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TRANSITION DIAGRAMS OF FINITE
CELLULAR AUTOMATA

By
Hyen Yeal LEE* and Yasuo KAWAHARA'

Abstract

This paper provides some simple recursive formulas generating tran-
sition diagrams of finite cellular automata with triplet local transition
functions.

1. Introduction

The theory of cellular automata has been studied by many researchers in various
methods, for example, numerical, statistical and asymptotic methods. On the other
hand dynamical behaviors of finite (or discrete) cellular automata are extremely compli-
cated and interested. Many scientists and mathematicians have extensively developed
theory of finite cellular automata, and their major interests focused fixed points, period
lengths, transient lengths and so on, which are parts of global dynamical behaviors of
cellular automata. Generally it is absolutely difficult to decide just transition diagrams
of cellular automata. But in fact some special cellular automata have simpler transition
diagrams. The aim of this paper is to challenge the problem to decide transition diagram
in an algebraic method. It seems that the most important point for the problem is how
to represent transition diagrams by simple formulas. To this end we introduce symbolic
notations called tree and cycle expressions without and with roots.

First we review the definition of dynamical systems as formal systems. A dynamical
system is a pair (X, §) of a set X and a transition function § : X — X. A dynamorphism
¢:(X,8) - (Y,0) from a dynamical system (X, §) into another dynamical system (Y, o)
is a set function ¢ : X — Y such that op = ¢4, that is, the following diagram commutes:

©

X — Y

i &

X — Y.
7]

A dynamorphism ¢ : (X,8) — (Y,0) is called an isomorphism of dynamical systems
if there exists an inverse dynamorphism ¥ : (¥,0) — (X, 6) such that ¢ = idx and
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oy = idy, where idx and idy are the identity functions on X and Y, respectively. It is
clear that isomorphic dynamical systems have isomorphic transition diagrams and vice
versa.

In the sequel we treat only with finite dynamical systems. For a positive integer
k we define a dynamical system [k] to be a pair of a set {0,1,---,k — 2,k — 1} and a
constant function §(z) = 0 for all z = 0,1,---,k — 2,k — 1. The transition diagram of

(k] is illustrated as follows: E—9 k—1

. \\//

It is clear that a product formula [k] x [k'] = [kk'] holds for any positive integers
k, k', where x denotes the cartesian product of dynamical systems and = the equality
up to isomorphisms.

For a positive integer k we define a dynamical system [1]¥ to be a pair of a set
{0,1,---,k -2,k — 1} and a predecessor function & such that §(0) = 0 and é(z) =z —1
forallz =1,2,---,k — 2,k — 1. The transition diagram of [1]* is illustrated as follows:

0 1 2 k-2 k-1
O o—o —o—@

Note that [1]' = [1] and [1]> = [2]. The cartesian product [1}® x [1]* is illustrated
as follows:

VS
[

O
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Now we will recall (one dimensional) finite cellular automata with triplet local
transition functions. Let m be a natural number and @ the set {0,1} of symbols 0 and
1. The set of all strings of symbols in @ with a length of m is denoted by B™. For
example, B3 = {000,001,010,011,100,101,110,111}. A triplet local transition function
f is a function f : B3 — B. Set ry, = f(zyz) (k =4z +2y+2,0 < k < 7) for all
strings zyz € B3. Following to Wolfram we define the rule number R of a triplet local
transition function f by R = EI::O 2%r,. Note that 0 < R < 255. A triplet local
transition function f with rule number R is illustrated as follows:

Rule R | 111 110 101 100 011 010 001 000
T7 Te Ts T4 T3 T9 Ty To

A triplet local transition function g such that g(xyz) = f(zyz) for all z, y and 2z, is
called symmetric to f. The rule number of g is called symmetric to the rule number of
f. The triplet local transition function h such that h(zyz) = f(Zyz) for all z, y and
z, is called complemented to f. (Note that 0 = 1 and T = 0.) The rule number of g
is called complemented to the rule number of f. It is easy to see that the symmetric
complemented function is identical with the complemented symmetric function. For
example, the symmetric, the complemented, the symmetric complemented rule numbers
to 12 are 68, 107 and 121, respectively.

A cellular automaton CA—R,_(m) with boundary condition a—b (a,b =0 or 1)
is a dynamical system (B™, é,_5) such that

0o—b(T1Z2 - T_1Zm) = f(aZ122) f(212273) - - - f(Tm—2Zm—1Zm ) F(Tm—1Zmb),

where f is a triplet local transition function with rule number R.

Note that if a local transition function f satisfies f(acz) = ¢ for z = 0,1 then
a function j : CA—R._p(m — 1) » CA—R,_p(m) with (21 - - Tm-1) = €T1 - T
is a dynamorphism, that is, a transition diagram of CA — R,_;(m) contains that of
CA—R,_,(m — 1) as a subgraph. Moreover, if f(a0z) = 0 and f(alz) =1 for z = 0,1
then a transition diagram of CA—R,_;(m) is a disjoint union of two transition diagrams
of CA—Ry_p(m — 1) and CA—R;_y(m — 1), namely

CA—Rq_y(m) = CA—Ro_y(m — 1) + CA—Ry_y(m — 1).

The aim of this paper is to give some recursive formulas for transition diagrams of
cellular automata CA— R,_p(m). The following facts is obvious. Transition diagrams
of CA—0,_4(m) and CA—255,_5(m) are isomorphic to [2™]. Those of C A—204,_,(m)
consists of 2™ fixed points, that is, C A—204,_,(m) = 2™[1], and those of CA—51,_4(m)
consists 2™~! cycles of period length two. Also those of CA—15,_s(m) and CA—
170,_3(m) are isomorphic to binary trees with a depth of m. For example, C A-170, _5(3)
is illustrated by the following tree:
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\VARV
N

.

In this paper we write A(m) = CA—Ry_o(m), B(m) = CA—Ry_1(m), C(m)
CA-R;_o(m), D(m) = CA—Rl_l( ), X(m) = CA—Rq_p(m) and Y(m) = CA-R; _,(m
(a = 0,1), unless no confusion occurs. Moreover we set A(0) = B(0) = C(0) = D(0)
[1] for convenience.

~—

2. Tree and Cycle Expressions

In this section we introduce tree and cycle expressions in order to algebraically
represent tree structures of finite dynamical systems.

DEFINITION 2.1. Tree expressions and cycle expressions to represent the graphical
structure of finite dynamical systems are recursively defined as follows:

(a) If Eq,---, Ex (k > 0) are expressions and n is a positive integer such that k < n,
then [n + E; 4 --- 4+ Ej] is an expression.

(b) If Ey,---,E; (k > 0) are expressions and n is a positive integer such that k <
n, then an expression [n + E; + --- + Ei] is a tree expression. (Note that tree
expressions are expressions.)

(c) All tree expressions are cycle expressions.
(d) fTy,---, Tk (k > 2) are tree expressions, then < T3, - --, Tk > is a cycle expression.

(e) If S1,---, Sk are cycle expressions, then S} + --- + S is a cycle expression.

Define formal expressions F,, by F; = 0 and F,,,41 = 1 + [F),] for m > 1, and
define tree expressions [1]™ by [1]™ = [1 + F};;]. (The notation [0] = 0 is a conventional
symbol representing the empty tree.) For example, [1]! = [1], [1]? = [2], [1]® = [2 + [1]]
and [1]* = [2 +[1 + [1]]].

Define formal expressions H,, by Hy = 0 and Hy,y1 = 1 + [2H] for m > 0,
and define tree expressions T,,, by T,,, = [1 + Hy,]. For example, T, = [1], T = [2],

=[2+4[2]] and T5 = [2 + [2 + 2[2]]].
Then it is easy to see that the transition diagrams of CA—15,_;(m) and CA-170,_4(m)
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are represented by a tree expression T),.

Now we define two functions H and L to extract major informations for transient
lengths and limit cycles of cycle expressions:

(a) H(1]) =0and H([n]) =1ifn > 2,

(b) H([n+ Er + -+ -+ Ey]) =1+ max{H(E),---, H(Ex)}
H(

(

(c) H(<Ty,---, Ty >) = max{H(T1),---, H(Tx)}
(d) H(S1+ -+ Sk) = max{H(S1), -, H(Sk)}
e) L(T)=<1>,

) (< T, -, T, >) =<k >,

(8) L(Sy+ -+ Sk) = L(S1) + -+ + L(Sk).

The function H assigns to a cycle expression S the greatest length of paths reach-
ing to the first root of S. Usually H(S) is called the transient length (or the height)
of a cycle expression S. The function L extracts just information for limit cycles
of cycle expressions neglecting tree structures. It is known that L(ca —5¢_¢(m)) =
1n(m) <1 > +7(m) < 2 >, where v1(m) = 11(m — 2) + m(m — 3) and y2(m) =
Y2(m — 1) + 12(m = 2) + 12(m = 3) — v2(m — 4) + 72(m ~ 5) — y2(m — 6) + 1 (m — 5).

A notion of cartesian products of dynamical systems is an elementary operation to
induce higher dimensional ones. The following theorem gives a very simple formula for
formation of cartesian products of cycle expressions:

THEOREM 2.2. [Product Formula/
(a)
[m] x[n+Ey +---+ Eg] = [mn+ [m] x By +---+ [m] x Ey],

(b)

k h k,h
[m+Dy+---+Dp)x[n+Ey+---+E;] = [mn+Z[m]in+ZD]-x[n]+ Z D;xEj],
i=1

7j=1 i=1,5=1

(c)
ITx <Ty, -, Tp>=<T xTy, -, TxTp,>.

The next operations results a new expression after simultaneously attaching an
expression to all leaves of another expression:

(a) [n+E1+ - +E|*xE=n+(n—-k)E+E «E+---+ E x E],
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(b) n+E1+ - +E)E=[n+(n—k-1)E+E «E+---+ E *E).

For example, [1]x[1] = [L+[1]], [1+[1]}+[1] = [L+[1]+[1]] = [1+[1+[1]]}, [2)+[2] = [2+2[2]
and [2 +2[2]] * [2] = [2 + 2[2 + 2[2]]].

Recall a canonical dynamical system (N*,p) over the set N* of all finite strings
consisting of positive integers. The transition function p is defined by p(i1i2--- %) =
i1+-+1s—1 if s > 0 and p(e) = ¢, where ¢ is a null string. The following function D
naturally assigns to a tree expression a subsystem of the canonical system (N*, p).

(a) V(n+ Ey+ -+ Eg])={1,---,n}Ul-V(E;)U---Uk - V(Ey),
(b) D(In+Ey +---+ Eg]) ={e}uV([n =1+ Ey + --- + Ey]).
The following example illustrates how D behaves:
D([2+ 2+ [2] + [2]]])) = {e,1,11,12,111,112,121,122}.

It is easy to see that the function D can be extended a function on cycle expressions.

To formulate recursive formulas of transition diagrams for finite cellular automata
we need formal expressions with root. Because infromations on roots of cycles are
generally indispensable for such recursive formulas.

DEFINITION 2.3. Tree expressions and cycle expressions with root in a set X are
recursively defined as follows:

(a) If T,---,Ty are expressions with root, n is a nonnegative integer and z is an
element of X, then [n + T7 + - - - + Ti]; is a tree expression with root.

b) If Ty, - - -, T} are normal expressions with root, n is a nonnegative integer such that
P 23 g
0 < k < nand zis an element of X, then [n+T3 +- - -+ Tk|; is a normal expression
with root. (Note that normal expressions are expressions.)

(¢c) If T1,---, Ty are normal expressions with root, n is a positive integer such that
0 < k <n and z is an element of X, then an expression [n +T; +--- + Tk]; is a
tree expression with root.

(d) If Ty, --, Ty are tree expressions with root, then < T3,---, T} > is a cycle expres-
sion with root.

(e) If Sy,---, Sy are cycle expressions with root, then S;+- - -+ Sk is a cycle expression
with root.

For expressions with root over the set of all strings consisting of two symbols 0 and
1 we assume the following addition and product rules to manipulate recursive formulas
for transition diagrams of finite cellular automata.
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Addition Rule
m+Ti+- - +Tile+[m+ U4+ Uhle =n+m+Ti+ -+ T + U1 + - + Upla.

Product Rule
mly X [n+T1 +---+T], = [mn+[m]y x Ty + - - - 4 [m], x T}]yz, where yx denotes the
concatenation of y followed by z.

We freely use these manipulation axioms in recursive formulas obtained in the later
sections.

3. CA-12

In this section we state recursive formulas generating transition diagrams of finite
cellular automata CA—12,_;(m). First we recall that a triplet local transition function
f with rule number 12 is illustrated by the following figure:

Rule 12 | 111 110 101 100 011 010 001 000
0 0 0 0 1 1 0 0

The symmetric, the complemented, the symmetric complemented rule numbers to 12
are 68, 107 and 121, respectively.

LEMMA 3.1. Assume y = 8,_p(x) for two configurations © = £1T2- Ty, and y =
Y1Y2 - Ym of CA—12,_4(m). Then zrzr4+1 = 01 if and only if yxyk+1 = 01 for k =
1,2,---,m~1.

Proof. Assume x3zr41 = 01. Then yr = f(xx-101) = 0 by f(z01) = 0 and yx4+1 =
f(0lzgis) = 1by £(012) = 1. Conversely assume yxyx+1 = 01. Then zxTg41Tk42 = 011
or 010 by yx41 = f(ZkZpt+1Tk42) =1. O

THEOREM 3.2. For cellular automata CA—12 the following formulas hold:
(a) B(m) = A(m) and D(m) = C(m),
(b) A(m) = A(m - 1)+ C(m - 1),
(c) C(m) =[m+ 1]+ 75 [*] x C(m — k = 1).

Proof. (a) Since f(zy0) = f(xyl) it is trivial that CA—12,_¢(m) = CA—12,_;(m) for
a = 0,1. (b) Define two functions i,, : A(m — 1) = A(m) and jn, : C(m — 1) = A(m)
by im(z172 - Tm-1) = 021Z2 - Trm—1 and (122 Tm-1) = 12122+ Tm—1. As
f(00z) = 0 and f(012) = 1, 4,, and j,, are dynamorphisms of dynamical systems. Fi-
nally the images of i,, and j,, give a partition of the configuration set Q™ of A(m). (c)
Define subsets Hy, Hy,---, H,,_1 of the configuration set Q™ of C(m) as follows. Hy is
the set of all configurations containing no subsequence 01, and Hy (k=1,2,---,m —1)
is the set of all configurations z = x1x5 - - - T, such that zxzr41 = 01 and 122+ - T
contains no subsequence 01. Then using Lemma 3.1 it is easy to see that C(m) =
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Hy + Hi + -+ + Hy ;1 (disjoint union of dynamical systems). On the other hand
Hy = {1P0™7P|0 < p < m} and é1_o(z) = 0™ for all z € Hy. Hence Hy = [m + 1] and
H,=k|xCim-k-1). 0

Using the last theorem we can recursively compute transition diagrams of CA—
12, 4(m) as follows:

A1) = A(0) + €(0) = 2(1], €(1) = 2],

A(2) =AM +C(1) = [2] + 2[1],
C(2) = 3] + [1] x C(0) = [3] + [1],

A(3) = A(2) + C(2) = [3] + [2] + 3(1],
CE) =4+ [1] x C(Q) + [2] x C(0) = [4] + [2] + [2] = [4] +2[2],

A(4) = A(3) + C(3) = [4] + [3] + 3[2] + 31,

C(4) = [5] + [1] x C(2) + [2] x C(1) + [3] x C(0)
= [5] + [1] > ([3] + [1]) + [2] > [2] + [3] x [1]
= [5] + [4] + 2[3] + [1].

4. CA-200

In this section we state recursive formulas generating transition diagrams of finite
cellular automata C A—200,-,(m). First we recall that a triplet local transition function
f with rule number 200 is illustrated by the following figure:

Rule 200 | 111 110 101 100 011 010 001 000
1 1 0 0 1 0 0 0

The symmetric and the complemented rule numbers to 200 are 200 and 236, respectively.

LEMMA4.1. Assume y = 6,—p(x) for two configurations T = £1Z2- Ty and y =
Y1y2 - Ym of CA—200,_p(m). Then zxxzry1 = 11 if and only if yryry1 = 11 for
k=1,2,---,m—1.

Proof. Assume zxzp+1 = 11. Then yx = f(zx-111) = 1 by f(z11) = 1 and yg41 =
f(1lzgyo) =1 by f(112) = 1. Conversely assume yxyr+1 = 11. Then zyTri1Tp42 =
111, 110 or 011 by yx4+1 = f(TkZTr41Trs2) = 1. But if zpzr 1742 = 011, then yx =
f(zk-101) = 0. Hence zpTtyq = 11. O

THEOREM 4.2. For cellular automata CA—200 the following formulas hold:
(a) B(m)=C(m) (Symmetry),
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(b) C(m)=A(m-1)+C{(m -1) and D(m) = B(m — 1) + D(m — 1),

(c) A(m) = [am1] + Yoo lar] x C(m — k —2),

where ag = a1 =1, af = ag—1 + ax—2 (k> 2).

Proof. (a) It is trivial from the symmetry f(zyz) = f(zyz).

(b) We will show that Y (m) = X(m — 1) + Y (m — 1), where X(m) = CA—200¢_o(m)
and Y(m) = CA—200;_,(m). Define two functions i,, : X(m — 1) — Y(m) and
Jm 1 Y(m—1) = Y(m) by i (2122 - - - Tm—1) = 02122 - - Trp g a0d Jrn (132 -+ - Trn—1) =
12129+ -Zm—1. As f(102) = 0 and f(112) = 1, %, and j,, are dynamorphisms of dy-
namical systems. Finally note that the images of i,, and j, give a partition of the
configuration set Q™ of Y (m). (c) Define subsets H, Hy, Hy,- -+, Hp—2 of the set Q@™ of
all configurations of A(m) as follows. H is the set of all configurations containing no sub-
sequence 11, and Hy (k =0,1,---,m — 2) is the set of all configurations z = 2,22 - - T
such that zxTk41Zr+2 = 011 and x;z5 - - - Tx—; contains no subsequence 11. Then using
Lemma 4.1 it is easy to see that A(m) = H+ Hy+ H; +-- -+ H,,_2 (disjoint union of dy-
namical systems). On the other hand |H| = am41 (= Xj=, (™77*1)) and 61_o(z) = O™

3
for all z € H. Hence H = [ap41] and Hy = [ag] x C(m —k —2). O

Using the last theorem we can recursively compute transition diagrams of CA—
200,—5(m) as follows:

A(0) = B(0) = C(0) = D(0) = [1].
C(1) = A(0) + C(0) = 2[1], D(1) = C(0) + D(0) = 2[1], A(1) = [as] = [2].

C(2) = A1) + C(1) = [2] + 2[1],
D(2) = C(1) + D(1) = 41,
A(2) = [as] + [ao] x C(0) = [3] + [1] x [1] = [3] + [1].

C(3) = A(2) +C(2) = [3] + [2] + 3[1],
D(3) = C(2) + D(2) = [2] + 6[1],
A(3) = [aa] + [ao] x C(1) + [a1] x C(0) = [5] + [1] x 2[1] + [1] x [1] = [5] + 3[1],

C(4) = A(3) + C(3) = [5] + [3] + [2] + 6[1],

D(4) = C(3) + D(3) = [3] +2[2] + 9[1],

A(4) = [as] + [ao] x C(2) + [a1] x C(1) + [az] x C(0)
(8] + (1] x (2] +2[1]) + [1] x 2[1] + (2] x [1]
= [8] + 2[2] + 4[1].
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5. CA-140

In this section we state recursive formulas generating transition diagrams of finite
cellular automata C A—140,_;(m). First we recall that a triplet local transition function
f with rule number 140 is illustrated by the following figure:

Rule 140 | 111 110 101 100 011 010 001 000
1 0 0 0 1 1 0 0

The symmetric, the complemented and the symmetric complemented rule numbers to
140 are 196, 206 and 220, respectively.

LEMMA5.1. Assume y = 6,_s(x) for two configurations £ = 1T+ T, and y =
Y1y2 - Ym of CA—140,_p(m). Then zrzry1 = 01 if and only if yryx+1 = 01 for
k=1,2,---,m—1.

Proof. Assume zpzgy1 = 01. Then yx = f(zx-101) = 0 by f(201) = 0 and yr41 =
f(0lzgy2) =1 by f(012) = 1. Conversely assume ygyr+1 = 01. Then zxZiy1Tp42 =
111, 011 or 010 by yx4+1 = f(zkZTe+1Tk+2) = 1. But if zxxp41Zk42 = 111, then y =
f(zk—111) = 1. Hence zxzr4q =01. O

THEOREM 5.2. For cellular automata CA—140 the following formulas hold:
(a) A(m)= A(m —1)+ C(m —1) and B(m) = B(m — 1) + D(m — 1),

(b) B(m) = A(m — 1) + B(m — 1) and D(m) = C(m — 1) + D(m — 1),

(¢) C(m) = ™ + SrS U x C(m — k — 1).

Proof. (a) Set X(m) = CA—140g_,(m) and Y(m) = CA-140;_,(m). Then two func-
tions i, : X(m —1) — X(m) and j,, : Y(m — 1) —» X(m) with i, (2122 - Zm-1) =
0zy1z3 - - Typ—1 and ju(z1Z2 - Tm—1) = 12122 - - - T;—1 are dynamorphisms of dynam-
ical systems from f(00z) = 0 and f(01z) = 1. Then we can easily show that X(m) =
X(m—-1)4+Y(m-1).

(b) Remark that two functions u,, : CA—140,_¢(m — 1) —» CA—140,_1(m) and
U : CA—140,_1(m — 1) » CA—140,_1(m) with um (2122 Tm-1) = £1Z2 - Tm-10
and v, (T1Z2 - T;m—1) = T1T2 - - - Tmy—11 are dynamorphisms of dynamical systems from
f(z01) = 0 and f(x1l) = 1. Then we can easily show that CA —140,_,(m) =
CA—140,_o(m — 1) + CA—140,_;(m — 1).

(c) Define subsets Hy, Hy,---,H,,_; of the set Q™ of all configurations of C(m) as
follows. Hjp is the set of all configurations containing no subsequence 01, and H
(k=1,2,---,m—1) is the set of all configurations z = 172 - - - Ty, such that zyzsry1 = 01
and zyx2 - --x_1 contains no subsequence 01. Then using Lemma 5.1 it is easy to see
that C(m) = Hy+ Hy + - - - + H,,—1 (disjoint union of dynamical systems). On the other
hand Hy = {1P0™?|0 < p < m} and 8§;_¢(170™~P) = 1P~10™~P+1_ Hence H, = [1]™*!
and H, = [1) xC(m —k—1)for k> 1. O
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Remark. A(m) = D(m) by 5.2(a) and (b).

Using the last theorem we can recursively compute transition diagrams of CA—
140,—5(m) as follows:

A(0) = B(0) = C(0) = D(0) = [1]-
A(1) = B(1) = D(1) = [1] + [1] = 2[1], C(1) = [1]*.
A(2) = A1) +C(1) =[1]* +2[1],

- (1)+B(1 = 4[1],

B(2)
D(2) =C(1)+D(1) = [1]2 + 2[1],
C2)=[1°+[1] x =[1P° +[1].

A(3) = A(2) + C(2) = [1]? + [1]* + 3[1],

B(3) = A(2) + B(2) = [1]> + 6[1],

D(3)=C(2) + D(2) = 1P + [1]* + 3[1],

C(3) =[1]* + [1] x C(1) + [1]* x C(0) = [1]* +2[1]*.

A(4) = A(3) + C(3) = [1}* + [1]* + 3[1]% + 3[1],

B(4) = A(3) + B(3) = [1]3 + 2[1)% + 9[1],

D(4) = C(3) + D(3) = [1]* + [1]® + 3[1)% + 3[1],

C(4) =[1°P+[1] x C(2) +[1]?> x C(1) + [1]® x C(0)
= [1)5 + 1] + [1)% x [1]* + [1]° + [1].

6. CA-4

In this section we state recursive formulas generating transition diagrams of finite
cellular automata C A—4,_(m). First we recall that a triplet local transition function
f with rule number 4 is illustrated by the following figure:

Rule 4 {111 110 101 100 011 010 001 000
0 0 0 0 0 1 0 0

The symmetric and the complemented rule numbers to 4 are 4 and 223, respectively.
The recursive formulas for transition diagrams of cellular automata appearing here-
after require tree and cycle expressions with roots.

THEOREM 6.1. For cellular automata CA—4 the following formulas hold:
(a) B(m)=C(m) (Symmetry),
(b) X(m) = [1]0 X X(m - 1) + [1]10 X X(m — 2) + [1]00 X Y(m - 2)

(c) Y(m)=[1]o x X(m —1) + (1) x Y(m — 1),
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Proof. (a) It is trivial from the symmetry f(zyz) = f(zyz).

(b) Remark that two functions un, : X(m — 1) - X(m) with up(T122- - Tm_y) =
0zyT2 - Ty and vy, @ X(m — 2) — X(m) with v, (T122 - Tm_2) = 102122 - - Tpy_s
are dynamorphisms by f(00z) = 0, f(010) = 1 and f(10z) = 0. Next note that if
61-a(z) = y in Y(m — 2) then 8p_,(0y) = Oy in X(m — 1) and &y_.(11z) = 00y in
X(m). This proves [L]oo x [plo + [L]o X [g]oz = [P + glooz-

(c) Remark that a function j, : X(m—1) — Y (m) with (2122 - Tm_1) = 02,Z2 - - Tpp_;
is a dynamorphism by f(10z) = 0. Next note that if §;_,(y) = z in Y(m — 1) then
80-a(z) = zin X(m—1) and éy—o(1y) = Oz in X (m). This proves [1]o X [p]z+[1]o X[q] =
[P+ glos- O

Using the last theorem we can recursively compute transition diagrams of CA—
4,_p(m) as follows:

A(0) = B(0) = C(0) = D(0) = [1]., A(1) = [1]o + [L].

C(1) = 1o x [1e + [L]o x [1]. = [1]o + [1]o = [2]o, B(1) = [2]o,
D(1) = [1Jo x [1]e + [o x [1]e = [Lo + [1]o = [2]o-

C(2) = [1o x [2]o + [1Jo x ([1Jo + [1]1) = [2loo + ([1]oo + [1]o1) = [3]oo + [1]o1,

D(2) = [1]o x [2]o + [1]o % [2]o = [2]00 + [2)oo = [4]00,

A(2) = [1oo % [1]e + [1]o x ([]o + [1]1) + [1]10 x [1]e = [1]oo + ([1]oo + [1]o1) + [1]10
= [2]oo + [1]o1 + [1]10,

B(2) = [1]oo x [1]e + [1]o x [2]o + []10 % [1]e = [L]oo + [2loo + [1]10 = [3]oo + [1]10-

C(3) = 1o x ([3Joo + [L]o1) + [1]o x ([2Joo + [1Jo1 + [1]10)
= ([3Jooo + [L]oo1) + ([2]ooo + [1]oo1 + [1]o10)
= [5]ooo + [2]oo1 + [1]o10,
D(3) = 1o x [4]oo + [1]o x ([3]oo + [1]10) = [4]ooo + ([3Joco + [L]o10) = [7]ooo + [L]o10,
A(3) = [1oo x [2Jo + [L]o x ([2loo + [LJo1 + [1]10) + [1]10 x ([1]o + [1]1)
= [2]ooo + ([2]ooo + [1]oo1 + [1]o10) + ([1]100 + [1]101)
= [4Jooo + [1]oor + [1Jo10 + [1100 + [1]101,
B(3) = []oo x [2] + [1]o x ([3]oo + [1]10) + [1]10 X [2]o = [2]ooo + ([3]oco + [L]o10) + [2]100
= [5]ooo + [1]o10 + [2]100-

7. CA-T6

In this section we state recursive formulas generating transition diagrams of finite
cellular automata CA—76,_,(m). First we recall that a triplet local transition function
f with rule number 76 is illustrated by the following figure:

Rule 76 | 111 110 101 100 011 010 001 000
0 1 0 0 1 1 0 0
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The symmetric and the complemented rule numbers to 76 are 76 and 205, respectively.

THEOREM 7.1. For cellular automata CA—76 the following formulas hold:
(a) C(m) = B(m) (Symmetry),
(b) X(m) = [1o x X(m — 1) + L]y x ¥(m — 1),

(¢) D(m) = [1]gm +[1]o x B(m — 1) + [1}10 x B(m — 2) + Y_7" 5[1]or-210 X B{(m — k).

Proof. (a) It is trivial from the symmetry f(zyz) = f(zyz).

(b) Remark that two functions i, : X(m — 1) — X(m) and j, : Y(m — 1) = X(m)
with 4, (z122 - Tm—1) = 02122 - - Tm—1 and jm(T122 - Tm—1) = l21Z2 -+ Tm-1 are
dynamorphisms of dynamical systems from f(00z) = 0 and f(01z) = 1. Then we can
easily show that X{(m) =[1]o x X(m — 1) + [}y x Y (m —1).

(c) Remark that two functions um, : B(m — 2) — D(m) with up(21%2 - Tm-2) =
10z122 -+ Tm—o and vy, : B(m — 1) — D(m) with v, (2122 - Tm—1) = 02122 Tm—1
are dynamorphisms by f(110) = 1 and f(10z) = 0. Next note that if f_1(y) = z
in B(k) (k = 0,1,---,m — 3) then 8_;(0™*~310z) = 0™~*~310z in B(m — 1) and
§1-1(1™ *10y) = 0™%~210z in D(m). This proves 1m-r-19[plz + o[glom-*-310s =
[p+ qlom-x~2105- Finally it is easy to see that §;_;(1™) =0™. O

Using the last theorem we can recursively compute transition diagrams of CA—
76.—s(m) as follows:

A(0) = B(0) = C(0) = D(0) = [1]., D(1) = [2]o, D(2) = [2]oo + [L]o1 + [L]10-

A(1) = [1)o x A(0) + [1]1 x C(0) = [1]o + [1]1,
B(1) = [1]o x B(0) + [1]; x D(0) = [1]o + [1]1,
C(1) = B(1) = [1)o + [1]1.

(2) = [1o x A(1) + [1]1 x C(1) = [1]oo + [LJo1 + [1]10 + [L]11,
B(2) = [1]o x B(1) + [1]1 x D(1) = [1]eo + [1]o1 + [2]10,
(2) = B(2) = [1}oo + [2]o1 + [1]10

(3) = [1Jo x A(2) + [1]1 x C(2) = [1]ooo + [L}oo1 + [o10 + [L]o11 + [1]100 + [2]101 + [1]110,
(3) = [1]o x B(2) + [1]1 x D( ) = [1ooo + [L]oo1 + [2]o10 + [2]100 + {1]101 + [1]110s

C(3) = B(3) = [1]ooo + [2Joo1 + [2]o10 + [1]011 + (1100 + [1]101,

D( ) [1]000 + [1]010 X B( ) + [1]0 X B [1]10 X B )

= [1ooo + [Lo10 + {[L]ooo + [1]oo1 + [2]010 + (1100 + [1)101)

= [2]ooo + [1]oo1 + [3Jo10 + [1]100 + [1]101-

Il
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8. CA-29

In this section we state recursive formulas generating transition diagrams of finite
cellular automata CA—29,_,(m). First we recall that a triplet local transition function
f with rule number 29 is illustrated by the following figure:

Rule 29 | 111 110 101 100 011 010 001 000
0 0 0 1 1 1 0 1

The symmetric and the complemented rule numbers to 29 are 71 and 71, respectively.

THEOREM 8.1. For cellular automata CA—29 the following formulas hold:
(a) C(m) = B(m) (Symmetry),
(b) X(m) = [I]im-1g+[1)s x ¥ (m = 1) + [1or x ¥ (m = 2) + 3 [U1x-200 X Y (m —~ k),
(¢) Y(m) = [U]im-1z+ Lo ®Y (m—1) +[Lor x Y (m —2) + 21 Ls[1]1x-201 X ¥ (m — k),

Proof. (a) < O¥1 % ---x >

If 61 _o(z) =y in Y(m—1), then §y_o(1z) = ly in X(m). If §1_o(z) =y in Y (m — k) for
k > 2, then §y_,(0F~'1z) = 1¥~201y in X (m). 8_o(0™) = 1™ 1@ and §p_, (1™ 'a) =
10™~1 in X(m).

(b) <OFL%---% >

If6_o(z) =yin Y(m—1), then §;_,(1z) = Oy in Y(m). If §;_,(z) =y in Y(m — k) for
k > 2, then §;_o(0*11z) = 15201y in Y (m). §;_,(0™) = 1™~ '@ and §,_,(1™ @) =
0™ in Y(m). O

Using the last theorem we can recursively compute transition diagrams of CA—
29,_5(m) as follows:

A(0) = B(0) = C(0) = D(0) = 1]
A(l) = [2]1, C(l) =< [1]0, [1]1 >, B(].) = [1]0 + [1]1, D(l) = [2]0

A(2) = [1]o1+ < [1}10, [2]11 >, C(2) =< [1]oo, [1]11 > +[2]o1,
B(2) = [3]10 + [1Jo1, D(2) =< [2]oo, [1]10 > +[L]o1-

A(3) =< [1]o10, [Lo11 > + < (11005 [2]111 > +[3}101,

C(3) =< [1ooo, [1]111 > + < [2]oo1, [L]101 > + < [L]o10, [2Jo11 >,
B(3) = [2]o10+ < [2]100, [2]110 > +({2]101,

D(3) =< [2]ooo, [1]110 > + < [1]oo1, [1]101 > +[3]o10-
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9. CA-8

In this section we state recursive formulas generating transition diagrams of finite
cellular automata CA—8,_p(m). First we recall that a triplet local transition function
f with rule number 8 is illustrated by the following figure:

Rule 8 | 111 110 101 100 011 010 001 000
0 0 0 0 1 0 0 0

The symmetric, the complemented, the symmetric complemented rule numbers to 8 are
64, 239 and 253, respectively.

THEOREM 9.1. For cellular automata CA—8 the following formulas hold:
(a) X(m)=[1]o x X(m — 1) + [L]oo x X(m = 2) + [1}10 Q@ Y(m — 2),
(b) Y(m) =[1]o x X(m — 1)+ [1]o x Y(m - 1),

where [plz X4 [gly = [Palzuy, [U10® [P+ [@1]zy + - + [gk]e]y = [[Plioy + [@1]102, + -+
[quIOzk]OOy-

Proof. (a) < Ox%---%,10%---%,11%---% > If §y_,(z) = y in X (m—1), then §_,(0z) = Oy
in X(m). If §o—o(z) = y in X(m — 2), then §y—,(10z) = 00y in X(m). If §;_o(z) =y
in Y(m — 2), then 8,_,(11z) = 10y in X (m) and so the transient length of 11z is equal
to 2.

(b) <O%---%,1%---%>If §o_o(z) =y in X(m — 1), then §;_,(0z) = Oy in Y(m). If
61-a(z) =y in Y(m — 1), then §;_,(1z) = Oy in Y (m) and the transient length of 1z is
equal to that of z. O

Using the last theorem we can recursively compute transition diagrams of C A —
8.—b(m) as follows:

A(0) = C(0) = B(0) = D(0) = [1]e, A1) = [2]o, B(1) = [1]o + [1]1.

C(1) = [1]o x A(0) + [1]o x C(0) = (1]o + (1o = [2]o,
D(1) = [1]o x B(0) + [1]o x D(0) = [1]o + [1]o = [2]o.

C(2) = (1o x 2o + [1]o x [2]o = [2]oo + [2]oo = [4oo,

A(2) = [1o x [2]o + [Joo X [1]e + [L]10 ® [1]c = [2]o0 + [Hoo + [1]10]00 = [3 + [1]10]00,

D(2) = [1]o x ([]o + [1]1) + [L]o x [2]o = []oo + [L]o1 + [2]oo = [3]oo + [1]o1,

B(2) = (1o x ({10 + [1]1) + [Loo x [1]c + [1]10 ® [1]c = [1]oo + [1]o1 + [L]oo + [[1]10]00
= [2 + 11000 + [1]o1-

C(3) = 1o x [3 + [1]1000 + [1]o x [4]oo = [3 + [1]o10]0co + [4]oco = [7 + [1]o10]000,
A(3) = [1]o x [3+ [1]10]oo + [1]oo * [2]0 + [1]10 ® [2]0 = [3 + [Llo10]ooo + [2]ooo + [[2]100]000
=[5+ [1]o10 + [2]100]000,
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D(3) = (1o x ([2 + [L]10Joo + [L]o1) + [L]o x ([3]oo + [L]o1)
= [2+ [1]o10]000 + [L]oo1 + [3]ooo + [L]oo1
=[5+ [1]o10]o00 + [2]oo1,

B(3) = [1]o x ({2 + [110]oo + [1]o1) + [LJoo x ([1]o + [1]1) + [1]10 ® [2]o
= [2 4+ [1]o10)o00 + [Loo1 + [1]ooo + [1]oo1 + [[2]100]000
= [3 + [Lo10 + [2]100]000 + [2]o01-

10. CA-T72

In this section we state recursive formulas generating transition diagrams of finite
cellular automata CA—72,_;(m). First we recall that a triplet local transition function
f with rule number 72 is illustrated by the following figure:

Rule 72 | 111 110 101 100 011 010 001 000
0 1 0 0 1 0 0 0

The symmetric and the complemented rule numbers to 72 are 72 and 237, respectively.

THEOREM 10.1. For cellular automata CA—"T2 the following formulas hold:
(a) C(m)=B(m) (Symmetry),

(b) X(m) = [[Lsom-salom + [Lo X X(m — 1) +[Uoo x X (m = 2) + [T]s10 x X(m — 3) +
Yoreallioe-310 ® X(m — k),

(€) Y(m) = [[1]10m-13)om +[Lox X (m—1)+[1]10 X X (m=2)+>" 15 [1L]or-210®X (m—k),

where [1]10x-310Q[p+[q1]z, ++ - -+[qk)z ]y = [[Pli0*-310y+[@1]10x-3102; +*  *+[qk] 1053102, 0¥,

Proof. (b) < 1¥0x---x >

If 6o—o(xz) = y in X(m — 1), then 6o—,(0x) = Oy in X(m). If fo—o(z) = ¥ in X(m —
2), then 8,_,(10z) = 00y in X(m). If §_,(z) = y in X(m — k) for k > 3, then
0—a(1¥F710z) = 10*7%10y in X(m). 8p_a(1™) = 10™ 2@ and 8,_,(10™2a) = 0™ in
X(m).

(c) <1FO*- - x>

If 8o_o(z) =y in X(m—1), then §;_,(0z) = 0y in Y (m). If §p_o(z) = y in X(m —k) for
k > 2, then §;_,(1¥"10z) = 0*=210y in ¥ (m). So_o(1™) = 0™1a and §o_, (0™ 'a) =
0™ in Y(m). O

Using the last theorem we can recursively compute transition diagrams of CA—
72,—p(m) as follows:

A(0) = B(0) = C(0) = D(0) = [1..
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A(1) = [2]o, B(1) = [1]o + [1]1,
C(1) = (1o + [1]1,

D(l) = [2]0~

A(2) = [3Joo + [L]11,

B(2) = [2 + [1]10)oo + [1]o1,
C(2) = [2 + [Yo1]oo + [L]10,
D(2) = [2]oo + (o1 + [L}10-

A(3) =[5+ [1]101]0s + [o11 + [1]110,
B(3) = [3 + [1]o10 + [1]100]03 + [2]oo1 + [1]110,
C(3) = [3+ [Yoo1 + [L]oz0]os + [1o11,
D(3) = [3 + [2]o10)os + [1]oo1 + [1]100 + [1]101-

11. CA-108

In this section we state recursive formulas generating transition diagrams of finite
cellular automata CA—108,_,(m). First we recall that a triplet local transition function
f with rule number 108 is illustrated by the following figure:

Rule 108 | 111 110 101 100 011 010 001 000
0 1 1 0 1 1 0 0

The symmetric and the complemented rule numbers to 108 are 108 and 201, respectively.
THEOREM 11.1. For cellular automata CA—108 the following formulas hold:
(a) C(m)=B(m) (Symmetry),
(b) X(m)=[1]o x X(m — 1)+ [1]y x Y(m — 1),

(6) D(m) = [1]om + [Ugm-s11 + [1oo X B(m — 2) + 111 x D(m —2) + [Uss0 x Blm —
3) + 2?24[1]@—3100 X B(m - k) + 2?23[1]0k—3111 X D(m — k),

Proof. (b) <O%--+%, 1% %>

If §o_o(z) =y in X(m — 1), then §_,(0z) = 0y in X(m). If 6;_o(z) =y in Y(m — 1),
then 6;_,(1z) = 1y in X (m).

(c) < 1%00 % ---%,1%01 - -- % >

If §o_o(z) = y in X(m — 2), then §;_,(00z) = 00y in Y(m). If fp—o(z) = y in
X(m — k) for k > 3, then 6;_,(1¥7200z) = 0*=3100y in Y (m). If §1_4(z) = y in
Y(m —2), then 6;_,(01z) = 11y in Y (m). If §;_,(x) = y in Y (m — k) for k > 3, then
81-4(1F72012) = 0¥ 3111y in Y(m). O

Using the last theorem we can recursively compute transition diagrams of CA—
108, -,(m) as follows:
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A(0) = C(0) = B(0) = D(0) = [1]..

A(1) = [1]o + [1]1, C(1) = [1]o + [1]1,

B(1) = [1]o + [11,

D(1) = [1]o + [1]x.

A(2) = [1oo + [1o1 + [L}1o + [T)11
C(2) = [1]oo + ([LJor + [L11) + [1]10
B(2) = [1]oo + [Lo1 + ([L]10 + [Lh1)
D(2) = [2 + [2]11]oo

A(3) =[1]o x A(2) + [1]1 x C(2)
= [1Jo x ([1oo + [LJo1 + [10 + [L11) + [1]1 x ([L]oo + ([Hor + [L]11) + [L]10)
= [1]ooo + [1]oo1 + [Loro + [1o1z + [1]100 + ([1]101 + [1]111) + [1110,
C(3) =C(2) x [1]o + D(2) x 1)1
= ([Uoo + ([Yor + [L11) + [1]10) x []o + ([2 + [2]11]e0) x [
= [1]ooo + [2 + [2]111]001 + ([1Jo10 + [1]110) + [L]100,
(1o x B(2) + [1]1 x D(2)
(1o x ([1oo + [Lo1 + ([1]10 + [1]11)) + [L]1 X [2 + [2]11]00
= [1]ooo + [L]oo1 + [1]oro + [1Jo11 + [2 + [2]111]100,
D(3) = [2 + [2)111]o00 + [1]oor + ([o11 + [1]110) + [1]100-

B(3)

12. CA-1

In this section we state recursive formulas generating transition diagrams of finite
cellular automata CA—1,_,(m). First we recall that a triplet local transition function
f with rule number 1 is illustrated by the following figure:

Rule 1| 111 110 101 100 011 010 001 000
0 0 0 0 0 0 0 1

The symmetric and the complemented rule numbers to 1 are 1 and 127, respectively.

THEOREM 12.1. For cellular automata CA—1 the following formulas hold:
(a) B(m)=C(m) (Symmetry),

(b) X(m) = [U]ym-15+[1o X Y(m—1)+[1]oo X Y (m —2) + 3} _5[11x-200 X Y (m — k)
form >3,

() Yim)=[1]o x X(m~-1)+[1]o®Y(m —1) form > 2,

where

(i) (Lo ® [p + [@i]z:]o1y = [[Ploo1y]oooz + [[@1]oz, + - + [gk]ozi]]o11y
if 01y — 00z in Y(m — 1),

(4i) [1]o ® [p + [@ilo1z; + [g5]o012, 000y = [P + [@:]o012; 0000y + [[Qj]0001z,-]0100y
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if 000y — 011z in Y (m — 1) and z; # z for all j,
(i) [1)o ® [p+ [gilo1z: + [g5]0012;]000y = [P+ [€i]o012:Jooooy + [[¢5]00012, Jo100y + [@50 000125,
if 000y — 011z in Y(m — 1) and z;, = 2.

Proof. (b) <011 %.--x >

80—a(1z) = Oy, g—o(01z) = 00y, 6o_o(0F~11z) = 1¥7200y (k > 3), o—o(0™) = 1™ 1a.
() < 1F710%--- x>

81-a(0z) = Oy, 61_,(10z) = 00y, 61-,(1¥~10z) = 0%y (k > 2).

81-o(1™) = 0™.

(Note that if y = 00§ then y = 000§ and z; = 01z or z; = 001z}.) O

The following detailed formulas for the operation ® also are valid:

[Ho® < [p+[gilorz. +1asl0012;]000y, [ +{sk]ulorz >=< [p+[gloora; +[TJoo1z]ooooy [[sk]oulorrz >
+ < [0]oooz; [[gj]o0012; o100y >
if 000y — 011z in Y(m — 1) and 1z; # z for all j.

[1]o® < [p+[gilors: +[g5]0012;]000ys [T +H[Sk]upo1z >=< [P+(giloo1z; +[r]oo1z]o000y; [[sklows)o11z >
+ < [g50]000z, [[g7]00012;]0100y >
if 000y — 011z in Y(m — 1) and 1z, = 2.

Using the last theorem we can recursively compute transition diagrams of CA—
1,_(m) as follows:

A(0) = [1], A1) = ([1o + [11), A2) = ([3]oo + [1]11), C(0) = [1]e, D(0) = [1]..

C(1) = (1o x [1]e + [1]o ® [1]. = [2lo,
D(1) = [1]o x [1]c + [t]o ® [1]c = [2]o-

C(2) = ([1Joo + [1]o1) + [1]o ® [2]o = [3]oo + [L]o1
D(2) = [1]o x [2]o + [1]o ® [2]o = [4]oo

A(3) = [112q + [1o x C(2) + [LJoo x C(1) + Yj_3[Ll1e-200 X C(3 — k)
= [1]15 + [1]o x ([3Joo + []o1) + [L]oo X ([2]o) + [L]100 X% [1]¢
= [1]111 + [3]03 + {1]001 + [2]03 + [1]100
= {1]13 + [5]os + [1]oo1 + [1]100,
C(3) = (1o x ([3Joo + [1])11) + [1]o ® ([3loo + [1]o1) = [3ooo + [o11 + [3Jooo + [[1]oo1]ooo
= [6 + [1]oo1]ooo + [1]o11,
D(3) = [1]o x ([3]oo + [1]10) + [1]o ® [4]oo = [7]ooo + [L]o10-
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13. CA-5

In this section we state recursive formulas generating transition diagrams of finite
cellular automata CA—>5,_,(m). First we recall that a triplet local transition function
f with rule number 5 is illustrated by the following figure:

Rule5 | 111 110 101 100 011 010 001 000 |
| 0 0 0 0 0 1 0 1 |

The symmetric and the complemented rule numbers to 5 are 5 and 95, respectively.

THEOREM 13.1. For cellular automata CA—5 the following formulas hold:
(a) B(m)=C(m) (Symmetry),

(b) X(m) = [1]ym-15+[1)1m-20a+[1]10 X X (M —2)+[1]o0 XY (m—2)+ 31 s{[1]1%-3010®
X(m — k) + [1]1x-3000 ® Y(m — k)},

(¢) Y(m)=[lo x X(m—1) +[lp ® Y(m — 1),

where

(i) [1]o ® [p + [gi)or0z;: + [g5]000z,]010y = [P + [@:]o010z:]0010y + [[25]00002;]01104,

(it) [1]o ® [p + [¢i]e:Jo11y = [[Ploo11ylooooos + [[@:]oz:Jor11y #f 011y — 00002 in Y (m — 1),
(iii) [1)o ® [p + [g)o1z: + [Qj]OOa:]-]OOOy = [p + [gi]oo1z;]ooooy + [[Qj]ooozj]0100y-

Proof. (a) < 05210 % ---%,0F 211 % ---% >

If §0—a(10z) = 10y, then §p_o(11lz) = 00y. If o—o(0¥~210z) = 1¥-3010y (k > 3),
then 6,_,(0*211z) = 1¥=3000y (k > 3). Finally note that §,_,(0™) = 1™~'@ and
So—a(0™1) = 1m~20.

(b) < 1¥-10% ... % >

If 6;_,(0z) = Oy, then &;_,(10x) = 00y and &, _,(1*~10zx) = 0%y (k > 2).

Finally note that §;_,(1™) = 0™.

(Note that if y = 00¢ then y = 000§ and z; = 01z} or z; = 001z}.) O

The following detailed formulas for the operation ® also are valid:

(1o ® [p + [¢)o10z: + [Qj]OUOzj]()lOy = [p + [g:]oo102:Joor0y+ < [@50]000y5 [[@7]00002;Jo1104 >
if z;, =y and z; # y.

1]o® < [p+[Qi]0101:.'+[Qj]0001j]010y7 [r+[sk]o10un +[5k]000us Jo10z >=< [p+[gi]oo10s: o010y, [T+
[sn]oo10usJoo102 > + < [gj5]000y, [[25]00002;Jo110y > + < [Skolo00z, [[Sk]0000us]o1102 >
ifz;) =y, x; #y, up, = z and uy # 2.

1]o® < [P+[qi]01:cg+[qj]001j]000y: [F+[sk]u]o11z >=< [P+[g:]oo1z: +[T]oo112]o000ys [[Sklou Jo1112 >
+ < {[gs]o00z, Jor00y [0]o1012 >
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Using the last theorem we can recursively compute transition diagrams of CA—
5a—b(m) as follows:

A(0) = B(0) = C(0) = D(0) = [1]¢, A(1) = [2]1, B(1) = C(1) = D(1) = 2o,
A(2) = [1]oo + [Ho1 + [110 + [111, B(2) = [2 + [2]oo)10, C(2) = [2]oo + [2]o1,

A(3) = [1]1s + [T]101 + [1]10 x [2]1 + [L]oo X [2]o + [L]or0 ® [1]e + [1]os ® [1]e
= (1)1 + [T}101 + [2l101 + (203 + [1]o10 + 103
= [3]os + [1]13 + [3]101 + [1o10,

B(3) = [1]120 + [1]100 + [1]10 X [2]o + [L]oo % [2]o + [1]o10 ® [1]e + [1]ooo ® [1]e
= [1]110 + [1J100 + [2]100 + [2]os + [o10 + [L]os
= [3]ooo + [1]o10 + [3]100 + [1]110,

C(3) = [1}os + [1]o x ([L]oo + [L]o1 + [L]10 + [1]11) + [1]o2 x [2]1 + [1]os x [1]e
= [3Jooo + [3Joo1 + [1]o10 + [L]ou1,

D(3) = [1]os + [Lo x ([2 + [2]oo]10) + [L]oz @ [2]o + [L]os ® [1]e
= [1]os + [2 + [2]o3]o10 + [2]os + [L]os-

14. CA-19

In this section we state recursive formulas generating transition diagrams of finite
cellular automata CA—19,_3(m). First we recall that a triplet local transition function
f with rule number 19 is illustrated by the following figure:

Rule 19| 111 110 101 100 011 010 001 000
0 0 0 1 0 0 1 1

The symmetric and the complemented rule numbers to 19 are 19 and 55, respectively.
THEOREM 14.1. For cellular automata CA—19 the following formulas hold:
(a) C(m) = B(m) (Symmetry),
(b) X(m) = [}y x X(m—1)+[Loo x ¥(m—2) + [Uor1 x X(m —3)+ [Looo x ¥ (m~3),
(¢) Y(m)=[1]o xY(m—1)+[1]11 x X(m — 2) + [1]oo X Y(m — 2),

Proof. (a) < O%---%,11%---% 100 % ---%, 101 * - - % >

Observe that §_,(01) = 1y, do-a(11lz) = 00y, 6o-o(100z) = 011y and 6p—,(101z) =
000y.

(b) < 1#---%00% % 0L s---% >

Observe that 6;_,(1z) = Oy, §;,(00z) = 11y and §;-,(01z) = 00y O

Using the last theorem we can recursively compute transition diagrams of CA—
19,_4(m) as follows:
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A(0) =
A(2) = [1]go + 1 ]11+[1]01+[1]1o,
D(2 [ ]00 + [1]11.

B(0) = C(0) = —[1157 )= B(1) = —[1]o+[1]1,D(1)=[2]o,
=[1+[2 ]w]oo+[1]11, (2) = [1+ [2Jo1)oo + [1]11,

A(3) = [1]1 x ([1Joo + [Ur1 + [o1 + [L}10) + [Lor1 X [1]e + [L]ooo X [1]e + [1]oo % ([1]o + [1]1)
= [1 4 [2]101)o00 + [L111 + [1oor + [1]110 + [1Jo11 + [1]100,
B(3) = [11 x ([1 + [2l10]oo + [1]11) + [Ho11 x [1]e + [Looo X [1]e + [L]oo x [2]o
= [2 + [2]110)000 + [L111 + [2]100 + [1]o11,
C(3) = [1u1 x [1e + (oo x ([L]o + [1]1) + [L]o x ([1 + [2lo1]oo + [1]11)
= [2+ [2Jo11)ooo + [1]111 + [2]oor + [1]110,
D(3) = [1]11 x ([1]o + [1]1) + [Yoo * [2]o + [1]o x ([3]oo + [1]11)
= [3 + [2]110 + [2Jo11]o00 + [1)111-

15. CA-36

In this section we state recursive formulas generating transition diagrams of finite
cellular automata C A—36,_,(m). First we recall that a triplet local transition function
f with rule number 36 is illustrated by the following figure:

Rule 36 | 111 110 101 100 011 010 001 000
0 0 1 0 0 1 0 0

The symmetric and the complemented rule numbers to 36 are 36 and 219, respectively.

THEOREM 15.1. For cellular automata C A—36 the following formulas hold:
(a) C(m) = B(m) (Symmetry),

(b) X(2m) = [[1]y2m-10]o2m +[1]o X X (2m — 1)+ [L]100 X X (2m —3) + L 15, [1]126-100 ®
X(2m—-2k-1)+ Z;n:l[l]lzk-zoo ®Y(2m — 2k),

(C) X(2m+ 1) = [[1]12m+1]02m+1 + [1]0 x X (2m)+ [1]100 X X(Zm - 2) +Z;Cn=2[1]12k—100 ®
X(2m = 2k) + 3 [Ui2x—200 ® Y(2m — 2k + 1),

(d) Y(2m) = [[1]12m]ozm + [LJo X Y(2m — 1) + Z [1]12k 100 ®Y(2m — 2k - 1) +
> opeq [1128-200 ® X (2m — 2k),

(e) Y2m +1) = [[1]12m0]02vn+1 + [1]0 x Y (2m) + Z;’;l[l]lquoo ®Y{(2m — 2k) +
Z;n:l[l]lzk—zoo ® X(2m -2k + 1),

where X(m) = CA—=36¢_,(m) and Y (m) = CA—36;_,(m) fora=0,1.

Proof. (b) < (10)k0* -+ -, (10)*11 % --- % >

If §_o(z) = yin X(m—1), then §y-o(0z) = Oy in X(m). U dg_,(z) =y in X(m—2k-1)
for £ > 1, then §,_4((10)¥0z) = 12*7100y in X(m). If §;_o(x) = y in Y(m — 2k) for
k > 1, then 8,_,((10)*~111z) = 12¥-200y in X (m).
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(c) < (O1)*1 % --- %, (01)*00 % --- % >

If61_o(z) =yin Y (m—1), then §_,(1z) = 0y in Y (m). If §1_o(z) =y in Y (m—-2k-1)
for k > 1, then §;_,((01)¥1z) = 12*7100y in Y (m). If &p_o(z) = y in X(m — 2k) for
k > 1, then 85_,((01)*~100z) = 12=200y in Y(m). O

Using the last theorem we can recursively compute transition diagrams of CA—
36,-4(m) as follows:

)=B(0)= C(O) D(O) = (1],

) (lJo +[1]1, B [2]0, C(1) = [2]o, D(1) = [1]o + [1]1,
) (200 + [1]o1 + [1]10, (2) = [3+ [1]11]oo,

2) = [3 + [11]oo, D(2) = [to1 + [1]10 + [2]o0-

A(3) = [1o x ([2Joo + [Jo1 + [1]10) + [L100 x ([1]e) + [L]oo ® C(1) + [1]12
= [4 + [1]13]0s + [1]oo1 + [1]o10 + [1]100,

B(3) = [t]o x ([3 + [11]oo) + [H]100 % ([1]e) + [LJoo ® ([1]o + [1]1) + [L]110
= [4 + [1Jo11 + [1 + [1]110]001]001 + [L]100,

C(3) = [1o ® ([3 + [111]00) + []100 + [L]oo X ([1]o + [1]1) + [L]110
= [4 + [1]110 + [1 + [1]o11]100]000 + [1]001,

D(3) = (1o ® ([L]o1 + [L]10 + [2]oo) + [1]100 * [1]e + [L]oo X [2]o + [1]1
= [4 + [1]oo1 + [1]100 + [1 + [1]o10]13]0s-
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