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CONDITIONAL GENERALIZED EMBEDDED 

           DEPENDENCIES

    By 

Victor FELEA *

                     Abstract 

   The family of conditional generalized embedded dependencies about 

relations in relational databases is introduced. These constraints are 

expressible as formulas in second-order logic and they are constructed 

with generalized embedded dependencies as the components. For a class 

of this family a characterisation of a given constraint logically implied by 

a certain subclass of the class is given. 

The existence of the Armstrong-like databases for special classes of con

ditional generalized embedded dependencies is proved. A method for the 

construction of an Armstrong model, when it exists and certain condi

tions are fulfilled, is given.
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1. Introduction 

   The purpose of this paper is to investigate several aspects of a large family of 
dependencies. We define the family of conditional generalized embedded dependencies 
using the second-order logic. These contraints are Horn formulas of second-order having 
as the components, generalized embedded dependencies. 
This family of dependencies contains as special cases the class of conditionalfunctional 
dependencies, studied by P. de Bra and J. Paredaens (1988), the family of generalized 
embedded dependencies, studied by J. Grant and B. Jacobs (1982) and the class of 
conditional. embedded implicational dependencies studied by the author (1995) . 

    In the paper, for a class of this family we give a characterisation of a given constraint 
logically implied by a certain subclass of the class. 

    For special classes of conditional generalized embedded dependencies we prove the 
existence of the Armstrong-like databases, using the direct products of databases. 

    Finally, we give a method for the construction of an Armstrong model, when it 
exists and under certain conditions. 
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2. Preliminaires 

 In this section, we specify several principal notations used throughout the paper. 
We assume that the usual notations in first-order and second-order logic (Chang and 
Lee 1973, Robbin 1969, Yasuhara 1971) are known. 
Let U be a finite nonempty set of distinct attributes. Let Ri be a relational symbol, 
which corresponds to a relation ri over Ui, where Ui is a subset of U. Let Si be a 
predicate symbol, universally quantified, which represents a subset si of ri. Let us 
denote by ui a tuple ordered of variables over Ui. The atomic formulas are typed; they 
are either of the form Ri (ui ), Si (ui ), or of the form x = y, where x and y are individual 
variables with the same type. A generalized embedded dependency statement (ged) is 
a sentence of the form (Grant and Jacobs 1982): 

, R.ik+l) = dx1 ... 3z,n [Rjl (ii) n ... n Rjk (tk)Rjk+i (tk+l)] 

where each Ri, is an ni-ary predicate symbol, 1 < i < k + 1, tj is a tuple ordered of 
terms, 1 < j < k + 1, every xvariable in tk+1 is contained in some ti , 1 < i < k, no ti, 
for 1 < i < k, contains any zvariable. 

    Let Xi be a subset of Ui and ri a relation over Ui . A subset si of tuples in ri is called 
Xicomplete in ri if for all t1 E si and t2 E ri  si, we have t1 [Xi] � t2 [Xi]. A conditional 
functional dependency (De Bra and Paredaens 1988) is denoted by X — Y }X -f Z . 
We say that r obeys dependency X — Y D-X -i Z if in every Xcomplete set of tuples 
of r in which the functional dependency X Y holds, the functional dependency 
X -+ Z must hold too. 

    The family of conditional functional dependencies has been introduced and stud
ied by P. de Bra and J. Paredaens (1988). These authors used conditional functional 
dependencies for horizontal decompositions of relation schemes. 

    If we take embedded multivalued dependency instead of functional dependencies, 
we obtain a conditional embedded multivalued dependency of the form: X D 
-X  Z/T2. We say that r obeys this dependency, if in every Xcomplete set of 
tuples of r in which the embedded multivalued dependency X  , Y/T1 holds, the 
embedded multivalued dependency X Z/T2 must hold too. It is known (Grant and 
Jacobs 1982) that for an embedded multivalued dependency X --0-4 Y/T a generalized 
embedded dependency statement is associated.

3. The Family of Conditional Generalized Embedded Dependencies 

   In this section we define the family of conditional generalized embedded dependen
cies. 

DEFINITION 3.1. A conditional generalized embedded dependency (shortly CGED) 
is a sentence in second-order logic of the form: 

a(Rl, ... , Rk, X1, ... 
,,XkJ(VS1...VSk) [o1(S1i R1) A ... ASpk(Sk, Rk)A          Ri , Xi) / .../~Y'11k(Sk, Rk, Xk)Acri(Sl,...,Sk)A ... Aah(Sl,...Sk)(1) 

cf(S1i...,Sk)]
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where: 

    a)  Ri is a predicate symbol, which represents a relation ri over Ui, 1 < i < k; 
   b) Xi is a fixed subset of Ui, 1 < i < k; 

    c) Si is a predicate symbol, universally quantified, which represents a subset si of 
ri, 1 < i < k; 

   d) Spi (Si , Ri) is a first-oder formula of the form: 

                  Ri) = (Vui)[Si(ui) = Ri(2ui)], 1 < i < k; 

The pair (si, ri) of relations over Ui satisfies (pi(Si, Ri) whenever si is a subset of ri, 
1<i<k; 

   e) Li(Si, Ri, Xi) is a formula of the form: 

Ri, Xi) _ (dxi)(Vti) [Si(Xi,tl) n Ri(xi,t2) = Si(xi,4)] ; 

xi is a tuple of variables associated to the attributes of Xi, tl, t2 are tuples of variables 
associated to the attributes in Ui  Xi and t = (ti, t2). The pair (si, ri) of relations over 
Ui satisfies the formulas Y'i(Si, Ri, Xi) and Wi(Si, Ri) if the relation si is Xicomplete 
in ri; 

   f) o. (Si, ... , Sk) is a generalized embedded dependency (ged) with the relation 
symbols Si, ... , Sk, 1 < j < h, o (Si, ... , Sk) is also a generalized embedded dependency; 

    g) h> 0; if h = 0 then the formula a(Ri, . . . , Rk, Xi, ... , Xk) is equivalent with 

                        (VS1 ... VSk)o(Si ...Sk) 

    EXAMPLE 3.1. If in the Definition 3.1, we take k = 1, h = 1 and 0i (Si ), o(Si) 
as the formulas associated to the embedded multivalued dependencies X - Y/Ti, 
X Z/T2, respectively, then it obtains a formula that represents the conditional 
embedded multivalued dependency X -4-4 Y/T1 D-X — Z/T2. 

    EXAMPLE 3.2. Let f be a conditional functional dependency of the form: f = 
X -; Y D-X -* Z. For X -* Y we can construct a generalized embedded dependency 
statement (Grant and Jacobs 1982), denoted by o i (S), where o-1(S) does not contain z
variables. Similarly, for X --^ Z there is a generalized embedded dependency statement, 
denoted by u(S). Thus, for the dependency f, we can associate a CGED of the form 
(1). 

    REMARK 3.1. Let us denote by ai(R1i ... , Rk) the formula a(Ri, ... , Rk, 0, ... , 0) 
of the form (1), where 0 is the empty set. Moreover, let a' be the following formula: 

a' [a1(Ri,...,Rk)A ... Ao'h(Rl,...,Rk) =cr(R1,...,Rk)] 

We have: 
(r1, ... , rk satisfies a' zff (ri, Di , ... , rk, Dk satisfies a1 R1, ••• , Rk for every (D1, .. 
,Dk) such that D � 0, 1< j < k. 

    The relation ri corresponds to the relation symbol Ri, 1 < i < k; Di is a set of 
relations over Ui (the universe of Ri), and the domain of values for Si, 1 < i < k.
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    EXAMPLE 3.3. If in the formula a' from the Remark 3.1 we consider h = 1 and 
 o-(R1  i ... , Rk) as a tautology, then the new a' is equivalent with a(R4, ... , Rk), which is 

a generalized embedded dependency (these dependencies have been defined and studied 
by J. Grant and B.E. Jacobs in 1982). 

    EXAMPLE 3.4. We consider in the formula (1) as ai(S1 ... Sk) the embedded im
plicational dependencies over an unique relational symbol (k = 1). The new formula (1) 
has the form of a conditional embedded implicational dependency (these dependencies 
have been defined and studied by the author in 1995). 

    EXAMPLE 3.5. Let us consider an Xicomplete set Si of tuples of Ri with one Xi
value. Such a set is called Xiunique and complete. Let us denote by o (Si) the following 
formula: 

0-1(Si) _ (Vtit2viv2)[Si(tivi) A Si(t2v2) (ti — t2A, 

where t1 and t2 are tuples of variables corresponding to Xi, and vi , v2 are tuples of 
variables corresponding to Ui — Xi. We have: 

si is Xiunique and complete in ri iff 

(si, ri) satisfies SPi(Si, Ri), Nki (Si , Ri Xi) and o-1 (Si). 
Thus the formula (1) contains certain restrictions defined over the Xiunique and com
plete sets. 

    EXAMPLE 3.6. Let be the following relation schemes: 
ORDERS(NAME, ITEM, QUANTITY), 
SUPPLIERS(SNAME, SITEM, SQUANTITY) 

The first schema represents the orders for certain items and the second represents the 
posibilities of the suppliers (the supplier with name SNAME can supply the item 
SITEM with the maximum quantity SQUANTITY). We assume that two different 
suppliers can supply the sets of items disjoined. 

    Let us consider the following restriction: 
For every person who makes an order, if there exists a supplier who contains all items 
necessary to this person, then the quantities for these items are sufficient. 

   Let X be the set containing the attribute NAME and Y containing SNAME . Let 
R1 be ORDERS and R2 be SUPPLIERS. Let S1 be a relational variable corresponding 
to R1 and X. Let S2 be a relational variable that corresponds to R2 and Y. 

    The formula a(Ri, R2, X, Y) expresses the restriction above: 

a(Ri, R2, X, Y) = (VS1S2)[Ca1(S1, R1) A so2(S2, R2) A th(Sl, Ri, X )A 

A b2(S2, R2,Y) A 71(S1) A 72(S2) A 1(S1, S2) 2(S1, S2)], 

where 
(pi (Si , Ri) = (Vu)[Si(u) = RE(u)], i = 1, 2 

01(S1, R1, X) = (Vxyiziy2z2)[S1(x, yl, z1) A R1(x, y2, z2) Sl (x, y2, z2)] 
,b2(S2, R2, Y)  (dtv1w1v2w2)[S2(t, vl, wl) A R2(t, v2, w2) S2 (t, v2, w2)] 
71(51) = (Vx1y1z1x2y2z201(x1, yl, z1) A Si (X2, y2, z2) (x1 = x2)]
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   72(S2)  = (Vtiviwit2v2w2)[S2(ti, vi, wi) n S2(t2, v2, w2) (l = t2)] 
1(Sl, S2) = (Vxiplcl)[Si(xi,p1, cl) Ptc2)S2(1,p1, c2)] 
2(Si, S2) _ (dxipicitc2)[Si(xi,Pi, cl) n S2(1,pi, c2) R3(ci, c2)] 

R3(ci, c2) is the relation c1 < c2. 
Let T be a class of generalized embedded dependency statements. Let us define the class 
T* such that 

       T* _ {o-iT o, r is a generalized embedded dependency statement} 

Let a be a CGED formula of the form (1). We denote this formula by a(Rk,Xk). For a 
class C of CGEDs and a a CGED formula of the form (1), we define recursively a set of 
generalized embedded dependency constraints, denoted by T(C, al (17-4,7k,30), where 
al (Rk, X k, Sk) is the left-side part of a(Rk, X k): 

a1(71:4, X k, 3k) = Spi(SI, Ri) n ... n 4,0k(Sk, Rk) A Y'1(Si, Ri Xi) A ... (2) 
...nOk(Sk,Rk,Xk)na-1(Sl,...,Sk)n...Aah(Si,...,Sk) 

DEFINITION 3.2. Let C be a class of CGEDs and a be a CGED of the form (1). 
Let ai(•k, Xk, Sk) be the left-side part of a(Rk, X k). We define Ti(C, a1(Rk, Xk, Sk)) 
in the following manner: 

TO(C, ai (Rk, X k, Sk)) _ {Sol(Sl, Rl), ... , (Pk(Sk
r,,Rk),4'1(S1, Rl, Xl), .. • ... ,Y'k(Sk, Rk, Xk), Ql(Sk), ... , Qh(Sk)} 

Ti+1(C,al(Rk,Xk,Sk)) =7*(Cial(Rk,Xk,sk))U 
U{o'(St)OI there is ,3(0t,Yt) E C, such that: 

   13(t,Yt)=(v3:)[Soi(S'1,Q1)n...n Cot (s, Qt) n i(si,Q1,Yi)n... 
... n,i(S,Qt,Yt)n(7i(St)n ... na-'9(St) u'(St)],{Qi,...,Qt} C {Rl,..,Rk} 

   and there is a substitution 0: 0 = (S/Sj„ ... , St/Sjt) such that: 
Ti(C,al(Rk,Xk,sk)) cj(Sj,Qj 0,0"i S1, Y•)0 j = 1,t, 
Ti(C,ai(Rk,Xk,Sk))  = 1,q} 

If Qi = Rj;, then S' and Si, correspond to the same relational symbol Rj;, i= 1,t. 

00 

T(C,al(Rk,Xk,sk)) = UTi(C,ai(Rk,Xk,sk)) 
i=0 

With the notations used in Definition 3.2, we say that i3(Q1,Yt) from C "appears" in 
the generation of T(C, al(Rk, Xk, Sk)). 

   THEOREM 3.3. Let C, a(Rk, 7k), al (Rk, X k, Sk) be defined as in the Definition 
3.2. Let C1 be the set of all elements from C which "appear" in the generation of 
T(C, ai(Rk, X k, Sk)). We have: 

             C1 1= a(Rk, X k) ZJ.1 u(3k) E T(C, a1(Rk, X k, Sk))(3)



84V. FELEA

     PROOF. 

 (=). Let c(Sk) E T(C, al(Rk, Xk, Sk)). We must show, by induction on i the 
following implication: 

C U To(C, ai(Rk, X k, k)) Ti(C, ai(Rk , X k, sk))(4) 

If i = 0, the assertion (4) is true. 
Now, assume that (4) is true for a natural number i. Let y be from Ti+i (C, al (Rk, X k, Sk))• 
We have two situations: 

   i) y E Ti*(C,ai(Wk ,Sk)) or 
   ii) y E Ti+i(C,ai(Rk)k,Sk)) —Ti*(C,ai(Rk,Xk,Sk)) 

In the case i), it results: 
Ti(C, ai(Rk, Xk, Sk)) = y(5) 

From (4) and (5) it obtains: 

C U To(C, ai(Rk, X k,'Sk)) 1 

In the case ii) there are /3(Qt, Ft) E C and 0 = (S/S1, ... , St/Sit) such that: 

Ti(C,ai(Rk,Xk,sk)) = cj(SS,(6)0, ?(S. ,Qj,Y)0, .? = 1,t(6) 
Ti(C,al(Rk,Xk,sk)) Qj(st)~, = 1,1 

Using (4) and (6), we obtain: 

CUTo(C,al(Rk,Xk,3k)) 1 Y'                        ~j(Sj,Qj)e;~lsj~Qj,Y:00,1,771,77=(7) 
              C U To(C,al(Rk,Xk)sk))10-;(3't)°, 171 

Since /3(Qt, Yt) E C, it results: 

C U To(C, a1(Rk, X k) 3k)) k °'(St)B(8) 

We have y = o'(St)(9, hence 

CUTo(C, k)) 1y(9) 

Thus, the relation (4) is true for every natural number i. If o(Sk) E T(C, al(Rk, Xk, Sk)), 
then there is i such that o(Sk) E Ti(C, al(Rk, Xk, Sk)). 
We have: C U To(C, al (Rk, X k, Sk)) Cr(Sk) which implies C = a(Rk, X k). 

(=). We have: C1 1 a(Rk,Xk). 
   We must show that 0(Sk) E T(C, ai (Rk, Xk, Sk)). Assume the contrary, that 

means 

                 Q(Sk) vT(C,al(Rk,Xk,sk))(10) 

o-(Sk) has the form: 

Q(Sk)  Vxi 3zm, [sji (ti) A ... A Sjh (th) Sjh+i (th+1)1
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The elements of  T(C,  a1(Rk, Xk, Sk)) and C(Sk) are generalized embedded dependency 
statements. For a class E of generalized embedded dependencies and an S a generalized 
embedded dependency, J. Grant and B.E. Jacobs (1982) have associated a set of atomic 
formulas, denoted by Y(E; S) and they have shown that: E = S if there is a substitution 
0 on the zvariables of S such that Rjh+, (th+1)9 E Y(E; S), where Rjh+l (th+1) is the 
right-hand side of S. 
Taking T(C, al Mk, Xk, Sk)) instead of E, and a(3k) instead of S, we obtain: 

   T(C, a1(Rk, X k, Sk)) J 0-(S k) if there is a substitution 0 on zvariables of o(Sk), 
such that

l              Sjh+, (th+1)0 E Y(T(C, a1(Rk, X k, Sk)),O(Sk))(11) 

The relation (10) implies that: 

T(C,al(Rk~Xk,sk)) 14 o(Sk)(12) 

From (11) and (12) it results that: 
    for every substitution 0 on the zvariables of o(Sk), we have 

Sjh+, (th+1)O V Y(T(C, a1(Rk, X k) Sk)), Q(Sk))(13) 

Let us define a model M: 

           M = V(t) if V(t) E Y(T(C,al(Rk,Xk,Sk)),o(Sk)) 

where Vi is either Rj or Si. 
    By the Theorem 4.2 (Grant and Jacobs 1982), it results that M obeys every element 

in T(C, a1(Rk, X k, Sk)) and M does not satisfy Sjh+, (th+1)0, for every substitution 0 
on the zvariables of o(Sk)• 
Since M satisfies T(C, a1(Rk, X k, Sk)) it obtains that M satisfies C1. On the other hand, 
the model M does not satisfy 0(Sk ), hence a contradiction. 0 

    REMARK 3.2. We have T(C, al(Rk, Xk, Sk)) = T(C1) al(Rk, Xk, Sk)). 

   REMARK 3.3. If a(3k) E T(C, a1(Rk, Xk, Sk)) then C = a(Rk, Xk).

4. Armstrong-like databases 

    In the following we prove the existence of the Armstrong-like databases for certain 
classes of conditional generalized embedded dependencies. 

   In the sequel we use the direct product defined by R. Fagin (1982). 
   The direct product for a nonempty family of relations (ri, i E I) is denoted by 

®(ri,iel). 

    DEFINITION 4.1. 
    We say that a sentence a in first-order logic is upward faithful 

   (with respect to direct products) if whenever (ri, i E I) is a family of nonempty 
relations such that a holds for every ri, then a holds for ®(r, i E I) .
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    We say that the sentence a in first-order logic is downward faithful (with respect 
to direct products) if whenever (ri, i  E I) is a family of nonempty relations such that a 
holds for ®(ri, i E I), then a holds for every ri, i E I. 

   We say that a is faithful (with respect to direct products) if it is both upward and 
downward faithful. 

Let C be a class of CGEDs. For the sake of simplicity, assume that the Rrelational 
symbols are R1, ... R1. A model for the class C has the form 

M = (r1i...,ri,Di,...,Di) 

where ri are relations on Ri and Di is a set of relations on Ri, i = 1,1. 
If Di and Di are sets of relations on Ri, then their direct product, denoted by Di ®Di 
is defined thus: 

Di ®Di = { si 0d I si E Di, si E Da }• 

If Mi = (ri , ... , rj , D1, ... , Dj) are models, then the direct product of M2 , j E J, J 0, 
denoted by ®(Mi, j E J) is defined by: 

®(Mi , j E J) = (®(ri, j E J),... , 0(4,j j E J), 

                  ®(Di,j E J),...,®(Dl,j E J)) 

A model M is called relationwise nonempty if every ri is nonempty, i = 1,1, every Di is 
nonempty, i = 1,1 and 0 is not an element in Di, i = 1,1. 

    DEFINITION 4.2. Let a be a sentence in second-order logic. We say that a is up
ward faithful (with respect to direct products) if whenever (P, j E J) is a family of 
relationwise nonempty models, such that a holds for every M? , j E J, then a holds for 
®(M3, j E J). 

   We say that a is dowward faithful (with respect to direct products) if whenever 
(M2 , j E J) is a family of relationwise nonempty models, such that a holds for ®(Mj , j E 
J), then a holds for every M? , j E J. 
The sentence a is faithful if it is both upward and downward faithful. 

    PROPOSITION 4.3. Let a(Rk, X k) be a CGED statement as in Definition 3.1. 
Let a1(Rk,Xk,3k) his left-hand side and a(Sk) his right-hand side. We have: 

i~ If a1(Rk, X Sk) is downward faithful and a(3k) is upward faithful, then a(Rk, )7k) 
    is upward faithful. 

    If a1(Rk, X k, Sk) is upward faithful and u(3k) is downward faithful, then a(Rk,Xk) 
    is downward faithful. 

    The formulas ci(Si, Ri), 'b1(Si, Ri, Xi) are faithful, i = 1, k. 

 iv) The formulas (ri(Sk) and u(Sk) are upward faithful, i = 1, h.
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    PROOF. The assertions i)—iii) follow by the Definitions 4.1 and 4.2. The part iv) 
follows from the fact that these formulas are generalized embedded dependencies and 
by the Theorem 2.4 pg. 961 (Fagin 1982). D 

    DEFINITION 4.4. Let C be a class of CGEDs and a a single  CEID. We say that a is 
nonempty logical consequence of C, denoted by C = a, if every relationwise nonempty 

                                        nlc 
model M that obeys C, it also obeys a. 

    THEOREM 4.5. (Fagin 1982) Let S be a set of sentences. The part a) implies the 
part b): 

    a) Existence of a faithful operator. There is an operator ® that maps nonempty 
families of models into models, such that if a• is a sentence in S and (Ri : i E I) is a 
nonempty family of models, then a holds for ®(R, : i E I) iff a holds for each Ri. 

    b) Existence of Armstrong models. Whenever E is a consistent subset of S and E* 
is the set of sentences in S that are logical consequences of E, then there is a model (an 
"Armstrong model") that obeys E* and no other sentences in S 

    THEOREM 4.6. Let C and D be two classes of CGEDs, such that C C D. Let Cr.,* 
be the set of all CGED that are nonempty logical consequence of C. Assume that for 
every 7 E D, both left-hand side and right-hand side of y are downward faithful. Then 
there exists a model M that obeys C 1 and no other CGEDs in D. 

    PROOF. By the assumption of the theorem and by the Proposition 4.3, it results 
that every sentence y from D is faithful. Now, we consider the Theorem 4.5. Let S be 
the class D, let a "model" be a relationwise nonempty model, and let ® be the product 
® of models. Thus, the part a) of Theorem 4.5 holds. It obtains that the part b) holds 
too. Every class C of CGEDs is consistent. Hence there is a model Mo that satisfies Cn1 
and no other CGEDs in D. El 

    REMARK 4.1. The model Mo from the theorem 4.6 is called "Armstrong-like" rather 
than "Armstrong" because here we are using "nonempty logical consequence" instead of 
"logical consequence". 

It was known that even for extended embedded implicational dependencies (Fagin 1982) 
there is an Armstrong-like database for a class of extended embedded implicational 
dependencies and there is not necessarily an Armstrong database. 

    REMARK 4.2. The result of the Theorem 4.6 remains true if we consider "the left
part side of a is downward faithful for every o E C and the right-hand side of y is 
downward faithful for every 7 E D — C:,`1,"                                ,,1" instead of "for every 7 E D, both left-hand 
side and right-hand side of 7 are downward faithful".

5. Armstrong Databases 

   Let C and D be two classes of CGEDs, such that C C D.
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 C+={ajaED, C1a}. 
A model M is an Armstrong model for C with respect to D if Al = a , for every a in C 
and M /3, for any Q E D — C+. 

    We assume that every component of a contains no constant symbols for every a in 
D. Moreover, we assume that no variable of type S occurs in more than one sentence in 
D (on the contrary, we use appropiate substitutions). 

    For C and D we define recursively a set of generalized embedded dependency con
straints, denoted by T(C; D). This definition extends Definition 3.2. 

     DEFINITION 5.1. 
To(C; D) = {Solp is a left-hand side component in some a from D — C+}. 
Ti+1(C; TO = Ti(C; D) U {°'(751t)91 there is i3(Qt, Yt) E C, 

    such 
/tthat:       N(Qt,rt) = (dSt)[Spi(-Si, Q1) n ... n Cot(-SI, Qt)A 
ntki (Si, Q1, Y1) n ... A 4(4 Qt, Yt)A 
no-i(St) n ... n C t) CT )], 
{Qi, . . . , Qt } C {Rl , ... , Rk } and there is a substitution B, 
B = (Si /Sj l , ... ,S/S1) such that: 
Ti(C;D) Op; (S;,Qj)e,Y';(S',Qj,Yj)B, = 1, t 
Ti(C; D) (St)8, j = 1, q} 

T(C;D) = U Ti(C;D). 
i-o 

    In the following we need some notations. For a formula p(Si , . , Sk) from T(C; D) 
we define a set of CGED formulas, denoted by GEN(co), that contains all the elements 
in D — C+ which are implied in the generation of co. 
Formally, GEN(Sp) is defined recursively: 

   a) If Sp E To(C; D), then GEN(co) = {a}, where a is the formula from D — C+ that 
contains the left-hand side the formula cp. 

   b) Let us consider Ti(C; D) 1 cp(Si, ... ,Sk) and assume that GEN(b) has been 
defined for every in Ti(C; D). 
There is a derivation of cp(Si, ... , Sk) from Ti (C; D). 
Let (p1, co2, ... , oh be the elements from this derivation which belong to Ti(C; D) and 
they are different from So(S1, ... , Sk)• 
Then we define: 

GEN(cp(S1i . . . , Sk)) = GEN(p1) U ... U GEN(Soh) 

   c) If (p(S1, ... , Sk) is obtained by generation from /3(Qt, Yt) in C as in Definition 
5.1, then we define: 

tt4 
GEN(cp(S1 i ... , Sk)) = U GEN(Spii) U U GEN(0?) U U GEN(aJi ), 

          j=1j=1j=1 

where:
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 co"; = cpj(Sj,Qj)8, j = Y'j(S',Q,Yj)O, = 1,t 
6; = = q• 

   LEMMA 5.2. Let cp E T(C; D) and LEFT(GEN(cp)) be all elements in left-hand 
size of all formulas in GEN(So). We have 

CU LEFT(GEN(cp)) I co(Sl, ... ,Sk) 

   PROOF. By the induction on i, such that Sp E Ti(C; D). 0 

    THEOREM 5.3. Let cp(S1, ... , Sk) be from T(C; D). Let S1, ... , t;h be all elements 
from D—C+ that contain at least an Si (1 < j < k}. Let 'p1, ... , cpp be the elements from 
left-hand side of the elements 6, 1 < 1 < h. If GEN(cp(S1 i . . . ,Sk)) = {Y'1, ..-,11)q}, 

                                                                      then we have: 

     C Y'1 V ... V t~1q V (VS1 ... SkSk+1 ... Sk+s)['p1 A ... A'pp Ca(Sl, ... , Sk)], 

where Si, 1 < i < k + s are all Svariables that appear in cal, ... ,'pp. 

    PROOF. We have {6, , C {01 , ... , bq } . Let I be an index set for relations 
Ri . Let M = (ri, Di, i E I) a model that obeys C and does not satisfy 01,...0q. We 
must show that M satisfies 

_ (VS1 ... SkSk+l ... Sk+s)['p1 A ... A 'p = 'p(S1i ... , Sk)] 

Let M1 = (ri, si, i = 1, k + s) be a model that satisfies (pi, 1 < j < p and si E Di, 
i = 1,k+s. 
For two distinct elements from D — C+, the set of Svariables are disjoined. 
Let Sj  ... , Sim, the Svariables that appear in 0j, j = 1, q. Since M does not satisfy 
0i, • • • , bq, it results that there is sj, E Djt, for every t = 1, mj and j = 1, q, such that 
(rj1, sj~ ,1 = 1, mj) satisfies the left-hand side from 0i, j = 1, q. Let M' = (rjl , sji ,1 = 
l~ q)• 
In M' we consider for a relation symbol Ri a single relation ri. 
If 4.i = 0i, for i = 1,h, then we replace in M', rj„ sj„ 1 = 1, my , v = jl , j2 i • • . , Jh with 
(ri,si,i =1,k+s). 
The resulting model will be denoted by M". We have: 
M" satisfies LEFT(GEN(cp(S1, ... , Sk))) and M" satisfies C, hence by Lemma 5.2 it 
follows that M" satisfies cp(Sl , ... , Sk). 
It obtains that M1 satisfies Sp(Sl, ... ,Sk) and this means that M satisfies 0. 
The relation ri may be empty and Di may contain the empty set, for every i E I. 0 

    THEOREM 5.4. Let C and D be two classes of CGEDs, such that C C D. Let I an 
index set for all elements in D — C+, that means that D — C+ = {ai E I}. Let Ci be 
the elements from C which "appear" in the generation of ai. Let RELi be the set of
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Rsymbols that belong to  Ci or ai. We assume that C = U Ci and RELi fl RELi = 0, 
iEI 

i j, i, j E I. Let T be defined thus: T = U T(Ci, ai). Let M be a model defined by: 
iEI 

                M V(t) iff V(t) E UY(T,cri) 
iEI 

where of is the right-hand side of ai, i E I. Then if the pair (C, D) has a model 
Armstrong, then M is an Armstrong database. 

    PROOF. We have that M satisfies C. Assume that M is not an Armstrong model 
for C and D. Then there exists i E I, such that M satisfies ai. Because the elements 
from left-hand side of ai belong to T, it follows that the right-hand side of ai, namely 
of belongs to T. By Theorem 5.4, there are 01, ... , /kg from D - C+, such that C = 

V...V 7,bqVai. 
    This relation implies that there is no Armstrong database for C and D. 

6. Conclusions 

    We defined the family of conditional generalized embedded dependencies. These 
constraints are expressible as formulas in second-order logic. For a class we gave a 
characterisation of a given constraint logically implied by a certain subclass of the class. 
For special classes of conditional generalized embedded dependencies we proved the 
existence of the Armstrong-like databases. 
Finally, we gave a method for the construction of an Armstrong model, when it exists 
and under certain conditions.
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