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               RATE

                           By 

M. DAYAL; J. GANI; G. HAYNATZKI; S. IYER; and N. SCHUMACHER*

                      Abstract 

   This note extends the results of the classical birth process to the 
case where the birth parameter is a two-state Markov chain. Partial dif
ferential equations for the two components 01(z, t) and /2 (z, t) of the 
probability generating function of the process are derived, and Laplace 
transforms of these taken. Solutions are then found for 01(z, t) and 
02(z, t) by standard methods of analysis.

1. Introduction 

   This note is concerned with a birth process in which the birth parameter 
{L(t); t > 0} is itself stochastic and may take either of two values L1, L2. The clas
sical birth process was discussed by McKendrick (1914) (see also Bartlett (1949) and 
Kendall (1949)). For simplicity, we shall assume that {L(t); t > 0} is a two-state Markov 
chain in continuous time, with initial value L(0) = L1. Let the infinitesimal transition 
probabilities of this process be given by 

P{L(t + St) = L2IL(t) = L1} = a1 St + o(St), 

P{L(t + St) = L1 iL(t) = L2} = )2St + o(St), 

P{L(t + St) = L1 tL(t) = L1} = 1 — aiSt — o(St), 

P{L(t + St) = L2IL(t) = L2} = 1 — a2St — o(St), 

and the probability of two or more events in (t, t + St) be o(St). Then we can readily 
derive the probabilities 

qi(t) = P{L(t) = LiIL(0) = L1} =a2+A1 e—(al+a2)t' ~
1 + ~2~1+~2 

                                                    (1.1) 
                             Ai _ ----------—(A1+A2)t       q2(t) = P{L(t) = L2I L(0) = L1} = A

l + A2 Ai + A2e.
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    The Laplace transforms f0°° estgi(t)dt, i = 1, 2, Re(s) > 0, of these probabilities 
are 

         _A2 1 Al 1•              4i(s)
Al + A2 s+Al + A2 s+ A1 + A2 

                                                    (1.2) 
Al  1  Al 1  4

2(s) =  A
1 + A2 s Al + A2 s + A1 +A2• 

We shall allow this two-state Markov chain to drive the birth process {X(t); t > 0}, and 
obtain a formal solution for its probability generating function (p.g.f.) 

(1)(z, t) = E(zx(t)),izi < 1, (1.3) 

by solving a matrix partial differential equation. 
   General methods for analyzing such processes have been developed by Puri (1975, 

1976), but his methods though powerful, are rather complicated. In this note, we at
tempt to give a simple example of how bivariate Markov chains in continuous time, 
namely {(L(t), X (t)); t > 0}, can be useful in obtaining relatively simple results for a 
stochastic process influenced by another stochastic process.

2. The Kolmogorov Equations For{(L(t), X (t)); t > 0} 

   We shall now assume that the process {(L(t), X (t)); t > 0} in continuous time for 
j > 1 is subject to the following infinitesimal transition probabilities: 

     P{L(t + St) = L2, X(t + St) = AL(t) = L1, X(t) = j} = A1St + o(6t), 

P{L(t + St) = L1, X (t + St) = j 1L(t) = L2, X (t) = j} = A28t + o(6t), 

P{L(t + St) = L , X (t + St) = j + 1 IL(t) = Li, X (t) = j} = L1 jSt + o(St), 

   P{L(t + St) = L2, X(t + at) = j + 11L(t) = L2, X(t) = j} = L2j6t + o(St), 

The probability of no event occuring in (t, t + St) is given by the usual complementary 
probability, and the probability of more than one event is o(St). 

   By the usual methods for deriving the Kolmogorov equations, we find that for 
j = 1,2,..., the probabilities 

P13 (t) = P{L(t) = L1 i X(t) = j (L(0) = L1, X (0) = 1), 

p2j (t) = P{L(t) = L2, X(t) = AL(0) = L1, X(°) = 117 

satisfy the differential equations 

dph j = d
tL1(j —1)P1,7-1/(A1 ++ A2P23, 

           dd' = L2(j  1)P2,j-1  (A2 + jL2)P2j +(2.1)
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where for convenience we define  plo = p20 = 0 when j = 1 in the above equations, and 
it is clear that p11(0) = 1, p21(0) = 0.. 

    These equations may be written in matrix form, in terms ofPi= (p11,p12,), 
132 = (P21 P221 . . .), as 

—(A1 + L1) 

dP1 _L1 —(A1 + 2L1)Pl + A2 P2 
   dt2L1 —(A1 + 3L1) 

_ —A1P1 +A2P2, 

                                                    (2.2) 
—(A2 + L2)

   dP2 _ L2 —(A2+2L2)P 2+A1P1    dt2L
2 —(A2 + 3L2) 

= —A2P2+A1P1. 

Note that the matrices A1, A2 are infinite, so that matrix methods cannot be used 
directly. If, however, the process is terminated when X (t) = N, say, the matrices will 
be finite (though slightly altered for the value N) so that the problem becomes one of a 
finite-state Markov chain. 

   In order to solve these equations, we consider the generating functions (g.f.) 

00 

01(z, t) = E zipl j (t), 
                                j=1 

02(z, t) = E z3p2j(t),Izi < 1. 
j=1 

Note that p.g.f. 0(z, t) of (1.3) is in effect 0 = 01 + 02, where the latter are themselves 
not p.g.f.s. From (2.3) we can readily derive the partial differential equations 

             at1 =—~114'1+ Liz(z—1)~~1+ A202, 
802 —A202 + L2z(z — 1)aa2+A1q51 ,(2.3) ataz 

which need to be solved for the probabilities pi j (t), p2 j (t) to be found.

3. Laplace Transforms and Method of Solution 

   In order to simplify equations (2.3), let us first take Laplace transforms with respect 

to t such that for Re(s) > 0,
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                            f931(z, s) = eSt01(z,t)dt, 
                              (7)2(z, s) = J e—Stcb2(z, t)dt. 

                                      0 Then, the equations (2.3) yield 

                  S;41 — z=Li*—1)—,\1g1+'\2g2, 
                                  az 

                                                     (3.1) 

S2 = L2z(z —„M + ,itpi — ~2~2 
az 

    We may rewrite these in matrix form as 

    a [":11=_._ ------------1 ~2z       L1L1~1L1() az2 z(z  1) —L2S2—0]}'3.2 
or 

azz(z1 1){Aø— Bz},(3.3) 
where 

            Al +.5 A2 1               A = L a2+s I and B = L1 . 
        L2 L20 

    This form leads us to the method of solution, in which we transform the variable z 

to ( = ini z z  so that we have ii)((, s) now a function of ( and s satisfying 

a d( 1  a11  
          a( dz z(1 — z)a(0_z(1  z)AQ) + Li(1 — z)E 

where E' = [1, 0], or since z =  , 

                                  C 

           a + A =L1+ e(-------------E.(3.4) 
To solve (3.4), we require the integrating factor eAC, so that 

       aACA(aA~AC e( 

a((e~)=ea(+ eA~=eLi (1 + e()E. (3.5) 

   Integrating (3.5) with respect to (, we find 

             A~=IAs e e Ed(+F(s), 
                         Li (1 + e()
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or, in terms of z, 

               eAln(1=)=zeAln(~-`u)E du  +F,(s),                                          L
11—u             o(1 u) 

where F'(s)  _ [fi(s), f2(s)], these being unknown functions of s. Thus, 

           = eAin(1zZ)fZeAln(i)du +eAln(Li1—u~=)F(s). (3.6)      () 

It now remains to work out the integral in (3.6). 

4. Solution of the Integral 

   The form of A has been found to be 

                 ±S-1 _ [a(s) bALL2 L2c d(s)•(4.1) 
Suppose we write this in the canonical form 

                              A = B-IAB, 

where A is the diagonal matrix 

A =iPi(s)01 0
P2(s) i ' 

with 

Pi(s) _a + d + A/(a  d)2 + 4bc, 

                              2 

                                                    (4.2) 

P2(s) _a + d  J(a  d)2 + 4bc 
          2' 

and 

       B _                [bii b12=c —(a — pi)                b21 b22c (a) i ' 

                                                   (4.3) 

B_i =b11b12=1 —(a — P2) (a  Pi) b21 b22c(p2 — P1)._c c 

    Then
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           e—A ln()   —P1 ln(  =  $-1 e1Z=)0B 
                                        0 e—P2ln(lzzz) 

                       $-1(1zz)P1 0 
                                        0 /1—z)\P2B. 

                                                                    z 

   We now show that for some s > 0, pi (s) and p2(s) are both positive. Writing out 
the values in (4.3) in detail, we have 

                     1 
P1,2(s) = 2LL

2{A1L2 + A2L1 + s(L1 + L2) 

                     1 ±V(A1L2 + )2L1)2 + 2s(Li + L2)(,\1L2 + )12L1) + s2(L1 + L2)2 — 4s(s + + A2)L1L2} 

1  {,1L2 + a2L1 + s(L1 + L2) ± V [A2L1  A1L2 + s(Li — L2))2 + 4A1A2L1L2}, 2L1 L2 
                                                    (4.4) 

where V [)2L1 — \1L2 + s(L1 — L2))2 + 4a1,\2L1L2 is clearly positive and may be ex
pressed as A2L1 — )1 L2 + E, with E > 0. Note that for all s > 0, 

p1(s)= 1 2L1L2{2a2L1 + 2sL1 +E}> 0, 

while 

p2(s) = 1 {2)2L1 + 2sL1 — E} > 0,                        2L1 L2 

only for 2L2(s + A1) > E, or s > ai2 — a1 = so. Hence both pi(s) and p2(s) will be 
positive for all s > max(0, so) = s1. 

   Consider, for s > s1, the last component in (3.6), 

                                   1—z)P1 
  eAin(_b11 b12 f1(s)           1z=)F(s) = B-1(z                            0 (1zz)Pz b

21 b22 f2(5) 
                        (1—z 

BzPi                   1()01bunbun+ b12f2(4 .5)                    0(Y -Y2 b21f1 +b22f2 

             = B-1z ()P1 (buil + b12f2) 
                                                1-z 

(lzz)P2 (L u2+b22f2) 

and let z 0. Then (1 z z) P1 , (1z)P2 will tend to oo, and unless f1 (s) = f2(s) = 0, so 
will the elements of the final column matrix in (4.5). Since this cannot occur, it follows 
that f1(s) = f2(s) = 0. 

   We now concentrate on the integral in (3.6), namely
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         lz(u)P1du 0 .(4.6)        B_10lu1—uBE(171z(u)P2du 
                            fo1—u1—u 

We first use the transformation v =luu,such that u =1+,-,du =(l+v)2'to find that 

                                                                                                Z 

                ZP1du
—1J

o izvp1  dv                        1—u1—u0 1+v •

Now integrating by parts, we obtain since f vP1 1+v = vp1+11+ I P1+ldv2, by                                               P1+1l+vP1+1(1+v) 
repeated integration, 

     z  
vP1 dv=zP1+1(1 — z)+zP1+2 

z(1 — z)2+   •o1—z1+v1—zpl+l 1—z(pi +1)(pl+2) 

    0 

                           P1+3(1 —z)3 
                   +21 —z(P1+1)(P1+2)(P1+3)v~-... 

             zP1r(Pl-----------------+ 1)               
+ -------3.zj+1.}...                   1 -zF(pl+j+2)                 

z------ P1

=or(Pl + 1) j+1(4.7) —j.                    1 — zr(Pj + j + 2)z 

with a similar result holding for foz(1 uu)Pz ld v, . Hence, from (3.6) 

(1)(z, s) 

      1(lzz)P1 0    B
O(1-z)P2             ]Bx 

                               z 

                   P1 00 •~  r(P1+1)  j+l  zb 
11_ 

            1 

   B-1(1—z~3=0 3' r(P1+,j+2) z0L1 b21                     0(1 —zz)P2~=0•~r(P2+1) z7+1L1                              I'(P2+j+2) 

               bll b12 L1 0 7r(Pp+7+2) z3+1 
                 b21 b22 6210O~1  r(P2+1) 7+1                                L1~j=0'r(P2+3.+2)z 

                  °Ozi+1•~l r((P1+1) +b12b21r(P2+1)L.~~o~'(bllb1r(P1+j+2)r(P2+j+2)(4.8)                 1 L-3=ozj+lj! (b21b11r(p1+j+2)+b22bL121 r(p2+7+2) 
                  j where the elements b11, b21, b11, b12, b21, b22are known from (4.4). 

   This is effectively the formal solution of the problem in terms of Laplace transforms, 
involving the roots pl, p2. For, 

                  bllbll =(P2 — a) , b12b21 =(aP1)  ,                       (
P2 — P1)(P2 — P1)
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                b21b11 = —c,b22b21 = -----------C                        (
P2  p1)(p2  p1), 

which also include the complicated square root of (4.4). It is interesting to note how 
the randomness of the birth parameter {L(t); t > 01 has complicated a relatively simple 
process; nevertheless it is rewarding to find that one can obtain an explicit solution to 
this problem. 
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