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By

Toru NAKAT®

Abstract

We deal with a sequential stochastic assignment problem on a par-
tially observable Markov chain. This is a generalization of a problem
treated in Derman, Lieberman and Ross (1972). Especially, not only
one job will appear at one time period. Under several assumptions,
we consider a partially observable Markov chain and several prop-
erties concerning a relation between observations and information.
On basis of these properties, we investigate the sequential stochastic
assignment problem on this partially observable Markov chain.

1. Introduction

We deal with a sequential stochastic assignment problem on a partially observable
Markov chain. This is a generalization of problem treated in Derman, Lieberman and
Ross (1972). There are m jobs which appear in a sequential order, and m persons to
be assigned to these jobs. This problem is how to assign these persons to m jobs in
order to maximize the total expected reward. Especially, not only one job will appear
at one time period. Associated with each job, there is a random variable depending on
the state of this chain, which indicates a value of a job. In order to investigate this
problem, we initially treat an optimal selection problem. This is a problem to select a
predetermined number of jobs in order to maximize the total expected reward of these
selected. In both problems, the number of observations available at one time period is
not known in advance, but only the probability is known beforehand.

When the state of this Markov chain indicates the economic condition, it affects
the values of jobs available at each time period. Usually, this condition is not known
directly, and there is only partial information about this condition. Theorems 1 and 2
give essential properties about posterior information after having obtained through the
values of these jobs. As a learning procedure, we employ the Bayes’ theorem. Albright
(1974) and Nakai (1986b) also treated a sequential stochastic assignment problem on
a partially observable Markov chain. Brown and Solomon (1973), Nakai (1985, 1990,
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1995, 1996), Pinedo and Ross (1980) considered a partially observable Markov decision
problems.

In Section 2, we deal with an optimal selection problem. In subsection 2.1, we make
some preliminary notations and assumptions to treat these problems. In subsection 2.2,
we summarize some properties about posterior information. For this problem, we use
some results obtained in Nakai (1986a). In subsection 2.3, we summarize some essential
properties about the optimal selection problem. Finally, we investigate a sequential
stochastic assignment problem on this partially observable Markov chain.

2. Optimal Selection Problem
2.1. Some Preliminaries

An optimal selection problem is to select a predetermined number of jobs in order
to maximize the total expected reward of these selected. Associated with each job,
there is a random variable indicating its value. These random variables are independent
and identically distributed. Let N be the planning horizon of this problem. On the
other hand, there are m jobs having a random value {Xi}i=1,....m. The objective of this
problem is to maximize the total expected reward by selecting k jobs out of m during
N time periods. If a job is not selected at one time period, then it is not available for
future decisions.

In general, the number of jobs observable at one time period is assumed to be
random with known distribution. When there are m jobs during N time periods, let
{P~n,m(n)}n=0,1,...,m be a probability of n jobs at the initial time period. When these
Jjobs appear uniformly and independently, Pn,m(n) is as follows.

(N — l)m—n

Nm (0 S n S mypl,m(m) = 1) (1)

pN,m(n) = nCh
We concentrate on this case, but it is possible to consider these problems for a more
general case.

Let X1,-++, X, be niid. random variables, and let further X1y, s X(n) be the
order statistics corresponding to Xi,---, X,. (X > -+ > X(n)) We arrange these
values from the largest to the smallest one, for convenience sake. We also use the
notation {X(;)}iz1,...,n instead of {Xi}i=1,...n. These n random variables {Xi}iz1,.m
are absolutely continuous with density f(z). 1t is well known that

n!

In,i () = G-Dima) (F(z)" (1~ F (@)™ f (2) (2)

is the probability distribution of the i~th order statistic X(iy (See Wilks (1962)).
For a decreasing sequence {a;} (ag = oo) of positive numbers, define a function
Un(ai,a;_1lk, y) by

a; Ay
Un(aiyai_1lk,y) = /0 a; haie (2(1)) f (2 (1)) dzi
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ai-1AYy
+ / z() B (2(1)) f (2(k)) d(a)

iNy

v
+ / Un (ai-1,ai-2 [k + Lz)) f(2(r) dagey (3)
a;-1Ay
where a A b = min{a, b}, Up,(a;,a;-1|n+ 1,y) = a; (y > 0) and
n! n—-k
ho i (2(1)) = o k) (F(zw))" - (4)

For any decreasing sequence {a;};>0, we construct a sequence {ain}ti>o as

@in = Un(ai,ai-1|1,00) (i > 1), (5)
where ap,, = co. We summarize some properties according to Nakai (1986a), which are
necessary to investigate these problems.

Lemma 1
nAi g nA(i-1) ) '
Qin = Z/ 2()0ns (2(5) dzy + D @ijnC (1= F (airg)) (F (ai-g))"’
j=1v8i-ji+1 j=0

Lemma 2 If a sequence {a;}i=0.1.2....(a0 = 00) is decreasing with respect to i, then the

1y 4y

sequence {&in }in=0,1,2,. defined by Equation (5) is also decreasing with respect to 1.

Lemma 3 Ifay = oo and a; = a3 = --- = 0, then a;, = E[X(;)](1 < ¢ < n) and
A p = 0. (l > n)

2.2. A Partially Observable Markov Chain

Let’s consider a countable state partially observable Markov chain. Let {0,1,2,- -}
be a set of states, and let further P = (p,,s) be a transition probability matrix of this
chain. The random variables observed at each time period depend on a state of this chain.
When the state of this chain is s and n jobs appear, we assume the random variables
associated with these jobs to be independent and identically distributed, but dependent
on s. Let S be a random variable indicating the state of this Markov chain. When
a state of this chain is s, the conditional expectation p, is finite, and the distribution
function F,(z) of these random variables are absolutely continuous with density f,(z).
We consider two assumptions.

Assumption 1 Ift <s, (s,t =0,1,2,--) then, forx <y,

fi(z)  fi(=)
fi(y)  fily)

Assumption 2 For any pair of t and t', ift > t', (¢,¢' = 0,1,2,---) then

fe)fi(2) = £,(v) fi(2), te, > 0. (6)

DPs't  Ps't!

>0, 7
Pst  DPst' | M

Pst'Ds't = Psit'Pst L€, 1

where s < s'. (s,s' =0,1,2,--+)
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If the state of this chain corresponds to the condition of the economy, then As-
sumption 1 means that this condition becomes better as s becomes smaller. The state
0 is the best one among them. It is easy to show that {y,},=0,1,2,... is decreasing with
respect to s. From Assumption 1, if s > ¢ (s,t = 0,1,2,---), then X (¢) is greater than
X (s) by means of the likelihood ratio. This also implies that X (s) satisfies the TP,
condition (totally positivity of order two).

For this countable state Markov chain, assume that the state of this chain is not
known directly. All information about this state is summarized by a probability distri-

bution @ on the state space, i.e., € S = { 8| & = (do, 1,92, ), s > O,Zqﬁ, =1}

At each time period, information is obtained through random variables depex;;li(]ng on the
state of this chain. If there is no observation at one time period, there is no information
about it. Let prior information about the state of this chain be #(€ S). When n jobs
appear with ® = (21,---,z,), then, by learning, we improve information as T(®|z). In
this paper, we use Bayes’ theorem as the learning procedure. Since this chain initially
makes a transition according to P, information & changes to

3.' = DsPs s
B ,Z:_;, o (8)
¢ = (¢0: ¢1’ ¢2a"')-

Let f:(®) be a joint probability distribution function of n random variables X =
(X1,---,X,) when the state of the chain is ¢. Since the random variables are inde-
pendent with each other and identically distributed, we note that

n

fu(@) = [ fi(=s). (9)

=1

Information about the state of this chain is updated by using Bayes’ theorem as

T, (8|e)= —2ful®)
Z,:o¢‘f'(z) (10)
T(|le) = (To (5! a:) Ty (_5| w) , Ty (3‘ az) ,) .

Initially, we introduce an order on § by using a likelihood ratio. This order is also

treated in Nakai (1985, 1986b, 1990, 1993) and Ross (1983), etc.

Definition 1 For any pair of ¢ and ¥ in S, denote & >; ¥ if and only if

Yy Yy
Qs, ¢t

for any s and t, (t < s,5,t =0,1,2,---) and at least one pair of s and t, ¢, < s¥,.
If ¢ = ¢, for any s = 0,1,2,---, then & = ¥. & >, ¥, if and only if & =; ¥ and
d >, 0.

¢J¢t S d)twui'e'v Z 0 (11)
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It is easy to show that this order is a partial order. We say a function u(®) on §
to be increasing by means of this order, if and only if u($) > u( ¥) for any pair ¢ and
¥ where ¢ >; ¥.

Definition 2 For any ® and y of k observations (z,y € R*), @ < y if and only if
ziy < yuy (1 << k).

Assumptions 1 and 2 imply Lemma 4 (Nakai (1985, 1986b, 1990, 1993)).

Lemma 4 For any pair of t and s, (t < s,s,t = 0,1,2,---) if ® < y, then

fi(®)  fi(=)

fly)fi(=) > fo(y)fe(=),ie., fi(y) f(y)

>0 (12)

As for posterior information, we obtain the following properties by a method similar
to one used in Nakai (1985, 1986b, 1993). We have already obtained for the case where
n = 1 in (1985, 1986b, 1993). We use the notation Eg[-] for the expectation when a
probability distribution on the state space is &.

Theorem 1 If & <y, then T (—d—w z) < T (3} y) (®€8).
Theorem 2 If & >, ¥, then >, ¥ and T (3‘ ) > T (E| z) (z €R™).

Lemma 5 If® >, ¥ (®, P € S), then

Bale(X)] =Y 6 [ wle)(e)e <3 v [ p(a)file)de = Eglw(X)]
i=0

t=0

for any non-decreasing function ¢(-) of @.

2.3. Optimal Selection Problem on a Partially Observable Markov Chain

Let’s consider an optimal selection problem on the partially observable Markov
chain treated in the last subsection. There are m jobs, and each one of them appears
uniformly and independently during N time periods. Associated with each job is a
random variable indicating its value, which depends only on a state of this chain. If
a job with a value z is selected, a reward z is earned. The density function of these
random variables is known previously. If a state of this chain corresponds to an economic
condition, the economic condition i1s not known precisely, but there exists only partial
information about it. Concerning the number of jobs at the initial time period, the
probability {pyx m(n)}n=01,.,m is given by Equation (1), which is independent of the
state of this chain. The value of a job appeared at one time period, however, depends
only on the current state s of this chain.

The optimal selection problem is to select k jobs out of m during N time periods
when prior information about the state is ¢. We consider (N, m, k, ) as a state of this
problem. The objective of this problem is to find an optimal policy in order to maximize
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the total expected reward. When the problem is in state (N,m, k, &), consider that n
jobs appear with @ = (z(1), -+, %(n)). If ¢ jobs out of n are selected, then, at the next
instance, the state of the problem becomes (N — 1,m — n,k — i, T(&|=))).

Let vy m,k, ¢ be the total expected reward (under the optimal policy) for a problem
in state (N, m, k, #). As in Ross (1970), the principle of optimality implies

Unmk, & = Z’UN,m,k,é(n)pN,m(n): (13)
n=0
Vwmk,#(n) = Elvnmpee (niXa)y X)), (14)
k
Unm,k,¢ (n;2) = max Zm(j)+vN—l,m“n,k—i,T(.5,:8) ‘ (15)
7j=1

Define sequences {diy 3 .}, {df,vJvm(n)} and {e“}v‘éym} of non-negative numbers
recursively in the following manner. (i, =0,1,2,---,m, N =0,1,2,---, $ € §)

djv,é,m = Zdi\l,j,m(n)pl\f,m(n)7 (16)
n=0
dﬁv,é,m(n) =E [dl}v,é,m(n;x)] ’ (17)
i ) i i—1
dy sm(niz) = Un (eN—l,T(E,Z),mvn’e;V—l,T(E,z),m—n l,oo), (18)
dt}V,é,m(O) = ej‘\’—l,?,m’ e§V~1,§,m = d;\’—l,T(?,z),m’ (N 2 2) (19)

where ¢ = (80,51»52:”')» a: = ZQSth d?v,e},m = d?v,qs,m(n) = oo, and d6,¢,0 =0.
t=0

When prior information about the state of the chain is ¢, Lemma 3 implies dli‘Q,m =

dt (m) and d’i,q,ym(m) = E¢ [X(i)]. When & <; ¥ implies ag >; ayg, we call

N, J,m
a function ag to be decreasing with respect to #. The following properties are also

obtained in Nakai(1996).

Lemma 6 d}'\,’,}'m, d‘}'\,,évm(n) and e‘}v,q&,m are decreasing with respect to & by means

of the likelihood ratio. {dﬁv’,;’m}oggm, {dj\r’Q’m(n)}OSi,nSm and {egv,gs,m}ogigm are
decreasing sequences of t.

Theorem 3 For a problem in state (N, m, k, &), assume that n random variables appear
k-j+1
N-1,¢m-n

1 € 5 < k Amn, then it is optimal to select the largest j observations out of n, i.e.,

L1y TG

with x(1),- ", T(n). Let j be the largest number which satisfies z(;) > e and

Theorem 4 For an optimal selection problem in state (N, m, k, ¢),
k

k
Vnmk, = O AN ams Uwmk#(n) = Y diy g (). (20)
i=1 i=1

Unmk, & and Uy m k(1) are decreasing with respect to &.
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Remark 1 Theorem 4 implies Uy m k, & — Unm k-1, = dﬁ‘;,‘g;,m, and it is possible to
consider that a value of d?\’,é,m indicates a value of a contribution from another option
to select for a problem in state (N,m,k — 1, 8). Lemma 6 yields that d?‘/,m,é s a

decreasing sequence of k. This implies that the value of a contribution s, therefore,
k

decreasing with respect to k. Since Equation (20) implies vy m i ¢ = Zd}'v',;,m and

i=1
k .
Un,mok, 8 (1)= Zd}vyé]m(n), these values do not necessary decreases with respect to N.
i=1

If the number of observations is known and even if the number of periods increases, one
cannot obtain monotone results as before. On the other hand, Theorem 4 shows that
{vnmr ¢} and {vy mr #(n)} are decreasing with respect to &.

3. A Sequential Stochastic Assignment Problem

Let’s consider a partially observable Markov chain treated in Section 2.2. There
are m jobs, and each one of them appears uniformly and independently during N time
periods. Associated with each job is a random variable which depends only on a state
of this chain. Regarding the number of jobs at the initial time period, the probability
{Pnm(n)}n=01,..,m is given by Equation (1). On the other hand, there are m per-
sons to be assigned to these m jobs. The abilities of these m persons are indicated as
P1,DP2, ", Pm. We assume 1 > p; > py > -+ > pm > 0 without loss of generality. As-
sociated with the n appeared jobs are independent and identically distributed random
variables. When a state of this chain is s, these random variables indicate the values of
jobs and depend on s. If a person with an ability p is assigned to a job with z, a reward
pz is earned. We also assume that a person who is assigned to some job is not available
for future decisions. This problem is to assign m persons to m appearing jobs, in order
to maximize the total expected reward.

As usual, there exists threshold values independent to p1,p2---,pm, which are
closely related to the optimal policy and essential properties of this problem. Let m and
m' be numbers of jobs and persons, respectively. We assume here that m’ and m are
equal. If m < m’, then it is sufficient to assign the m largest p, i.e., {p1,- -, pm} tom
jobs. On the other hand, if m > m’, then it is sufficient to add m — m’ trivial values
Pm'41 =" = Pm = 0.

Consider that there are m persons with abilities’ {p;,- -, pm} for m jobs during N
time periods. We treat this problem is in state (N, &;py, -, pm). We also indicate this
problem as Py, ¢(p1, " ,Pm). When a state of this problem is (N, #;p1,--+,pm) and
there are n jobs at the initial time period, then we use the notation Py p, ... 5,. (n) for this
subproblem. When there are n jobs with (1), -, (s), we also consider a subproblem
PN, #:py, o pm (75 B(1)s * *» Z(n))- The objective of this problem is to maximize the total
expected reward by assigning m persons with {p1,- -, pm} to m appearing jobs.

For the problems Pn 4.5, ....p,.s PN, #:p1, o (1) 3a0d PN &:p, ..., (5 T(1), ,w(n)),
let UN, $:py, - ,pms VN, $ip1,eepm () BRA UN 8.5, 5, (R 2(1), - - -, T(n)) De total expected re-
wards obtainable under the optimal policy, respectively. As in Ross (1970), the principle
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of optimality implies the following optimality equations.

UN,%p1,pm — ZvN,é;p:,m,pn.(")pN(n) (21)
n=0
UN,$ip1,pm(R) = E [”N.i‘;plw-,pm(n; X(l):"‘uX(n))] (22)
UN,$:p1,\Pm (n; T(1)r m(n))
= Po(j i) + F.2)p* . y 23
{,—,,,...,,;"I}nca{f,h...,pm} %%f ;P TG TUYNATF @)ipl Pt (23)

where {p], -, p},_,} are the remaining m —n persons except to n persons, {1, - -, pn },
out of m p’s, {p1, -, pm} (P >+ > Pi_psP1 > -+ > Pn). The optimal policy and the
total expected reward obtainable under this policy are determined by threshold values
as usual. These threshold values are the same ones obtained for the optimal selection
problem in the last section, i.e., {dy 5} and {d% 4 .(n)}. The proof of the following
two theorems are complicated, and we only sketch the outlines of the proofs.

Theorem 5 For the sequential stochastic assignment problem Py g.p,,...p.., the opti-
mal policy is as follows. “When the problem is in state (N, #;p1, -+ ,pm), n jobs ap-
pear with z(1y, -+, Z(n). Let {bj}j=1,....m be a rearranged sequence of two sequences
{z@)}i=1,....n and {d}\(—l,é,m—n}izlx“'.m—n from the largest to the smallest. If b; = z;,
(3=1,---,myi=1,---,n) then it is optimal to assign the j-th p; to a job with ziy. If
b; = djv_l’é_m_n, (j=1,---,mi=1,---,m —n) then it is optimal not to assign this
pj in this time.”

Theorem 6 The total expected reward vy, ¢.p,,....p,. ANA VN ;p,,....p.. (1) Obtainable un-
der the optimal policy for problem in state (N, &;p1,--+,pm) are as follows.

m m
UN,®ip1,pm — Zpin,é,m’ vN,i‘;px,m,pm(") = Zpidﬁv,qu,m(n)- (24)
i=1 i=1

In order to prove Theorems 5 and 6, we employ the induction principle on N. When
N =1, Theorem 5 are obvious since

max ¢ 3 Bo(i)a() | = D_PiT(), (25)
" =1 j=1
which is known as Hardy’s lemma. On the other hand,

m m
V1, 8ip5, o = ZPiE (X)) = Zpidg,é,m
i=1 i=1

implies Theorem 6. We assume that they are true for any value less than n — 1.
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Proof of Theorem 5
Since the induction assumptions imply vn_1;p3,.-pz. Z pid N LT(F.@)mn
we have
n
max Z v
cES, ) T UN- LT(®,@)ip}, - Phus

n

- > Poi )CC(J"’E:T’1 -1,7(F,2)m
ji=1

T ses. Z 7(7)2G) (T ZPWN—LT(?,w).m—n'(%)
j=1 i=1

Equation (25) yields

n

n
Eéasf Z ()T (5) + Z p’ N-1,7(%,&)m-n = ﬁjw(j) + Z b dthl,T(?,iB),m——n'
i i=1 i=1

If an individual decides to assign n §'s ({p1, -, Pn} C {p1,:**,Pm}), it is optimal to
assign the j-th largest p; to a job with z(;). This implies

vaé?Ply"‘me(n’;w(l)y"‘yz(n))
= max max B Xy A+ - .
{(FrPn}Clpr,or P} 7ESn ;p"(” @) TUN-LT(F.@)pi, 2o
n m-n
= max DTy + *d _ ) 27
{B1yFn }C{P1rPm} ;pj (7) ;pz N-1,T($,&)m-n ( )

In this point, the problem is how to assign the n {a:(i)},-zll,,,,n and the m — n
{d;v_l'T(zw),m_n}izl, ym—n to m p’s, ie., {p1, -+, Pm}. Let {bj}j=1,2,.,m be a rear-

ranged sequence of two sequences {z(;)}iz1,...n and {dt m—n from

N-1,T(%,®)m— n} =1,
the largest to the smallest, then Equation (27) equals to max {Zpibo(i)}. Since
7€Sn i=

by > by > --- > by, Equation (25) implies

max {Zpiba(i)} = Zpibi
" \i=1 i=1

Ifb; = 235 (7=1,---,m,i=1,---,n), then it is optimal to assign z(;) to the j-th p;. If
b; -d;v LT(F2)mn (4=1,---,m,i=1,---,m —n), then it is optimal not to assign
at this time period. O
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Proof of Theorem 6.

By the induction principle, we will prove that d}'vj’m is the expectation (under the
optimal policy) to which the i-th p; is assigned in the problem in state (N, &;p1, -+, pm)
(i < m). From this, it will be shown obviously that the total expected reward is given
by Equation (24). Similarly, d’}vvg,'m(n) is also the expectation to which the i-th p; is
assigned in the same problem when n jobs appear for decisions.

We note that dy 5 ,,(n) = Un(divvl,T(g,w),m—n’dj\:—ll,T(;,m),m—n,l’OO)' Since

ar,n = Up{dy,o0]l, o0)

d [eS)
dihn 1 (21y) £ (21)) dzgr) +/ z(yhn (21)) f (2(1)) (1), (28)
d

then
1 _ 1
dN'é’m - Un (dN_lvT(-ivz)vmhn,oo’ 1,00)
d;vfl.T(?.w).nl—n 1
= 0 dN~1,T($,:B),m—nhnv1 (z)) f (zq1)) dz )

+/ z(yhnn (z()) f (2(1)) deqa). (29)

N-1.T(F.8),m-n

This value is an expectation to which the largest p; is assigned under the optimal policy.

. L 1
This comes from the fact that; if T(1) > dN-l,T(?,:c),m—
p1, and if, otherwise, it is optimal to decide not to assign p; at this time period. This
result follows by conditioning on the initial z(1) recalling that p; is used if and only if
this value lie in the interval (d}v_lyT(;,m)‘m_n,oo). The second term of Equation (28)
corresponds to the first case, and the first term is the expectation to which the p; is

assigned for the future decisions under the optimal policy.

,» then it is optimal to assign

For the general cases, since

Ajn = Un(diyd‘i—lllvoo)
d; di;
- /0 dihn1 (w(l))f(m(l))dOB(l)*L zmhna (=) £ (2m) daq)
, i
+ ‘[i Un (di—l,di—2 |27 1}(1)) f (2’3(1)) dw(l)’ (30)

we investigate about these three terms. Equation (30) implies

dy s.m(n) = Un <di di-t 1,oo>

N-1T(8,8)m~n" "N-1,T(%,®),m-n
djV—l.T{;.m].vn—u ;
=/, Ay 1 1F,2)mntmt (W) f (2q)) deg)

d:—l

4 / N-1,T(F.®)m-n 1:(1)hn,1 (;,3(1)) f (;c(l)) da:(1)

i
N-1.T(§. &) m-n

¥
i1 P2 ;
+ /L;i—l Un (dN—l,T(;,EB),m—-n’dle—l,T(?,:B),m—n‘ 2’:”(1)) f (21)) dzy)- (31)

N-1.T7(#.&).m-n
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Ifzg) < dN LT (F®)men , then not only p; but also py,- -, p;—1 are not assigned at this

time period. At the next instant, p; will be also the i-th largest among the remaining
m — n p’s. This implies that the expectation (under the optimal policy) which will be

assigned to p; is dN L T(F,2)m—n from the future decisions. This case corresponds to

the first term of Equatlon (31).
Ifd;v LT(F,a)m-n = T(1) < d1 1T(§‘.‘B),m n'
at this time period, but the i-th p; is asmgned to this job. This case corresponds to the

, then py,--+,p;_1 are not assigned

second term of Equation (31).

If d‘]\; 1T(¢,:c),m—n < (1), then p; is not assigned to a job with z(y). Since

i1 z(1), one of the p1,-+,pi_1 Is assigned to this job under the op-

N-1,7(%,&)m-n —
timal policy. In this case, an individual decides for a job with z(2). There will consider

the following three cases, i.e., (1) z(2) < d“” 1T(<§ﬂ:)m a0 (2 )lellT(éw),m LSz <

d'N 21 T(F2)m and (3) d;v 21 TF2)mon < E2) These cases are similar classification

for z(1y. The thlrd term of Equation (31) corresponds to this case.
This result follows by conditioning on the initial z(;) recalling that p; is used if and
i—1
N-1,7(%,2)m N-1,T(3,z),m-n]' The expecta-
tion to which the p; is assigned under the optimal pollcy is, therefore, equal to Equation

(31), and this completes the proofs. O

only if this value lies in the interval (d’

Remark 2 If we assume py = -+ = py, = 1 and pr41 = -+ = pm = 0 in Theorem 6,
then we obtain a similar result in Theorem j. From this fact, the sequential stochas-
tic assignment problem is a generalization of an optimal selection problem in the last
section. As is shown in Theorem 5, dl}v,é,k(m) means a threshold value for the opti-
mal policy. Theorems 5, 6 and Lemma 6 indicate the properties of the optimal policy.
For example, d‘}v’@k(m) is decreasing with respect to ®. If a state corresponds to an
economic condition, as information about this state becomes smaller, the economic con-
dition improves. From this fact, we say that; as information about the state improves to
better, the threshold value increases. We also consider that; as the number of random
variables increases, the threshold value increases. It is, therefore, natural that d’}v’g,,k(m)
is increasing with respect to m. This can be shown by using the induction principle.

Remark 3 In this paper, we only treat a case where the total number of jobs is previously
known, but it is possible to show similar results when this number is not known previously.
We can obtain a proof for this case by a method similar to one used in Nakai (1986a).

Acknowledgment The author would like to thank the referees for their helpful

comments.



34 TORU NAKAI

References

Albright, S. C.: A Markov-Decision-Chain Approach to a Stochastic Assignment Prob-
lem, Operations Research, 22 (1974), 61-64.

Brown, M. and Solomon, H.: Optimal Issuing Policies under Stochastic Field Lives,
Journal of Applied Probability, 10 (1973), 761-768.

Derman C., Lieberman, G. J. and Ross, S. M.: A Sequential Stochastic Assignment
Problem, Management Science, 18 (1972), 349-355.

Nakai, T.: The Problem of Optimal Stopping in a Partially Observable Markov Chain,
Journal of Optimization Theory and Applications, 45 (1985), 425-442.

Nakai, T.: Optimal Selection Problem with a Random Number of Applicants per Pe-
riod, Operations Research, 34 (1986), 478-485.

Nakai, T.: A Sequential Stochastic Assignment Problem in a Partially Observable
Markov Chain, Mathematics of Operations Research, 11 (1986), 230-240.

Nakai, T.: A Stochastic Ordering and Related Sequential Decision Problems, Journal
of Information & Optimization Sciences, 11 (1990), 49-65.

Nakai, T.: A Partially Observable Decision Problem under a Shifted Likelihood Ratio
Ordering, Mathematical and Computer Modelling, 22 (1995), 237-246.

Nakai, T.: An Optimal Selection Problem on a Partially Observable Markov Chain,
Stochastic Modelling in Innovative Manufacturing (Eds. Christer, A. H., Osaki,
S. and Thomas, L. C.), Lecture Notes in Economics and Mathematical Systems,
445, Springer-Verlag, Berlin (1996), 140-154.

Pinedo, M. L. and Ross, S. M.: Scheduling Jobs Subject to Nonhomogeneous Poisson
Shocks, Management Science, 26 (1980), 1250-1257.

Ross, 5. M.: Applied Probability Models with Optimization Applications, Holden-Day,
San Francisco, California (1970).

Ross, S. M.: Stochastic Processes, John-Wiley and Sons, New York, New York (1983).

Wilks, S. S.: Mathematical Statistics, John-Wiley & Sons, New York (1962).

Received June 28, 1998



