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By
" Cheon Seoung Ryoo *

Abstract

A numerical method for automatic proof of the existence of solutions
for variational inequalities is proposed. It is based on the infinite di-
mensional fixed point theorem and computable error estimates for finite
element approximations of the original problems. Particularly, in this
paper, we consider the method to prove the uniqueness of solution for
obstacle problem. Further, some numerical examples are presented.

1. Introduction

In the author’s previous work (Ryoo and Nakao (1998)), we proposed a numerical
method for automatic proof of the existence of solutions for variational inequalities by
computer. The basic approach of this method consists of the fixed point formulation of
variational inequalities and the construction of the function set, in computer, satisfying
the validation condition of infinite dimensional fixed point theorem, i.e., Schauder’s
fixed point theorem. In order to realize the verification, we used the finite element
approximations and computable a priori error estimates as well as the method of interval
arithmetic. In this paper, we consider the method to verify the local uniqueness of
solution for obstacle problem. This method can be applied, at least theoretically, to
general variational inequalities.

In the following section, we describe the obstacle problem considered in this paper
and give the fixed point formulation to prove the existence of the solutions. In Section 3,
we introduce a computational verification condition. In Section 4, we present a computer
algorithm, based upon the idea in the previous section, to construct the set satisfying
the verification conditions by Schauder’s fixed point theorem. Also we consider about
the method to prove the uniqueness of solution for obstacle problem. Some numerical
examples are illustrated in the last section.

2. Problem and the fixed point formulation

Let Q be a bounded convex domain in R*, 1 < n < 2, with piecewise smooth
boundary 0Q. We set V = H(Q) = {v € H(Q) : v[sn = 0} and
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a(w,v):/Vw-Vvd:c,
Q

where
Ow Ov Ow Ov
316‘1 51‘1 + 3_-’13;6_12_
We define K = {v eV :v>0ae on}.

First, we note that, for any g € L%(Q), the problem:

Vw-Vv= —

a(w,y-w)>(g,¥-w), WEK, weK, (2.1)
has a unique solution w € V N H%(), and the estimate

|wlazq) < [|9ll2(a) (2.2)

holds (see Glowinski (1984) in detail), where |w|g2 implies the semi-norm of w on H2(Q)
defined by

lwl}aq) = Z ”8::: 7s; 1Z2¢0)-
ij=1

Now consider the following variational inequality;

Fi t
{ ind w € K such tha (2.3)

a(w,v —w) > (f(w),v —w),Vv € K.
Here, f is assumed to satisfy the following hypotheses :
A1l. f is the continuous map from V to L?().
A2. For each bounded subset W € V, f(W) is also bounded set in L%(Q2).

We adopt (Vé, V) as the inner product on V, where (-,-) denotes the L?- inner
product on 2. Hence, the associated norm is defined by ||¢|lv = ||Vé||2(q)-

We now take an appropriate finite dimensional subspace Vi of V for 0 < h < 1.
Usually, V}, is taken to be a finite element subspace with mesh size . We then define
K}, an approximation of K, by

Kp,=Vin K = {vp|vy €V, vy >00nQ)}.

We now define v = Pg(w), the projection of w € V into K, as the solution of the
following problem:

veEK: a(v,(—v)>a(w,{—v), V(EK. (2.4)
Also define v, = Pk, (w), the projection of w into K}, as follows:
vy € Ky, - a(vh,C—vh) za(w,C—vh), V( € Kp. (2.5)

Now, as one of the approximation properties of Ky, assume that
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A3. For each w € V N H%(Q), there exists a positive constant C, independent of
h, such that

lw = Pr,ywilv < Chlw|a2a). (2.6)

Here, C has to be numerically determined.

To verify the existence of a solution of (2.3) in a computer, we use the fixed point
formulation. For each w € V, by the Riesz representation theorem for the Hilbert space,
there exists a unique F'(w) € V such that

(VF(w),Vv) = (f(w),v), YveV. (2.7)

That is,
3F(w) € V such that
—AF(w) = f(w) in Q,
F(w) =0 on 09.

Then the map F : V — V is a compact operator.
By (2.7), problem (2.3) is equivalent to finding w € V' such that

a(w,v — w) > a(F(w),v — w), Vv e K. (2.8)

By using (2.4) and (2.8), we now have the following fixed point problem for the compact
operator P F'.
Find Jw € V such that w = Pg F(w). (2.9)

3. Verification condition

In order to deal with the functions and equations in the space V of infinite dimension
in a computer, we introduce two concepts, rounding and rounding error.
Now we define the dual cone of K} by

Ki={weV:a(w,v)<0, VveKp}

Note that K} is also closed convex cone in V' with vertex at 0 which is the only point
common to K; and Kj. From (2.4) it follows that K} is the set of points whose
projections into K is 0. We need some additional lemma which is from Rodrigues
(1987).

LEMMA 3.1. Anyw € V can be uniquely decomposed into the sum of two orthogonal
elements. That is,

w = Pg,w@(I - Pk,)w = Pk, w €D Px;w.
Here, @ denotes the sum of two orthogonal elements in the sense of V.

For any w € V, we now define the rounding R(Pk F(w)) € K} as the solution of
the following problem:

a(R(Px F(w)), vy — R(Px F(w))) > (f(w),vn — R(Px F(w))), Yvi € Kj.
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Next, for any subset W C >V, we define the rounding R(Pxk FW) C Ky by the
projection of V onto K}, that is,

R{(Pg FW) = {wp, € K} : wp, = R(Px F(w)), we W}.

Moreover, for W C V we define RE(Pxg FW), the rounding error of Px FW, as a
subset of K}, i.e.,

RE(PkFW) = {v € K} : |lvllv < ChlIf(W)l|z:}, (3.1)

where

f(WllLz = sup [|f(w)lle2-
weW

Here, C is the same positive constant as in (2.6). By using the approximation property
A3 of Kj, we have

Pg F(w) — R(Px F(w)) € RE(PkF(w)), Yw e W.

Therefore, we have the following verification condition by Schauder’s fixed point
theorem.

LEMMA 3.2. If there ezists a nonempty, bounded, convez, and closed subset W C K
such that
R(PkFW)® RE(Pk FW) C W, (3.2)

then there exists a solution of w = Pg F(w) in W.

4.  Verification procedures with uniqueness

In order to find a set W satisfying the (3.2), we use iterative procedures, that is,
the sequential iteration (see Ryoo and Nakao (1998)) or Newton-like method (see Nakao
and Ryoo (1998)). In this paper, we describe only the former case for simplicity. In
this section, we propose a computer algorithm to construct the set W which satisfies the
verification condition (3.2).

Now, we consider the following approximate problem corresponding to (2.1) as

a(wp, vy —wp) > (g,vn — wp), Yo, € Ki, wp € K. (4.1)

Since bilinear form a( -, - ) is symmetric, (4.1) is actually equivalent to the quadratic
programming problem:

min Ba(v,v) - (g,v)] . (4.2)

Let {¢;};=1..m be a basis of V}, with linear functions such that ¢;(x) >0, Ve € Q

and satisfying
1, i=j,

w0 ={y %)

where z; 1s a node of the finite element mesh.



A Computational Verification Method 137

Then (4.2) reduces to the following vector form:

. [1, ,
Iznzlg [52 Dz-P z] , (4.3)
where z > 0 means componentwise inequality. Here, D = (d;;) with d;; = (V¢;, V¢j),
1 <4, <M, and z is the coefficient vector with {¢;} corresponding to the function v
i 4.2.A1,PE(,-) .
in (12). Ao, P = ((0.6),__,,

By the well-known result (see, for example, Bazaraa and Shetty 1979), a vector

z = (z;) € RM with z > 0 is an optimal solution to (4.2) if and only if there exists
u = (uj) € RM such that

{u—Dz:-—P, )

uz=0, u©u>0, 2z2>0.

Here, uz means inner product on RM.
By the fact that u,2 > 0, we have z; =0 or u; = 0 for 1 < j < M. Thus we have
the following system of nonlinear equations:

{u-—Dz:—P,

4.
ujz; =0, 1<j5<M, (4.5)

in 2M unknowns u, z.
Now let A; be intervals on R', 1 < j < M, and let Eﬁl A;¢; be a linear combi-
nation of {¢;}, i.e., an element of the power set 2"» in the following sense:

M M
VZAJ‘%' = {Zaj¢j§aj €4;, 1<j< M}
ij=1 ij=1

Now, we denote the set of all nonnegative real numbers by Rt and for any o € R, we
set

[]={s€ K}; l¢llv <a}. (4.6)

Let denote all the set of linear combinations of {¢;} with interval coefficients by
D,ie.,

M
D= {ZAjd)le-; interval in B!, 1<j< M}.
i=1

For (w,a) € D x R*, setting W := w@[e] and g = f(W) in (2.1), we consider the
following nonlinear system:

{ u—Dz=—(f(W),¢;), 1<j<M,

wjzj =0, 1<j<M. (4.7)

Here, (f(W),¢;) is evaluated as interval Y; such that {(f(w),¢;)|lw € W} C Y;.
In order to solve (4.7) with guaranteed accuracy, we use the following theorem
which is given in Rump (1983).
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THEOREM 4.1.  Let ® : R® — R" be a function with continuous first derivative
and let R € R™™" (real n x n matriz), & € R". Denote the Jacobian matriz of
® by &' € R and for X € IR" (real interval vectors with n components) define
'(X):=n{Y € IR" : ®'(z) €Y for all z € X}. If for some X € IR™ with0 € X

~R-®&)+{I-R-¥(z+X)}-X X,

then there ezists an & € 5+ X with ®(z)=0.
Using the solution of (4.7), we define the map T : V — D by

T(W)=W, (4.8)

where W stands for the set of verified solutions obtained by Theorem 4.1; that is, an
interval vector, of the nonlinear system (4.7) with interval coefficients in the right hands
sides.

We now consider the fully automatic computer generation of the set w satlsfymg
Lemma 3.2. First, we generate the following iteration sequence {(wh ,a,,)} for n =
0,1,2,---, where (w{™, a,) € D x R* with w™ C K), and set W .= wi™ Blom).

For z’ = 0, we choose an appropriate initial value wg )e Kj and ap € Rt. Usually,

wgo) will be determined as

a(wl(,o), vp — wE‘O)) > (f(wgo)) Vh — Wy, )) Yo, € Kp,w ( ) e Ky, (4.9)

which corresponds to the Galerkin approximation for (2.3). And the standard selection
for o will be ag = 0. For n > 1, first for a given 0 < § < 1, we define the § — inflation
of (w(" Doa,_ 1) by

{ @) = w0 4 M -1, 1064,

Qn_1 = op-y + 6.

Next, for the set W(n—1) = i'ugln_l) Dlan—_1], we define wE‘") €D and a, € Rt by

{ wi = (WD), (4.10)

o, = Ch, supwep‘;,(,._l) ”.f(w)”Lz(n)

Here, C is the constant defined in (2.6).
Now we have the following verification condition on a computer.
THEOREM 4.2. If for an integer N, two relationships

S(N-1)

(N) C wy, and ay < ay_1 (4.11)

hold, then there ezxists a solution w of (2.3)in ng) @Dlan]. Here, the first term of (4.11)
means the inclusion in the sense of each coefficient interval of wﬁN) T
We omit the proof of this theorem, for it is quite similar to that of the corresponding

theorem in Nakao (1992).

and w;
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Although the verification method in the above enables us to find a solution in the
set ng) @lan], it is impossible to assure uniqueness of the solution in the same set.
We now present a technique including the verification of uniqueness under the following
additional assumption.

A4. Suppose that there exists a A < 1 such that
”PKF(wl) — PKF(U)Q)”V < )\le - 'wgllv, Ywy,ws € W.

By using above assumption and Banach fixed point theorem, we have the following
direct consequence which sharpen the Theorem 4.2.

THEOREM 4.3. Assume that PxF satisfies A4 on a set W. If for an integer N,

two relationships

w%N) C tT);N_l) and ay < ay_ (4.12)

hold, then there is one and only one solution w of (2.3) in w,(,N) Blen].

5. Numerical examples

In this section, we present some numerical examples for verification according to
the procedures described in the previous section. We consider the case

f(w) = aw +b. (5.1)

Here, we assume that a,b € L*°(Q). Frist, in order to validate A4, we need some
properties for Pk F. Let £(V) be the set of bounded linear operators from V to V.
We consider the following eigenvalue problem:

{ —Au =Au in £, (5.2)

u=20, on O

As well-known, the first eigenvalue A; of (5.2) is equivalent to the the following problem

- lwllf
= A1. 5.3
wev flwllz, o
Hence, we obtain
vwey, v o A
[lw]lz2

Furthermore, by well-known results, it follows that

1
272

for the unit square in two dimensional case. In one dimensional case, we can take A, as

1

And, by (2.7), we have F(w;) — F(wz) = (—A) "} a(wr — ws)).
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Now, setting Aw := (—A)~'aw , consider the following inequality:

| P F(w1) ~ Px F(w2)|lv
S|IF(wi) = F(ws)|lv

< |[A(wy = wa)llv

< Allevyllws — wellv.

Here, we used the fact that || Pk||c(v) < 1. Further, we obtain

lAllzevy = sup [l Awlly -5 (VAw,VAw)
wroev |wllv ~ wev [Jwllv|Aw]lv

(aw, Aw) o sup
=sup ——————- - < L= S .
S Twllv T Awly S0 TwllvilAwly

Hence, by using (5.3) and (5.4), we have

llwllz2]lAwllL2

llall e
272

for the unit square in two dimensional case. Similarly, for one dimensional case, we

lAllcevy <

obtain
llallLee
T2

1Allew) <
Therefore, we have the following results.
THEOREM 5.1. If the function a in (5.1)satisfies

llallz
<1(n=2) or T<1(n=1),

llall L~
27?2

then the assumption A4 holds.

In what follows we consider the one dimensional case. Then, we can estimate
constant C' in Section 2 as below.

Let Q@ = (0,1) and let ¢ € L?(Q?). For a positive integer M, set h = }e_{; we
consider z; = ¢-h for i = 0,1,2,--- M, that is, a uniform partition of Q and set
ei = (%i-1,%;), ©=1,2,--- M. We then approximate V and K by

Vi ={va € C°Q); v4(0) =vp(1) =0, wpl,, € P,i=1,23---M},
where P; is the space of polynomials of degree < 1, and
Kn={vn € Vi; wp(z) >0, VzeQ},

respectively.

Regarding the approximation error |lwp — w|lv and |lwp — w||f2(q), we have the
following lemma (see Ryoo and Nakao (1998)).

LEMMA 5.2. Let w and wy, be solutions of (2.1) and (4.1), respectively. Ifg € L3(Q),

then we have

Vb
llwn = wllv < ——=hllglizs),
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VBl 4/2
llwn — wllL2q) < 7(_ )h2||9||L2(ﬂ)

Hence, we may take C' = 3@ in (2.6). We now present some computed results of
verification with uniqueness.

Example 1. We consider
f(w) = wsin z — sin z sin 27z + 47% sin 27z.

We choose the basis {¢;}, of Vj as usual hat functions.
The execution conditions are as follows.

Numbers of elements = 100
dimV}, = 99
Extension parameters : § = 103

Initial values : w( ) = Galerkin approximation (4.9), oo =0,

) 5

the outline of w,, ’ is displayed in Figure 1.

In this case, it would be deduced that there exists a free boundary around z = 0.717172.

14¢

12}

0.8}
0.6}
04}

0.2}

0.2 0.4 0.6 0.8 1

Figure 1: Approximate solution wgo)
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The results are as follows:

Iteration numbers for verification : N = 3
L? — error bound : 0.001952
Maximum width of coefficient intervals in {ng)} = 0.001707.

Example 2. Next we consider
f(w) = Kw + 8cos 27z,

where K is a constant. The basis {¢;}4, of V} is the same as in Example 1.
The execution conditions are as follows.

Numbers of elements = 100

dimV,, = 99
K=2
Extension parameters: § = 10=3

510) = Galerkin approximation (4.9), «o = 0,

(0) 5
h

Initial values : w

the outline of w; ’ is displayed in Figure 2.

From the Figure 2, two free boundary points can be located around = = 0.367347 and
z = 0.632653.

0l

0.08

0.06 |

0.04

0.02}

0.2 0.4 0.6 0.8 1

Figure 2: Approximate solution w%o)
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The results are as follows:

Iteration numbers for verification : N = 3
L? — error bound : 0.000052
Maximum width of coefficient intervals in {ng)} = 0.000127.

REMARK. In the above calculations, we used usual computer arithmetic with
double precision instead of strict interval computions (e.q., ACRITH-XSC, PASCAL-
XSC,C-XSC etc.). But, from our experiences, the order of magnitude of roundoff error is
, in general, under 10719, Therefore, it is almost negligible compared with the truncation
error which amounts to 1073 ~ 10~2,
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