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Abstract

This note extends the results of the classical birth process to the
case where the birth parameter is a two-state Markov chain. Partial dif-
ferential equations for the two components ¢1(z,t) and ¢2(z,t) of the
probability generating function of the process are derived, and Laplace
transforms of these taken. Solutions are then found for ¢;(2,t) and
¢2(z,t) by standard methods of analysis.

1. Introduction

This note is concerned with a birth process in which the birth parameter
{L(t);t > 0} is itself stochastic and may take either of two values L;, L. The clas-
sical birth process was discussed by McKendrick (1914) (see also Bartlett (1949) and
Kendall (1949)). For simplicity, we shall assume that {L(t);¢ > 0} is a two-state Markov
chain in continuous time, with initial value L(0) = L;. Let the infinitesimal transition
probabilities of this process be given by

P{L(t + 6t) = Ly|L(t) = L;} = A6t + o(6¢),

P{L(t + 6t) = L1|L(t) = Ly} = A26t + o(6t),
P{L(t + 6t) = Ly |L(t) = L1} = 1— X\ 8t — o(ét),
P{L(t + 6t) = Ly|L(t) = Ly} = 1— A6t — o(dt),

and the probability of two or more events in (t,t + 6t) be o(6t). Then we can readily
derive the probabilities

Az Al
t :PLt:L LO:L = (1+A2)t
q1(t) {L(t) 11L(0) 1} )\1+/\2+)\1+,\26 ,
(11)
A A1 —(A1+A2)t
¢2(t) = P{L(t) = L2|L(0) = L, } = e~ ArtA2)t
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The Laplace transforms f0°° e Stq;(t)dt, i = 1,2, Re(s) > 0, of these probabilities
are

i (s) A2 . l + A 1
N D VIETS YRR VD Vi W W
(1.2)
A 1 A 1
Q(s) = = :

MAA 5 AMAAh s+AF A
We shall allow this two-state Markov chain to drive the birth process {X(t);¢ > 0}, and
obtain a formal solution for its probability generating function (p.g.f.)

d(z,t) = E(zX®), lz] < 1, (1.3)
by solving a matrix partial differential equation.

General methods for analyzing such processes have been developed by Puri (1975,
1976), but his methods though powerful, are rather complicated. In this note, we at-
tempt to give a simple example of how bivariate Markov chains in continuous time,
namely {(L(t),X(t));t > 0}, can be useful in obtaining relatively simple results for a
stochastic process influenced by another stochastic process.

2. TheKolmogorov EquationsFor{(L(t), X(t)); ¢t > 0}

We shall now assume that the process {(L(t), X (t));t > 0} in continuous time for
J 2 1 is subject to the following infinitesimal transition probabilities:

P{L(t 4 6t) = Ly, X(t + 6t) = j|L(t) = L1, X(t) = j} = Mét+ o(6¢),

P{L(t+6t) = L1, X (t + 6t) = j|L(t) = L2, X(t) =5} = A6t + o(6t),
P{L(t+6t)=L ,X(t+6t)=7+1|L(t)= L1, X(t) =3} = L1jét+ o(6t),
P{L(t+6t) =Ly, X(t +6t) = j+ 1|L(t) = Ly, X(t) = j} = Lajbt + o(6t),

The probability of no event occuring in (t,t + 6t) is given by the usual complementary
probability, and the probability of more than one event is o(6t).

By the usual methods for deriving the Kolmogorov equations, we find that for
7=1,2,..., the probabilities

p(t) = P{L(t) = L, X(t) = j|L(0) = L, X(0) = 1},
p2;(1) P{L(t) = L, X(t) = j|L(0) = L1, X(0) = 1},

satisfy the differential equations

I

dap1;
dt

dap2j
dt

= Li(j = p1,j—1 — (A1 4 5L1)p1j + Aap2j,

= L2(J — 1)p2,j-1 — (A2 + jL2)p2; + Mip1j, (2.1)
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where for convenience we define pjp = p2o = 0 when j = 1 in the above equations, and
it is clear that p11(0) = 1,p9:(0) = 0.

These equations may be written in matrix form, in terms of P| = (p11,p12,---),
P} = (p21,p22,- - ), a8

—(A1+ Ly)
dP, L —(/\1 + 2L1)
-0 = Py + X\ P
dt 2L, —(A1+3Ly) 1A
= —Ai1PL+ AP,
(2.2)
—(A2 + Lo)
ar, Lo —(A2 +2L5)
i - 2L, — (A2 +3Ly) P+
= —AyP,+ \MP,.

Note that the matrices 4;, A; are infinite, so that matrix methods cannot be used
directly. If, however, the process is terminated when X(t) = N, say, the matrices will
be finite (though slightly altered for the value N) so that the problem becomes one of a
finite-state Markov chain.

In order to solve these equations, we consider the generating functions (g.f.)

$1(z,t) = Y Zpu(t),
=1

$2(2,t) = szpzj(tL lz] < 1.
Jj=1

Note that p.g.f. ¢(z,t) of (1.3) is in effect ¢ = @, + ¢, where the latter are themselves
not p.g.f.s. From (2.3) we can readily derive the partial differential equations

P ad

%1. = Mo+ Lyz(z - 1)—;;1 + Agda,

.} a

% = —Xodo+ Laz(z — 1)—3";2 + A1, (2.3)

which need to be solved for the probabilities p; ;(t), p2;(t) to be found.

3. Laplace Transforms and Method of Solution

In order to simplify equations (2.3), let us first take Laplace transforms with respect
to t such that for Re(s) > 0,
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qASl(z,s) = / e‘“d)l(z,t)dt,
0

gZ)g(z,s) = / e_“¢>2(z,t)dt
0

Then, the equations (2.3) yield

shpr—z = le(z—l)%_/\l(ﬁl'i‘/\ﬂb?:

(3.1)

Sy = L2Z(Z—1)—+/\1¢1 A2s.

We may rewrite these in matrix form as
sl ([ ][50 e
2 z(z—1) il b2 0 ’

3&; = —_I){A& -~ Bz}, (3.3)

1
L] .
0

This form leads us to the method of solution, in which we transform the variable 2z
to ¢ =In %, so that we have ¢((,s) now a function of ¢ and s satisfying

or

where

_AL Agts
Ly Ly

At+s A
A= [ L Li | and B =

Ad( 1 1 5 1

a® @ " (1—z)a<"""z(l—z)A‘“Ll(l—z)E

¢
! 3 _ e
where E' = [1,0], or since z = %z,

0 N eS

ot AP= LT (3.4)

To solve (3.4), we require the integrating factor eAC, so that

0 Ac Ac¢ 0 - Acp i Ac¢ e
— = — = ———FE .
6C(e P)=¢€ a<¢+e Ap=e LA+ e) (3.5)
Integrating (3.5) with respect to ¢, we find
A Ac_e_
b= [ A B+ ()
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or, in terms of z,

Aln —)d) / Aln ) E du +F(S),

L1 (1 —u)

where F'(s) = [fi(s), f2(s)], these being unknown functions of s. Thus,

- —An( n__E du
é= ¢~ An( Al )=

AT RN

It now remains to work out the integral in (3.6).

4. Solution of the Integral

The form of A has been found to be

Mts A a(s b
A=[_L;L Agi;]=[ (s)
L, L,

Suppose we write this in the canonical form
A =B7lAB,

where A is the diagonal matrix

o[ )

—Aln(

p2(s)
with
pu(s) = a+d++/(a—d)?+4bc
1 - 2 9
po(s) = a+d—+/(a—d)?+4bc
2 - ]
and
B :[bu b12]: [C —(a—pl)]
boy  ba2 c —(a—p2) |’
B-l _ [ bll b12 ] _ 1 [ _(a_pz)
b2l p22 c(p2 —Pl) —c

Then

z
1—=z

)F(s)

(a—pm)

27

(3.6)

(4.2)
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-p1In( 1%
eAn(=) = g1 ¢ (x2) S
0 e_pzln(l—z)
1—z\A1
- == 0
= B 1[ ( ZO) (1—2)172 ]B

We now show that for some s > 0, p;(s) and p2(s) are both positive. Writing out
the values in (4.3) in detail, we have

p12(8) = 2L 2 ———{A1La + A2 Ly + s(Ly + Ly)

:{:\/ (/\1L2 + /\2L1)2 + 28(L1 + L2)(A1L2 + Ale) + 82(L1 + L2)2 - 43(5 + Al + )\2)L1L2}

{)\ Lo+ XLy + S(Ll + L2) + \/ Ale M Ls + S(Ll - Lg)]2 + 4)\1A2L1L2},

(4.4)
where \/[A2L; — ALz + s(L1 — L2)]> + 4A\1 M2 L1 Ly is clearly positive and may be ex-
pressed as A2L; — A\ L2 + ¢, with ¢ > 0. Note that for all s > 0,

2LL

pl(s) 2L L {2/\2[41 + 28L1 + E} > 0

while
p2(8) = 2L I ——{2X\2L; +2sL; — €} > 0,

only for 2La(s + A1) > €, or s > 3i; — A1 = So. Hence both p1(s) and ps(s) will be
positive for all s > maz(0,s0) = 1.
Consider, for s > s;, the last component in (3.6),

w2 S [ ][]
[ (el hin] e

_ n-1 (lfﬁ)p1 (b1 fi + biaf2)
=B [ (1%)/»2 (bo1 f1 + b2z f2) ]

and let z — 0. Then (132)”*, (12)”* will tend to oo, and unless fi(s) = fa(s) = 0, so

z
will the elements of the final column matrix in (4.5). Since this cannot occur, it follows

that fi(s) = fa(s) =0

We now concentrate on the integral in (3.6), namely

e—Aln( = )F(S)




A birth process with a random birth rate 29

g1 | oo (v 1;) 2 0 1)

()" B (7,

We first use the transformation v = 1%, such that u = i%’ du = H%};, to find that

/Z u 7 du /1:, 5 v
= v .
o \1—u 1—u 0 1+v

(4.6)

Now integrating by parts, we obtain since fvp‘ it = 1:;::11 . ﬁ + f "’)—T:—: . Zl_i%’f’ by
repeated integration,
/ ¢ W _ z p‘+1(1—z)+< z \"'P? (1-2)2 N
ol—2 14w 1-2 pr+1 1—2 (pr+1)(p1 +2)
p1+3 3
1—
+2 (_z__) ( Z) vt
l1-2z (o1 + D(p1 + 2)(p1 +3)"
z \” i Dl +1)
+{— lgdtl 24
(1— ) A VP )
p1 OO
Z et F(”l ) (47)
1 -z T(pr+37+2) ’
P2
with a similar result holding for fo (i—u) i%' Hence, from (3.6)
(2, 3)
1—z\}P1
== 0
- | (%) B x
| ey
Pl oo T(p1+1) _j+1
B! (liz) EJ Ojlmzj p2 ’ [ ?ll ]
T'(p2+1) bay
0 ()" Sroiregh = | L &

T{pi+j+2
b2 p22 by ghoo Ly T(patl) j41
L1 245=07 " T(p,+5+2)

1 x4l (pld T(p1+1) 12 I'(p2+1)
Ly 2j=0 2" I (0 b ppriray + 0 bar o, iy

_ [b” blz]{_uEJO'_FMLJH}

= 4.8)
1 00 j+1 .1 [ p21 T(p1+1) 22 T'(p241) (
I Zj:o ZTgH{6% b F(pn]LJ+2) +0%b2 F(pzij+2)

where the elements by, by, b1, 12, b?!, b?2 are known from (4.4).
This is effectively the formal solution of the problem in terms of Laplace transforms,
involving the roots p;, ps. For,

bipy, = (p2 — a) . b2hy, = (a—p) ,
(p2 = p1) (P2 = p1)
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—C 4

bl = ———, by = ———
" e — ) T (e —m)

which also include the complicated square root of (4.4). It is interesting to note how
the randomness of the birth parameter {L(t);¢ > 0} has complicated a relatively simple
process; nevertheless it is rewarding to find that one can obtain an explicit solution to
this problem.
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