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Abstract

This paper analyses transitive closures of fuzzy relations on a com-
pact metric space with a contraction property in Kurano et al. (1992).
We show that the transitive closure is a unique solution of a fuzzy rela-
tional equation and also has the same contraction property.

1. Introduction and notations

Let E be a compact metric space and d be a metric on E. C(E) denotes the
collection of all non-empty closed subsets of E. We put d(z, D) := infyep d(z,y), = €
E,D € C(E). Let p be the Hausdorff metric on C(E). Then it is well-known ([1]) that
(C(E), p) is a compact metric space. Let F(E) be the set of all fuzzy sets §: E — [0,1]
which are upper semi-continuous and satisfy sup g §(z) = 1.

For a fuzzy relation 7: E x E — [0, 1] satisfying #(z, ) € F(E) (z € E), we define
a map 7y : C(E) = C(E) (a € [0,1]) by

(D) ;:{ {y| Az,y) > aforsomez € D} fora #0, D € C(E)

c{y | {z,y) > 0for somez € D} fora=0, DeC(E), (1.1)

where cl denotes the closure of a set. Let R(E) be the set of all fuzzy relations 7 :
E x E — [0,1] which satisfy #{(z,-) € F(E) (z € E) and

sup p(7a(y), ful(z)) =0 (y—z) forz € E. (1.2)
a€l0,1]

We denote the maximum operation and the minimum operation by V and A, respectively.
Let § € R(FE) be a continuous fuzzy relation. We define sequences of fuzzy relations
{7"}3%, and {e™}3_, by

n=1

61 = 6 and qn+l($sy) = Sug{(j(z,Z) A éﬂ(zay)}’ z,y € Ea n= 1’27" ) (13)
2€

Em(xay) = \/ qn(zvy), I::‘/EE, m = 1,27"" (14)

n=1,2,.--,m

* Faculty of Economics and Business Administration, Kitakyushu University, 4-2-1 Kitagata, Koku-
raminami, Kitakyushu 802, Japan.



122 Y. YOSHIDA

If E is finite, then the transitive closure of the fuzzy relation §is given ([5]) b

V @@y, zyekE (1.5)
n=1,2,-

This paper discusses the transitive closure when E is a general compact metric space.
From now on we assume the following contraction property.

AssumpTiON (Contraction property, [2]). There exists a real number 3 (0 < 8 < 1)
satisfying the following condition :

p(G,(A), §,(B)) < B p(A,B) forall A,B € C(E) and all a € [0,1]. (1.6)
We call 3 a contraction factor.
LEMMA 1. The condition (1.6) is equivalent to the following condition :
(4o (2), 4, (y)) < B d(z,y) for allz,y € E and all € [0,1], (1.7)
where §,(z) := §,({z}) (x € E,a € [0,1]).

Proor. We can obtain (1.7) from (1.6), taking A = {z}, B = {y}. Conversely we
assume (1.7). Let A, B € C(FE). Since §,(z) C §,(A) for all z € A and ¢,(y) C ¢,(B)
for all y € B,

W00l 4),5(B) = max{ max d(a',5,(B)), max d(G,(4).v))

< max{ max mi ind(zx ' max m] nd x
—_ {.’L‘ an( ) 1 ( QQ(y)) ., (B) 1 (Qa( ) y)}
Here since §,(A) = U,c4 @a(z), we have

< q .
12},3’(‘,4);%‘“‘1@ y 0a(¥) = r;leag(zrenqaé(cz)ryrélnd(z 40 (y)) < mg;rgnp(qa( ), 4, (v))

Similarly

y g}aicB)gng d(4,(z),y") < meagmmp(qa(m) . (y))-

Therefore we obtain

p(d,(A), 4,(B)) < max{gleag ggg P(3,(x), 3, (¥)), » I min min p(g,(x), §,(¥))}-

From (1.7), we get
. - < . . _ _
P(7a(4), 4a(B)) < f max{maxmind(z,y), maxmind(z,y)} =  p(4, B)
Therefore we obtain (1.6). O
DEeriniTION 1 ([3]). For 7,7 € R(E),

lim 7, =7
n— 00
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means

sup p(fna(D),7a(D)) =0 (n— o00) for D € C(E),
a€l0,1]

where 7, o, 7o are defined by (1.1) for the fuzzy relations 7, 7, respectively.

LEMMA 2 ([2,Lemma 2]). Suppose that a family of subsets {Dq | a € [0,1]} C C(E)
satisfies the following conditions:

(i) Do C Dy foro <a.
(ii) limgi1q Dot = Dq, i-e., limgrja p(Dor, Do) =0 for a € (0,1].
Then it holds that
lim g, (Da) = 4,(Da) for a € (0,1]. (18)

o' Ta

LEMMA 3. We suppose that a family of subsets {Dq(z) | z € E,a € [0,1]}(C C(E))
satisfies the following conditions (1) — (i) :

(i) Do(z) C Dy (z) forz € E, 0< o <a<l

(i) limgiq Dor(z) = Do(z) forz € E, a € (0,1].

(iii) supae(1] A(Da(y), Da(z)) 20 (y— =) forzeE.
Then

#(z,y) := sup {@AIp,)(¥)}, =z, yE€E,
a€l0,1]

satisfies 7€ R(E) and fo(z) = Do(z) for allz € E, a € [0,1].

Proor. Fix any z € E. By [4], from the conditions (i) and (ii), we have H{z,-) €
F(E) and 7o (z) = {y € E | /{z,y) > a} = Dq(x) for a € (0,1]. Therefore (1.2) holds
from (iii). Thus we get 7€ R(E). ]

» We define maps §* : C(E) — C(E) (n = 1,2,---,a € [0,1]) by @ = g, and
q’la’b = Qa(aZ) (TL = 1a2’)

LemMA 4. Let a € [0,1]. Then :
(i) (€™)a(D) =Upz12...m &(D), DEeEC(E) form=12,---.
Proor. We have (i) from [2,Lemma 1] and (1.3). Further (ii) is trivial from (1.4).
0

LEmMMA 5. It holds that

p(AUC,BU D) < max{p(4,B),p(C,D)} for A,B,C,D € C(E).
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Proor. Let 4,B,C,D € C(E). Then

p(AUC,BUD)
= ma.x{zrenAad(C d(z,BU D),ygi?ach d(AuUC,y)}
= max{rzneaf d(z,BU D), r;xeaéc d(AU C,y),rzneaé( d(z, BU D), I;leag d(AUC,y)}
< mu{glg}d(z,B),r;leagd(A,y),rzneagd(x,D),r;leagd(C,y)}
= max{p(4,B), p(C, D)}.

Therefore we obtain this lemma. a

2. Main results
We discuss the convergence of the sequence of fuzzy relations {¢™}%_,.
THEOREM 1.
(i) There exists a unique solution ¢ € R(E) of the following fuzzy relational equation:

&z,y) = q(z,y) v rzneag{é(m,Z) A §(z,y)} z,y€E. (2.1)

(i) The fuzzy relation ¢ also has the contraction property with the same contraction
factor 3.

(iii) The fuzzy relation ¢ equals to the limit of {¢™}_, :

&= lim & (2.2)
m— 00

Proor. Define a map T; o : C(E) — C(E) (z € E, a € [0,1]) by
T+ o(D) := 4,(z) U 4,(D), D €C(E).
From Lemmas 1 and 5,

p(Tz,a(D)y Ta:,a(D,))

i

P(a() U §o(D), 4o (2) U 4o (D"))
< p(4(D), §(D"))
< Bp(D,D'), D,D'€C(E), z€E, ac[0,1].

Since the metric space (C(E), p) is compact, from the Banach’s fixed point theorem,
there exists a family {A.(z) |z € E, a € [0,1]} C C(E) such that

Ga(2) U §o(Aa(z)) = Tr o(Aa(2)) = Aa(z), z€E, a€l0,1],

and lim, o Ty (D) = As(x) for any D € C(E). From the definition of g, Tyo (D) =
Gor (2) U 3 (D) D §4o(2) U §o (D) = Ty o(D) for o < a. Inductively we have 7 (D) >
T (D) for n =1,2,---. By letting n — oo, we obtain

Ay (z) D Ap(z) forad <a. (2.3)
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Let o' < . Inductively we have
y

p(Aa(z), A (7)) P(Ta?,a(Aa(I))’Tzn,a'(Aa‘(1)))
P(TZ o (Aa(2)), Tf o (Aa())) + p(T3 o (Aar (2)), TF o (Aa()))
(T o (Aa(z)), M(A (2))) + B"p(Aw (2), Aa(2)), n=1,2,---.

Then p(Aq (z), Ae(z)) is uniformly bounded since E is compact. We put p(Aq (z), Aa(z)) <
M for some M > 0. Therefore

I

INIA

p(Aa(2), A () < (T3 e (Aa(2)), T 0(Aa(@) + B"M, n=1,2,---.  (24)

By Lemma 2, we have limyi1q Tr o (Aa(2)) = limaria{ Gy (7) U gy (4a(2))} = 4.(2) U
o (Aa()) = Tr,a(Aa(z)). Repeating these arguments inductively, we have

llerIl T} o (Ax(2)) = T o (Aa(z)), n=1,2,---.

Therefore (2.4) implies

hrITn P(Aa(:v),Aa/(x)) <B"M, n=1,2,---

By letting n — 00, we obtain

lim Ay (z) = Ao(z). (2.5)

a'la

Let a € [0,1] and z,y € E. From Lemma 5 and the contraction property of ¢, we have

p(Ty,a(D)7 Tm,a(D,))

P(3,(y) U 3,(D), Go(z) U ,(D"))
max{p(d,(y), 4 (2)), (3 (D), 4a(D"))}
B max{d(y,z),p(D,D")}, D,D'€C(E).

IN A

Repeating these arguments inductively, we have
( a(D)’ :ca( ’))Sma’x{ﬁ d('y,.’l)),,@np(D,D’)}, D’D’EC(E)a n=1,2,--~
Since p(D, D') is uniformly bounded, letting n — oo, we obtain

p(Aa(y), Aa(z)) < B d(y,z) forz,y € E. (2.6)

Therefore
sup p(Aa(y),4a(z)) 20 (y—oz) forzekE.
«€[0,1]
Thus the family {A,(z) | z € E, a € [0,1]} satisfies the conditions (i) — (iii) of Lemma
3. By Lemma 3, we can define a fuzzy relation ¢ € R(E) by

(z,y) := Sup {a/\IA =¥}, zyekE
a€fo
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Then é,(z) = Aa(z) (z € E,a € [0,1]). Since A,(z) is a unique fixed point of T} 4,

lim (¢")4(z) = nan;oT;la({x}) = Ay(z) = Cu(z), a€]0,1].

n—oo

We get (iii) since the convergence is uniform in a € [0, 1].
Next we show that ¢ is a solution of (2.1). Since ¢,(x) = A,(x), we note that

§a(7) U 34 (8a()) = Ta(Ca(2)) = Cu(z), a€[0,1]. (2.7)

If @ > 0, then we have

{ve Blitan vmggleta. ) iz 2 0f = 0.) U 2 (ealo),

If & = 0, then in a similar way to the proof of [2,Lemma 1] we have

t{y € B max{ile.y) V max{2(e. 2) A )} > 0] = o) U d(a(e)
Therefore
{ve Bl vma(ae ) n i) 20f = ,0) U (eale) Torac)

Together with (2.7), we get

{y € B da,9) v max{e(z,2) A dz9)} 2 a} = &) forac[0,1].

Therefore ¢ satisfies (2.1). We prove the uniqueness of solution of (2.1). Let us denote
by & € R(E) another solution of (2.1). For z € E, « € [0,1], it is shown similarly that
¢ al(z) = §o(z) U §,(€alz)). That is, 4(z) is a fixed point of Ty o : C(E) — C(E).
From the uniqueness of the fixed point, we get &,(z) = é(z) for z € E, a € [0,1]. By
Lemma 3, & = ¢ Thus we get (i).

Finally (ii) is trivial from (2.6), using Lemma 1 and é,(z) = A,(z) forz € E, a €
[0,1]. Thus the proof is completed. o

THEOREM 2. It holds that

z,y)= \| (v, zy€eE. (2.8)

n=1,2,
Further ¢ is the transitive closure of the fuzzy relation §, namely é satisfies (i) - (i) :
(i) ¢> g
(ii) ¢ has the transitive property :

é(z,y) > sup {é&(z,2) A &(2,y)}, =,y €E. (2.9)
z€EE
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(iii) If 7€ R(E) satisfies 7> § and has the transitive property, then 7> c.

Proor. Let /(z,y) =V, ,..7'(2,y), z,y € E. Thenwehave 7>V, _,, ., 7 =
& form =1,2,---. Therefore 7,(z) D (¢")o(z) forz € E,a € [0,1},m = 1,2,---. From
(2.2) we obtain 7(z) D éo(z) for z € E,a € [0,1]. Thus we get 7> ¢.

On the other hand, from (2.1), we obtain ¢ > g and

&z,y) > sup{&(z,2) A @(2,9)} > sup{i(z,2) A 4(2,9)} = F(z,y), =z,y€E.
z€E z2€E

Repeating this argument inductively, we obtain & > ¢* for n = 1,2,---. Therefore
é(z,y) > *(z,y) for z,y € E,n = 1,2,---. Thus we get ¢ > 7. Therefore we obtain
(2.8).
Next we prove (i) — (iii). (i) is trivial from (2.1). From (2.8), we have
z,y) > V 7 (z,y)

n=1,2,---,m; n'=1,2,---,m’

= sup V Z@an V Ty
z€E n=1,2,---,m n'=1,2,---,;m’

= Sup{&’m(z1z)/\5m'(z’y)}’ z,y € E.
z€E

Taking the supremum over m = 1,2,--- and m' = 1,2,---, we obtain (ii). Finally let
7 € R(FE) satisfy 7> ¢ and have the transitive property. Then

Hz,y) > sup{(z,2) A 7{z,9)} > sup{@(z, 2) A §(2,v)} = ¥(z,9), =,y€E.
z€E z€eE

Repeating this argument inductively, we obtain 7 > §* for n = 1,2,---. Therefore
z,y) > &(z,y) for z,y € E,n = 1,2,---. Thus we get # > ¢. Therefore (iii) holds.
The proof is completed. ]

3. Numerical example

Let E = [-2,2] be a space of states. We consider a fuzzy relation (see [2,Figure 1])

(=1
Y= 271
Then we have

. 1 1 1 1
7"(z,9) = {1—‘y— (2—nw+§—ﬁ>’/(2“§;—l>}\/0, r,y€E,n=12,---.
(3.2)

)[/(2'%>}vo, z,y € E.

(3.3)

o) = {1-

} v0, z,y€E. (3.1)

From Theorem 2, we obtain

- 1 1 1
c(z,y) = V {1 - ‘y - (2—71-1: + 5 - 2n+1

n=1,2,---
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Then, (3.3) is the unique solution of Theorem 1 (see Figure 1).

Fig. 1 : The transitive closure é&(z,y).
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