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Abstract

In this paper we give both forward and backward iterative algoﬁthms
for computing expected value of some associative statistics associated
with a stationary Markov chain on finite state space. Both algorithms are
based upon an invariant imbedding technique in dynamic programming.

1. Introduction

In this paper we consider how to compute the expected value of some associative
statistics from a stationary Markov chain on a finite state space. We are concerned
with two kinds of related associative statistics. One is simple statistics. The other
1s compound one. The simple statistics include sample sum, sample mean, sample
maximum, sample minimum, and others from iid populations. As three compound ones
we consider range statistics, ratio statistics, and variance statistics from the Markov
chain (Sniedovich (1983, 1987, 1989, 1992)).

Introducing a new real-parameter at the head of statistics we imbed the expectation
problem into a family of parametric problems, one of which reduces to the original
problem. We show both forward and backward iterative algorithms for computing the
expected value. Both algorithms are based upon an invariant imbedding technique
(Bellman and Denman(1971), Iwamoto(1996), Iwamoto and Fujita(1995), Lee(1968),
Sniedovich (1983, 1989)) in stochastic dynamic programming (Bellman(1957), Blaclwell
(1965), Denardo(1968, 1972), Furukawa and Iwamoto(1973a, 1973b), Hinderer(1970),
Howard(1960), Iwamoto(1974, 1975a, 1975b, 1977, 1993, 1994), Kreps(1977a, 1977b),
Lipfert(1985), Mitten(1964), Nemhauser(1966), Porteus(1975, 1982), Puterman(1994),
Sniedovich(1986)). "

In Section 2, we define associative statistics from Markov chain. Deriving the
conditional probability function, we give the direct computation method for associative
statistics. Not only for associative statistics but also for functions of it we give two
iterative computation methods, based upon forward and backward recursive equations
in dynamic programming.

* Department of Economic Engineering, Faculty of Economica, Kyushu University 27, Fukuoka 812-81,
Japan
e-mail: iwamoto@en.kyushu-u.ac.jp
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In Section 3, as two examples of associative statistics, we consider extremum statis-
tics from Markov chain: maximum statistics and minimum statistics. We specify forward
and backward iterative algorithms. In Sectlon 4, as three exampIes of compound statis-
tics, we consider range statistics, ratio statlstlcs ‘and’ variance statistics from Markov
chain. Imbedding the original problem into an appropriately large family of parametric
ones, we derive forward and backward iterative algorithms. In Section 5, we illustrate
typical examples both of associative binary relation and of nonassociative one. In Sec-
tion 6, we give a numeical example, which assures the same expected value through three
methods: direct computation, forward iterative computation, and backward computa-
tion. In the last section we conclude with some remarks on associative/nonassociative
statistics and stationary/nonstationary and forward/backward recursive equations.

2. Associative Statistics and Related Statistics

Let S={1,2,..., N} be a finite state space, where N > 1 is an integer. Through-
out the paper, let X;,, n > 0 be a stationary Markov chain on S having the one-step
transition function p(j|i) : :

p(ild) = P(Xpn41=J|Xn =1) t€S, j€ES n>0.
It is such that
p(jld) >0 ieS, jeS,

and

Y oplil) =1 ies.
jes
It now follows from the stationary Markov property that

P(Xm+n+1 =7, Xm+n+2 =k, m+n+l 1=3S Xm+n+1 =t
le+n = z,X'm+n--1 =1, 'aXm+1 =% ,Xm= 10)
= P(Xm+n+l — ] ;Xm+n+2 =k )t )Xm+n+l—l =S me+n+I =t IXm+n = l)

= p(tls)--- p(kls)p(5li).
We also remark that
PX1=j,Xo=k, -, Xn_1=5,X, =t|X; = j, Xo = )
= P(X2 = k,Xg:I,---,Xn_l :S,Xn :thl :])
= p(tls)---p(llk)p(kls).
Let R C R! be any interval. Let o: Rx R — R be an associative binary relation
on R :
(zoy)oz=zo(yoz). 1)
Any z satisfying
Zoy=y VyeR
i1s called a left-identity element for o. The common value (1) is denoted by zoyoz. We
also use the notation z;0z30---0z, in the following.
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2.1. Associative Statistics

Let r : S — R be afunction. We consider how to compute the conditional expected
value of the related associative statistics Ryo Rjo---0o R, :

un(i) = E[RyoRyo---oRn|Xo=i] i€S (2)
where ,
] Rk = T'(Xk).

First, we consider the direct computation as follows. The conditional probability
distribution p,(zo, 1,22, -, Tn—1,2n|z0) of (Xo, X1, X2, -, Xn-1,Xn) given X = ¢
becomes

pn(j; k,la ot ,S,tli)
= P(XO':j)Xl'_‘k’X?:I)"')Xn—l:S)Xﬂ:t|X0:i)
p(t]s) - - - p(l|k)p(k|j)6i;

where 6;; is the Dirac’s notation :

P 1 for i=7
Y710 for ¢ #£j.

Then we have

un(i)) = Y (@) or(k)or(o - or(s)or®t)pal k1, -, s,tli)

F.k,...,8,t

= > @ ork)or(l)o---or(s)or(®)p(tls)- - p(Ik)p(klj)s:;
3.k,...,8,t

= Z [r(@) or(k)or(l)o---or(s)or(®)p(t]s)- - p(l|k)p(k|s).
k,...,8,t

where each of j, k, ..., s,t(k, ..., s,t) ranges over S = {1,2,...,N}.
Second, we imbed the problem (2) into the class of parametrized problems:

un(5;A0) = E[AoRgoRio---0o Ry | Xo=1] A€R. (3)
Then the stationarity implies that
Un(i;0) = E[AoRg o Rgy10 -0 Rgypn | Xi = ] k>0.
We have for any left-identity value A
un(i;X) = un(i).
The Markov property together with the associativity in o yields

E[/\OROORlo"~ORn|X0——‘i]
E[E[(/\ORo)ORlo"'ORnle,XQZi]lXo='i]
E[E[(Aor(i)) o Ryo---o0 Ry | X1]| Xo = i].
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Thus, we get the forward recurrence equation:
ug(i;A) = Aor(d) (4)

N
un(i32) = D uaa(GiAor()p(ili) n>1. (5)

j=1
Moreover, let mg = {mo(#)}ies be an initial distribution:
P(Xo=i)=m(i) >0 i€,
and

D wo(i) = 1.

i€S

Then the (unconditional) expected value of the associative statistics Roo Rjo---0o Ry, :
| up = E[RgoR10- -0 Ry, n>1
is calculated as follows: N
u, = Z wo(2)u, (7).
i=1
On the other hand, we imbed the problem (2) into the class of backward problems:
ut k(G Ay = E[Ao Ry o Rgq10---o Ry | X =i] 0<k<mn, XeR'. (6
We have for any left-identity value )
W5 X) = u (i)

and the backward recurrence equation:

ul(i;0) = Aor(d) @)
N

TGN = Y wr TG A e r @Gl 0<k<n-1. (8)
j=1

We remark that the stationarity implies the relation between forward and backward
problems (3), (6):
PR ) = un k(5 0).

2.2. Function of Associative Statistics

Let h: R — R! be a function. Then we consider the conditional expected value
of the function of RpoRjo---0 R, :

vn(i) = E[A(Roo Ryo---o Ry) | Xo=14] i€ (9)
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First, we imbed this problem into the class of parametrized problems:
va(5;A0) = E[h(AoRgo Ry 0 -0 Ry) | Xo = i] AER

We get the forward recurrence equation:

vo(i;A) = h(Aor(s))
N

va(B2) = Y vaa(Girer(p(ili) n>1L.
j=1

On the other hand, we imbed the problem (9) into the class of backward problems:
v F(;0) = E[h(Ao Rk o Reg10---oRy) Xy =i]  0<k<n, MXER
We have for any left-identity A
o™ 1(4; ) = va(d)
and the backward recurrence equation:
o152y = h(Aor(d)

N
RGN = Y oG Aer()p(il)  0<k<n-1
ji=1

The stationarity also yields

P L A) = va_k (5 A).

3. Single Statistics
Let f:S — R! and g:S — R! be two functions. Then we define
Yo=f(Xo)VF(X)V--VI(Xn) n20
Zn = g(Xo) A g(X1)A---Ag(Xn) n20
Yin = f(Xe)V f(Xe41) V- V(X))  0<k<n

Zk,n:g(Xk)Ag(Xk+1)A---/\g(Xn) 0_<_k§n

and
m = min{f(z)|z € S} M = max{f(z)|z € S}.
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3.1. Maximum Statistics

First, we consider the conditional expected value :
>u,,(i) = E[Y,|Xo = i] n > 0. (10
We imbed this problem into the class of parametrized problems:
uUn(A) = E[AVY, | Xo =] m< A< M.

Thén for a sufficiently small value X of A we have

un(3;A) = ua ().
In particular,

un(i;m) = u,(3).
We get the forward recurrence equation:

up($A) = AV ()

N
un(52) = Y uaa(5AVF@))PGl)  n> 1

j=1
On the other hand, we imbed the problem (10) into the class of backward problems:
WG A) = E[AVY 0| Xe=4] 0<k<n, m<A<M.

We have
" (i;m) = up(d)

and the backward recurrence equation:

ul(i;X) = AV f(5)
N
VTGN = Y wr RV )Gl 0<k<n—1.
j=1

3.2. Minimum Statistics

Second, we consider the conditional expected value :
vn(?) = E[Z, | Xo = 1] n > 0. (11)

(See also Bellman and Zadeh(1970), Esogbue and Bellman(1984), Iwamoto(1996),
Iwamoto and Fujita(1965), Kacprzyk(1978) for the corresponding optimization prob-
lem). We imbed this problem into the class of parametrized problems:

un(tp) = E[pAZn|Xo=i] m<p<M
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Then for a sufficiently large value fi of 4 we have
vn (85 1) = v, (3).

In particular,
vt M) = va(3).

We get the recurrence equation:

vo(; ) = pAf(D)
N

(i) = Y vaa(GiuAf@)PGE)  n>1L
j=1

On the other hand, we imbed the problem (11) into the class of backward problems:
VG ) = E[pA Zen|Xe=i] 0<k<n, m<p<M

We have
v (i M) = v, (4)

and the backward recurrence equation:

vi(i;p) = pAfG)
N
T (Gp) = Y o TFGe Af@O)RG)  0Sk<n-L
ji=1

4. Compound Statistics

In this section we consider three kinds of compound statistics; range, ratio and
variance.

4.1. Range Statistics

Let h: R' x R! — R! be a function. First, we consider the conditional expected
value :

un(i):E[h(Ym Zn)|X0=i] n>0. (12)
If
h(xa y) ==Y,
then u, (i) represents a range for the statistics Xo, X3, -+, Xn:
Un(i) = E[Yn - Zn|Xo=i] n>0.
We have

E[Yn — Zn|Xo = i] = E[Yn | Xo = i] = E[ Zn | Xo = i].

This expectation problem is combined with the former two problems: maximum statis-
tics and minimum statistics.
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However, in general
E[h(Ya, Z,)|Xo = i] # R(E[Ya |Xo = i), E[Zn | X0 = i]).

We imbed this problem into the class of two-parametrized problems:

un (A, 1) = E[{R(AVY,, pAZ,) | X = ] m<Ap< M.
Then for a sufficiently small value X of A and a sufficiently large value ji of u we have
Un (i 0, ) = un(3).

In particular,
un(i;m, M) = u,(3).

We get the recurrence equation:
uo(i;A,) = h(AV (i), pA f(3))

N
un(i0,8) = Y un_1(HAV ), m A FE)PGl)  n> 1

ji=1
On the other hand, we imbed the problem (12) into the class of backward problems:
WA 1) = E[R(AV Yen, pA Zen) [Xe =i]  0<k<n, m<Au<M.

We have
(i m, M) = u,(4)

and the backward recurrence equation:
wl(isAm) = BV FG), uAF(0)

N
WG ) = Y TR GAV @) e A f@)PG) 0<k<n-1.
Jj=1

4.2. Ratio Statistics
Further, we define
Sn:f(X0)+f(Xl)+“'+f(Xn) n>0

and
Tn = g(Xo) +9(X1)+ -4+ 9(Xn) n>0.

Second, we consider for any fixed n > 0 the conditional expected value :

vn (i) = E[% | Xo =¢]. (13)
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(See Sniedovich(1989, 1992) for optimization problem.) We note that

Sn . E[S, | Xo = 1]
Az, W=7 5% =1
Now, we imbed this problem into the class of two-parametrized problems:

A+ S
w(ih) = B |Xe=i] 0<k<n

Ae[i\-k’XkL /“E[I_‘k;p—k]

where

Ak:('n,—k)i Xk:(n—k)—f_ 0_<_’CS1’1

p,=(m-k)g B=m-k37 0<k<n

Then we have
v,(2;0,0) = v, (1)

and the forward recurrence equation:

Uo(i;A,[J) 21;8; A € [AO:XO]a pe [ﬁo)ﬁO]
N

(A p) = Y voa(G A+ fE),n+9(@)p(l)  1<k<n
ij=1

A€ [Ak’xk]’ pE [/_‘lk)ﬁk]‘
On the other hand, we imbed the problem (13) into the class of backward problems:

/\+Sk,n
/‘+Tk,n
Xelkfkf]l, nelkf kf)

"R (G n) = E[ Xy =i] 0<k<n

where

Skn = f(Xe) + f(Xepr) +--+ f(Xn)  0<k<n
and

Tin = 9(Xk) + 9(Xp41) + - +9(Xn)  0<k<n.
We have

v +1(4;0,0) = v,(d)
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and the backward recurrence equation:

v! (52, p) ——-—21%; A€ [nf,nf], p e ng,ng)
N
VRN G ) = Zvn_k(j;/\+ f(@), 1+ 9(0)p(57) 0<k<n-1
j=1

XeE[kf,kfl, n€ kg kg).

4.3. Variance Statistics

Finally, we consider for any fixed n > 1 the conditional expected value :
1 n-1
E{=[Y (fe = )*]1Xo = i}
k=0
where
1 n-1
p= ;‘Eg%]%, Jr = f(Xk).

(See Sniedovich(1983, 1992) for deterministic optimization problem.) Note that

1 n-—1 1 n-1 1 n—1
;[Z(fk -w’]= ;fo - (;ka ).
k=0 k=0 k=0

Then we calculate the expected value multiplied by n? instead of (14):
1 n-1
n® E{ ;[Z(fk - u)?]1Xo =1}
k=0
That is, we set

o) = Eln S 2 = (3 f)? 1Xo = 4],

k=0 k=0

Now, we imbed this problem into the class of one-parametrized problems:

k-1 k-1
ve(i;2) = E[nz:f,2 - (/\+Zf1)2|X0:i]
1=0 1=0

1<k<n  Ae[X, Al

We have
vn(2;0) = vy ()

and the forward recurrence equation:

w(BA) = af’@) -+ f6)° Aey, A

N
nf?(@) + Y ve-1(; A + £(9))p(ili)

i=1

I

vk (3, A)

2<k<n Ae[d, M

(14)

(15)
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Then the desired expected value of (14) is given by
1 . 1 )
ﬁvn(z;ﬂ) = ﬁvn(z).

On the other hand, we imbed the problem (15) into the class of backward problems:

n-1 n—1
RGN = B[ fE - (A+ ) A) [ Xe=i]
1=k =k
0<k<n-1 Xelkfkf)

We have
v"(3;0) = vp(7)

and the backward recurrence equation:
v(iA) = afi(E) - (A+ f(3)? Ael(n—1f,(n-1)f]
N
TEEA) = nf(@)+ v TG A+ @)l

ji=1
0<k<n—2 XelkfkFf.

5. Associative/Nonassociative Binary Relations.

We illustrates both classes of typical associative binary relations and of nonassoc-
itive ones in Markov decision process and/or stochastic dynamic programming. Since
the correspondence between each binary relation below and the resulting objective func-
tions of optimization problems discussed in the references is straightforward, we omit
specifying it.

First we have the following examples of associative binary relations o with left-
identity in parenthesis.

Examplel o:R!'x R! — R!

Il

z+y (.”Z' = 0)
< multiplicative > zoy = zy (E=1)

< additive > Toy

< terminal > zoy = y
<g-additive> zoy = g '(g(z)+9(y) (2=g7(0)
g 9(=)g(y) (E=g""(1))
where g : R! — R! is onto continuous and strictly increasing.

Example 2 o:[0,1] x [0,1] — [0, 1]

(2 = any real number).

< g — multiplicative > zoy

< mazimum> zoy = zVy (2=0)

< minimum > zoy = zAy (Z=1)
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Example 3  o: R!' x R! — {(z,y)|lzy # -1} —» R!

*+y -~
. pmny :1,
zoy= 1 o (z=1)

Example 4 o:R! x R! — {(z,y)lc +y #0} — R!

Example 5 o: R} x R} — R}
< p — normed > :coy:(:c”-{-y")l/” (2=0)

where
p>0.
On the other hand, the following are examples of nonassociative binary relation o.

Example 6 o:R! x R — R!

< multiplicatively additive > zoy = z+ 2y
< discounted > zoy = z+ Py
where
B#1.
Example 7 o :(0,00) x (0,00) — (0, 00)
< backward exponential > zoy = zY
< forward exponential > zoy = y*

6. Examples

In this section we specify three-stage statistics and calculate the expected values of
them on two-state Markov chain.
6.1. Three-stage statistics

In this subsection we specify explicit forms for three-stage statistics. The n-stage
statistics are straightforward.

Example 1
< additive > E[Ro + Ry + Rz + R3|Xo = 1]
< multiplicative > E[RyR; R2 R3| X0 = 1]
< terminal > E[R3|Xo = 1]
< g — additive > Elg7*(g(Ro) + g(Ry) + 9(R2) + g(R3))|Xo = 1]

< g — multiplicative > Elg™(9(Ro)g(R1)g(R2)g(R3))| X0 = 1]
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where g : R! — R! is onto continuous and strictly increasing.

Example 2
< mazximum > E[RyV R,V Ry V R3]l X, = i}
< minimum > E[Ro A R1 A Rz A R3|Xo = i].
Example 3
[ Ro+ Ri+ Ry + Ry + RoRy Ry + RoR1 R3 + RoR3;R3 + Ry R2R3 | Xo = i]
1+ RoR; + RoRy + RoRs + RiRy + RiRs + RyRs + RoRyRyRs ' “° ~
Example 4
E[ 1+ RoRy + RoRa + RoRs + Ry Ry + RiRs + RaRs + RoR1RyR3 | Xo = i]

Ro+ R+ Ry + R3+ RoR Ry + Ro Ry Rz + RoRy;R3 + Ry RyR3
Example 5
< p—normed > E[(R5+ R} + R, + Rg)llp |Xo = ]

where
p>0.

On the other hand, the following are examples of nonassociative statistics.

Example 6
< multiplicatively additive > E[Ro + RoRi + RoR1R2 + RoR1R2R3| X0 = 1]

< discounted > E[Ro + BRy + B2Ry + B3 R3| X, = i

where

B#1

Example 7 (See also Golmb(1975, 1980) for the corresponding deterministic
optimization problems.)

< backward exponential >
E[(Rg")*)"| Xo = 1]

< forward exponential >

rito

E[RE" | Xo=1].

As compound statistics, we consider the expected value of variance and ratio statis-

tics as follows :
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Example 8

R;

Lol R

3 3

< variance > E'[l Z(R, —R)?|Xo =] R=
Ll il i=0
Ro+ R+ Ry + R3
R§ + R} + R + R}

< ratio > E| | Xo = 1].

6.2. Two-state Markov Chain

Now we consider a simple Markov chain on state space S = {s;,s,} with the
following numerical data :
r(s1) =2, r(s2) = -1

o \zi41 | 51 82
51 | 1/4 3/4
s | 172 172

6.3. Simple Statistics

First we consider the expected value of multilpicative, minimum, maximum and
terminal statistics.
Then the direct computation yields Table 1 as follows :

[ history(state, trans. prob) I path I mult. | min. | max. | ter. ]

s1 1/4 s1 1/4 s1 1/4 s | 1/64 16 2 2 2

s1 1/4 51 1/4 51 3/4 so | 3/64 -8 -1 2 -1

sy 1/4 s1 3/4 s3 1/2 s, | 6/64 -8 -1 2 2

81 1/4 81 3/4 S9 1/2 S9 6/64 4 -1 2 -1

s1 3/4 s2 1/2 s; 1/4 s, | 6/64 -8 -1 2 2

s1 3/4 s2 1/2 51 3/4 so | 18/64 4 -1 2 -1

s1 3/4 s2 1/2 s2 1/2 s | 12/64 4 -1 2 2

s1 3/4 sp 1/2 s 1/2 so | 12/64 4 -1 2 -1
expected value from s, 1/4 | -61/64 2 11/64

s2 1/2 sy 1/4 s1 1/4 s1 | 2/64 -8 -1 2 2

s2 1/2 57 1/4 s1 3/4 so | 6/64 4 -1 2 -1

S9 1/2 S1 3/4 S2 1/2 S1 12/64 4 -1 2 2

S2 1/2 $1 3/4 S2 1/2 S2 12/64 -2 -1 2 -1

sy 1/2 55 1/2 s 1/4 s, | 4/64 4 -1 2 2

s2 1/2 s 1/2 s1 3/4 s | 12/64 4 -1 2 -1

S2 1/2 82 1/2 82 1/2 S 8/64 -2 -1 2 2

sy 1/2 sy 1/2 sy 1/2 s | 8/64 1 -1 -1 -1
expected value from s, 1/4 -1 13/8 | 7/32

(where multi. = multiplication, min. = minimum, max. = maximum, ter. = terminal)

Table 1 : expected values of simple statistics from sy, 59
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On the other hand, the forward recurrence equation for multiplicative problem
uo(3;A) = Ar(?)

un(i58) = D unca(Ar())p(l)  n=1,2,3

j=1

yields the solution as follows :

1
uo(s1;0) = 22 ui(s;A) = =32 up(s1;A) = =X wug(s1;A) = :i-z\

2
1 1 1
uo(s2;A) = =2 ui(s2;A) = ——2—)\ us(s2; ) = §A ug(s2;A) = Zz\.

Therefore we get the desired expected values

1 1
uz(s1) = ua(s1;1) = e uz(s2) = us(s2;1) = 1
For the minimun problem, the forward recurrence equation

uo(‘i; /\) = AA T(‘t)

2
un(i0) = O uac1(BAAGEPGE)  n=1,2,3

i=1
yields
’u.()(Sl;/\) = AA2
up(s2;2) = AA(-1)
1 3
ui(s1;A) = Z(/\A2)+4—(/\/\(—1))

ui(s2;A) = AA(-1)

uperd) = A2+ 1ZAA(-D)
U2(82;A) = AA (—1)
uz(si;A) = 61—4(,\/\2)+ g—z()\/\(—l))
uz(s2;A) = AA(-1).

Thus we have the desired expected values

61
uz(s1) = u3(s1;2) = ~& uz(s2) = uz(s2;2) = —1.
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For the maximum problem, the forward recurrence equation

uo(5;A) = AVr(d)

2
un(i;4) = Zun—l(j;’\v(i))p(.jli) n=123

i=1

yields

Uo(sl;A) = AV2
up(s2;A) = AV (-1)

u1(s1;A) =

ui(sz;A) =

uz(s1;2) =

us(s;A) =

uz(s1;A) =

ug(s2;A) =

AV2
l()\v2)+1(Av(
2 2

AV2

-1))

20V + 10V (D)

AV2
Tove+ o
8 8

Thus we have the desired expected values

uz(s1) = uz(s1;—-1) =2, us(sz) = us(s

—1)).

13

For the terminal problem, the forward recurrence equation

ug(3;A) = (i)

un(;4) = Zun—l(jQT(i))p(jli) n=123

yields

uo(s1;A) =2 u1(s1; )

1
uo(s2;A) = =1 ui(s2;A) = 3 uz(s2;A) =

—

=—= uy(s;;A) =

4

Thus we have the desired expected values

uz(s1) = uz(s1;A) =

1
61’ u(s2) = us(

7
S2;A) = 3
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Second, we illustrate how to iteratively calculate the expected value of variance
statistics. We remak that

. P NS (N . 1
El; Y (B~ BP|Xo=i]= E[3 )R} |Xo=i] - El(3

where

i=0

1=0

R=

Thus we apply the famous formula:

Then the direct computation yields Table 2 as follows :

] -

3
>,
=0

variance = mean square — square mean.

Z&)2|X0=i]

I history(state, trans. prob) | path l sum I $q. mean | mean sq. ] varianceJ

s1 1/4 51 1/4 51 1/4 s1 | 1/64 8 4 4 0
s1 1/4 s1 1/4 s; 3/4 sp | 3/64 | 5 25/16 13/4 27/16
51 1/4 s, 3/4 s, 1/2 s, | 6/64 | 5 25/16 13/4 27/16
s1 1/4 s1 3/4 55 1/2 sp | 6/64 | 2 1/4 10/4 9/4
51 3/4 55 1/2 51 1/4 s, | 6/64 | 5 25/16 13/4 27/16
s1 3/4 s3 1/2 s1 3/4 sy | 18/64 | 2 1/4 10/4 9/4
s1 3/4 sp 1/2 sy 1/2 51 | 12/64 | 2 1/4 10/4 9/4
s1 3/4 53 1/2 55 1/2 s, | 12/64| -1 1/16 7/4 27/16
expected value from s; 143/64 | 595/1024 | 655/256 | 2025/1024
sp 1/2 sy 1/4 51 1/4 51 | 2/64 5 25/16 13/4 27/16
52 1/2 51 1/4 s, 3/4 s, | 6/64 | 2 1/4 10/4 9/4
892 1/2 81 3/4 S2 1/2 S1 12/64 2 1/4 10/4 9/4
s2 1/2 s1 3/4 sy 1/2 o | 12/64 | -1 1/16 7/4 27/16
59 1/2 sy 1/2 s, 1/4 s, | 4/64 | 2 1/4 10/4 9/4
52 1/2 s, 1/2 51 3/4 s5 | 12/64 | -1 1/16 7/4 27/16
52 1/2 s2 1/2 s5 1/2 s | 8/64 | -1 1/16 7/ 4 27/16
53 1/2 52 1/2 53 1/2 s, | 8/64 | -4 1 1 0
expected value from s, -5/32 | 149/512 | 251/128 | 855/512

Table 2 : expected value of variance from s1, s2

First, we consider the problem multiplied by 42 as follows :

4°E
[4

3

Z(RL‘ - R)*|Xo=1]

i=0

E[4R2 + 4R? + 4R% + 4R — (Ro + R1 + R2 + R3)? | X0 = i]
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Imbedding this problem into the family of parametrized ones with X :

un(; A)

= E[MRZ+4R’+ - +4R:_ —(A+Ro+Ri+ -+ Rn_1)?|Xo = 1]

t=1,2 n=90,1,23,4

we have the forward recurrence equation : ~

’U.o(i; A)

un(i; A)

—)2

(@)’ + Y uno1 (A +r(D))p(Gli)  n=1,2,3.

j=1

Second, solving this equation, we obtain the following expressions :

uz(s1; A)
uz(s2; A)
27
u3(sl;)\) = z‘
7
U3(32;/\) = 5‘
133
U4(51;A) = 4—222
41
ug(s2;A) = 1.2

17 1
2 iy 200 1 Y2 2 _
2+2( 1) 2.4(,\+3)

uo(s1;2) = -2
’uo(SQ;/\) = —/\2
ui(s;A) = 4-22-(A+2)2
ui(s2;4) = 4(-1)’-(A-1)°

5.92 4 3(—1)? i(/\ 4y - %(A +1)?

2-22 4 6(-1)2 — %(/\ +1)% - %(A —-2)?

21 1 9 3

.92 212 _ 2_ <7 2_ v

2+ (-1 - (A +6)2 - 5(A+3) - 2
5

BRI B SO RPAY.
2.4 33273

A2

3-41

1 15
32 3
—4—2(,\ +2)% - E(’\ —1)2
87 11
2 212 _9 .42 2 _ 2
P+ (D=2 £0+5)° ~ 5 (A +2)

1 , 1 )
—s(A -1 - (A -9

Finally, suBstituting A =0, we have

(-4

133 ., 3.4, ., 1 _, 15 , 3 _, 3 R
u(s1,0) = 5 PA ()~ 5 8- 55 - 52— 5 (-]
34.52
= |
41 87 1 11 1 1
ualeni0) = 5 PA gD g S P g (g

5-9-19
25
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Therefore we get the desired expected values

3 4 g2 4 g2
1 B 1 3*-5 3%4.5
1=0
2025
= m = 1.9775390625
3
1 - 1 5.9-19 5.9.19
E[z E('R" - R)2 IXO = 52] = Zi— . % = 55
1=0 N
855
= - 1.6619921875.

6.5. Ratio
Finally we consider the expected value of the following ratio statistics :

Ro+ R+ R+ R3
R} + RI+ R+ R}

The direct computation yields Table 3 as follows :

E[ | Xo = i].

L history(state, trans. prob) ] path r sum [ sum sq. I ratio —I
s1 1/4 s; 1/4 sy 1/4 s1 | 1/64 8 16 8/16
s1 1/4 s; 1/4 51 3/4 s2 | 3/64 5 13 5/13
s1 1/4 s; 3/4 s; 1/2 s, | 6/64 5 13 5/13
s1 1/4 s1 3/4 s 1/2 sy | 6/64 | 2 10 2/10
S1 3/4 S2 1/2 L3 1/4 $1 6/64 5 13 5/13
s1 3/4 s2 1/2 s, 3/4 s2 | 18/64 2 10 2/10
s13/4 s3 1/2 55 1/2 s; | 12/64 | 2 10 2/10
s1 3/4 so 1/2 55 1/2 s5 | 12/64 -1 7 -1/7

expected value from s; 143/64 | 655/256 | 9969/58240
se 1/2 s 1/4 s; 1/4 s; | 2/64 5 13 5/13
s2 1/2 51 1/4 s, 3/4 s | 6/64 | 2 10 2/10
s2 1/2 s; 3/4 so 1/2 s1 | 12/64 2 10 2/10
se 1/2 s; 3/4 sp 1/2 so | 12/64 -1 7 -1/7
s 1/2 85 1/2 s, 1/4 s, | 4/64 | 2 10 2/10
So 1/2 89 1/2 S 3/4 Sa 12/64 -1 7 -1/7
s3 1/2 55 1/2 55 1/2 s | 8/64 | -1 7 1/7
s2 1/2 82 1/2 55 1/2 55 | 8/64 | -4 4 -4/4

expected value from s, -5/32 | 251/32 | -421/25480

Table 3 : expected value of a ratio from sy, s2
We consider the following ratio problem :

Ro+ R+ R+ Rs

"3(1)=E[R3+R%+R§+R§

| Xo = 1]
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We imbed this problem into the family of two-parametrized ones with A, y :

ﬁ+&+ +&
p+ R2+

up(i; A, p) = |X0 =]
i=1,2 n=0,1,2,3

Then we get the forward recurrence equation :

. A+ 7(3)
el =)
2
Un(is ) = 3 unsa(id+ (@)t R2@O))pGl)  n=1,2,3.

j=1

Solving this equation, we obtain the following expressions :

A+2
uo(si; A, p) = PEW
A-1
Apu) = —=
uo(s2; A, ) p+1
1 A4+44 3 A41
Ul(sl;/\;ﬂ) = Zﬂ+8+2#+5
1 A+1 1 Xr—2
ui(s2; A, p) = §'“+5+§'u+2
(1hp) = L. AF6 32 A+3 3 )
SR = 5 p+12 74 44+97 2.4 p+6
1 A43 5 2 1 A-3

ua(s2; A, ) 1.2 59 4.2’”+6+22 pn+3

o) = L A¥S 35 A48 56 A2 5 A
31, 4) = 8 4116 48 p+13 242 p410 ' 22.4 p+7
1 A+5 11 A+2 1 x-1 1 A-14

242 p+13 2-@'p+m+§'p+7+§7p+4

I

U3($2; A) l‘)

Finally, substituting A = u = 0, we have the desired expected values :
1 8 3.5 5 3-6 1 3

w0 = e ptrestea 7
9969
= ---~m—0.17117101648
1 5 1 1 1 -1
w00 = ety sty (P rE Y

421
e R 2
~ 35480 = —0.01652276295
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7. Concluding Remarks

We have considered the conditional expected value of the related associative statis-
tics RgoRjo---oR, . Firstly we treat the conditional expected value of RyjoRz0---0oR,,
instead:

un(i)= E[RyoRyo-- o Rp|Xo=i] i€S (16)

Let
un(;0) = E[{AoRjoRyo---o Ry | Xo =i] A€R.

Then, we get the forward recurrence equaﬁon:

N
wui(iA) = Y (Aor())p(ili)

ji=1

N
un(i;A) = Zu,,_l(j;/\or(j))p(jli) n>2.

On the other hand, we imbed the problem (16) into the class of backward problems:
" *(i;0) = E[Ao Rgy10 Reg20---o Ry | Xk =4i] 0<k<n-1, XeR.L

We have the backward recurrence equation:

N

w(GA) = Y (Aer(i)e(l)

u"_k(i;/\)

ji=1
N
o wrE G Ao r(i))p(il)  0<k<n-2.
j=1
Secondly we consider the expected values of the following nonessociative statistics
un(i) = E[((---((Roo Ry) o Ry)0---)oRn) | Xo =] €S (17)
where the nonassociativity does not assure the equality
(xoy)oz==zo(yoz).
We also imbed the problem (17) into the class of forward problems:
us(i;2) = E[((--- (Ao Ro)o Ry)o--)o Ry) | Xo =]  A€R.
Theﬁ we have the forward recurrence equation:
uo(i;A) = Aor(i)

N
un(;A) = Zun—l(ﬁ)“”'(i))l’(ﬂi) n>1
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This system has the same form as the system (4),(5). = Solving. the system, we can
calculate the expected value of forward exponential statistics :

rTo

) R, _} . )
u (i) = E[Ry™™' | Xo =] i€ S.
Moreover, we can obtain the corresponding (nonstationary) recurrence equation for
class of forward problems with nonstationary binary relations:

un(isA) = BI((---(A* Ro) o Ry) o) o Bn) | Xo =i] A€ R,
where *, o, o, ---, e are binary relations. For instance,’the problem
u3(é) = E[((Ro A R1)Ry) + Rs)™ | X, = i]
belongs to the class. Because we have
uz(i) = E[(((Ro * R1) © Rz) o R3) ® Rq| Xo = i]

where

axb=aAb, aocb=ab, aob=a+b, aeb=ad.

Finally we remark that we have also the resulting backward equation (7),(8) for
the nonassociative statistics (17).
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