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Abstract

This paper provides a proof of a representation theorem for homo-
geneous relation algebras by using concepts of scalar relations and point
relations.
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1. Introduction

Just after Zadeh’s work on fuzzy sets in 1965, Goguen (1967) generalized the con-

cepts of fuzzy sets and relations to taking values on arbitrary lattices, and also stressed
the importance of relations as follows:
The importance of relations is almost self-evident. Science is, in a sense, the discovery
of relations between observables. Zadeh has shown the study of relations to be equivalent
to the general study of systems (a system is a relation between an input space and an
output space).

The modern algebraic study of (binary) relations, namely relational calculus, was
begun by Tarski; see Maddux (1991) for details of the history of the study of Boolean
relation algebras. Tarski (1941) also proposed a formalisation of Boolean relation al-
gebras and their representation problem. Schmidt and Strohlein (1985), (1993) gave
a simple proof of a representation theorem for Boolean relation algebras satisfying the
(so-called) Tarski rule and a point axiom. Dedekind categories (Olivier and Serrato
(1995)) (or allegories (Freyd and Scedrov (1990))) provide a categorical framework for
relational calculus. Relational calculus is a very useful framework for the study of math-
ematics (Kawahara (1995), Tarski and Givant (1987)) and theoretical computer science
(Schmidt and Strohlein (1993), Bird and de Moor (1997)) and also a useful tool for
applications. Some element-free formalisations of fuzzy relations and proofs of represen-
tation theorems are given in Kawahara and Furusawa (1995), Kawahara, Furusawa and
Mori (1996), and Furusawa (1997).
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In this paper we consider relation algebras, which may not be Boolean, and provide
their representation theorem. Relation algebras in the sense of this paper are equivalent
to Dedekind categories (or allegories) with just one object. Kawahara, Furusawa, and
Mori (1996) proved a representation theorem for Dedekind categories, showing that a
Dedekind category with a unit object satisfying the strict point axiom is equivalent to a
subcategory of the category of L-relations (where L is the lattice of all endomorphisms
on the unit object). A unit object is an abstraction of singleton (or one-point) sets,
and, following Goguen (1967), L-relations in Kawahara, Furusawa and Mori (1996) are
set-functions with values on a fixed complete distributive lattice L, that is, functions
R : X xY — L. The discussion in this paper does not assume the existence of a unit
object, and L-relations in this paper are homogeneous relations on a set X, that is,
functions R : X x X — L. This study is the first step to prove a representation theorem
for Dedekind categories without unit objects.

To prove a representation theorem for relation algebras, we use concepts of scalar
relations and point relations. The concept of scalar relations is an original one, which is
defined in section 3 as a relation included in the identity relation and which commutes
with the greatest relation with respect to composition. In the case of L-relations, scalar
relations can be represented as scalar matrices. We use the concept of scalar relations
to define a new concept of crisp relations different from that in Kawahara and Furusawa
(1995), Kawahawa, Furusawa and Mori (1996), and Furusawa (1997). Also the set of
all scalar relations is a complete distributive lattice, which is a sublattice of the relation
algebra, and scalar relations represent membership values. The concept of point relations
was introduced by Schmidt and Strohlein (1985), (1993) in the context of applications
of (Boolean) relation algebras to theories of graphs and programs, and it played an
important role in proofs of representation theorems in Schmidt and Strohlein (1985),
Kawahara and Furusawa (1995), and Kawahara, Furusawa and Mori (1996). In this
paper we define a “strict” point axiom by using our concepts of scalar relations and
point relations, and then we prove our representation theorem for relation algebras.

2. L-Relations

Let L = (L,<,V,A,0,1) be a fixed complete distributive lattice with least element
0 and greatest element 1. Complete distributive lattices are equivalent to complete
Brouwerian lattices or complete Heyting algebras. Elements of the complete distributive
lattice L will be denoted by I[,I',1”,-... The supremum (least upper bound) and the
infimum (greatest lower bound) of a family {ly}, in L will be denoted by V,lI, and
Aaly, respectively.

An L-relation R on a set X is a function R: X x X — L. For z,y € X the value
R(z,y) € L means the degree to which z and y are related under R. Throughout this
section, all L-relations are those on a fixed set X. The set of all L-relations on X will be
denoted by Rely(X). An L-relation R is contained in an L-relation S, written R C S,
if R(z,y) < S(z,y) for all z,y € X. The empty (zero) relation Ox and the universal
relation Vx are L-relations with Ox(z,y) = 0 and Vx(z,y) = 1 for all z,y € X,
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respectively. It is trivial that C is a complete distributive lattice, and Ox € R C Vx
for all L-relations R. We denote the least upper bound and the greatest lower bound of
a family {Rx}x by UxRx and Ny Ry respectively. We then have:

(UaRx)(z,y) = VaRx(z,y)

and
(MARx)(z,y) = AaRa(z,y)

for all z,y € X. The composite RS(= SoR) of an L-relation R followed by an L-relation
S 1s defined by

(RS)(2,y) = Viex[R(z,2) A S(z,9)]
for all z,y € X. This composition of L-relations is called sup-inf composition. The
associativity (RS)T = R(ST) holds for all L-relations R, S, and T'. The identity relation
idx is an L-relation such that idx(z,y) = 1 if ¢ = y and idx(z,y) = O otherwise. The
unit laws R = Ridx and idx R = R and the zero law ROx = Ox R = Ox hold for all
R. The converse (or transpose) RV of an L-relation R is defined by

Ru(xv y) = R(y,z)

for all £,y € X. An L-relation R is called nonzero if R # Ox. An L-relation R is called
crisp if R(z,y) =0 or R(x,y) =1forall z,y € X.

It is now obvious (Goguen (1967)) that L-relations together with the operations
defined above satisfy all axioms stated in the next section. Maybe only R4(Dedekind
formula) is not obvious; it will be proved in the following:

PROPOSITION 2.1. Let R, S,T be L-relations on X. Then RSNT C R(SN R"T)
(Dedekind formula).

ProoF. With RY(z,2)AT(z,y) < (R“T)(z,y), the Dedekind formula follows from

(RSNT)(z,y) Vi [R(z,2) AS(z,y)] AT (z,y)

V. [R(z,z) A S(z,y) AN T(z,y)]

V. [R(z,z) A S(z,y) A RY(2,2) AT (x,y)]
V:R(z,2) A S(z2,y) A (RYT)(z,y)]

V. [R(z,z) A(SNRYT)(z,y)]
[R(SNR°T)](z,y)

A

forall z,y € X. D

This formula is called “modular law” in Freyd and Scedrov (1990), Bird and de
Moor (1997); in Schmidt and Strohlein (1985), (1993) the Dedekind rule is given as
QRNS C(QNSRY)(RNQYS). Since these formulae are equivalent, we use the name
“Dedekind formula” in this paper.

In this paper we will call an L-relation R the scalar, if there is an [ € L such
R(z,y) = l if ¢ = y and R(z,y) = O otherwise. Now we denote the set of all such
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scalar relations by §. Then it is clear that the tuple (§,C,U,N,Ox,idx) is a complete
distributive lattice with least element Ox and greatest element idx, and also that is
isomorphic to L. Moreover, scalar L-relations can be characterized algebraically:

PROPOSITION 2.2. R is a scalar L-relation if and only f R C idx and RVx =
VxR.

PROOF. Remark that RVx(z,y) = V,ex[R(z, 2)AVx(z,y)] = R(z,z)AVx(z,y) =
R(z,z) for all z,y € X if R C idx. (Similarly VxR(z,y) = Vx(z,¥) A R(y,y).)
Now assume that R is a scalar L-relation. Then it is trivial that R C id. Thus
RVx(z,y) = R(z,z) AN Vx(z,y) = Vx(z,y) N R(y,y) = VxR(z,y). Next assume
that R C id and RVx = VxR. By R C idx we obtain R(z,y) = 0 if z # y. Also
R(z,z) = RVx(z,y) = VxR(z,y) = R(y,y) for all z,y € X. Therefore R is a scalar
L-relation. a

3. Axioms of Relation Algebras

This section provides the axioms R1-R4 of relation algebras and lists some basic
properties of relation algebras. A relation algebra R, which will be defined below, is
an algebraic structure over a nonempty set R of elements called “relations”. Originally,
relation algebras were formalized by Tarski (1941) as complete Boolean algebras with
composition and converse. But in this paper, relation algebras are only complete dis-
tributive lattices with composition and converse. In other words, relation algebras (in
this paper) are complete Dedekind categories (Olivier and Serrato (1995), Kawahara, Fu-
rusawa and Mori (1996)) or complete distributive allegories (Freyd and Scedrov (1990))
with just one object. Elements of R are denoted by Greek letters such as «a, 3, --. The
composite «; 8 of a relation « followed by a relation 8 will be written by af, unless
confusion 1s possible.

DEFINITION 3.1. A relation algebra R = (R,C,U,M,;},0,V,id) is an algebraic
structure over a nonempty set R satisfying the following:
R1. [Complete Distributive Lattice] The tuple (R,C,U,M,0,V) is a complete
distributive lattice.
R2. [Involutive Monoid] The tuple (R,; ! ,id, Q) is an involutive monoid with unit
element id and zero element O. That is,
(a) (af)y = a(By), (b) aid = ida = «, (¢) a0 = Oa = O, (d) (! = a, (e)
(ap)t = Blat,
(f) If o C B, then of C 8",
R3. [Distributive Law] o(Uy8)) = Uxafh.
R4. [Dedekind Formula] af My C (8 Maty). O

It is clear that every algebra Relp(X) = (Rel(X),C,U,N,0,Y,0x,Vx,idx) of
L-relations is a relation algebra. Let R = (R,C,U,MN,;},0,V,id) be a relation algebra.
A relation algebra R with V = O is trivial and not worth mentioning. Throughout the
rest of the paper all discussions will assume a fixed relation algebra R with V # O. A
relation « is nonzero if o # O.
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ProOPOSITION 3.2. Let o, 3,3 be relations. Then the following hold:
(a) If BE B, then af C aff and fa T fa.
(b) Ot =0, V! =V and id' = id.
(c) (euB =l up and (@N B =ot N .
() Ifata Cid, then (BN ) = afNaf.
(¢) IfaCid and BCid, theno! =aa=a and af = a N f.
(f) If BT id and B Cid, then o8N F') = af N af'.

Proor. (a) If 8 © @, then af C afUaf = a(fU ) = af’ by R3. (b)
O!' COW = O since OC O, and V = V! C V! since V! C V, and id" = id'id =
id"'id" = (id"id)* = id" = id. (c) First note that of U 4! C (a U B)!. Hence a U g =
oMupt C (a'uph)t and (aUB) C (! UBYM = aPupt. (d) If ofa Cid, then afNaf’ C
a(fnatef’) C ao(fNidf’) = a(BNF') by R4. (e) Assume that o C id and B C id. Then
a=aNVEa(idNe!V)CidNa!'V C of(@NV) C of by R4. Similarly it can be shown
that o' C « holds. Also aa C e is trivial by (a), and e = aNV E a(a Mot V) C aa by
‘R4. Moreover, since e C 3, af =afNBC af and aNBLC a(idNatP) C af by R4.
(f) If 3C id and B’ C id, then afNepf’ C (aNaf/B)BC af'f = (BN B') by R4 and
(e). O

Note that a(M3,) E Mi(afy) and VV = V hold immediately by the last propo-
sition 3.2(a).

The concepts of scalar relations and crisp relations in relation algebras are defined
by the following:

DEFINITION 3.3. Let R be a relation algebra.
(a) A relation k is called scalar if and only if & C id and £V = Vk.

(b) A relation « is called crisp if for all nonzero scalar relations & and all relations S,
kB C o implies S C a. o

It is trivial that O and id are scalar relations, and that V is crisp (but O and id are not
necessarily crisp).

The concept of crisp relations has been defined in Kawahara, Furusawa and Mori
(1996) on the assumption of the existence of a unit object. The concept of the crispness
can also be found in Kawahara and Furusawa (1995) and Furusawa (1997), where it is
defined via semi-scalar multiplication. In this paper we need neither a unit object, nor
semi-scalar multiplication. Instead we used the concept of scalar relations to define crisp
relations.

Next we provide some basic properties of scalar relations and crisp relations.

PROPOSITION 3.4. Let k be a scalar relation and «, § relations. Then the following
holds:
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(a) ko = aNkV and ak = a NVk. In particular, k =id M kV.
(b) ka = ak.
(c) (kNME)Ya=aknk'), (kUK )a=alkUk’).
(d) If kVE KV, then kC k.
(e) If « and B are crisp, then so is o 11 .

PROOF. (a) Since k Cidand a C V, ka C aNkV = k(k'a N V) = kk'a = ka by

R4 and 3.2(e). Similarly it can be shown that ak = « M Vk. (b) From (a) it holds that
ka = aNkV =aNVk =ak. (c) (kNk)a = (kk')a = a(kk’) = a(k N k') by 3.2(e)
and (b). (kUK )a=kaUk'a =akUak’=a(kUk’) by R3 and (b). (d) Assume that
kVCK'V. Thenk =idNkV CidNk’'V =k by (a). () If ky Ca N}, then kv C
and ky C 8 by R1. Since a and f are crisp, y C @ and v C 3. Thus y C o N 3 by R1.
O

In addition to the definition of crisp relations, scalar relations also play an important
role in other respects. Let us denote the set of all scalar relations by £. Then L is closed
under the operations supremum U and infimum M by proposition 3.4(c) and axiom RI1.
So the tuple (L,C,MN,U,0,id) is a complete distributive lattice, and it is a sublattice of
the relation algebra R with the least element O and the greatest element id.

4. Strict Point Axiom

This section introduces a new concept of point relations and a strict point axiom.
A concept of point relations was introduced in Schmidt and Stréhlein (1985), (1993) to
give a simple proof of a representation theorem for Boolean relation algebras and apply
such algebras to computer science. Kawahara and Furusawa (1995) made the concept
more strict to prove a representation theorem for fuzzy relation algebras. The concept
of point relations is defined in this paper in the spirit of Kawahara and Furusawa (1995),
but we have to pay attention to the difference between the notions of crisp relations in
Kawahara and Furusawa (1995) and in this paper.

Before define the concept of point relations, we describe properties of relations
which correspond to the vector relations in Schmidt and Strohlein (1985), (1993).

ProrosiTION4.1. Let a be a crisp relation such that Va = «. Then the following
three conditions are equivalent : (a) id C aat, (b) V = adt, (¢) V = aV.

PROOF. (a)=(b) If id C aat, then V = Vid C Vaeo! = aa!. (b)=(c) f V = adf,
then V=aa! CaV. (¢)=(a) [ V=aV, thenid =idNV =idNaV C a(e!idNV) =

aal. m}

The concept of point relations in relation algebras is defined as follows:
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DEFINITION 4.2. A point relation z is a crisp relation such that z'z C id, id C
zz! and Vz = z. (Point relations will be denoted by lower case Roman letters such as
z,y,2,---.) The set of all point relations is denoted by X. m]

Note that a point relation z is nonzero from its totality id C zz'. For point relations
z and y, the relation z!y is nonzero since y C z(zy) by the totality id C zz! of z.

ProproSITION 4.3. Let z,zq,y,yo be point relations and k a nonzero scalar. Then
the following holds:

(a) Ifkx Cy, thenz =y.
(b) If katy C abyo, then = = 7o and y = yo.

PROOF. (a) Since y is crisp, it holds that 2 C y. Using id C zz!, 2! C y' and
Yy € id we have y C zzly C zyly C z. (b) Assume that kz'y C :cuoyo. Then
ky = kVy = kVazly = Vkaly C Vzlyo = yo by 4.1 and so y = yo by (a). Similarly
r=2Zg. m]

By making use of our last definition of point relations in relation algebras, we add
the following axiom:

DEFINITION 4.4. A relation algebra R satisfies the strict point axiom iff:
R5. (a) For each nonzero relation o there are a nonzero scalar relation k£ and two point
relations z and y such that zay' = kV.
(b) Ugexztz = id. ]

Note that the condition (b) of the strict point axiom Rb is equivalent to U,e xz = V.
In what follows we assume that the fixed relation algebra R satisfies the strict point
axiom RS.

ProOPOSITION4.5. Let a be a relation, x and y point relations. Then the following
holds:

(a) If « is a nonzero relation, then there exist a nonzero scalar relation k and point
relations x and y such that kz'y C a.

(b) Ifz# y, thenxNy=0 and zy' = O.
(¢) zay! = kV if and only if o N 2ly = k(z'y).
(d) If a C z'y, then there exists a scalar relation k such that o = ka'y.

ProoF. (a) If @ # O, then then there exist a nonzero scalar relation & and point
relations z and y such that zay' = kV by the strict point axiom R5. Since z and y are
point relations, kz'y = k2! Vy = 2tkVy = z'zay'y C o by 3.4(b). (b) Assume that = #
y and My # O. Then there exist a nonzero scalar relation k and point relations zo and
yo such that k:r"oyo C zNy by (a). From 3.4(e) zMNy is crisp, so it holds that :IIE]yo C zMy.
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Thus yp = quoyo EV(zNy)CVaNVy =z My by 4.1. Therefore z = yo = y by R1
and 4.3(a). Finally,if 2Ny = O, then zy! = 2y NV C (2 N Vy)y! = (2 Ny)y* = 0. (¢)
Assume that aNzly = k(z'y). Then it holds that zay* = zay'NV = zay'N(zz!)(yyt) =
z(aNaty)y! = z[k(z*y))y! = k(zz')(yy") = kV by 4.1, 3.2(d) and 3.4(b). Next assume
that zay! = kV. Then a Naly C z!(zay! Nid)y C 2zay'y = 2} (kV)y = k(z'y) by
R4, 4.1 and 3.4(b). Conversely, k(z'y) = k(z'Vy) = 2'kVy = z!(zay')y C a by 3.4(b).
Thus k(zty) C a Naly. (d) It is trivial that if @ = O then a = O(2'y). Next assume
that o # O. Then, by the strict point axiom and (c), there are a nonzero scalar relation
k and point relations zg, yo such that a N zgyg = k(:cuoyo). Hence k(x%yg) CaC zly,
and so z = xg and y = yo by 4.3(b), which implies a = k(z'y). O

By (d) of the last proposition, for every relation a and for every two point relations
z,y there exists a scalar relation k such that o Mz'y = k(z'y), and so zay! = kV
by (c) of the last proposition. Also, by proposition 3.4(d), such a scalar relation k is
unique. For a relation a and point relations z,y, we define ¢(a)(z, y) to be the unique
scalar relation k with zay! = kV. Thus, by proposition 3.4(d), ¥(a)(z,y) is the unique
scalar relation such that zay' = y(a)(z,y)V. Therefore (o) defines an L-relation on
the set X of all point relations in R since the set L of all scalar relations is a complete
distributive lattice.

5. Representation Theorem

First we prove a representation theorem for relation algebras satisfying the strict
point axiom R5. The representation problem of Boolean relation algebras was pro-
posed by Tarski (1941) and investigated for a long time, see Schmidt and Strohlein
(1985), (1993) and Maddux (1991) for more details on the history of the investigation of
the representation theorem for Boolean relation algebras. Also Kawahara and Furusawa
(1995) proved an algebraic representation theorem of fuzzy relations, and Kawahara, Fu-
rusawa and Mori (1996) proved such theorems for Dedekind categories (or allegories) and
Zadeh categories. The following theorem also is a representation theorem for Dedekind
categories with just one object.

THEOREM 5.1 REPRESENTATION THEOREM. Let R be a relation algebra satisfying
the strict point aziom. Then every relation o has a unique representation

a = Uz yexziy(e)(z,y)y -
PROOF. Since id = Uyexz'z and id = Llyexyuy by the strict point axiom, we have

idaid
(Uxex:c“x)a(l_lyexyuy)
Ux,yex:c”zayny
Uzyexzty(a)(z,y)Vy
Uz gexzly(a)(z,¥)y .

«

Il
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Finally we show the uniqueness of the representation. Assume that o = U, yexz'kz yy.
Then for all zg,y0 € X we have ¢¥(a)(zo,y0)V = xoayg = leyexa:ox”kx,yyyg =k y by
4.5(b). o

From the last theorem we can deduce the next property of the function ¥ : R —
REIL (X)

COROLLARY 5.2. For every relation algebra R satisfying the sirict point aziom, the
function ¢ : R — Rel(X) is bijective.

Proor. If ¥(a) = ¥(B), then by the last theorem we have

a = Ug yexz'9(a)(z,y)Vy = Us yex ' 9(B)(2,)Vy = 8 ,

which shows that ¢ is injective. Given an L-relation R € Relp(X), we set agp =
Uzyex o R(z, y)Vy. Then by the uniqueness of the representation in the last theorem
we have R(z,y) = ¢(ar)(z,y), which shows that ¢ is surjective. O

The following proposition shows that 1 : R — Rely(X) preserves all operations of
L-fuzzy relations, that is, ¥ is a homomorphism of relation algebras from R to Relp (X).

PROPOSITION 5.3. Let a, 8 be relations. Then the following holds:
(a) ¥(0) = Ox, ¥(V) = Vx and ¢(id) = idx.
(b) If a C B, then (a) T %(B).
(¢) ¥(au ) = ¢(a) UP(B),
(d) ¥(anB) = p(a) NP(B).
(e) ¥(a') = 9(a)*.
() ¥(af) = $(a)¥(P).

PRrROOF. (a) The first follows from ¢(O)(z,y)V = z0y* = OV, the second follows
from ¢(V)(z,y)V = 2Vy' = idV by 4.1. Remarking ¥(id)(z,y)V = zidy' = zy!, the
last follows from ¥(id)(z,y)V = idV if z = y and ¥(id)(z,y)V = OV, otherwise by 4.1
and 4.5(b).

(b) If & C B, then $(a)(z,4)V = zay! T 26y’ = ¥(8)(z,y)V.
(c) It follows from

Y(eUB)(z,y)V = z(aUpf)y

zay' Uzfy!

Y(e)(z,y)V UP(B)(z, y)V
[¥(a)(z,y) UH(B)(2,y)]V
[(a) Ug(B)(z,9)V .
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(d) It follows from

z(an By
zay' Nzfy!
P(a)(z,»)V NY(B)(z,y)V
= [¥(a)(z,y) NY(B)(z,y)]V
= [¥(a)Ny(B)(z,9)V ,
by 3.2(d) and 3.2(f) since = and y are point relations and ¥(a)(z, y), ¥(8)(z,y) C id.
(e) It follows from ¥(at)(z,y)V = zaly' = (yaz!)! = (Y(a)(y,2)V)! = Yla)(y, )V =
Y(a)¥(z,y)V since Y(a)(y, z) is a scalar relation.
(f) 1t follows from

Y(aB)(z,y)V

Y(a N B)(z,y)V

z(af)y!

raid Gyt

za(U,ex 2'2)By!
U,exzazlzfy!

Uzex ¥(a)(z, 2)VH(B)(2,y)V
Uzex¥(a)(z, 2)Y(B)(z,9)V
U:ex[¥(a)(z,2) N Y(B)(z,y)]V
= (Y()¥(B))(z,9)V ,

since Y(a)(z, z) and ¥(B)(z,y) are scalar relations. o

It is now obvious that ¢~! is a function and is a homomorphism of algebras of
L-relations from Relz (X) to R. Thus we have the following corollary:

COROLLARY 5.4 ISOMORPHISM THEOREM. Every relation algebra R satisfying the
strict point aziom is isomorphic to the algebra Relp(X) of L-relations on the set X of
all point relations of R, where L is the distributive lattice of scalar relations in R. 0O

6. Conclusion

In this paper we proved a representation theorem for homogeneous relation algebras
R satisfying the strict point axiom, which can be considered as Dedekind categories with
Just one object, using concepts of scalar relations and point relations. In Kawahara,
Furusawa and Mori (1996) the representation theorem for Dedekind category was proved
without using the concept of scalar relations, but with using the assumption of the
existence of the unit object. It is shown in this paper by defining the new algebraic
concept of scalar relations that such a representation theorem can be proved without
assuming the existence of a unit object.
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