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ON EXPECTED VALUES OF 

  MARKOV STATISTICS

      By 

Seiichi IWAMOTO*

                    Abstract 

   In this paper we give both forward and backward iterative algorithms 

for computing expected value of some associative statistics associated 

with a stationary Markov chain on finite state space. Both algorithms are 

based upon an invariant imbedding technique in dynamic programming.

1. Introduction 

    In this paper we consider how to compute the expected value of some associative 
statistics from a stationary Markov chain on a finite state space. We are concerned 
with two kinds of related associative statistics. One is simple statistics. The other 
is compound one. The simple statistics include sample sum, sample mean, sample 
maximum, sample minimum, and others from iid populations. As three compound ones 
we consider range statistics, ratio statistics, and variance statistics from the Markov 
chain (Sniedovich (1983, 1987, 1989, 1992)). 

    Introducing a new realparameter at the head of statistics we imbed the expectation 
problem into a family of parametric problems, one of which reduces to the original 
problem. We show both forward and backward iterative algorithms for computing the 
expected value. Both algorithms are based upon an invariant imbedding technique 

(Bellman and Denman(1971), Iwamoto(1996), Iwamoto and Fujita(1995), Lee(1968), 
Sniedovich (1983, 1989)) in stochastic dynamic programming (Bellman(1957), Blaclwell 
(1965), Denardo(1968, 1972), Furukawa and Iwamoto(1973a, 1973b), Hinderer(1970), 
Howard(1960), Iwamoto(1974, 1975a, 1975b, 1977, 1993, 1994), Kreps(1977a, 1977b), 
Lipfert(1985), Mitten(1964), Nemhauser(1966), Porteus(1975, 1982), Puterman(1994), 
Sniedovich(1986)). 

   In Section 2, we define associative statistics from Markov chain. Deriving the 
conditional probability function, we give the direct computation method for associative 
statistics. Not only for associative statistics but also for functions of it we give two 
iterative computation methods, based upon forward and backward recursive equations 
in dynamic programming. 
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    In Section 3, as two examples of associative statistics , we consider extremum statis
tics from Markov chain: maximum statistics and minimum statistics

: We specify forward 
and backward iterative algorithms. In Section 4, as three examples of compound statis
tics, we consider range statistics, ratio statistics, and variance statistics from Markov 
chain. Imbedding the original problem into an appropriately large family of parametric 
ones, we derive forward and backward iterative algorithms . In Section 5, we illustrate 
typical examples both of associative binary relation and of nonassociative one. In Sec
tion 6, we give a numeical example, which assures the same expected value through three 
methods: direct computation, forward iterative computation, and backward computa
tion. In the last section we conclude with some remarks on associative/nonassociative 
statistics and stationary/nonstationary and forward/backward recursive equations .

2. Associative Statistics and Related Statistics 

    Let S = { 1, 2, ... , N} be a finite state space, where N > 1 is an integer. Through
out the paper, let Xn, n > 0 be a stationary Markov chain on S having the one-step 
transition function p(j I i) : 

p(?Ii) =P(Xn+1=iIXn=i) iES, jES O. 

It is such that 

p(jli) >0 iES, jES, 
and 

Ep(iIi) = 1 iES. 
jES 
    It now follows from the stationary Markov property that 

P(Xm+n+i = j , Xm+n+2 = k , ... , Xm+n+l-1 = S , Xm+n+l = 

IXm+n = i , Xm+n-1 = in-1 , ... , Xrn+1 = 21 , Xm = i0) 
     = P(Xm+n+1 = j, Xm+n+2 = k , ... , Xm+n+1-1 = S , Xm+n+l = t IXm+n = i) 

   = p(tIs) ... p(klj)p(il i)• 

We also remark that 

P(X1 = j,X2 = k,•••,Xn_1 = s,Xn =tIX1 = j ,X0 = i) 
            = P(X2=k,X3=1,•••,Xn _1=s,Xn=tfX1=j) 

        = p(tJs)...p(llk)p(klj)• 

    Let R C R1 be any interval. Let o : R x R —* R be an associative binary relation 
onR: 

(xoy)oz=xo(yoz).(1) 
Any x satisfying 

xoy=y VyER 

is called a leftidentity element for o. The common value (1) is denoted by x o y o z. We 
also use the notation x1 o x2 o • • • o xn in the following.
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2.1. Associative Statistics 

    Let  r  : S R be a function. We consider how to compute the conditional expected 
value of the related associative statistics Ro o Ri o • • • o Rn 

un(i)=E[Ro0R1o...oRnIXo=i] iES(2) 

where 

Rk = r(Xk). 

   First, we consider the direct computation as follows. The conditional probability 
distribution pn(xo, x1, x2, • • • , xn-1, xn I xo) of (Xo, X1i X2, • • •  Xn_1 i Xn) given Xo = i 
becomes 

pn(j,k,l,...,s,tli) 
          = p(Xo = j , X1 = k , X2 = 1, ... , Xn-1 = s, Xn = tl Xo = i) 

        = p(tls) ...p(ll k)p(klj)sij 

where Si j is the Dirac's notation : 

                            1 for i= j                         S
i j =                           0 for i # j. 

Then we have 

un(i) = E [r(j) o r(k) o r(1) o • • • o r(s) o r(t)]pn(j, k , 1 , • • • , s, tli) 
j,k,...,s,t 

= E [r(j) o r(k) o r(1) o • .. o r(s) o r(t)]p(tI s) • • p(11 k)p(kl.j)Sij 
j,k,...,s,t 

= E [r(i) o r(k) o r(1) o • • • o r(s) o r(t)]p(tIs) • • • p(llk)p(kli). 
                                k,...,s,t 

where each of j, k, ..., s, t(k, ..., s, t) ranges over S = {1, 2, ..., N}. 
   Second, we imbed the problem (2) into the class of parametrized problems: 

un(i;a)=E[\oRooRlo..•oRnIXo=i] AER.(3) 

Then the stationarity implies that 

un(i;A)=E[A0Rk0Rk+1o..•oRk+nIXk=i] k>0. 

We have for any leftidentity value A 

un(i; 5) = un(i). 

The Markov property together with the associativity in o yields 

E[,1oRooRio...oRnlXo=i] 
            = E[E[(aoRo)oR1o...oRnIX1,Xo=i]IXo=i] 

            = E[E[(,Xor(i))oR1o.••0RnI Xi] IXo=i].
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Thus, we get the forward recurrence equation: 

      uo(i; A) = A o r(i)(4) 

 u„  (i;  A) = 1 u„-1(i; A o r(i))P(j I i) n > 1. (5) 
                             j=1 

   Moreover, let 7ro = {lro(i)}iEs be an initial distribution: 

P(Xo=i)=7ro(i)>0 iES, 

and 

E ro(i) = 1. 
iES 

Then the (unconditional) expected value of the associative statistics Ro o R1 o • • o R„ : 

u„ =E[RooR1o...oR„] n> 1 

is calculated as follows: 

                        Un = E ro(i)un(i)• 
                                           i=1 

   On the other hand, we imbed the problem (2) into the class of backward problems: 

tink+1(i;A)=E[A0Rk0Rk+1o•••0R„IXk=i] 0<k<n,AERI. (6) 

We have for any leftidentity value A 

-) = un(i) 

and the backward recurrence equation: 

ul (i; A) = A o r(i)(7) 

Un-k-1-1(i; A) = u„-k(1;A o r(i))P(jI i) 0 <k<n  1.(8) 
j=1 

We remark that the stationarity implies the relation between forward and backward 
problems (3), (6): 

un-k F1(i; A) = un-k(i; A). 

2.2. Function of Associative Statistics 

    Let h : R be a function. Then we consider the conditional expected value 
of the function of R0olR1o•••oR„: 

v„(i)=E[h(RooR1o•••oR„)IXo=i] i E S(9)
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First, we imbed this problem into the class of parametrized problems: 

 vn(i;A)=E[h(AoRo0 RI.  o•••oRn)IX0=i] AER. 

We get the forward recurrence equation: 

vo(i; A) = h(A o r(i)) 

vn(i; A) = E vn-i(i; A o r(i))p(iI i) n > 1. 
j=1 

   On the other hand, we imbed the problem (9) into the class of backward problems: 

vnk11(i;A)=E[h(AoRkoRk+1°• •O RIO IXk=i] 0<k<n, A E R. 

We have for any leftidentity A 

vn+1(i; A) = vn(i) 

and the backward recurrence equation: 

v1(i; A) = h(A o r(i)) 

Unk+1(i; A) = vn-k (j; A o r(i))p(j I i) 0 < k < n  1. 
                              j=1 

The The stationarity also yields 

vnk+1(i; A)=vn-k(i; A). 

3. Single Statistics 

    Let f : S -* R1 and g : S -+ R1 be two functions. Then we define 

Yn = f(Xo)V f(X1)V •••V f(Xn) n > 0 

Zn =g(Xo)Ag(Xi)A...Ag(Xn) n > 0 

Ykn=f(Xk)Vf(Xk+i)V•••V f(Xn) 0 < k < n 

Zk,n = g(Xk) A g(Xk+1) A • . • A g(Xn) 0 < k < n 

and 

m= min{ f(x)IxES} M= max{ f(x)Ix ES}.
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3.1. Maximum Statistics 

    First, we consider the conditional expected value : 

un(i)=E[YYIX°=i] n>0.(10) 

We imbed this problem into the class of parametrized problems: 

un(i; A) = E[A V Yn IX° = i]m<A<M. 

Then for a sufficiently small value A of A we have 

un(i; A) = un(i). 

In particular, 
un(i; m) = 

We get the forward recurrence equation: 

uo(i; A) = A V f (i) 

un (i; A) = E un-1(7; A V f (i))PU ii) n > 1. 
j=1 

On the other hand, we imbed the problem (10) into the class of backward problems: 

unk+1(i;A)=E[AVYk ,nIXk = 0<k<n, m<A<M. 

We have 
,un+i (i; m) = un (i) 

and the backward recurrence equation: 

ul(i; A) = A V f (i) 

unk+1(Z; a) = E ,un-k(.7 i A V f (i))P(j (i) 0 <k< n  1. 
                             j-1 

3.2. Minimum Statistics 

    Second, we consider the conditional expected value : 

vn(i) = E[ Z n IX° = i] n>0. (11) 

(See also Bellman and Zadeh(1970), Esogbue and Bellman(1984), Iwamoto(1996), 
Iwamoto and Fujita(1965), Kacprzyk(1978) for the corresponding optimization prob
lem). We imbed this problem into the class of parametrized problems: 

vn(i;µ)=E[pAZnIX°=i] m<p<M.
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Then for a sufficiently large value  µ of p we have 

vn(i; µ) = vn(i)• 

In particular, 
vn(i; M) = vn(i). 

We get the recurrence equation: 

vo(i; P) = P A f (i) 

vn (i; p) = E vn-1(i; p n f (i))PU ii) n > 1. 
j-1 

   On the other hand, we imbed the problem (11) into the class of backward problems: 

           n—k+        vi(i;p)=E[pAZk ,nlXk—i]0<k<n,m<µ<M. 

We have 
vn+1(i; Al) = vn (i) 

and the backward recurrence equation: 

v1(i; p) = p A f(i) 

                 = Evn—ku;pAf(Z))puli) 0 <k<n — 1. 
j-1 

4. Compound Statistics 

    In this section we consider three kinds of compound statistics; range, ratio and 

variance. 

4.1. Range Statistics 

    Let h : R1 x R1 —+ R1 be a function. First, we consider the conditional expected 

value : 

               un(i) = E[h(Yn, Zn) IXo = i] rt > 0. (12) 

If 
                           h(x, y) = x — y, 

then un(i) represents a range for the statistics Xo, Xi, • • • , Xn 

un(i)=E[Yn—ZnIXo=i] n>0. 

We have 

E[Yn—ZnIX0=i]=E[YnIX0=i]—E[ZnIX°=i]. 

This expectation problem is combined with the former two problems: maximum statis
tics and minimum statistics.
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    However, in general 

 E[h(Yn, Zn)IXo=i] h(E[YnIXo=i], E[ZnIX0=i]) . 

We imbed this problem into the class of two-parametrized problems: 

un(i;A,p)=E[h(AVYY, pAZn)IXo=i] m<A,p<M. 

Then for a sufficiently small value A of A and a sufficiently large value it of p we have 

un(i; 5, j) = un(i). 

In particular, 
un(i;m,M) = un(i). 

We get the recurrence equation: 

        uo(i; A, p) = h(A V f (i), p A f (i)) 

un(i; A, p) = E V f (i), µ A f (i))p(1 I i) n > 1. 
j-1 

   On the other hand, we imbed the problem (12) into the class of backward problems: 

 un—k+1(i; A, µ) = E[ h(A V Yk,n, µ A Zk,n) I Xk = i 0 < k < n, m < A, p < M. 

We have 
un+1(i; m, M) = un(i) 

and the backward recurrence equation: 

u1(i; ~^, p) = h(A V f (i), p A f (i)) 

unk+1(i; A, p) = tin-k (i; A V 1(0 ,  p A f (0)1:010i) 0 < k < n —1. 
j-1

4.2. Ratio Statistics 

    Further, we define 

S'n = f(Xo) + f(X1) .+ ... + f(Xn)n > 0 

and 

Zn =g(Xo)+g(X1)+...+g(Xn) n>0. 

Second, we consider for any fixed n > 0 the conditional expected value : 

vn(i) = E[Tn IXo = i].(13)
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(See Sniedovich(1989, 1992) for optimization problem.) We note that 

                   ~',r'SnIXo = i] E[Sn---------------- I  Xo  =  i]                 T
n E[7nIX0=i]. 

Now, we imbed this problem into the class of two-parametrized problems: 

A + Sk  
vk(i;A,µ) = E[IXo=i] 0 < k < n 

          +Tk
r,,                              A E [Ak,.\k],µE[Pk, µk] 

where 

Ak=(n-k)f Ak=(n-k)f0 < k < n 

µk=(n-k)g µk=(n-k)q0 < k < n 

                   f ES f (s), f =TEasx,f (s) 

g = mis g(s), g masx g(s). 

    Then we have 
vn(i; 0, 0) = vn(i) 

and the forward recurrence equation: 

       vo(i;.\,p) =+ f(Z) A E Ro, ac], µ E [0, Po] 
+Xi) 

vk(i; ~, p) = E vk-1(j; + .f (i), µ + g(Z))pU I i) 1 < k < n 
j-1 

A E [ak, Ak], µ E {Pk, µk]• 

   On the other hand, we imbed the problem (13) into the class of backward problems: 

vnk+1(i; , µ) = E[ + Sk'n IXk = i]0 < k < n 
                              µ + Tk,n 

A E [kf, k f], u E [kf, kf] 

where 
             S } k n = f (X k) + f (X k +1) + ... + f (X n) 0 < k < n 

and 
Tkn =g(Xk)+g(Xk+1)+• •+g(Xn)0< k <n. 

We have 
vn+1(ii 0, 0) = vn(i)
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and the backward recurrence equation: 

 vl(i;a,p) =f(Z) a E [nf,of],p E [n9,n9] 
          +9(i) 

                   N vnk+1(i; ~, µ) = E vn-k u; a + f (i), p + 9(i))P(i l i) 0 < k < n — 1 
                          j=1 

A E [kf, kf], IL E [kg, kV]• 

4.3. Variance Statistics 

    Finally, we consider for any fixed n > 1 the conditional expected value : 

1n-1 E{n[E(fk—p)2]IXo=i} (14) 
k-0 

where 

ln-1 = n .11 fk = f (X k) 
k=0 

(See Sniedovich(1983, 1992) for deterministic optimization problem.) Note that 
n-1n-1 n-1 

n[E(fk —µ)2] — —n — (n EA)2• 
k=0k-0 k=0 

   Then we calculate the expected value multiplied by n2 instead of (14): 

n-1 

n2 E{ n[ >(fk — p)2 ] I Xo = i }. 
k=0 

    That is, we set 

n-1 n-1 

vn(i) = E[ n fk — (E fk )2 IXo = a ] (15) 
k=0 k=0 

Now, we imbed this problem into the class of oneparametrized problems: 

k-1 k-1 

vk(i; A) = E[n> fl — ('\ + fi )2 IXo = i] 
1=01=o 

1<k<n AE[ak,ak]. 

We have 

vn (i; 0) = vn (i) 

and the forward recurrence equation: 

vi(i; A) = n f 2(i) — (.\ + 1(i))2A E L Tt1] 

vk(i; A) = nf2(i) + E vk-1(j; A + f(Z))p(jl i) 
                                    j=1 

2<k<n E[~k,)k].
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Then the desired expected value of (14) is given by 

                         n2 vn(z; 0) =  n  vn(i). 

   On the other hand, we imbed the problem (15) into the class of backward problems: 

              n-1n-1 

vnk(i;~) = E[n>2f2('~I>2fl)2IXk=i]               l 

l-kl-k 

0<k<n-1 AE[kf,kf]. 

We have 
vn(i, O) = vn(i) 

and the backward recurrence equation: 

v1(i; A) = nf2(i)  (A + 1(0)2A E [(n  1)f, (n  1)f] 

,vn-k (i; A) = nf2(i) + E ,vnk-1(j; A + f (i))p(.7l i) 
j-1 

0<k<n-2 AE[kf,kf]. 

5. Associative/Nonassociative Binary Relations 

    We illustrates both classes of typical associative binary relations and of nonassoc
itive ones in Markov decision process and/or stochastic dynamic programming. Since 
the correspondence between each binary relation below and the resulting objective func
tions of optimization problems discussed in the references is straightforward, we omit 
specifying it. 

    First we have the following examples of associative binary relations o with left
identity in parenthesis. 

         Example 1 o : R1 x R1 -; R1 

< additive > xoy = x + y (x = 0) 

< multiplicative > x o y = xy (x = 1) 

< terminal > x o y = y (x = any real number). 

< g  additive > soy = g1(g(x) + g(y)) (x = g-1(0)) 

< g  multiplicative > xoy = g1(g(x)g(y)) (x = g-1(1)) 

where g : R1 -+ R1 is onto continuous and strictly increasing. 

        Example 2 o : [0, 1] x [0, 1] --> [0, 1] 

< maximum > xoy = x V y (i=0) 

<minimum> soy = x A y (x=1)
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        Example 3 o  : R1 x Rl  {(x, y)Ixy -1} -4 R1 

x.0 y1 
-I xy                                (x1). 

                               Example 4 0 : R1 x R1  {(x, y)Ix + y 0} R1 

xoy= +xy(x= 1). 

y 

       Example 5 o : R4. x R+ 

<p  normed> xoy=(9+y")1 (x=0) 

where 
p>0. 
    On the other hand, the following are examples of nonassociative binary relation o. 

         Example 6 o : R1 x R1 -4 R1 

< multiplicatively additive > xoy = x+ xy 
< discounted >xoy = x+ /3y 

where 
[3� 1. 

        Example 7 0 : (0, oo) x (0, oo) -^ (0, oo) 

< backward exponential > x o y = x~ 
<, forward exponential > x o y = yx 

6. Examples 

    In this section we specify three-stage statistics and calculate the expected values of 
them on two-state Markov chain. 

6.1. Three-stage statistics 

    In this subsection we specify explicit forms for three-stage statistics. The n-stage 
statistics are straightforward. 

        Example 1 

< additive > E[Ro + R1 + R2 + R3IX0 = i] 
      < multiplicative > E[RoR1R2R3IXo = i] 

< terminal > E[R3IXo = i] 
< g  additive > E[g1(g(R0) + g(Ri) + g(R2) + g(R3))I Xo = i] 

   < g  multiplicative > E[g1(g(Ro)g(Ri)g(R2)g(R3))1Xo = i]
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where g  :  R1 —^ Ri is onto continuous and strictly increasing. 

        Example 2 

<maximum> E[Ro VRIVR2VR31X0=i] 

< minimum > E[Ro A R1 A R2 A R3IX0 = i]. 

        Example 3 

Ro+Ri+R2+R3+R0R1R2+RoR1R3+R0R2R3+RiR2R3 _    E[
1+R0R1+R0R2+R0R3+RiR2+ RI. R3+R2R3+RoRIR2R3I`Yo=i]. 

        Example 4 

E [1 + Ro Ri + Ro R2 + Ro R3 + R1 R2 + R1 R3 +R2R3 + Ro R1 R2 R3 I X0 = i ] •       R
o+R1 +R2+R3+R0R1R2+R0R1R3+R0R2R3+RiR2R3 

        Example 5 

<p — normed> E[(Ro+ RP' +R2+R3)1IPIX0=i] 

where 
p>0. 

    On the other hand, the following are examples of nonassociative statistics. 

        Example 6 

< multiplicatively additive > E[Ro + R0R1 + R0R1R2 + R0R1R2R3IXo = i] 

< discounted > E[R0 + 13R1 + j32R2 + Q3R3I X0 = i] 

where 
[3 0 1. 

        Example 7 (See also Golmb(1975, 1980) for the corresponding deterministic 
optimization problems.) 

< backward exponential > 
                                               i)R2 )R3Xo =                       E[((RO i] 

< forward exponential > 

                                                                          R0                                                          R 

1 

E[R3 2 I Xo = 

    As compound statistics, we consider the expected value of variance and ratio statis

tics as follows :
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Example 8 

 3 3 

 <  variance  > E[ 1 ~(R1—7R)2 Ix()= i]R=4E R; 
                Ro+Ri+R2+R3 

< ratio > E[Ro
+ R2R2 + R3I Xo_—a].

6.2. Two-state Markov Chain 

   Now we consider a simple Markov chain on state space S = {s1,s2} with the 
following numerical data : 

                      r(si) = 2, r(s2) = —1 

xi \ xt+i s1 S2  
                      Si 1/4 3/4 

S2 1/2 1/2

6.3. Simple Statistics 

    First we consider the expected value of multilpicative, minimum, maximum and 

terminal statistics. 

   Then the direct computation yields Table 1 as follows :

history(state, trans. prob) I path I mult. I min. I max. I ter. 
si 1/4 Si 1/4 s1 1/4 si 1/64 16 2 2 2 
si 1/4 si 1/4 s1 3/4 s2 3/64 -8 -1 2 -1 
Si 1/4 Si 3/4 s2 1/2 Si 6/64 -8 -1 2 2 
Si 1/4 s1 3/4 s2 1/2 s2 6/64 4 -1 2 -1 
s1 3/4 s2 1/2 Si 1/4 si 6/64 -8 -1 2 2 
Si 3/4 s2 1/2 s1 3/4 s2 18/64 4 -1 .2 -1 
Si 3/4 s2 1/2 s2 1/2 s1 12/64 4 -1 2 2 
Si 3/4 s2 1/2 s2 1/2 s2 12/64 4 -1 2 -1  

 expected value from si1/4 -61/64 2 11/64 
s2 1/2 Si 1/4 Si 1/4 Si 2/64 -8 -1 2 2 
s2 1/2 Si 1/4 si 3/4 s2 6/64 4 -1 2 -1 
s2 1/2 si 3/4 s2 1/2 Si 12/64 4 -1 2 2 
s2 1/2 si 3/4 s2 1/2 s2 12/64 -2 -1 2 -1 
s2 1/2 s2 1/2 Si 1/4 Si 4/64 4 -1 2 2 
s2 1/2 s2 1/2 si 3/4 s2 12/64 4 -1 2 -1 
s2 1/2 s2 1/2 s2 1/2 Si 8/64 -2 -1 2 2 
s2 1/2 s2 1/2 s2 1/2 s2 8/64 1 -1 -1 -1 

 expected value from s21/4 -1 13/8 7/32

(where multi. = multiplication, min. = minimum, max. = maximum, ter. = terminal) 
          Table 1 : expected values of simple statistics from Si, s2
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   On the other hand, the forward recurrence equation for multiplicative problem 

 uo(i; A) = Ar(i) 

2 un (i; A) = E un-1(j; Ar(i))p(j I i) n=1,2,3 
j-1 

yields the solution as follows : 

uo(s1; A) = 2A u1(s1; A) = -1A2 u2(s1; A) = —A u3(s1; A) =4a 
uo(s2; A) = —A u1(s2; A) =—2A u2(s2; A) = —2A  u3(s2; A) = 4A. 

Therefore we get the desired expected values 

                                          1 
u3(S1) = u3(si; 1) =4,u3(s2) = u3(s2; 1) =4. 

    For the minimun problem, the forward recurrence equation 

uo(i; A) = A A r(i) 

                             2 un (i; A) = 2 un-1(j; A A (i))p(:1 I i) n = 1,2,3 
j-1 

yields 

uo(s1;A) = AA2 

uo(s2; A) = A A (-1) 

ui(si; A) =4(A A 2) +4(A A (-1)) 
u1(s2; A) = A A (-1) 

u2(si; A) =6 (A A 2) +16(A A (-1)) 
u2(s2; A) = A A (-1) 

u3(s1; A) = 64(A A 2) +64(A A (-1)) 
u3(s2; A) = A A (-1). 

Thus we have the desired expected values 

u3(s1) = u3(sl; 2) =—61,u3(s2) = u3(s2; 2) = —1. 
                         64
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    For the maximum problem, the forward recurrence equation 

 uo(i;  A) = A V r(i) 

2 un(i; A) = E un-1(j; V (i))P(.7I Z) n = 1, 2, 3 
f-i 

yields 

uo(si;A) = A V 2 

uo(s2; A) = A V (-1) 

ui(si; A) = A V 2 

ul (s2; A) =2(A V 2) +2(A V (-1)) 

u2(si;A) = A V 2 

             u2(s2; A) =4(A V 2) + 4(A V (-1)) 

u3(si; A) = A V 2 

              u3(s2; A) =8(A V 2) +8 (A V (-1)). 
Thus we have the desired expected values 

              u3(si) = u3(si; —1) = 2, u3(s2) = u3(s2; —1) = 8. 

    For the terminal problem, the forward recurrence equation 

            uo(i; A) = r(i) 

2 un(i; A) = E un_i(j; r(i))p(jli) n = 1,2,3 
j-1 

yields 

uo(si; A) = 2 ui(si; A) = -4 A) = 6u3(si; A)
64 

uo(s2 i A) = —1 ui (s2.; A) = 2u2(s2; A) =8u3(s2; A)
32 

Thus we have the desired expected values 

u3(si) = u3(si;A) 64,u3(s2) = u3(s2;A)32
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6.4. Variance 

    Second, we illustrate how to iteratively calculate the expected value of variance 

statistics.  We  remak  that 

333 

   E[4E(Ri —R)2 IXo =i]=E[4>R=~Xo=i]— E[(4>2 Ri )2 IXo = i] 

where 

13 

4EX. 
i-o 

Thus we apply the famous formula: 

                    variance = mean square — square mean. 

    Then the direct computation yields Table 2 as follows :

history(state, trans. prob) I path I sum I sq. mean I mean sq. I variance 
sl 1/4 sl 1/4 sl 1/4 sl 1/64 8 4 4 0 
sl 1/4 si 1/4 sl 3/4 s2 3/64 5 25/16 13/4 27/16 
sl 1/4 s1 3/4 s2 1/2 s1 6/64 5 25/16 13/4 27/16 
s1 1/4 sl 3/4 s2 1/2 s2 6/64 2 1/4 10/4 9/4 
sl 3/4 82 1/2 si 1/4 s1 6/64 5 25/16 13/4 27/16 
si 3/4 82 1/2 sl 3/4 82 18/64 2 1/4 10/4 9/4 
si 3/4 s2 1/2 s2 1/2 s1 12/64 2 1/4 10/4 9/4 
si 3/4 s2 1/2 s2 1/2 s2 12/64 -1 1/16 7/4 27/16  

 expected value from s1143/64 595/1024 655/256 2025/1024 
s2 1/2 s1 1/4 s1 1/4 sl 2/64 5 25/16 13/4 27/16 
82 1/2 sl 1/4 si 3/4 s2 6/64 2 1/4 10/4 9/4 
82 1/2 s1 3/4 s2 1/2 si 12/64 2 1/4 10/4 9/4 
82 1/2 sl 3/4 s2 1/2 s2 12/64 -1 1/16 7/4 27/16 
s2 1/2 s2 1/2 s1 1/4 sl 4/64 2 1/4 10/4 9/4 
s2 1/2 s2 1/2 Si 3/4 82 12/64 -1 1/16 7/4 27/16 
82 1/2 s2 1/2 s2 1/2 s1 8/64 -1 1/16 7/ 4 27/16 
s2 1/2 s2 1/2 s2 1/2 s2 8/64 -4 110  

 expected value from s2-5/32 149/512 251/128 855/512

Table 2 : expected value of variance from s1, s2

First, we consider the problem multiplied by 42 as follows : 

3 

      42E[' E(Ri  R)2 I Xo = i] 
i=0 

    = E[4R2) + 4R? + 4R2 + 4R3 — (Ro + R1 + R2 + R3)2 IX0 = i]



18S. IWAMOTO

Imbedding this problem into the family of parametrized ones with  A  : 

un(i; a) 
     = E[4Ro+4R1+...+4Rri1(A+Ro+R1+...+Rn1)2IXo=i~ 

i = 1,2 n= 0,1, 2, 3, 4 

we have the forward recurrence equation : 

uo(i;A) = -A2 

                                2 un(i; a) = 4r(i)2 + > un-1(i; A + n = 1, 2, 3. 
j=1 
   Second, solving this equation, we obtain the following expressions : 

uo(S1; A) = -A2 

uo(s2; A) = -A2 

u1(S1; A) = 4 . 22  (A + 2)2 

ui(S2; A) = 4(-1)2  (A  1)2 

u2(S1; A) = 5 • 22 + 3(-1)2  1(\ + 4)2 — 4(A + 1)2 
u2(s2; A) = 2. 22 + 6(-1)2 —  (A + 1)2 —  (A — 2)2 

    U3(.51; A) = 47 22 + 41(-1)2 42 (a + 6)2 4 (a 4_  234 A2 
u3(S2; A) =  • 22 + 217(-1)2 -1-74(A + 3)2 245 A2 1(a  3)2 

                                    

. 2.2 

u4(si; A) =43••22+3421(-1)2 —4-3 (A + 8)2 —43(A + 5)2 

                    42                                     2 (a + 2)2 42(a 1)2 
   U4(.52; A) =12•22+87(-1)22•42(\ + 5)22142(A2)2 

                                   2 (A  1)2 —8(a — 4)2. 
   Finally, substituting A = 0, we have 

        133 23.4121215232232 u4(S1; 0) =
42—43•8—434242• (-1) 

34 , 52 
             26 

u4(S2; 0) =   441.222 +_8_87(1)22.                             142522 
                                    11

4222 1(-1)2 _1(_4)2 

            

. 2 8 

5.9.19  

25
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   Therefore we get the desired expected values 

       1321  34 •52  34 •52           E[4L(R1—R)1X0=si] =4226 — 210 
i=Q 

                               2025 
= 1.9775390625 

                             1024 

       131 5.9.19 5.9.19           E[4L(Ri—R)2IXo=s2] =4225 = 29 
                    i=0 

                                 855

5122= 1.669921875. 

6.5. Ratio 

   Finally we consider the expected value of the following ratio statistics : 

Ro+R1+R2+R3  E[ Ro 
+ Ri + R2 + R3 Ix 0  = i] . 

   The direct computation yields Table 3 as follows :

Ihistory(state, trans. prob) path sum sum sq. T ratio 7 
s1 1/4 si 1/4 s1 1/4 s1 1/64 8 16 8/16 
si 1/4 s1 1/4 s1 3/4 s2 3/64 5 13 5/13 
s1 1/4 si 3/4 s2 1/2 s1 6/64 5 13 5/13 
si 1/4 s1 3/4 s2 1/2 s2 6/64 2 10 2/10 
s1 3/4 82 1/2 s1 1/4 s1 6/64 5 13 5/13 

 s1 3/4 s2 1/2 s1 3/4 s2 18/64 2 10 2/10 
s1 3/4 s2 1/2 s2 1/2 s1 12/64 2 10 2/10 
Si 3/4 s2 1/2 s2 1/2 s2 12/64 -1 7 -1/7 

  expected value from s1143/64 655/256 9969/58240  

s2 1/2 Si 1/4 si 1/4 s1 2/64 5 13 5/13 
s2 1/2 s1 1/4 s1 3/4 s2 6/64 2 10 2/10 
s2 1/2 s1 3/4 s2 1/2 si 12/64 2 10 2/10 
s2 1/2 s1 3/4 s2 1/2 s2 12/64 -1 7 -1/7 
s2 1/2 s2 1/2 s1 1/4 s1 4/64 2 10 2/10 
s2 1/2 s2 1/2 s1 3/4 s2 12/64 -1 7 -1/7 
s2 1/2 s2 1/2 s2 1/2 Si 8/64 -1 7 -1/7 
s2 1/2 s2 1/2 s2 1/2 s2 8/64 -4 4 -4/4  

  expected value from s2-5/32 251/32 421/25480

            Table 3 : expected value of a ratio from Si, s2 

We consider the following ratio problem : 

             u3 a=ERo+R1+R2+R3 Xo=i
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We imbed this problem into the family of two-parametrized ones with A, µ : 

                        +Ro+•••+Rn 

        

'  
µ+Ro+•••+Rn ° 

i= 1,2 n= 0,1, 2, 3 

Then we get the forward recurrence equation : 

A + r(i)  
uo(i; A, µ) = 2(. 

              µ+r)a 

                    2 un(i;A,µ) = un1(i;A+r(i),µ+r2(i))p( .7Ii) n= 1,2,3. 
                    j=1 

Solving this equation, we obtain the following expressions : 

A+2 uo(si; A, µ) = 
p+ 4 
A-1  

uo(s2; A, µ) = 
µ+1 

1 A+4 3 A+1  ui(si; A, µ) = 4 
p+8+4 µ+5 

1 A+1 1 A-2  ui (s2; A, µ) = 2 
p+5+2 µ+2 

              1 A+6 32 A+3 3 A  
u2(Si; µ) = 42 

p+ 12 + 42 p+9 + 2.4 p+6 
             1 A+3 5 A 1 A-3  u2(s2; A, µ) = . 4.2 µ+9+4.2 µ+6+22 p+3 

 (1 A+8 3.5 A+5 3.6 A+2 3  A—i ussi;A)µ) = 43
p+16+ 43 µ+13+2.42 p+10+22.4 ------ µ+7 

          1  A+5 11 A+2 1 A-1 1 A-4 u3(s2;~,µ) = 2 
42 p+13+2 42 p+10+2 p+7+23                                             µ+4 

Finally, substituting A = p = 0, we have the desired expected values : 

1 8 3.5 5 3.6 1 3 1 
us(si; 0,0) =43•16+ 43 •13+ 2 

42 5 + 22•-------4 (7) 

== 9969  _ 
                   582400.17117101648 

            1  5 11 1 1 —1 1 u3(s2; 0, 0) = 
2 42 13 + 42 5 + • (7) + 23 . (-1) 

=_421------ = 
                     25480—0.01652276295
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7. Concluding Remarks 

   We have considered the conditional expected value of the related associative statis
tics  Roof?' o • • •o R„ . Firstly we treat the conditional expected value of R1 o R2 o • • • o R„ 
instead: 

un(i)=E[RioR2o...oRnIXo=i] iES(16) 

   Let 

un(i;A)=E[AoRioR2o...oRnIXo=i] AERi. 

Then, we get the forward recurrence equation: 

ui(i;a) = E(aor(i))p(iIi) 
j=1 

un(i; A) =1 un-1(j; a o r(j))p(j I i) n > 2. 
                              j=1 

   On the other hand, we imbed the problem (16) into the class of backward problems: 

    unk(i;A)=E[AoRk+l0Rk+2o••.OR„IXk=i] 0<k<n-1, AER1. 

    We have the backward recurrence equation: 

u1(i; A) = E(.1 o r(j))p(jI i) 
j=1 

tin-k(i; a) =Etink-1(j; A o r(j))p(jI i) 0 <k< n — 2. 
                      j1 

    Secondly we consider the expected values of the following nonassociative statistics 

un(i)=E[((...((RooRi)0R2)o...)oR )IXo=i] i E S (17) 

where the nonassociativity does not assure the equality 

(xoy)oz=xo(yoz). 

We also imbed the problem (17) into the class of forward problems: 

un(i;A)=E[((...((A0Ro)0Ri)o...)oRn)IXo=i] AER1. 

Then we have the forward recurrence equation: 

            uo(i; A) = A o r(i) 

un(i; A) = E un-1(j; A o r(i))p(jl i) n > 1. 
j=1
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This system has the same form as the system (4),(5). Solving, the system, we can 
calculate the expected value of forward exponential statistics : 

RR0 

                  un(i)_E[RR"-11IXo=i] iES. 

    Moreover, we can obtain the corresponding (nonstationary) recurrence equation for 
class of forward problems with nonstationary binary relations: 

un (i; A) = E[ ((... ((t * Ro) o Ri) o ...) • Rn) I X o = i ] a E R1, 

where *, o, o, • • • , • are binary relations. For instance, the problem 

              u3(i) = E[((R) A R1)R2) + R3)R4 I X0 = i] 

belongs to the class. Because we have 

            u3(i) = E[(((Ro * Ri) o R2) o R3) • R4 I Xo = i] 

where 
                a*b=aAb, aob=ab, aob=a+b, a•b=ab. 

   Finally we remark that we have also the resulting backward equation (7),(8) for 
the nonassociative statistics (17).
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