for any u € U{t) a.e. t € [0,1], where Ju| is the Euclidean norm
for v € R™.

(A3): ®(f,x, u) is measurable in ¢, continuously differentiable in (z,u). There exists k()

€ L™ and ¢ > 0 such that for almost all #

[®(t, z1, w1} — (L. T2, u2)| < K{E)(Jzr — T2| + [uy — uz|)

for xy,25 € .(t) + ¢eBgm, uy,us € B". Bpw is the closed unit ball of R™.
(A4): Lp,- -+, L are measurable in ¢, and there exists k() € L™ such that for any 7 €
{0, -, k},

|Li(t, z1,21) = Li(t, w2, u2)| < kp(#)(|2y — x2| + |y — ua|)

for all ¢y, € 2.(t) + ¢Bpe, u1, 42 € R™ ae. t € [0,1].
(AS): There is ks > 0 such that for each i € {0,---,1},

[hi{z1) — hi(xa)] < Ky |21 — 23]
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for any z;. 729 € 2.(1) + €Bgo.
{AB): There exists ky > 0 such that for any i € {1.- - -k},

[Aa(u) = Ai(ua)] < by fluy = uzlf,,

for any u;() with {lu; —wu.f|;, <€,7=1,2.
Now, we state our main theorem for necessary optimality conditions. For simplicity,
we abbreviated the arguments (¢, z.(t), u.(t)) to [t], for instance ®[¢] := &(t, z. (1), w.(¢)).

THEOREM 2.1. Let {z.(-),u.(-)) be a local minimizer for (NOCP). Assume thot
(A1)-(A6) are satisfied. Then, there ezist A; > 0 (i = 0,-- -, k) with Zf:u A = 1,
p(+) € AC([0,1], R™) and {(-) € L>=([0,1]}, R®) such that

k
(=B().C()) € iz (P(1). B[} — D AiBa oy Lilt] e (2.1)
=1
k
(=C+GC, -GE ZAl'a-'\i(u*{'))s Ca(t) € Ny{uadt)) ae. (2.2)
=1
k
p(0) € No(.(0)), —p(1) € D_A:dhi(z.(1)) (2.3)
i=1
1
i (A Lilfldt + hi(z.(1)) - Ai(u*)) =0 (4=L1.-- k). (2.4)

In particular, assume that there exists (x1,u1} € AC x L' such that the following
constraint gqualifications {2.5) and (2.6} hold,

1
fLf°((:h,-m)e(x1=u1))dt+h1°(w*=w1)+(—'Af)°(unu1}<0 foriel  (25)

gy = by ft]e; + Buftfur  ae., x,(0) € Teo(x,(0)) and uy(t) € Ty(y(u.) ae., (2.6)
where, I, 1= {i € [1,-- -, k] : G;[t] = 0}. Then, we have Ao > 0.

We will give the proof of this theorem in Section 5.

REMARK. (i) In Theorem 2.1, V denotes the gradient in usual sense; & indicates
the Clarke generalized gradient; N¢ and Ny, are the Clarke normal cones associated
with € and U(t), respectively; A7, L?, hY are the Clarke generalized directional deriva-
tive; Tc(x.(0)} and Ty, are the Clarke tangent cones associated with C and U(t),
respectively (see Clarke (1983)).

(ii) To prove Theorem 2.1, we will follow the idea in the proof of Theorem 3.2.6 in
Clarke (1983). By the analogous way, Ye and Zhu (1997) showed necessary optimality
conditions for a bilevel perturbed differential inclusion problem (Theorem 3.1). How-
ever, in the proof of Theorem 3.1 they used a lemma (Lemma 6.2) whose proof seems
insufficient. It seems that their Theorem 3.1 has not been proved.
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2.2. Sufficient condition in a convex case

Pinhe and Vinter {1993) pointed out that for the nonsmooth optimal control prob-
lern without mixed state-control constraints, the weak mazimum principle is sufficient
for optimality in ‘normal and convex' case, while the general form of the nonsmooth
mazimum principle may fail to be sufficient. For (NOCP). we show that the neces-
sary optimality conditions in Theorem 2.1 are also sufficient in a ‘convex’ case. These
consequences can be used in the multilevel optimization problems.

Now, let us denote by (LOCP) the problem ({VOC P} whose state equation is given
by

(t) = A(t)x(t) + B(t)u(t) + b1),
where A(-) : [0,1] = R™*™ and B(-) : [0,1] — R™"" are integrable, b(:) : [0,1]) — R™

is measurable.
We will impose the following hypotheses :

(H1): C is convex set of R™.

(H2): U(t) is convex in B™ for almost all ¢ € [0,1].

(H3): L; {i =0,---, k) are Lebesgue measurable in £, convex in {z,u).
(H4): h; ( =0, -+, k) are convex functions,

(H5): The functionals A; (¢ = 1, -+, k) are concave.

Then, we have the following result:

THEOREM 2.2. Let(z.(-),u.(-)) be an admissible process for (LOCP). Suppose that
(H1)-(H5) hold. If there ezist p(-) € AC([0.1].R"), {(-) € L*([0,1,R™), A; > 0
(i =1,--,k) and Ao > 0 such that conditions (2.1)-(2.4} are satisfied, then (z.(-}, us(-))
ts a minimizer for (LOCP).

REMARK. In Theorem 2.2, the notations 8 and & stand for the standard subdif-
ferential and normal cone in the sense of convex analysis, respectively. The condition
(2.2) is understood as

5
(=G +G (€Y AI(=Adu.)), () € Nyoludt) ae.. (2.7)

i=1

PRroOF. In this convex case, the condition (2.1} implies that
k
(B(2) + p(t) A(8), =C(1) + p(t)B(t)) € 3_XDLi[t]. (28)
i=1

Comparing the cost value of an arbitrary admissible process (x({-), u{-)} with that
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of (x.(-}.u.(-)), and by (2.4} we see that
1 1
/ Lo(t,z,u)dt + ho(x(1)) - / Loltldt — ho(z.(1))
0 O
& 1 k
= {ZAI- ] (Lilt z.u) — Lyt + D Xi(hi(x(1)) - hifz.(1)))
1=1

v

1
—ZA - Alu)) + / (p{¢ — Az — Bu — b) — p{2, — Az. — Bu.. — b))dt}

1
= —{Z)«j/ (Li(t,z,u)—L,[t])dt—f (p+ pA)(z — x.)dt
[ (95 = Ot .t + 3" Alhele(L) — b (1) + p(1)(x(1) = 2. (1)

=1

+Z-}l;‘(—z\{(u) + Afu.)) — / $if{u -~ u,)de
i=1

—p(0){(z(0) — z.(0 fcg U — U dt}
=: AF.

Recall the definitions of subdifferential of convex functions and normal cone of convex
sets, From (2.3}, (2.7) and (2.8), it follows that A* > 0. Thus, (x.,t.) is a minimizer
for (NOCP). m|

3. Value Function

The value functions Vi{x} and Va(u,v) of (TDOP) may be nonsmooth even if all
functions in (D} are smooth. In such case, it is difficult to calculate their Clarke general-
ized gradients. On the differentiability, we recall the recent results given by Ye and Zhu
{1997). To discuss the sufficient optimality conditions for trilevel optimization problems,
we will also observe the convexity of the value functions under some assumptions.

For (p,G1) : [0,1] x R™ x R™ x R — R™2 x R and (3, G3) : [0,1] x R™* x R™
xR® x B™ — R™? x K, we set

Pt ) = {{elty,u,2),Gi{t, v, 0,0)) 1 v € Us(B)}
:[0,1] x B™2 x R™ — 2R™IxR

Hi(t,y,pr.u) = sgp( ){<pn@{t,y,u,v)>—G1(t,y,u,v)}
vEla(t

:[0,1] x R™ x R™* x R = R

Mt z,u,0) = {(B, 2w v w), Galt, z,u,v,w)) w € Us(t))
:[0,1] x R™ x R™ x R™ — 2R"* xR

H(t,z,pocwsv) = sup {<pp. 0l z,u,v,w) > ~Galt, z,u, 2, wh}
weliait)
+]0,1] x R™s x R™ x R™ x R™* = R.
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To use the results in Ye and Zhu (1997). we assume (A7)-{A8) below.
(ATy: (Gi(ty, u,v), ot yow, v) et (g u) H (G g pw)) (G y,proue) € [0,1) x R™ex
R™ x R™ x R"?) satisfies the following a)-d).
a) The functions G and ;p are measurable in t and continuous in (¥, %.v). The mul-
tifunction ! has nonempty, compact, convex values.
b) There exists a nonnegative function 8;(¢) € L>, such that for almost all ¢t € [0,1],

ity un) C @l Bz, ua) + 0. (E) (1 — 32| + [uy — u2])Brms,

for any 4. y2 € R™2_uy,up € R™.

c) Foreach u(-) € Uy := {u("} € L' : u(t) € U1(¢) a.e.}, there exists a nonnegative
function py(-) € L[0, 1], such that ' (f, 3, u(t)) C p.(t)B forany y € R™ a.e..

d) The partial Clarke generalized gradients &, ,,yH1(¥, ¥, b1, u) and 8, H,(t, 4, py, v}
are upper semicontinuous with respect to (¢,y,p1, u).

(A8): a)-d) above hold with (G, (¢, y, u, v}, ¢{t, ¥, %, v), o (£, v, u), Hi (¢, y, p1, 1)) replaced
by (Galt, 2z, &, w), ¥{t, 2, &, 1w), %7 (¢, 2,8), Ha(t, 2,p2, 8)) (2 = (u, v}, (£, 2,p2, B, w) €
[0,1] x B™ x R™ x R™+7": x R™).

Let v (8) := f; Gi(t, y(8). u(t), v{t))dt. Under the assumptions in Lemma 3.1 given
below, according to the Filippov's Lemma (see Loewen (1993)), the optimal control
problem Pglu] can be expressed by the following perturbed optimization problem with
differential inclusion constraints:

Minimize: g(y(1)) ++1(l)
subject to:  (§(t), n(£)) € ! (t,u(t) u(t))  ae.
y(D) € Cg.

Recall a well-known result: if y is an optimal state (corresponding to an opti-
mal control ¢) for Pglu], then there exists a Hamiltonian multiplier p; € AC with
(~Pr(8),3(0)) € B poFa (£, 4D P1(8),u(8)) e, P1(0) € Ney(y(0)) and —pi(1) €
Bg.(y(1)) (see Clarke (1975)).

We put

S, = {y € AC : y is an optimal state for Pg[u]}

Afu(y) = {PI € AC: (_ﬁl(t)s y(t)) = a(y,pl}Hl(t! y(t}:pi(t)tu(t)} a.e.,
p1(0) € N, (9(0)), —p1(1) € 9g1(y(1))}

O Hy (- y(-)ypa () ul)) = {0 € L7((2) € duHa(t, y(8), pu(t}, u(t)) a.e}.
Thus, using the results of Ye and Zhu (1997), we obtain

LEMMA3.1. Assume that g, is locally Lipschitz continuous, (A1) and (A2) hold
for C = Cs and U(t) = Us(t), respectively, and (A7) is satisfied. Then, Vi(n) is locally
Lipschitz continuous and

-0V (u) C clco {8, Hy(-.y(-), pi{-)su(-)} 1 y € Sy, ;1 € Mu(y)},

where cl*co denotes the weak convex clogure,
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Similarly, for the value function Vo(u,v) we have

LEMMA 3.2, In addition to [AS), assume that g» ts locally Lipschitz continuous,
(A1) and (A2) hold for C = C; and U(t) = Us(t}, respectively. Then, 15(u,v) is locally

Lipschitz continuous and

—8"72(‘21,?}) C d*co{a{u‘tr}HZ('uz(')!l’?('):“('):’*‘('” HP-LS S(u.r)s Pz € Ju’(u,r)(z)};

where
3(u.1-}H2('=Z(‘):Pﬂ')‘“('}at‘(')) = {C € Lx-C(t) € a(u,u}HQ(t! z(t),pg(t),u(t),v(t)} CI'..E.},
S(uwy 1= {z € AC : z is an optimal state of Pclu,v]},

Miaoy(2) == {p2 € AC : (~ $2(8). 5(8)) € B o Halt. 2(8). p2(8), u(1),0(8)) ace,
p(0) € Ne,(3(0). —pi(1) € Baa(w(1))) -

Next, we proceed to the convexity of the following value function:

1
Vi(u) :=inf {fo G(t,y(t), ult),v(t))dt + g{y(1)) : ¥ {t) = A(t)y(¢) + B(thu(t)+

D(tye{t) + b(1) a.e, y(0) € C, v(t) e U{t) a.e.},

where (y,u,1) € AC(|0,1], R™) x L{[0,1]. R™} x L!([0,1], R"?), G : [0,1] x R™ x
R xR - R, g:R"—> R CcCR™U():[0,1 - iz A() : [0,1] - R™*™,
B(-):[0,1] = B™*™_ D{.):[0,1] —= B™*"2 and &(-) : [0,1] —= R™.

LEMMA 3.3. Suppose that (H1) and (H2) are satisfied, A() is integrable, B{-),
D), 8(9), G-y, u.v) are measurable, then the Following statements hold.

(i) If G(t,-,-,-) end g(-} are convex, then V.(u) is convez.

(1) If G(t,-,-,v) ond g{-) are concave, then V. (u) is concave,

PRrOOF. Let u;, up be arbitrary elements of L'[0, 1], and put & = Auy + (1 — Xug
for any A € (0,1). We define

N(u):={(y.v) € ACx L' :g=Ay+Bu+Dv+b ae.y(0)€C, v(t) € U(t) ae.},

1
Oy, u,v) = / Gt y(t). uit), v(t))dt + g((1)).

Then. we have V,{u) = inof O(y,w.v).
{y.c)eEN{u)

(i) If ¥(u;) or N(ug) is empty, then AV.(w1) + (1 — A\)Vi(u2) = +oc > Vi(@). Thus
we may assume that both N{u;) and N{u;) are not empty. For any (y,,v1) € N(uy),
(¥2.v2) € N(ug), let

F=Ap + {1 =Xy, 0= Avs + (1 — Ao,
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It is easy to see that (7. %) € N(&). Noting that @ is convex, we see

MOy ur. 1) + (1= MOy uz.v2) 2 OF.2. 1) 2 inf Oy, 2.1,
y.vjeEN{E

Hence. we have

AV, 1 - MV =Xx inf Olyu,v)+(1-A inf O{y, us,v
(1) + (1 = AVo(u2) oiaf  Ouv)+(1-A) inf O(y,u2,0)

> wf B{y,a,v) =TV (1)
> i 6l = V()
(i) If N(z) = 8, then V(&) = +o0 > AV, (1) + (1 — A)V.(22). Thus, we may assume
N(a@) # 0. For every (#,9) € N{(4@), let # be a sclution of following equation,

{ ¥ (t) = A()y(t) + B(thui(t) + D(£)E(t) + b(t) ae (i=1,2).

¥(0) = 7(0)

Then, we have

¥=2A5 + (1 - Mo, (§:,8) € N(w) (1=1,2).
By concavity of ¢ and g, we see that

O(§,2,8) > AO(H1, w1, ) + (1 — \)O(jz, uz,¥)
>A inf Oly.u,v)+(1-A inf  O{y,us,v),
- (y-r)lenN[ul) (v, u1, ) +{ )(y,v]lélN(uz) (v, uz,v)
which implies that

V.(g)= inf O{y.4,7) >A inf Oy, u,v)+(1-X inf  &{y, us,v
(@) ()N (T) (v.%.v) (2 €N (1) (w1, 0) +( L T (v, uz,v)

> AV, (u1) + (1 = A)Vi(ug).

We have therefore proved this lemma. a

4, Optimality Conditions for (TDOP)

In this section we derive the optimality conditions for the trilevel dynamic opti-
mization problem (TDOP). A simple example will be given in Section 5.

In Theorem 4.1 and Corollary 4.2 given below, 2 indicates the Clarke generalized
gradient and N¢,, Ny, (p) (1 = 1.2.3) denote the Clarke normal cones, while in Theorem
1.3, these stand for the subdifferential and the normal cones in the sense of convex
analysis, respectively.

First we derive necessarv optimality conditions for {TDOP).

Let {z.,¥.. 24t tha. v, wa) = {(Zu: %) be a local optimal solution of the trilevel op-
timality problem (TDOP), ie. (Z.:i,) is a local minimizer for the optimal control
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problem £. Notice that P can be easily written in the form (NOCP) with

(= (2(). (), 2(1)) € AC([0,1]. R™), m=my +mz +m3

1't(') = {u(-);v(-),w(-)) € LY([0,1,R"), n=mny+mna+ns
1 X Ce % G, U(H):=Uh{t) x Uz(t) x Us(t)

t.:I" i) = (ot z, u},p(t y,uv), wlt, z,4))
Lo(t.2.8) 1= Flt,2.9), ho(E0)) = J(2(0)
L](tf5:711 l(t1 »u, L), hl(i(o)) = gl(y(o])
La(t. &, 4) Gz(t z2,@),  ha{2(0)) := g2(2{0))
A7) = Vl(u], Ag(@t) 1= Va(u, ).

If the assumptions in Theorem 2.1 are satisfied, then there exist an absolutely
continuous function p(-) : [0,1] — R™! x R™2 x R™3,'a measurable essentially bounded
function ¢(-) : [0.1] — R™ x B™ x R™ and Ag, A1, Ap > 0 with 37 X; = 1, such that

(—p(t),€(t) € VizaH(t, ., &) = Oz 1) E(L, £4, ), (4.1)
(=p1+ 2, —t1 € M8aVi(u,) + A20:Va(ua, s ), pa(t) € Nyp(i(8)) ae.,
p(0) € No(2.(0)), —p(1) € X8 f(2.(1)) + M10:q1(¥.(1)) + A282g2(24(1}).
Here, we set
H{t, & i)} = {pr, ¢t 2, %, v, w)) + {pr, 9t 9, %, 0)) + (B3, ¥(E, 20,0, w)),
E(4F,4) = MoF(t,z,v,v,w) + MG, 9,6, 0) + AaGo(t, 2, u, v, w).
Now we arrive at the following conclusion.

THEOREM 4.1. Suppose that (., Ya, 243Uy, Vs, Wy ) 18 @ local minimizer for (TDOP).
Let assumptions (A1)-(A6) hold for the data {C, U(t), ®, L, h: (i = 0,1,2), A;
(i = 1,2)} in (D*) associated with (Z.;%.). Then,

(i) there exist p(- )= (P1{-)sp2(), pa()) € AC, (-} = (G2 (), ©2{:): Ga(*)) € L™ and
Ags Ar, Az = 0 with zmo A; = 1, such that (4.1} and the following {{.2)-(4.5) hold.

(SHCHOES (G +G +ﬁ(311CA2 + (2,G3) (4.2)

=G € M Vi(ne), —((.C2) € Aza(u.t]‘/’z(uuvx)
(1,G2:Gs) € Ny (. (1)) X Ny (val(®)) X Nyyy(walt))  ace. (4.3)
(p1(0), p2(0), p3(0)) € Ne, (£:(0)) x Ney (9:(0)) x Ney{2.{0)} {4.4)

= (p1(1). p2(1). p3(1)} € AoBc fx4 (1)) X A1Byg1(y+(1}) X A10:g2(2.(1}). {4.5)

(i1} If the constraint gualifications (2.5) and (2.6) in Theorem 2.1 hold for the data
{Aiy Ly e (6=1,2),9,C,U(8)} in (D¥), then Ay > 0.
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(iii} If F, G|.G2 are convex in (&), then ({.1) implies that

—pi(t) € pi(t) - Voglt, 2.(1), 4.(1)

—palt) € p2(t) - Vyio(t. yult) wul{t), v (2}) — Ala:,.rGl{ts Yo (). wa(t) va(t))

—pa{t) € ps(t) - Vau(t, 2.(2), & (t)) — AB-Ga(t. 2.(F). Gu(t))

Gi(#) € Vo H(, Z.(8), 8.{2)) — O E{E, £.(t}), 4.(t))

G(t) € VL H(E £.(t), 2.(8)) — 8. E(2. 2.(1), @ (1))

G0) € pr(8) - Vo dlt, o (8), Bu(t)) + ps(t) - V(2. 2. (1), 8 (2))
—ho8, F(t. z.(t), 2.(2)) — AaD,.Galt, 2.(t), @.(t)).

} = Ao F(t, 2. (1), .(t))

t
t

Combining Theorem 4.1, Lemma 3.1 and Lemma 3.2, we obtain

COROLLARY 4.2, Assume that (.. ¥, 243 Ue, Ve, ws ) be @ local minimizer for the
(TDOP), the assumptions (A1)-(A5) hold for the data {C, U(t). ®, L, h;. i =0,1,2} in
(D*) associated with (Z.:1.). Let {A7) and (A8) hold. Then there exist (p1(-), p2(-), ps(-))
€ AC, ((1(-). () G()) € L™ and Ao, A, Az 2 0 with Y2 A = 1, such that (4.1),
(4.3)-(4.5) and the following ({.6) hold.

(CReNIES G+ +G,6+CG)

—C1 € d*co{du (-, 0( ) 0() uu()) s o € Sy, g€ My, ()}

—(C1.{2) € CVCO{B(u,v)Hz[uCE(')rQ(')vu*('), v )):a€ S{u.,t-.)! qgc ﬂf(u.,v.)(a]}
(4.6)

Now we replace the state equations in (T DOP) by linear systems
2ty = Ay (Dx(t) + B1(Du(t) + D (o) + B (B)w(t) + () ae

7(8) = A2 () p(8) + Bz (t)u(t) + Do(t)v(t) + ba(2) a.e.
() = Az(B)z(t) + Bz (Du() + Da(B)v(t) + Es(t)w(t) + bs(t) a.e.

where A;{t) : [0,1] — R™ "™ B,(t) : [0,1] — R™>*™, Dyt) : [0,1] - R™>" (i =
1,2,3) and Ei(t) : [0,1] — R™>*™ (i = 1,3) are integrable, bi(t) : [0,1] — R™
(i =1,2.3) are measurable. We denote this problem by (TDOP*),

Notice that the condition {2.4) alwavs hold for P. From Theorem 2.2 and Lemma
3.3 we get directly the following sufficient optimality conditions for (T DOP*).

THECREM 4.3. Assume that the control (u., v., w,) corresponding to (T.,Ya,24) 8
admissible for (TDOFP* ). Let the data {C, U(t), L;, i = 0,1,2} irn (D*} satisfy (H1)-
(H3), respectively, Gi{t,-.-,v), Ga(t, .-, w) be concove, and ¢1(-), ga(-) be affine. If
there exist (p1, po.p3)(-) € AC, ((1.G.G)() € L™ and X > 0, Ay, k2 > 0 such that
(4.1)-(4.5) hold, then (z., Y., 7 s, Vs, W) is an optimal solution of (TDOF*).

REMARK. For the trilevel optimization problem {(TDOP), sometimes, the player
A has to guarantee that the costs of the players B and C are not too large. The problem
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P, of (TOCP) with such constraints is stated as follows,

1
Minimize / F(t,2(t), ult), v(8), wit)dt + Fz(1))

subject to: :i:u(t) = ¢(t, z(t}, u(t), v(t), wit)) a.e.
(0} € C
u(t) € U1(e) a.e.
v € V[y]
w € Wu, v]

1
[0 Ga(t, (), u(t), v())dt + g1 (y(1) < My
1
[ﬂ Galt, 2(8), u(t), v(t), w(t))dt + g2(=(1)} < My,

where Af;, > > 0. From the results in Section 2 and 3, we can also get optimality
conditions for this trilevel optimization problem.

5. Proof of Theorem 2.1
PROOF. Let us omit the variable ¢ when this does not cause confusion. We put
M= {(z,u) € AC x L' : &(t) = ¥(t,z(t), u(t)) ae, z(0) € C, u(t) € U(t) ae.},

Al{zr,u1 )y (22, 42)) = flur — talizs + [2:(0) — 22(0)] .

It is evident that A is a metric, and M is a complete metric space with respect to A.
For given ¢ > 0, Let

Te(r.u) :=maz{G(z,u), - -, Grlz,u), F(zx,u) — F(z.,u,) + €},

Flz,u):= fn ' Lo(t, (), u())dt + ho(x(1)).
Then, we see that '.(z,«) > 0 for all {z,u) € M. It follows that
Celr,u.) < (I,LI}EEMI‘E(:C’“) + €2
Thus, by the Ekeland Variational principle, we have
LeMMa 5.1, There is an element (zo,u0) € M, such that (zg,ug) minimizes
Tz, u) + eA{(x. u}, (o, %))
over all (z,u) € M, and
Az, s}y (o u0)) e Ce(zo,10) < €°. (5.1)

The following Lemma 5.2 will be used to derive Lemma 5.3,
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LEMMAS.2. LetUd = {u € L0, 1} 1 u{t) € L(¢) a.e.}. Ifug(-) € L, then
1 1
i —v|dt =i t) — u(t)| dt. 5.
[, dat ot =l dt =i, 1wt = wt0) (5.2

In fact, by the measurability theorem (see Loewen (1993)), there is a sequence of
Lebesgue measurable functions v, such that U(t) = el{z,{t):n = 1.2, - - ].
Let ®(t) = 113{{' )|uu(t] —v|. For any €¢° > 0, there exist v € U(t) and ny € N,
veEL ([t

such that
B(t) + € > |ualt) —volth, volt) — vn,(t)] < €.
Then, we have
6 luo(t) = vl 2 inf, Juo(t) ~ vl > fuo(t) = (1] = € 2 fuo(t) = ey (6)] = 26°
> inf |uo(t) - valt)] - 2¢"

which implies that
0 < inf luo(t) — vn(t)] - ¥(t] < 2€°,

Thus, ¥(t) = 12‘1; |uo(t) — v, (¢)]. It is obvious that, for every u(-) € U,

1 1
f inf |u0{t)—v|dt§] luo(£) — u(t)] dt. (5.3)

vel(1)

For € > 0, consider a multifunction
1
Q) == {u cU(t); luglt) —u|l £ inf |up{t) —v|+ —E} ,
vEl/(2) 2

which is measurable with closed nonempty values. By the Measurable selections Theo-
rem {see Loewen (1993)), {1 admits a measurable selection #(-). Since @ is measurable
and &(t) € Q(t) a.e.. We see that 4(-) € {, and

1 1
] luo(£) — u(t)| de <f inf uo(t) —v|dt + & (5.4)
o p vEU(Y)
Combining (5.3) and (5.4), we get (5.2).
LEMMA 3.3. The (zp.u0) above is a local minimizer for the function.

1
Az, u) = Cole,u) + eA((x,u), (o, ua)) + Kg/ |2(t) — B{t, 2{t), u(t))| dt
0

1
+Kade(@(0)) + K [ duo(utt)at
0

where de(z(0)) , dyey(u(t)) denote the distances of the points (0} and u(t) o the sefs
C and U(t), respectively, and

K, =K(KK'+1)+¢), K; = KK,

K =maz{[jkell = + ka. kLl p« + Eats

1

K= exp/ kE(t)dt, K' = k|| .
0
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Suppose this lemma to be false. Then, there exists a sequence {(z;, %;}} converging
to (zo.uo) with A(z;.u;) < Mzo,ue). Let Alas.u;) = Alxp. o) — 26, K, (where ¢; > 0).
By Lemma 5.2 there is #;(-) € U such that

1
I =l < [ dnf, (o) —oldt + e (5.3

Since C is closed. there are ¢; € C' (i = 0 --- k) such that de(z;(0)) = |#;(0) — ¢;| . Let
#;(t) = z;(t) — x;(0) + ci, thus for sufficiently large 7, it holds that

/ﬂl |z} {t) - @(t,f‘:,—(t),ﬁé(t)” dt

< / |&:(t) = ®(t, 2:(), wi(8))] dt + K'([jits — will 12 + |2:(0) — ¢

0

(5.6)

Let #;(t} be a solution of the following integral equation
mﬂ=mm+£3mﬂammw.
We see that (%;,%,) € M with £;(0) = £;{0) and
|2:48) — Z:(t)] < [;(@{t, T, ) — E;)dt
fot{é(t,j,;,ﬁ,-); Ei)dt| + f:{@(t,ii,m) - ®(t, if,ﬁ‘))dt|
t

f &(t, &y, i) — ii)dt’ + ‘/t k(t)|&:(t) - i‘,‘(t)ldtI -
0 0

[FaN

1A

It follows that
1
I8~ al- <K [ [0 - Be. a0, w0 e (5.7)
Q

(5.6) and (5.7) lead to

1
% - zillp- < K/lhw—QGJﬁLMMHﬁ+KKW&—mhn

0
HEK + 1) |2:{0) — ;.
From (A3), (5.8) and {5.5), we have

(5.8)

Ce(Zi. @) + €A((F4, 1), (%o, uo))
< Delziug) + eA({wi,w), (2o, w0)) + K|t — willpr + 13 — @ille)
+ellld; — willpn + |2:(0) — i)

1
< Telzihug) + €A{{z;, ), (za, o)) ‘Herf |&:(t) — B(t, z:(t), ui(t))| dt
a
1
HEREK +1) + e)(/ﬂ It pua(®) = oldt+ e [2:00) — i)
= A{w,‘_,ﬂg)-i-fiKl
< A(I[),Uu)

Te(za,ual,
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which centradicts Lemma 3.1, so Lemma 5.3 holds.
By Lemma 5.3, we know 0 € 8A{zy, uq). ie.

0edl (CBn,uo + 8cA((zo, uo ), (x0, uo]) + K de( 1‘[)(0))

6K1/D dU{r}(Hn(t))dt—FBKz/ [£0(t) — ®(£, wo(e), ug())| dt. {5.9)

According to the formulas of the generalized gradients (see Clarke (1983)), we have
the following.
(a) For every £ € 91, (zg. up). there exist functions E,-,m (i =0,---, k) with (&, n,-)(t) €
OL;(t, zo(t), up(t)) a.e. and v; € Fhy(zo(1)) G =0, - k), f: € —OM;(wp) (=1, - k),
M>0foric Io(@o,wa) with E:el(m o) Xi = 1, such that for any (z,u) € AC x L1

ko 1 1
flz,u)= ZA{/ {{E.x) + {m,ud}ds + Z)\ {ve, 2(1)) +Z). f (7ji, u} ds,
i={ 0

where, Iy(2q,u0) '= {i € [0, - k] : Gi{zo,u0) = T.(xo,u0)}, Golzo,uo) := Flz,u) —
F(x.,u.)+ €% and A; ;=0 for i ¢ I(zo,uo).

{b) For every £ € deA({zg,up), (x0,up)), there are function #; with 8:(t) € €Bgr a.e.
and 8, € eBgw such that for every (x,u) € AC x L}

1
€0 u) = @, 2(0) + [ (0205
0
(¢} Every £ € 3K d(z¢{0)) corresponds to a mapping » € K;8d¢{xo(0)} with
E(z) = (r.z(0)) for any x € AC.

(d) For every € € 8K, 1-01 dy (1) (uo(t))dt, there is a function 7 with #(t) € K, ddy(s (uo(t))
a.e. such that

1
&(u) :/ (f,u)ds for anyw € L.
0
(e} Finally, for every £ € 8K, fui |£a(t) — B(t, xo(t). uo(t))]| dt, there exists
(B b1 p2) € Bz z.u) Ky [0 (t) — (¢, 20 (). uo(t))| (5.10)

such that
1
z,u) = /0‘ {{p. o) + {ia, 2} + (o, u) }dt for any (z,u) € AC x L.

Since 8z ; (& — ®(2,u)) = {(1.— 8., —®,)}. by Jacobian Chain Rule, (5.10) implies
that

(ﬂl: “2) = _v(r,u) (p 'I‘(.’L‘[), uﬂ)) . (‘5-11)

Then, we arrive at
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LEMMA 3.4, There exists A;, &, i, v (i=0---k), H: {i=1---k), 7/, &, 02, r, .
1.t stated in the above, such that for any (z.u) € AC x Lt

k 1 & _ k _ 1
Zi,-j; {62y + (mouw) Yt + DA (Vi,z(1)>+z,\,fu (7, u) dt

=0 1=1
L

+§€1,:€(0]}+/0 (Gg,u)dt+{r,x{0))+ﬂ (7, w) dt
[0 us2) + Gy

Separating & and u, from the above equation we get
1 k - 1 k ~
/ <Z)\,‘€g + #1,I> dt + f (D, %) dt + <Z)\,ru,-,:c(1)> + (8 + r,z(0)) =G, (5.12)
0 Ni=o 0 =0

1 -3 k
/ <Zim,; + p2 + Zi,-ﬁ,; + 7+ 92,u> ds=0 for any we Ll (5.13)
0

i=0 i=1
Hence, (5.13) shows that

Eod

Z/\,m(t +p2(t) = =) A qty -6 ae. (5.14)

2=() i=1

According to Dubois-Reymond Lemma (see Hestenes {1980)), using standard variational
arguments, from (5.12), we observe that

i k

plt) = /0 O A& +m)ds +7+6 (5.15)
k ~ & ~

A1) ==Y Xivi € =Y AiBhi(xo(1)) (5.16)
i=0 =0

p(0) =7+ 8 € K18dc(zo(0}) + 6,. (8.17)

By (5.13), we see that p {t)— ZLD A& = . Letting { = — Ef=0 At — piz, from (5.11),
we have

k
(= 7 (8.0 € Viz ) (B B(za, u0)) 2 Do Lit.20,u0) aie.. (5.18)

Letting {; = 3°5_, Aif + 62 and {2 = 7, by (5.14), (a) and (d), we get

k
(=CG+6. GE _z»’\iaAi(uO(')) +8;, Goft) € Nyey(uo(t)) ace.. (5.19)

=1
Notice that p,{, A;, i =0, -+, k depend on ¢. From (5.1), we know that (zp,uq) —
(rs.u.) as e — 0. Letting ¢ — 0, as in the proof of Theorem 3.2.6 in Clarke (1983),
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from (5.16)-(5.19}, it follows that there are p € AC. (€ L* and A; > 0.i =0, -,k
with $°7_, A, = 1 such that (2.1)-(2.3) hold.

Observe that for sufficient small ¢ > 0, if §; & {i €1.-- k] Gre.u) < 0} .
then G.“[.'ED, ug) < 0. It is easy to see that 79 ¢ fo{xo, un). Hence, we have A;, = 0, which
yields {2.4).

Finally. let (2.5) and (2.6) hold. If Ay = 0, then Zik=1 A; =1, (2.1) and (2.3} imply
that

k

k
(B + p®s[t], —C+pRu[t]) € D ABaayLiltl, —p(1) € D AiBhi(a.(1).  {5.20)

i=1 i=1

Then, from {2.2), (2.4)-{2.6) and (5.20}, it follows that

0 >Z}\ (f Li®((we,us), {I1.u1))(t)d3+hz'°($“$1}+(—-\z‘)?(m.-ﬂl))

[ (o1 + PRl — Gy + pBy [ty )t — p(1)2,(1) + f s
f (—le +p'1> [t]I]_ +p‘§ t]‘u] dt—p(O)I] 0) ] Cguldt
O)Il 0) -/ Cg‘uldt
>0

which is a contradiction. Thus, we have Ay # 0, which completes the proof. O

Now, we give a simple example.

EXAMPLE 5.5, Let us consider the following trilevel dynamic optimization problem.

1
Py Minimize: :c(1)+f (|lz —u|—v—w)dt
0

subjectto: T=wv—v—w ae, z(0} =0
w20 ae
v € Vi, we Wy,v],

where V[u] is the set of optimal controls v of the following problem,

1
Polu]: Minimize: y{l)-l-f ydt
0

subjectto: Y=u+v ae., y(0)=0
v>0 ae.,

W][u,v] is the set of optimal controls w of the following problem,

1
Prlu,v]: Minimize : z(1}+/ zdt
)

subjectto: z=u+v+w ae, z{0)=0
w >0 a.e.
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Here, (2.y.2) € AC({0,1], B?) is the state, (u,v,w) € L'{[0, 1], R?) is the control.
For this problem, it is easy to see that

1
Vilu) = inf {y{l) +/ ydt :¥=u+v. y(0) =0, v > 0}
a
u udr | d
[, (ot [[uir) e
Vo(u,v) = inf{z(l)+f1 zdt i z=u+ v+ w, z{(0) =0, wzﬂ}

- fol (u+v+zt(u+v)dr)dt

Then, P, is equivalent to the following optimal control problem,

I

1
P Mintmize : :c(1)+f (le —u|—v—w)dt
0
subject to: rT=u-v-—w ae., £{0)=0
Y=u+v ae, y(0)=0
=u+tvtw ae, 20)=0
u>0,v20 w>0 ae

y(1)+/n:(y—u—f0tud‘:)dt50
z(l)+/ﬂ (z-—u—v—fu(u+ﬂ)dr)dt§0.

If (2w, Yas 2e; tha, Vs, ws) is a local minimizer for A, then v, = w, = 0 and by Theorem
2.1 there are py, p2, p3 € AC, (1, G2, o € L™ and Ap, Ag, A3 2 0 with Yoo_, =1
such that (2.1)-(2.3) hold.

Here, (2.1} is equivalent to that

t
{(—p1:€1) = (0,1 +p2+p3) — (1, —1) — Aa(0,8u(—u — f; udr))

¢
-—A;;(O,&,(—v—f vd7)) ae.,
2

for some a € [—1,1], (5.21) -
¢
-t} =—As, o= —prtp+ps+ A+ A8, (v +/ vdr)
0
—ps(8) = —Az, G=—p1+p3+ A
(2.3) implies that
= pi(l) =21, —pa(l) = A2, —p3(1)} = A3, {5.22)
Combining {5.21) and {5.22) we see that
= CtAlt - CE/\] - .»\1, D= Agf - 2A2, »M= Aat — 2/\3, (523)

and for any wo € L!

t
{Cl,uu) ={p1 +p2 +p3lupo+{ar + i+ /\3)1‘.&0 + (A2 + Ag}/ updr a.e.. {5.24)
a
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If u, #0, ie. there exists J € [0, 1] whose measure is not zero such that u,(t) > 0
for any t € I, then from (2.2) it follows that {1(#} = 0 for a.e. t € I. Put up = 1. (5.24)
implies that

GAlt—A‘l+2A2t—A2+2A3t—/\3=0 fﬂ'l‘ a.e. tEI,

which contradicts that Ay, A2, A3 > 0 and Z?:l A; = 1. Therefore u, = 0.

Here, it is not difficult to check that there exist A; > 0 with py, ps, ps, (1, 2, {3 and
A2, Ag stated above such that (2.1) and (2.4) hold. Thus, by Theorem 2.2 we know that
(Tws Y, 24} Uy, vy, w, ) = O is an optimal sclution for F,.

Acknowledgements

The author is greatly indebted to Professor K. Tsujioka for many helpful advices
and constant encouragement. He would like to express his deep gratitude to Professor
3. Koike for helpful suggestions. He also would like to thank the referee very much for
useful comments.

References

Clarke, F. H. (1983). Optimization end Nonsmooth Analysis, Wilev-Intersicence, New
York.

Clarke, F. H. (1975). Generalized gradients and applications, Trans. Amer. Math. Soc.
205,247-262.

Hestenes, M. R. (1980). Calculus of Variations and Optimal Control Theory, John
Wiley,New York.

Loewen, P. D. (1993). Optimol Control via Nonsmooth Analysis, CRM Proceedings
Lecture Notes 0.2, American Mathematical Society, Providence.

Pinho, M. R. and Vinter, R. B. (1995). An Euler-Lagrange inclusion for optimal Control
Problems, JEEE Trans. Automat. control, 40, No.7,July.

Ye, J. J. (1995).Necessary conditions for bilevel dynamic optimization problems,SI4 M
J. Control Optim., 33,1208-1233.

Ye, J. J. (1997).Optimal strategies for bilevel dynamic problems, STAM J, Control
Optim., 35,512-531.

Ye, J. J. and Zhu, Q. J. {1997).Perturbed differential inclusion problems with nonaddic-
tive L' —perturbations and applications,J. Optim. Theory Appl., 92, No. 1,189-208.

Yezza, A. (1996}.First-order necessary optimality conditions for general bilevel pro-
gramming problems,J. Optim. Theory Appl.,89, No. 1, 189-219.

Recejved June 23,1998
Hevised October 29,1998
Re-revised January 12,1999
Re-re-revised March 1,1999



