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Abstract

In this paper, stochastic control processes have been investigated as
dynamic programming models with an infinite horizon. In many cases,
it is our main purpose to seek for an optimal policy under the various
conditions. However, optimal policy may not exist under weak condi-
tions. In such situation, it will be necessary to seek for e-optimal policy.
Thus, after an e-optimal policy has been sought, we show that there ex-
ists at least a better policy than the given e-optimal one and that the
better policy is near to the given ¢-optimal one. Then, the principle of
Ekeland’s theorem will play an important role. Moreover, we introduce a
modified control model with the perturbed one-stage cost functions and
show that the better policy is an optimal one of the modified model.

Key words: dynamic programming, optimal policy, e-optimal policy, and
lower semicontinuous

1. Introduction

In recent years, the dynamic programming problems with an infinite horizon have
actively been investigated by many authors. Much of the earlier works of this area
were done by Blackwell {4] [5] and Strauch [14]. Further, Dynkin and Yushkevich [8]
and Hinderer {11} gave extensive accounts of dynamic programming with discrete time
parameter. In many cases, the concept of optimal policy is introduced and, then, the
existence of an optimal one is shown. However, in order to show the existence of an
optimal policy, we need to assume strong condition that action space for player is com-
pact. See Badler [2] and Schall [12] [13] in detail. Then, from mathematical and/or
practical view points, the compactness is weakened. Further, an optimal policy in an
error of a given € > 0, which is said to be e-optimal, is studied. In Bertsekas and Shreve
[3], it is discussed in detail that the existence of such an e-optimal policy depends on
the measurability structure of the model.

In this paper, we will describe a basic minimization problem with constraints for
Markovian control mode! on an infinite horizon. We exclude the compactness of the
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action space. Under such weak condition, it may be impossible to seek an explicit
optimal policy for the control model. Thus, it is important to seek an e-optimal policy
by which an optimal value was approximated. But, in the paper, it is not our purpose
to show that there exists an e-optimal one. After an e-optimal policy has been sought,
we want to show that it is exactly possible to seek at least a better policy than the
e-optimal one. Further, we show that the better policy is near to the e-optimal one
in a sense of some distance between both the policies. The way and the principle of
Ekeland’s theorem [9] [10], which gives an approximate optimal solution, will play an
important role. Moreover, we introduce a modified control model with one-stage cost
functions perturbed by the linear forms and show that the better policy is an optimal
one for the modified model. To do this, it is a useful condition that the one-stage cost
function and the integral operator are lower semicontinuous on the action space for each
state.

This paper is organized in the following way. In Section 2, we formulate a basic
minimization problem for the control model and give the definitions of optimal policy
and e-optimal one. In Section 3, from the base on Ekeland’s theorem, we show that
there exists exactly a better policy than the given e-optimal one. Further, we show that
the better policy is near to the given e-optimal one. In Section 4, we introduce the
modified control model with the perturbed one-stage cost functions and show that the
better policy is an optimal one of the modified model.

2. Formulation of a stochastic optimal control model

A stochastic optimal control model is specified by six-tuple
(5,C,U,q,r1,B), (2.1)
where

(i) S is a nonempty Borel subset of a Polish (i.e., complete, separable, metric) space,
the state space.

(ii) C is a nonempty Borel subset of a Polish space, namely, the control space.

(iii) U is a multifunction which assigns to each state x € S a non-empty permissible set
of controls U(z) C C. We assume that GrU = {(z,u)|z € S,u € U(z)} is analytic
in SC, where SC denotes the Cartesian product of sets S, C. See Bertsekas and
Shreve [3, Section 7.6 page 156] for analytic sets in details.

(iv) g is a Borel measurable stochastic kernel on S given SC, that is, g(B|z,u) is a
probability of a Borel subset B C S for each (z,u) € GrU and a Borel measurable
function of (z,u) € GrU for each Borel subset B. The law of motion is given by

q.

(v) 7 is an extended real valued function, GrU — R*, where R* = RU {oo}, which is
lower semianalytic, i.e., for any ¢ € R*, {(z,u) € GrU|r(z,u) < c} is analytic, the
one-stage cost function.
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(vi) B is a discount factor.

In the specification, we should note that the permissible set of controls U(z) de-
pends on state z € S and ¢(-|z,«) is independent of time.

Then, a policy 7 for the model is defined as an infinite sequence 7 = (g, p1, - -, tk, - -
with the property that, for each k, ux{dug|zo, ug, 1, -+, ug—1, zx) is a universally mea-
surable stochastic kernel on C given SCS --- CS satisfying

I‘l‘k(U(kamOaanxl’ e ,uk—-lymk) =1

for every (zo,uo,Z1, ", Uk—1,Zk), Where xx and ux denote k-th state and control, re-
spectively. See [3, Section 7.7] for universally measurable stochastic kernels in details.
If, for each k, uy is parametrized only by z, 7 is said to be a Markov policy. If, for each
k and (xo,uo, 1, - -, Uk—1, Tk ), the stochastic kernel py(dug|zo, uo, z1,- - -, Ur—1,Tk) as-
signs mass one to some point in C, 7 is said to be nonrandomized. In this case, m can
be considered to be an infinite sequence m = (ug, p11,- - ), each component py of which
is an universally measurable mapping from SCS---CS to C with the property that, for
every (Zo, %0, Z1," ", Uk—1, Tk),

Pk (To, o, Ty, - -+, Uk—1, Tx) € U(zg).

If F is a o-algebra on a Polish space and each stochastic kernel component of a policy
is F-measurable, we say that policy is F-measurable. We denote by II the set of all
policies and by ITps the set of all Markov policies. If 7 is a Markov policy of the form
7 = (p,p,--), it is said to be stationary.

Thus, the control system is interpreted as following. If a policy # = (uo, us,

-+, Uk, - -) is employed, at the successive k-th stage, we observe k-th state and classify
it to a possible state zy € S. Then, we choose a control u; € U(zy) by k-th universally
measurable stochastic kernel px depending on a history (zo,uo, 1, ,Uk—1,Zk) up to
k-th stage. As a result of state z; and control u; at k-th stage, we will incur a cost
r(zk,ur). The control system moves to a new state zx4; € S according to the stochas-
tic kernel ¢(-|zg, ux). After that, the process is analogously developed from ;. Since
GrU is analytic, from the Jankov von-Neumann theorem, it follows that there exists at
least one nonrandomized Markov policy.

In the subsequent discussion, we will often use Sy and Ci, k¥ = 0,1,2,--- as
copies of § and C respectively. Given an initial distribution p on S and any policy
7w = (o, p1, B2, - -) together with the stochastic kernel g, there is a sequence of unique
probability measure P, on SoCpS1C1---Si—1Ci—1, t = 1,2,---, of future up to t-th
stage. Further, there exists a unique probability measure P™? on S3CyS;C} - - - such that
for each t, marginal measure of P™? on $,Co5,C; - -+ S;—1Ci—1, is P} ", (see Hinderer
[11, page 80]).

Let hy = (zo,u0,Z1,u%1,- ", T, u;) denote a history of the control system up to
(t + 1)-th stage. The expected cost at (¢t + 1)-th stage is given by

E-,r [T(.’L't,ut)] = / T(.’Et,Ut)PZr_;q(dht).
SoCo-+S; Cy
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and the total expected discounted cost is given by
[e e}
I(r) = B'Ey [r(zs,us)) . (2.2)
t=0

If # = (p,p,---) is stationary, we often write I(u) in place of I(r). Further, if an
initial distribution p assigns mass one to a point z € 9, p is written as p, and if p, is
used, we write I(7)(z) in place of I(x).

Then, we consider a basic minimization problem (MP) for the dynamic control
system

(MP) minimize I(m)(z) subject to = €Il

DEFINITION 2.1. The optimal discounted cost I*(z) at an initial state z is defined
by
I*(z) = #IEI%:I I(m)(x). (2.3)

DEFINITION 2.2. If I*(z) = I(n*)(x), the policy n* € Il is said to be optimal at an
initial state x. If 7 is optimal at every initial state z, it is said to be optimal.

In this paper we will study the problem (MP) in only the case such that the optimal
cost is finite for all initial states, that is, I*(z) € R for all z € S. Thus, we define an
€-optimal policy as follows.

DEeFINITION 2.3. For a given € > 0, a policy 7. € II is said to be c-optimal at an
initial state z if
I(me)(z) < I"(z) +e.

If 7, is e-optimal at every initial state z, it is said to be ¢-optimal.

3. The existence of a better policy than a given £-optimal one

When the stochastic control models are generally discussed, we will treat the fol-
lowing three cases for one-stage cost function :

(D) 0<fB<1 and for some M € R,
|r(z,u)] < M for every (z,u) € GrU,

(P) B=1and 0 <r(z,u) forevery (z,u) € GrU,

(N) B=1and r(z,u) <0 for every (z,u) € GrU.

Further, in these cases, we can get the following lemma.
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LEMMA 3.1. For any initial state x € S and any policy m € II, there exists a
Markov policy m,, € Ilpr such that

The proof is given in Bertsekas and Shreve [3, Prop.8.1 and Prop.9.1].

Further, in cases (D) and (P), Bertsekas and Shreve 3, Prop. 9.19] give the follow-
ing lemma for e-optimal policy.

LEMMA 3.2. For each ¢ > 0, there exists an c-optimal nonrandomized Markov
policy and, if 0 < B < 1, it can be taken to be stationary.

From the results of these lemmas, we will treat only the nonrandomized Markov
policies, the set of which is denoted by IIxy C Iy, in cases (D) and (P). Thus, for the
original problem (MP), we consider the following minimization problem (MP).

(MP) minimize I(7)(z) subject to = € Iy.

Let M(S) be the set of all extended real valued functions on S, which are lower
semianalytic, # oo, and bounded from below. Further, let N(C|S) be the set of all
universally measurable functions f : S — C such that f(z) € U(z) for each z € S.
Such a measurable function f will be called a selector of U. Then, a nonrandomized
Markov policy 7 is described by a sequence of selectors m = (fo, fi1, f2,---) The set of
nonrandomized Markov policies is considered as Iy = N(C|S)N(C|S)---. For each
selector f € N(C|S), we define an operator Ty on M(S) as follows : for each v € M(S)
and z € S,

Tyo(a) = r(e. f(@) + 8 [ o(@)a(ds'ls, £(@)). (3.1)
The operator T is a mapping from M (S) into M(S). Let vy € M(S) be identically zero.
Then, a successive use of the operators Ty, Ty,, -+, Tf,_,, -+ for ® = (fo, - -+, ft—1," )
yields the t-stage cost function I;(w)(z) and the total expected cost function as follows:
Ii(r)(z) = (T4, T5, - - T,y Jvo(z) (3:2)
and
I(m)(z) = tlim L(m)(z). (3.3)

From Lemma 3.2, there exists e-optimal nonrandomized Markov policy for the fairly
general control models. Thus, in this paper, after we sought an z-optimal nonrandomized
Markov policy in cases (D) and (P), we want to show that there exists at least a better
nonrandomized Markov policy than the e-optimal one sought. Further, we show that
the better policy exists at any near place of the e-optimal one sought. Then, in order to
show main results, we will impose the following assumptions on the control model.
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(A1) For each z € S, the non-empty permissible set of controls U(z) is closed in C.

(A2) r is bounded from below on SC, # o0, and, for each z € S, r(z,u) is Ls.c. on
U(z), that is, for any convergent sequence of controls {ux}g=12.. in U(z) such
that p(ug,u) — 0 as k — oo,
liminf r(z,ux) > r(z,u),
k—oo

where p is the metric on the control space C.

(A3) For any w € M(S) and z € S, the integral operator
[ wtwatdstz,
is a l.s.c. function with respect to u € U(zx).

Let 7. = (f§, fi,---) be an e-optimal nonrandomized Markov policy sought in the
control model. To keep the notation short, we shall write p(f, g)(z) = p(f(z), g(x)).
From the base on Ekeland’s theorem, we prove the following lemma.

LEMMA 3.3. For each n-th selector f: of the given e-optimal policy 7. € Ily and
any w € M(S), there ezists f;; € N(C|S) such that for allz € S,

Tysw(z) + eBp(fr, f7)(2) < Ty w(z), (3.4)
and for any f € N(C|S) such that p(f, f})(z) > 0,
Trw(z) > Tryw(z) — efp(fr, F)(=). (3:5)

Proof. Let n and w € M(S) be fixed. For the given selector f5 € N(C|S), we put
frolx) = fi(x) for any z € S. We define inductively a sequence of selectors f; ,, k > 1,
by a sequence of controls f;; ,(z), k > 1 at each z € S. Suppose a selector f , is given.
We use the following notation

f(@) # fu(@), }
Tyw(z) < Ty. w(z) — efplf, fi)(@) |

Then if N, (k,z) = ¢, we define f; , ., (z) = f; ((z), f Nn(k,z) # ¢, we can select
fr k41 € Nu(k, z) satisfying

n

Nn(k,z) = {f € N(C|S)

2Tp; (@) —Tpp yw(@) < inf - Tew(z). (3:6)

Indeed, if we choose a function g € N, (k,z), we have
eBp(g, fr1)(@)
Ty ,w(z) - Tow(z)

Ty w(z) - feI\iI?{k,z) Trw(z). 3.7

0

IAN A

INA
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For %Eﬁp(g,f;;’k)(a:) > 0, from the definition of infimum, it follows that there exists
g € Ny,(k,z) such that

1
Tyu(e) < _jnf  Tyw(a) + 5eBp(9. f7.0)(z). (3.8)

According to (3.7) and (3.8), we obtain

Tyw(z) — Ty: w(z) < febilf(fk,x)wa(x). (3.9)
Thus, we can select g’ € Ny(k,z) in (3.9) as f;; ., in (3.6).
From the above construction for the sequence {f; ; }x=0,1,2,- C N(C|S), we have

0 < eBo(f 0 Frpsn)(@) < Tz w(z) = Ty, w(x) (3.10)

for k=0,1,2,---. Adding them up for m > k, we get for all m > k

eBp(fi i frm)(@) < Z (Fajo Fiv)(@)
]:
-1

< {Tf’:‘jw(z) - Tf,f,j“w(m)}
i=k
= Ty w(@) - Ty w(@). (3.11)

From (3.10), the sequence {Tf- w(z)}k=o0,1,2,.- is decreasing. Further, from r,w €
M(S), it is bounded from below. Therefore, {Tf~ w(x)}k=0,1,2,.. converges. Therefore,
the right-hand side of the inequality (3.11) goes to zero as k,m — oo. This shows that
{fr k(@) }k=0,1,2,. is a Cauchy sequence on U(z) in C. Since the control space C is
complete, the sequence of controls {f;; ;(%)}x=0,1,2,.. converges to some limit f;(z) in
the set U(z) for each x € S. Since each f;, € N(C|S) is universally measurable on S,
£ is also universally measurable on S. See Dudley [6, Theorem 4.2.2] for more details
of measurability. Further, since U(z) is closed, f}(z) belongs to U(z), that is, f} is a
selector of U.
Letting £ = 0 in (3.11), we obtain, for m,n = 1,2,--.

eBp(frs frm)(®) < Trew(x) — Ty w(z) (3.12)
Since Tyw(z) is 1.s.c. on U(z) by (A2) and (A3), from (3.12) it follows that

Trw(z) < liminfo;,mw(x)

= Al T
< lim {Tycw(z) - eBp(fi, fr.m)(@)}
= Tyw(z) - eBp(fE, £7)(@). (3.13)

Thus, (3.13) shows that (3.4) holds.
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Next, in order to show that the strictly inequality (3.5) holds, for any fixed = € S,
we consider two cases : (i) there exists an integer N such that N,(N,z) = ¢, (ii)
N,(k,z) # ¢ for all k.

In case (i), for any f € N(C|S) with p(f, f2)(z) > 0, Trw(z) > Ty: (w(z) —
eBp(f, fn n)(x). Since f y(z) = f ((z) forall k > N, we have fan(@) =limgoo f1 (2) =
fr(z). Thus we obtain (3.5).

In case (ii), suppose that there exists f € N(C|S) such that f(z) # f*(z) and

Trw(z) < Trw(z) - efp(fr, (). (3.14)
Taking the limit as m — oo in (3.11), we have
eBp(faps fa)(@) < Ty jw(z) — lm Ty w(z) (3.15)
for k=0,1,2,---. Taking account of (3.14) and (3.15), we have for k =0,1,2,---

Trw(z) < Tf;w(z)_5ﬂp(f;,f)($)

< lm Ty () - eBolf, (@)
< Ty w(z) — pl(fip £2)(@) - eBp(f2, (o)
< Ty w(z) - Bp(fip @) (3.16)

Here, we have f(z) # fnx(z) for £ =0,1,2,--.. Because, if fz) =
some integer kg, then (3.16) shows

(z) holds for

*
'n.,k‘o

wa(z)

IA

Ty o w(®) = B {p £ 10, £2)(@) + p(f3, () }
= Tw(z) - 2Bp(f;, f)(z),

which contradicts f(z) # fx(z). Thus, we obtain f € N,(k,z), k=0,1,2,---. From the
facts that Nn(k,z) # ¢ and that the function f} .., € N,(k,x) satisfies the inequality
(3.6) for k =0,1,2,-- -, we have

2Tf1:,k+1w(x) - Tf,‘._kw(x) < Tf’ll)(.’l!),

for k = 0,1,2,---. Taking the limit as k — oo, we have limg_, oo Ty: w(z) < Trw(z).
By (3.13) and (3.14), we have

Tfaw(z) < lim Ty w(z)
" k—oo ™k

IA

Trw(z)

T, w(z) — eBp(f}, f)(z)
Tiaw(z),

IA

A

which is a contradiction. Thus, (3.5) holds and the proof of the lemma is complete. O
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For any given nonrandomized e-optimal policy 7. = (f§, f{,---) € IIn, we can get
the following theorem.

THEOREM 3.4. For any given c-optimal policy 7, € Iy, there exists a nonrandom-
ized Markov policy m* = (f3, f+,---) € IIn such that for all initial state x € S,

o0
I(x*)(2) + € 3 B Ex, [p(f7, £5)(@n)lzo = 2] < I(mc)(z) (3.17)
k=0
and .
3" B En, [p(f5, f0)(@x)lwo = 2] < 1. (3.18)
k=0
Proof Let the stationary policy m. = (f§,f{, ') be an e-optimal nonrandomized

Markov policy such that for every initial state = € S,
I(ne)(z) < I'(z) + €. (3.19)
For the control model in cases (D) and (P), it follows from (3.3) that
I(ne)(z) = Jim L(r)(z), (3.20)

where, starting from the zero function vy € M(S) yields the corresponding ¢-stage cost
function I;(w)(x) as follows

I(me)(@) = (Trg, Trg» -+ Ty, Jvo(2).-

From (3.19) and (3.20), there exists a sufficiently large integer N > 0 such that for all
n>Nandz€S,
I(m)(z) < I"(z) + €.

Thus, at first, we need to show that the results are valid for a sufficiently large
integer n > N. For such an integer n, from Lemma 3.3 we have a selector f; € N(C|S)
such that for all x € S,

T1avo(z) + €Bp(fr, fr)(2) < Tygvo(x)- (3.21)
Since the operator Ty: is monotone, operating T'se on both sides of (3.21), we have
Ty, (Tfsvo + eBp(fr, f5)) (x) < Ty Trcvo(2). (3.22)
The left-side of (3.22) is rewritten as follows
Tye_ Tysvo(x) +eB°Ege_ [p(frs f7)(@n)|Tn-1 = 3] < Tpe_ Tevo(). (3.23)

Then, applying Lemma 3.3 to the first term of the left-side of (3.23), it follows that there
exists f_, € N(C|S) such that

Ty Tysv0(a) +eBp(Fi, fo1)(@) < Ty, Trzvo(). (3.24)

n—1
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Combining (3.23) and (3.24), we obtain

Tse_ Tivo(z) +eBp(fr_1s fr1)(@) + €82 Epe_ [p(frs 1) (@n)|Tn-1 = ]
< Tf's‘_leys‘ vo(x). (3.25)

Therefore, a successive operation yields that for each z € S,

TysTys - Travo(x) + 3 B Epspege_ [o(fi, fi) (@) |mo = @] < Inga (me)(2).

k=0
(3.26)
Then, letting n — oo in (3.26), we get for each z € S,
I(x*)(x) + ) eB* Ex, [p(f5, fi)(@p)lmo = 2] < I(7e)(x). (3.27)

k=0

Here, from Definition 2.1, we have the following inequalities for the given e-optimal
policy =,
I"(z) < I(m*)(z)

and
I(re)(z) < I'(z) +e.

Applying the preceding two inequalities to (3.27), we have for each z € S,
oo
I'(z) + Y B Br, [p(f7, fi)(@k)lzo = 2] < I'(2) + e (3.28)
k=0

Since I*(z) is finite, from (3.28) it follows that

S BB, [p(fi, £E)(@n)lzo = 2] < 1.

k=0

This shows that (3.18) holds. Hence the proof is complete.
O

Note : This theorem shows that there exists a better policy 7* € IIx than a given
e-optimal one 7, € Iy and, further, shows that 7* is near to 7, in a sense of (3.18).

4. The minimization problem of a modified control system

The better policy #* = (fg, fi,---) € IIx given in Theorem 3.4 depends only on
the given e-optimal policy e € IIy and vg € M(S). Using the policy 7* € Iy, we
introduce the modified one-stage cost functions m, : GrU — R*, n = 0,1,2,--- as
follows : for each (z,u) € GrU,

mn(z,u) = r(z,u) + e0p(f7(2), ).
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In this section, we consider a modified stochastic control model given by a six-tuple
(S, Ca U,qvm(')76)1

where, S, C, U, q, 8 are the same ones as described in Section 2. The cost function m .,
is perturbed by control and selector in the policy 7*. As in Section 3, we will treat cases
(D) and (P). We impose the assumptions (A1), (A2) and (A3) on the control model.

If we use a policy m € II, the total ezpected discounted cost for the modified control
system is defined by

M(r) =" BEx [mu(ze,ue)], (4.1)
t=0
where
Ex [my(zy,ue)] = / my(z¢, ue) Py (dhy).
S0Co++-S¢Cy

Further, we define M(7)(z) in the same way as I(m)(z) in Section 2.
Then, we consider the following modified minimization problem (MMP) :

(MMP) minimize M(7)(z) subject to w € Ily.

For the modified cost functions m,, n = 0,1,2,--- and each selector f € N(C|S),
we define an operator S, s on M(S) as follows : for each w € M(S) and z € S,

S yw(z) = ma(z, f(z)) + B /S w(z')g(de'|z, ().
That is,
Spsw(z) = Trw(z) + eBp(fr, f)(x)- (4.2)

Since mu(-, f(+)) is bounded from below, we have for each 7 = (fo, f1, f2, ) € Iln,

M(m)(z) = lm (So,50 51,1 "+ .1 ) v0(2)- (4.3)

THEOREM 4.1. The policy 7* = (f§, f1,---) € In given in Theorem 3.4 for an ¢-
optimal policy w. € Iy is optimal for the modified minimization problem (MMP). That
is, for every initial state x € S,

M(x*)(z) = inf M(rm)(z). (4.4)

n€lln

Proof Let vy € M(S) be identically zero. Using (3.5) in Lemma 3.3, for all f, €
N(C|S), we have

Ty, vo(x) > Trzvo(z) — eBp(fy, fn)()-
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From (4.2), we have for all f, € N(C|S),
Ty, vo(x) = Sn,1.v0(x) — eBp(f7, fn)(2).
In particular, Tt:vo(z) = Sn,s2v0(x). Therefore, we obtain for all f, € N(C|S),
Sn,fa0(T) > Sn,f2v0(2). (4.5)
Again, using (3.5), we get
Ty, Tyzvo(z) 2 Ty;_ Trvo(x) — eBp(fr_y, fa—1)(z) (4.6)
for all f,—, € N(C|S). Operating Ty.vo = Sn,s:vo on (4.6), we have
Tf,_,Sn,s3v0(2) 2 Ty Sn prvo(x) — eBp(fr_1s fa1)(z).
Further, from the definition of 5., .),
T, 1 Sn,12v0(%) = Sn—1,fu_1Sn,£200(z) — €BP(fr_1, fa1)(x)

for all f,_, € N(C|S). In particular, Tf; _ Sn,f:v0(2) = Sn—1,52_, Sn,f:v0(z). Thus, for
all f,_1 € N(C|S), we have

Sn—1,fa_15n,72v0(T) > Sn—1,f:_ Sn f:v0(z). (4.7)

Therefore, a successive operation yields that for all fo, f1,---, fn € N(C|S),

50,£051,11 "+ * Sn,£.v0(®) 2 So,£5 51,57 + +* Sn, £ v0(2)- (4.8)
Taking the limit as n — oo in (4.8), we have M (7) > M(n*) forallw = (fo, f1," ", fa, ") €
ITy, which shows that (4.4) holds. Thus, the proof is complete. m]
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