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ON AN  eOPTIMAL POLICY OF DISCRETE 

TIME STOCHASTIC CONTROL PROCESSES

                         By 

Kensuke TANAKA* Mitsuhiro HOSHINOt and Daishi KUROIWAt

                      Abstract 

   In this paper, stochastic control processes have been investigated as 

dynamic programming models with an infinite horizon. In many cases, 

it is our main purpose to seek for an optimal policy under the various 

conditions. However, optimal policy may not exist under weak condi

tions. In such situation, it will be necessary to seek for Eoptimal policy. 

Thus, after an Eoptimal policy has been sought, we show that there ex

ists at least a better policy than the given Eoptimal one and that the 

better policy is near to the given Eoptimal one. Then, the principle of 

Ekeland's theorem will play an important role. Moreover, we introduce a 

modified control model with the perturbed one-stage cost functions and 

show that the better policy is an optimal one of the modified model. 

Key words: dynamic programming, optimal policy, eoptimal policy, and 

lower semicontinuous

1. Introduction 

   In recent years, the dynamic programming problems with an infinite horizon have 
actively been investigated by many authors. Much of the earlier works of this area 
were done by Blackwell [4] [5] and Strauch [14]. Further, Dynkin and Yushkevich [8] 
and Hinderer [11] gave extensive accounts of dynamic programming with discrete time 
parameter. In many cases, the concept of optimal policy is introduced and, then, the 
existence of an optimal one is shown. However, in order to show the existence of an 

optimal policy, we need to assume strong condition that action space for player is com

pact. See Badler [2] and Schäll [12] [13] in detail. Then, from mathematical and/or 
practical view points, the compactness is weakened. Further, an optimal policy in an 
error of a given e > 0, which is said to be eoptimal, is studied. In Bertsekas and Shreve 
[3], it is discussed in detail that the existence of such an eoptimal policy depends on 
the measurability structure of the model. 

   In this paper, we will describe a basic minimization problem with constraints for 
Markovian control model on an infinite horizon. We exclude the compactness of the
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action space. Under such weak condition, it may be impossible to seek an explicit 

optimal policy for the control model. Thus, it is important to seek an eoptimal policy 

by which an optimal value was approximated. But, in the paper , it is not our purpose 
to show that there exists an eoptimal one. After an Eoptimal policy has been sought , 
we want to show that it is exactly possible to seek at least a better policy than the 

eoptimal one. Further, we show that the better policy is near to the eoptimal one 

in a sense of some distance between both the policies. The way and the principle of 

Ekeland's theorem [9] [10], which gives an approximate optimal solution, will play an 
important role. Moreover, we introduce a modified control model with one-stage cost 
functions perturbed by the linear forms and show that the better policy is an optimal 
one for the modified model. To do this, it is a useful condition that the one-stage cost 
function and the integral operator are lower semicontinuous on the action space for each 
state. 
   This paper is organized in the following way. In Section 2, we formulate a basic 
minimization problem for the control model and give the definitions of optimal policy 
and eoptimal one. In Section 3, from the base on Ekeland's theorem, we show that 
there exists exactly a better policy than the given eoptimal one. Further, we show that 
the better policy is near to the given Eoptimal one. In Section 4, we introduce the 
modified control model with the perturbed one-stage cost functions and show that the 
better policy is an optimal one of the modified model.

2. Formulation of a stochastic optimal control model 

   A stochastic optimal control model is specified by six-tuple 

(S , C,U, q, r, [3),(2.1) 

where 

 (i) S is a nonempty Borel subset of a Polish (i.e., complete, separable, metric) space, 
    the state space. 

 (ii) C is a nonempty Borel subset of a Polish space, namely, the control space. 

(iii) U is a multifunction which assigns to each state x E S a non-empty permissible set 
   of controls U(x) C C. We assume that GrU = {(x, u)lx E S,u E U(x)} is analytic 

    in SC, where SC denotes the Cartesian product of sets S, C. See Bertsekas and 
    Shreve [3, Section 7.6 page 156] for analytic sets in details. 

(iv) q is a Borel measurable stochastic kernel on S given SC, that is, q(Blx, u) is a 
    probability of a Borel subset B C S for each (x, u) E GrU and a Borel measurable 

    function of (x, u) E GrU for each Borel subset B. The law of motion is given by 
4. 

 (v) r is an extended real valued function, GrU - R*, where R* = RU {oo}, which is 
   lower semianalytic, i.e., for any c E R*, {(x, u) E GrUlr(x, u) < c} is analytic, the 

    one-stage cost function.
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(vi) 0 is a discount factor. 

   In the specification, we should note that the permissible set of controls U(x) de
pends on state x E S and q(•Ix, u) is independent of time. 

    Then, a policy 7r for the model is defined as an infinite sequence 7 = (AO/ Al, • • • , itk, • • •) 
with the property that, for each k, µk (duk Ixo, no, xl , • • • , uk-1i xk) is a universally mea
surable stochastic kernel on C given SCS • • • CS satisfying 

µk(U(xk)Ix0,U0,Xi,...,Uk-1,xk) = 1 

for every (xo, no, x1i • • • ,uk-1, xk), where xk and uk denote k-th state and control, re
spectively. See [3, Section 7.7] for universally measurable stochastic kernels in details. 
If, for each k, µk is parametrized only by xk, 7r is said to be a Markov policy. If, for each 
k and (xo, uo, xi, • • • , uk-ii xk), the stochastic kernel pk (duk l xo, uo, x1) • • • , Uk-1, xk) as
signs mass one to some point in C, it is said to be nonrandomized. In this case, 7r can 
be considered to be an infinite sequence 7 = (µo, / i, • • •), each component µk of which 
is an universally measurable mapping from SCS • • • CS to C with the property that, for 
every (xo, uo, xl, • • • , nk-1, xk), 

µk(xo, u0, x1, • • • , uk-1, xk) E U(xk). 

If F is a oalgebra on a Polish space and each stochastic kernel component of a policy 
is Fmeasurable, we say that policy is Fmeasurable. We denote by II the set of all 
policies and by HM the set of all Markov policies. If 7r is a Markov policy of the form 
7r = (p, µ, • • •), it is said to be stationary. 

    Thus, the control system is interpreted as following. If a policy IT = (1/0/A1 / 
• • • , µk, • • •) is employed, at the successive k-th stage, we observe k-th state and classify 
it to a possible state xk E S. Then, we choose a control uk E U(xk) by k-th universally 
measurable stochastic kernel µk depending on a history (xo, uo, Xi, • • • ,14-1,  xk) up to 
k-th stage. As a result of state xk and control uk at k-th stage, we will incur a cost 
r(xk, uk). The control system moves to a new state xk+1 E S according to the stochas
tic kernel q(•Ixk, uk). After that, the process is analogously developed from xk+l. Since 
GrU is analytic, from the Jankov vonNeumann theorem, it follows that there exists at 
least one nonrandomized Markov policy. 

   In the subsequent discussion, we will often use Sk and Ck, k = 0,1, 2, • • • as 
copies of S and C respectively. Given an initial distribution p on S and any policy 
7r = (Ito, /pi, µ2, • • •) together with the stochastic kernel q, there is a sequence of unique 
probability measure Pt'P on SoCoS1C1 • .. St_iCt-1, t = 1, 2, • • •, of future up to t-th 
stage. Further, there exists a unique probability measure Pr,P on SoCoS1C1 • • • such that 
for each t, marginal measure of P7,P on S0CoS1C1 • • • St1Ct-1, is PP'P, (see Hinderer 
[11, page 80]). 

    Let ht = (x0, u0, xl, u1, • • • , xt, ut) denote a history of the control system up to 
(t + 1)-th stage. The expected cost at (t + 1)-th stage is given by 

E, [r(xt, ut)] =r(xt, ut)Pt+i(dht)• 

       f 

                                             soco..s,ce
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and the total expected discounted cost is given by 

00 

/Or) = E atE, [r(xt, ut)] •(2.2) 
t-0 

    If 7r = (p, p, • • •) is stationary, we often write I(a) in place of I(7r). Further, if an 

initial distribution p assigns mass one to a point x E S, p is written as Pr and if pr is 
used, we write I(ir)(x) in place of I(7r). 

   Then, we consider a basic minimization problem (MP) for the dynamic control 
system : 

     (MP) minimize I(ir)(x) subject to 7r E H. 

   DEFINITION 2.1. The optimal discounted cost I* (x) at an initial state x is defined 
by 

I * (x) inf I (ir)(x).(2.3) 

   DEFINITION 2.2. If I* (x) = I (7r*) (x), the policy 7r* E II is said to be optimal at an 
initial state x. If 7r* is optimal at every initial state x, it is said to be optimal. 

   In this paper we will study the problem (MP) in only the case such that the optimal 
cost is finite for all initial states, that is, I*(x) E R for all x E S. Thus, we define an 
Eoptimal policy as follows. 

    DEFINITION 2.3. For a given E > 0, a policy 7r£ E H is said to be eoptimal at an 
initial state x if 

I(7re)(x) < I* (x) + E. 

If re is Eoptimal at every initial state x, it is said to be Eoptimal.

3. The existence of a better policy than a given eoptimal one 

   When the stochastic control models are generally discussed, we will treat the fol
lowing three cases for one-stage cost function : 

   (D) 0<,0<1 and forsomeMER, 

1r(x, u) < M for every (x,u) E GrU, 

(P) ,Q = 1 and 0 < r(x, u) for every (x,u) E GrU, 

   (N) 0 = 1 and r(x,u) < 0 for every (x,u) E GrU. 

    Further, in these cases, we can get the following lemma.
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LEMMA 3.1. For any initial state x E S and any policy 7r E H, there exists a 
Markov policy 7rM E rim such that 

Iexm)(x) = I(ir)(x)• 

   The proof is given in Bertsekas and Shreve [3, Prop.8.1 and Prop.9.1]. 

   Further, in cases (D) and (P), Bertsekas and Shreve [3, Prop. 9.19] give the follow
ing lemma for eoptimal policy. 

    LEMMA 3.2. For each e > 0, there exists an eoptimal nonrandomized Markov 
policy and, if 0 < ,(3 < 1, it can be taken to be stationary. 

   From the results of these lemmas, we will treat only the nonrandomized Markov 
policies, the set of which is denoted by ITN C HM, in cases (D) and (P). Thus, for the 
original problem (MP), we consider the following minimization problem (MP). 

(MP) minimize I(7r)(x) subject to 7r E IIN• 

   Let M(5) be the set of all extended real valued functions on S, which are lower 
semianalytic, oo, and bounded from below. Further, let N(CIS) be the set of all 
universally measurable functions f : S -* C such that f(x) E U(x) for each x E S. 
Such a measurable function f will be called a selector of U. Then, a nonrandomized 
Markov policy 71 is described by a sequence of selectors 71 = (f0)11, 12, • • •) The set of 
nonrandomized Markov policies is considered as TIN = N(CIS)N(CIS) • • •. For each 
selector f E N(CIS), we define an operator Tf on M(S) as follows : for each v E M(S) 
and x E 5, 

/' Tfv(x) = r(x,f(x)) +/3Jv(x')q(dx'lx, f (x)).(3.1) 

                                      s The operator Tf is a mapping from M(S) into M(S). Let vo E M(S) be identically zero. 
Then, a successive use of the operators T fo , Tfi, • • Tf,_,, • • • for 71 = f ) 

yields the t-stage cost function It(7r)(x) and the total expected cost function as follows: 

It(ir)(x) _ (TfoTh ...Tfti)vo(x)(3.2) 

and 
I(ir)(x) = tlIt(7)(x).(3.3) 

   From Lemma 3.2, there exists eoptimal nonrandomized Markov policy for the fairly 

general control models. Thus, in this paper, after we sought an eoptimal nonrandomized 
Markov policy in cases (D) and (P), we want to show that there exists at least a better 
nonrandomized Markov policy than the eoptimal one sought. Further, we show that 
the better policy exists at any near place of the eoptimal one sought. Then, in order to 

show main results, we will impose the following assumptions on the control model.
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(Al) For each x E S, the non-empty permissible set of controls U(x) is closed in C. 

(A2) r is bounded from below on SC, 0 oo, and, for each x E S, r(x,u) is 1.s.c. on 
     U(x), that is, for any convergent sequence of controls {uk}k_1,2,... in U(x) such 

that p(uk,u)—*0ask-->oo, 

liminf r(x, uk) > r(x, u), 
k—^oo 

    where p is the metric on the control space C. 

(A3) For any w E M(S) and x E S, the integral operator 

                     fsw(y)q(dylx,u) 
    is a l.s.c. function with respect to u E U(x). 

    Let Ir£ = (ft, fi , • • •) be an Eoptimal nonrandomized Markov policy sought in the 
control model. To keep the notation short, we shall write p(f, g)(x) = p(f (x), g(x)). 
From the base on Ekeland's theorem, we prove the following lemma. 

    LEMMA 3.3. For each n-th selector f, of the given 6-optimal policy re E UN and 
any w E M(S), there exists LI E N(CIS) such that for all x E S, 

Tfnw(x) + El3P(f,, fn)(x) < Tfnw(x),(3.4) 

and for any f E N(CIS) such that p(f, fn)(x) > 0, 

T fw(x) > T fn w(x) — e/3p(fn, f)(x).(3.5) 

Proof. Let n and w E M(S) be fixed. For the given selector fn E N(CIS), we put 
f,2,o(x) = fn(x) for any x E S. We define inductively a sequence of selectors fn k, k > 1, 
by a sequence of controls fn k(x), k > 1 at each x E S. Suppose a selector fn k is given. 
We use the following notation 

     Nn(k,x) =f E N(CIS)f(x)fn,k(x)' T
fw(x) < Tfn kw(x) — E/P(f, fn,k)(x) • 

    Then if Nn(k, x) = 0, we define fn,k+1(x) = fn,k(x), If Nn(k, x) 0 (/), we can select 
fn*.,k+1 E Nn(k,x) satisfying 

2Tfn k+lw(x) — Tfn kw(x) <_ 
fENinfk,x)Tfw(x).(3.6)                              ( 

Indeed, if we choose a function g E Nn(k, x), we have 

                0 < E/3P(g, fn*,k) (x) 
< T fn kw(x) — Tgw(x) 

                    < Tfn kw(x) —f ENinfk,x)Tfw(x).(3.7) 

                           (
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For  2  ei3p(g, fn k) (x) > 0, from the definition of infimum, it follows that there exists 
g' E Nn(k, x) such that 

T9'w(x) < 
fElinfx)Tf w(x)+2E0p(g, fn,k)(x).(3.8) 

According to (3.7) and (3.8), we obtain 

2T9,w(x) — Tfn kw(x) <fENinfk,x)Tfw(x).(3.9)                             ( 

Thus, we can select g' E Nn(k, x) in (3.9) as fn k+1 in (3.6). 
    From the above construction for the sequence { fn k}k_o,1,2,... C N(CIS), we have 

            0 < EOP(g,k, fn,k+1)(x) C Tfn,kw(x) — Tf;,,k+,w(x)(3.10) 

for k = 0,1, 2, • • . Adding them up for m > k, we get for all rn > k 
                                         m-1 

EQP(fn,k) fn*                   ,m)(x)E0 E P(fn,j, fn,j+1)(x) 
j=k 

m-1 

                         5_E {Tf:,,,)w(x) — Tfn,7+lw(x)J1 
7=k 

                        = Tfn kw(x) — Tfn mw(x). (3.11) 

From (3.10), the sequence 17'1:,k w(x)Ik=o,i,2,-. is decreasing. Further, from r,w E 
M(S), it is bounded from below. Therefore, {Tfn kw(x)}k—o,1,2,... converges. Therefore, 
the right-hand side of the inequality (3.11) goes to zero as k, rn --* oo. This shows that 

{fn k(x)}k=o,1,2,... is a Cauchy sequence on U(x) in C. Since the control space C is 
complete, the sequence of controls {fn k(x)}k=o,1,2,... converges to some limit fn(x) in 
the set U(x) for each x E S. Since each fn k E N(CIS) is universally measurable on S, 
fn is also universally measurable on S. See Dudley [6, Theorem 4.2.2] for more details 
of measurability. Further, since U(x) is closed, fn(x) belongs to U(x), that is, fn is a 
selector of U. 

    Letting k = 0 in (3.11), we obtain, for m, n = 1, 2, • • • 

63P(fn, fn,m)(x) T'fnw(x) — Tfn,mw(x)(3.12) 

Since Tfw(x) is 1.s.c. on U(x) by (A2) and (A3), from (3.12) it follows that 

Tfnw(x) < liminfTfn mw(x) 
m—•oo 

                     = lim Tf.w(X) 
m—.00nm 

                     11mo{Tfnw(x) — 68p(fn,fn,m)(x)} 
                  = T1nw(x) — E8P(fn, fn)(x). (3.13) 

Thus, (3.13) shows that (3.4) holds.
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    Next, in order to show that the strictly inequality (3.5) holds, for any fixed x E S, 
we consider two cases : (i) there exists an integer N such that N,,,(N, x) = 0, (ii) 
Nn(k,x) q for all k. 

   In case (i), for any f E N(CIS) with p(f, g)(x) > 0, Tfw(x) > Tfn Nw(x) — 
E,Qp(f, fn,N)(x)• Since fn,N(x) = fn,k(x) for all k > N, we have fn,N(x) = limk. 44(x) = 
fn(x). Thus we obtain (3.5). 

   In case (ii), suppose that there exists f E N(CIS) such that f(x) fn(x) and 

Tfw(x) < Tfnw(x) — e,QP(fn, f)(x).(3.14) 

Taking the limit as m —> oo in (3.11), we have 

e/jP(fn,k, fn)(x) < Tfn,kw(x) — Tf,.,mw(x) (3.15) 

for k = 0,1, 2, • • •. Taking account of (3.14) and (3.15), we have for k = 0,1, 2, • • • 

Tfw(x) < Tfnw(x) — e,QP(f~,f)(x) 

< li ,mTf* w(x) — Et3p(fn,f)(x) 

               < Tfn kw(x) — e/3P(fn,k, fn)(x) — Ogg, f)(x) 
< Tfn kw(x) — Oljg(fn,k, f)(x)•(3.16) 

Here, we have f(x) 44(x) (x) for k = 0,1, 2, • • •. Because, if f(x) = fn ,k0 (x) holds for 
some integer ko, then (3.16) shows 

Tfw(x) < Tfn ko w(x) — 60 {P(fn,ko , .fn)(x) + P(fn, f)(x)} 
              = Tfw(x) — 2e0P(fn, )(x), 

which contradicts f(x) fn(x). Thus, we obtain f E Nn(k, x), k = 0, 1, 2, • •. From the 
facts that N,,,(k, x) 0 0 and that the function fn,k+i E Nn(k, x) satisfies the inequality 
(3.6) for k = 0,1, 2, • • •, we have 

2T fn k+iw(x) — Tfn,kw(x) < Tfw(x), 

for k = 0,1, 2, • • •. Taking the limit as k ---> co, we have limk •, Tfn kw(x) < Tfw(x). B
y (3.13) and (3.14), we have 

Tfnw(x) < 
klim Tfn,kw(x) 

< Tfw(x) 

< Tfnw(x) — e1P(.f, , f)(x) 

                       < Tfnw(x), 

which is a contradiction. Thus, (3.5) holds and the proof of the lemma is complete. ̂
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   For any given nonrandomized Eoptimal policy  re = (fo, fl , •) E IIN, we can get 
the following theorem. 

    THEOREM 3.4. For any given Eoptimal policy Ire E IIN, there exists a nonrandom
ized Markov policy rr* = (f(;`, f1 , • • •) E IIN such that for all initial state x E S, 

I(ir*)(x)+EE$k+1EirE [P(.g,ff)(xk)Ixo = x] < I(ie)(x) (3.17) 
k=o 

and 

E Qk+1 Ere [P(fl , fiec) (xk) I xo = x] < 1. (3.18) 
k=o 

Proof Let the stationary policy re = (f6, f i , • • •) be an eoptimal nonrandomized 
Markov policy such that for every initial state x E S, 

I(rre)(x) < I*(x) + E.(3.19) 

   For the control model in cases (D) and (P), it follows from (3.3) that 

I (ie)(x) = tli m It(rre)(x),(3.20) 

where, starting from the zero function vo E M(S) yields the corresponding t-stage cost 
function It(ire)(x) as follows 

It(ie)(x) = (Tf6,Tfl,...,TfL_1)vo(x)• 

From (3.19) and (3.20), there exists a sufficiently large integer N > 0 such that for all 
n>N and xES, 

In(rre)(x) < I* (x) + E. 

    Thus, at first, we need to show that the results are valid for a sufficiently large 
integer n > N. For such an integer n, from Lemma 3.3 we have a selector fn E N(CIS) 
such that for all x E S, 

T1*vo(x) +e/3P(fn,fn)(x) C Tfevo(x)•(3.21) 

Since the operator TA is monotone, operating T fn on both sides of (3.21), we have 

Tfn_1 (Tfnvo + e/3P(ff, fn)) (x) < T fn_1T fnvo(x). (3.22) 

The left-side of (3.22) is rewritten as follows 

Tfn_1Tfnvo(x) +Ei32Efn_ [P(fn,f~)(xn)Ixn-1 = x] <Tfn_1Tfnvo(x). (3.23) 

Then, applying Lemma 3.3 to the first term of the left-side of (3.23), it follows that there 
exists fn_1 E N(CIS) such that 

Tfn_1Tfnvo(x) + E/3P(fn-1, fn-1)(x) < T fn_1T f*vo(x). (3.24)
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Combining (3.23) and (3.24), we obtain 

Tfn_1Tfnvo(x) + Ei3p fn-1, fn-1)(x) + E02Efn_1 [P(fn, fnE)(xn)I xn—i = x] 
     < Tfn_1Tfnvo(x).(3.25) 

   Therefore, a successive operation yields that for each x E S, 

n Tf0Tfi ...Tfnvo(x) + [~E$k+1Efo fl...g _1 [P(f~,ff)(xk)Ixo = x]<In+1(7,)(x)• 
                  kj~0 

                                                    (3.26) 
Then, letting n —+ oo in (3.26), we get for each x E S, 

I (ir*) (x) + E E$k+1 E,, [P(.fic , ff) (xk) I xo = x] < I (i6) (x). (3.27) 
k=0 

   Here, from Definition 2.1, we have the following inequalities for the given eoptimal 

policy ire, 
I*(x) < I(lr*)(x) 

and 
I(ire)(x) < I* (x) + E. 

Applying the preceding two inequalities to (3.27), we have for each x E S, 

I*(x) + EE,Qk+1E7rE [P(f,:,fk)(xk)Ixo = x] < I*(x) +E.(3.28) 
k=0 

Since I*(x) is finite, from (3.28) it follows that 

00 

                Eok+1E,E [P(fk, fk)(xk)I xo = x] < 1. 
                     k0 

This shows that (3.18) holds. Hence the proof is complete. 

                                                            0 Note : This theorem shows that there exists a better policy f E IIN than a given 
eoptimal one 7re E IIN and, further, shows that 7r* is near to 7re in a sense of (3.18). 

4. The minimization problem of a modified control system 

   The better policy f = (AT, f, • • •) E IIN given in Theorem 3.4 depends only on 
the given 6-optimal policy 7r, E IIN and vo E M(S). Using the policy 7r* E IIN, we 
introduce the modified one-stage cost functions mn : GrU —^ R*, n = 0,1,2,- as 

follows : for each (x, u) E GrU, 

mn(x, 26) = r(x,u) + E13P(fn(x), u)•
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In this section, we consider a modified stochastic control model given by a six-tuple 

 (S,C,U,q,m(•),/3), 

where, S, C, U, q, /3 are the same ones as described in Section 2. The cost function m(.) 

is perturbed by control and selector in the policy f . As in Section 3, we will treat cases 

(D) and (P). We impose the assumptions (Al), (A2) and (A3) on the control model. 
   If we use a policy ir E H, the total expected discounted cost for the modified control 

system is defined by 
                                              co 

M(7) _ E $tEir [mt(xt, ut)] ,(4.1) 
t=o 

where 

E,r [mt(xt, ut)] =fmt(xt, ut)PP+i(dht)• 
                                              so CO .. St ct •  

Further, we define M(ir)(x) in the same way as I(7r)(x) in Section 2. 

    Then, we consider the following modified minimization problem (MM-15) : 

(MMP) minimize M(7r)(x) subject to ir E UN. 

    For the modified cost functions mn, n = 0,1, 2, • • • and each selector f E N(CIS), 
we define an operator Sn, f on M(S) as follows : for each w E M(S) and x E S, 

Sn,fw(x) = mn(x, .f (x)) + 0 fw(x')q(dx'x,.f(x))• 
                                        s That is, 

Sn,fw(x) = Tfw(x) + e/3P(fn, f)(x).(4.2) 

Since mn(•, f (•)) is bounded from below, we have for each ir = (fo, fi, f2, • • •) E IIN, 

M(ir)(x) = lim (So,f0Si,fi ...Sn,fn)vo(x)•(4.3) 
n-400 

    THEOREM 4.1. The policy 7r* = (P,, fi , • • .) E 11N given in Theorem 3.4 for an e

optimal policy ire E IIN is optimal for the modified minimization problem (MMP). That 
is, for every initial state x E S, 

M(lr*)(x) =nNM(7r)(x)•(4.4) 
                                                 irE 

Proof Let vo E M(S) be identically zero. Using (3.5) in Lemma 3.3, for all fn E 
N(CIS), we have 

Tfnvo(x) ? T fnvo(x) — e/P(fn, fn)(x)•
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From (4.2), we have for all fn E N(CIS), 

Tfnvo(x) = Sn,fnvo(x) — EQP(fn, fn)(x)• 

In particular, Tfnvo(x) = Sn, fnv0(x). Therefore, we obtain for all fn E N(CIS), 

Sn,fnvo(x) > Sn,fnvo(x)•(4.5) 

   Again, using (3.5), we get 

Tfn1Tfnvo(x) > 7'fn_1Tf;,vo(X) — &QP(fn-1, fn-1)(x)(4.6) 

for all fn_l E N(CIS). Operating T fn v0 = Sn, fn vo on (4.6), we have 

V0(X) ? Tfn_1Sn,fnv0(X) — E/3P(fn-1, fn1)(x)• 

Further, from the definition of S(., .), 

Tfn_1Sn, fnvo(`x) = SnI,fn1Sn,fnvo(x) — e$P(fn-1, fn-1)(x) 

for all fn-1 E N(C1 S). In particular, T fn_1 Sn,fn vo(x) = Sf_l,fn Sn, fn vo (x). Thus, for 
all fn-1 E N(CIS), we have 

Snl,fn-1Sn, fnv0(x)~ Snl,fn1Sn,f4vo(X).(4.7) 

   Therefore, a successive operation yields that for all fo, fi, • • , In E N(CIS), 

So,f0 Sl,f1 • • • Sn,fn vo (x) ? So,fo Si,fi • • • Sn, fn vo (X).(4.8) 

Taking the limit as n —^ oo in (4.8), we have M(7r) > M(ir*) for all 7r = (fo, fl, • • , fn, • • •) E 
ITN, which shows that (4.4) holds. Thus, the proof is complete.0
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