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Abstract

When independent random variables X; (z = 1,2, - -, k) have proba-
bility density fg, with monotone likelihood ratio respectively, we consider
testing Hp : min(f1,82,--, 6x) = 0* vs. Hy : min(61,02, --+,0;) > 6*
for a constant 6*. We give a class of similar tests and find an unbiased
test in this class. We apply and extend the arrangement ordering argu-
ments. It is also proved that this unbiased test has a monotone power
function. A modification to testing Hj : min(61,62,--,68x) < 8* vs. Hy
is also considered.

1. Imntroduction

Let X3, Xa,---, Xk (k > 2) be independent random variables and each X; have
probability density fo,(z) with respect to Lebesgue measure. We assume that fy(z) has
monotone likelihood ratio, i.e. fo(z)fo(z') < fo(z)for(2') for all z < ¢’ and 6 < ¢'.
Then we consider testing

Hy : min(6, 65, --,0;) = 6* and each 6, € ©

VS.
H; : min(6,,0s,---,0;) > 0" and each §; € ©

where © (C R) is an open set and §* is a constant in ©. For these hypotheses, the
likelihood ratio test rejects Ho iff min(Xy, X2, -+, Xi) > ¢ for a certain constant c.

In this paper, we shall call a test whose critical region is given by {min(X;, X2,---,
Xi) > ¢} as a min-test. Min-tests are natural and possess good properties. It was
shown under some conditions that min-tests are admissible and uniformly most powerful
monotone tests (cf. Lehmann [10], Cohen, Gatsonis and Marden [3], Nomakuchi and
Sakata [13], Gutmann [6]). However min-tests are not unbiased. In particular, if

sup Prg{X; > ¢} =1, (1.1)
9>6%,6€0

and Prg{X; > c} is continuous in §, then we have supy, Pr{min(Xy,---,Xz) > ¢} =
Prg{X; > c} and

inf Pr{min(Xy, -+, X;) > c} = [sup Pr{min(Xy, -, Xx) > e}k (1.2)
1 Hy
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The relation (1.2) implies that the power of a min-test is little, especially in the neigh-
borhood of (6*, - - -,6*), where the infimum of (1.2) is attained. The similar phenomenon
occurs also in testing Hj : min(fy,6,, ---,6;) < 6* and each §; € © vs. H;.

This shortcoming of min-tests was studied by Nomakuchi and Sakata [13], Gutmann
(6], Berger [1], Zelterman [16], Shirley [15] and Li [11]. They gave some tests which are
uniformly more powerful than min-tests in some situations satisfying (1.1). The critical
regions of these tests are constructed by adding suitable regions to that of min-tests.
It is important that these extensions of the critical region never change the size and
such extensions of the critical region might be continued until we obtain an unbiased
test. In this sense, our consideration on unbiasedness may be natural and significant. In
such contexts, Lehmann [10], Nomakuchi and Sakata [13] and Zelterman [16] discussed
unbiasedness.

Lehmann [10] gave an important result concerning the unbiasedness for H} vs. Hj.
His result implies that there exist no unbiased test functions for H§ vs. H; except the
constant test functions when {fy} is an exponential family. On the other hand, when
k = 2, Nomakuchi and Sakata [13] showed that there exist non-trivial unbiased tests
for Hy vs. H; under the normal distribution N(6,1). They gave a sufficient condition
for a test to be unbiased for Hy vs. H; and showed that a similar test proposed by
Lehmann[10] satisfies the condition. When the level a = 1/n, their test rejects Hy iff

i—1
n

n .
(21,72) € {(o1, 22)se(—) <2 = 0" < o(5),5 = 1,2)

i=1
where ¢(i/n) is the lower i/n point of the standard normal distribution. The critical
region of this test is shaped by adding (n — 1) square regions diagonally to the critical
region of the min-test. Zelterman [16] also discussed the unbiasedness. He considered
testing a hypothesis Hy : min(fy,8s,---,6;) > 0 or max(6;,60,,--,0;) <0 vs. not Hy.
The likelihood ratio test for these hypotheses, which is derived by Gail and Simon [5],
also has low power near the origin. When k& = 2, their hypotheses are closely related
to our hypotheses Hy vs. H; and the argument of Nomakuchi and Sakata [13] can be
applied to their hypotheses. Zelterman [16] discussed locally most powerful unbiased
tests, and gave a numerical example.

Gutmann [6], Berger [1], Shirley [15] and Li [11] discussed the improvements of
min-tests for Hj vs. Hj.

Berger [1] and Li [11] proposed tests whose critical regions are shaped by adding
some cubic regions diagonally to that of the min-test. Berger [1] discussed the case in
which X1, Xs, -+, X are dependent. He considered testing a null hypothesis H* : /6 <
0forsomei=1,---,pvs. H*: 4,6 >0foralli=1,---,punder X ~ N((61,---,0),
%), where T and k-dimensional vectors by, - - -, b, are known. He showed that if for each
i=1,---,p, there exists an m € {1,---,p} such that b}Xb,, < 0, a test whose critical
region is given by

i0 /
U R;, where R; = {2;¢; <

i=1

I i i=1.---
(b;EbJ)% < €i-1,) ) ap}a
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o, *,Ci, are certain standard normal quantiles and R; is the critical region of the likeli-
hood ratio test, has the same size as the likelihood ratio test. Li [11] generalized Berger’s
idea to the case of an exponential family by assuming the independence of X3, ---, Xj.
Although they gave the tests for arbitrary k, their idea is short of considerations on
dimensionality.

Gutmann [6] considered testing H§ vs. H; under a general location model. The
critical region of his test is constructed by adding one cubic region to that of the min-
test. Shirley [15] discussed the maximum size of the cube added in Gutmann’s method.
Moreover, Shirley [15] considered an alternative method to extend the critical region
and proposed a test whose critical region is given by

{min(Xy,- -, Xi) > 1} U {ea < any two X; < ¢y, other X; > ¢g,i=1,---,k},

where ¢; > ¢, are suitable constants. It is noteworthy that the dimensionality is taken
into consideration in this idea. But this test is not very powerful near (6*,---,6*) as far
as we refer to examples given by Shirley [15].

Our original purpose is to extend the result of Nomakuchi and Sakata [13] with
respect to the hypotheses Hy vs. H; to the case of arbitrary k. Although we do not
give unbiased tests for k > 4, our idea can be applied to that case.

In the next section, we give a simple class of similar tests. When k = 2, this class
contains the unbiased test given by Nomakuchi and Sakata {13]. This class is identified
respectively with the set of permutations when & = 2 and with the set of Latin squares
when k£ = 3. Our investigation is done within this class. In Section 3, we discuss the
case of k = 2. We show that the unbiased test given by Nomakuchi and Sakata [13]
is uniformly most powerful in this class by using arrangement ordering arguments on
the set of permutations. In Section 4, we discuss the case of £ = 3. We consider an
extension of the arrangement ordering to an ordering on the set of Latin squares. This
partial ordering is a useful criterion to compare power functions in the class. We give
some basic properties of this partial order, and specify an unbiased test for Hy vs. Hj.
In Section 5, we modify our arguments to testing H§ vs. H;.

2. A class of similar test functions

Throughout this paper, we consider only level-1/n tests (n = 2,3,---).

To begin with, we construct a class of similar test functions investigated in this
work. Fy denotes the cumulative distribution function corresponding to fs. To begin
with, we divide the sample space R into n* regions

1 .
Ay, i) = {(e1, -, zx) € RY; 2(1=2) < & <z(%),j= 1, k}
where i; = 1,---,n and 2(c) is the lower ¢ point of Fy«.
We denote by G*" the set of all functions g from {1,2,---,n}* to {0,1} such that
n
> gy, i) =1 forallj=1,--- k. (2.1)

i;=1
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It is easily verified that ¢ € G*" is identified with a permutation matrix. Moreover,
when k = 3 and > 4, g € G¥" is regarded as a Latin square and a (k — 1)-dimensional
permutation cube respectively (c¢f. Dénes and Keedwell {4]). Here a Latin square of
order n is defined as an n x n matrix where all rows and columns contain each number
of {1,2,---,n} only once. For g € G>", let l;; be the number a satisfying g(i, j,a) = 1.
Since Z?:l g(i,j,a) =1 for fixed j and a, Ii'lj # 1,;2]‘ for all ’il ‘7‘6 ig. Sirnilarly Iijl # Iij2
for all j; # jo. Hence L = (l;;) is a Latin square. Conversely, if we define a function g
as g(i,j,a) = 1 if @ = I;; and = 0 otherwise for a Latin square L = (I;;), then g € G>".
Thus G®" is identified with the set of Latin squares.

For g € G¥", let ¢, be a test function such that

n
Sog(mls"'yzk) = Z XA(il,-",‘ik)(ml)"'7zk)y(ila"')ik)

1,0k =1

where xa(z) = 1if £ € A and = 0 otherwise. The critical region of ¢, is given by
Ug(i1,~~~,ik)=l A(il’ T ik)'
Let 9" = {ipg;9 € GF"}.
We define
i—1
n

ai(0) = Fg(z(%)) — B(z(* =1y fori=1,2,,n.

Obviously,
a;(6%) = % foralli=1,2,---,n. (2.2)
THEOREM 2.1. ¢, € ®*" is a similar test of size 1/n for any k > 2.

ProoF. Without loss of generality , we assume that §; = 6*. From (2.1) and (2.2),
we have

n

/Sodeol edFy, = Z aiy (61) - ai, (0k)g(iv, - -+ k)
i1,~~-,ik=1
n n
= Y ai,(62) - ai(6k) Y ai (0)g(in, k)
1o, ik=1 i1=1
1 n
= = > ai(62) i (6r)
12, ik =1
1 1w 1
- HiSww -4 :
Jj=24;=1
REMARK 2.1. If supgyg. gco @n(f) = 1, A(n,---,n) is the critical region of the
size-% min-test. Then, any ¢, satisfying g(n,---,n) = 1 is uniformly more powerful

than the min-test.
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Let D, = {(z1, - ,zp) ER® : 0 < 21y < -+~ < 2y} Forz = (21, -,25),y =
(¥1, -, Yn) € Dn, T is said to be majorized by y, denoted by z <M y, if 2?:;’ z; <
Siojviforall j =2,---,nand 3L, 2 = 3", - Note that the above definition is
given for z,y € D,,.

LEMMA2.1. For all > 6*, a(8) = (a1(8), --,an(#)) € D,. Furthermore, if
g* <6 <8, then a(d) <M a(8").

Proor. We have
1 () <z <2(d)

a;(0) — a;—1(6) = /gl(z)fg(m)dz, where g1(z) = { -1 (=) <z < z('—:—l-l—

0 otherwise.

Since a;(6*) — a;—1(6*) = 0 and fs(z) has monotone likelihood ratio, we obtain a;(f) —
a;-1(8) > 0 for 8 > 6* by variation-diminishing arguments (cf. Karlin [9] and Brown,
Johnstone and MacGibbon [2]). Thus a(f) € Dy, for 6 > *. Moreover, since
n :
1 > i=1
Za,r(ﬂ) = /gz(l‘)fa(l’)dl‘, where go(z) = { 0 2> 2(155)

: otherwise,
l:]

it is also shown by variation-diminishing arguments that 3 ;. ; ai(0) is a non-decreasing
function of 8 for any j. It is obvious that ., ai(6) = Y., ai(6’) = 1. Therefore
a(8) <M a(@') for 6* <6 < 6. o

3. The uniformly most powerful test in %"

In this section, we show that the unbiased test given by Nomakuchi and Sakata
[13] is uniformly most powerful in ®2" and has a monotone power function.

S,, denotes the set of all permutations of {1,2,---,n}. When a permutation 7 as-
signs m; for i, we use a representation as 7 = (my, -, 7,). We consider the arrangement
ordering discussed in Hollander, Proschan and Sethuraman [7] and Peéarié, Proschan
and Tong [14].

For # = (my,-++,m), 0 = (61,+-,0) € Sy, we define ¢ <® 7 if for some ¢ < j
satisfying m; < 7;, it holds that

0y =W, 05 =Ty and Oh = Th for all h;éz,j
Moreover, o <4 7 if there exist some elements 7!, - -, 7" of S, satisfying
c=n'<?... <41 =.

We assume that 7 <4 7 for all 7 € S,,. S, is partially ordered by the binary relation
<A, and 7 = (1,2,---,n) is the maximum element in .S,, with respect to this partial
order, that is, 7 <4 7* for all 7 € S,,.

We define a function fs of z,y € R"® and 7 € S, as

n
f2(1’ yyﬂ') = Z LilYm;-
i=1
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LEMMA 3.1. (3) If o <# 7, then foz,y,0) < fo(z,y,7) for z,y € D,
(#4) If 2,2y, € Dn satisfy z <M z',y <M o/, then fo(z,y,7*) < fo(2', 9/, 7).

Proor. (i) It is sufficient to prove for ¢ <® 7. By the definition of <4, there
exist ¢ and j satisfying i < j, 0; = m < 0; = m; and o = 73 for all A # 4,j. Then
fz(m,y,w) - fg(l',y,a') = (xj - mi)(y‘lrj - yﬂ") >0 for z,y € Dp.

(4¢) Since d%'_f(x,y,ﬂ'*) = y;, we have ﬁ—l-f(x,y,w*) <. < %f(z’,y,?r*) for y € D,.
From Theorem A.3 of Marshall and Olkin ([12], p.56), we have fo(z,y,7*) < fa(2',y, 7*)
for 2 <M &' and y € D,,. Similarly, fo(z',y, 7*) < fa(2',y/,7*) for 2’ € D, and y <M y'.
Thus we obtain (#i). ]

Nomakuchi and Sakata [13] proved that the test function

1 if (z1,22) € A(i,1) for some ¢
s (21, 22) = { 0 otherwise

is unbiased under an exponential family with Schur concave densities. Admissibility of
©nNs is discussed by Iwasa [8].

For m = (m1,-+,m) € Sy, let gx(3,j) = 1 if j = m; and = 0 otherwise. Then
G*" = {gr : 7 € S,} and ®>" = {p,_: 7 € S,}. The power function of ¢, is given by
oy ai(f1)ar,(62) = fa(a(81),a(62), 7). Since pns is identified with ¢, ., we obtain
the following theorems from Lemmas 2.1 and 3.1.

THEOREM 3.1. ¢ns is uniformly most powerful in 7.
THEOREM 3.2. The power function of ons, denoted by fns(6:1,062), satisfies that

Bns(61,02) < Bns(87,65) for 0* <6, < 61,6" <6, <6

4. The case of k = 3 — an arrangement ordering on the set of Latin squares

We discuss the case of k = 3. Although our idea can be extended to the higher
dimensions, we do not deal with the case of k¥ > 4 in this work. As noted before, a test
¢y € ®>" is identified with a Latin square of order n. We denote by Ly, the set of all
Latin squares of order n.

Two permutations 7 = (my,--,7,) and ¢ = (01, -+, 0p) are said to be discordant
if 7 # oy for all i = 1,---,n, and n permutations 7l,---, 7" of order n are said to
be n-discordant if 7* and 7’/ are discordant for any i # j. We denote by P, the
set of all ordered n-discordant permutations of order n. We distinguish, for example,
(w7}, 72, 73,...,7") and (#2, 71, 73,...,7") in P,. P, is not empty for all n > 2.

To begin with, we define an ordering on P,,. Before giving the definition, we shall
present a result on n-discordant permutations of order n.

For the sake of convenience and simplicity, we consider a matrix representation of a
permutation m. For m = (my, -+, m,), we define a matrix A(w) = (A (7)) as Ayj(7m) =1
if § = m;, and = 0 otherwise. We denote by I, the identity matrix of order n and by
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Qn = (gi;) the matrix of order n such that ¢;; = 1 if i+ j = n+1, and = 0 otherwise.
A ® B denotes the Kronecker product of A = (a;;) and B, i.e. A® B = (ai;B).
Forn =27 (p=1,2,---), we define n permutations 7% ... ™" as
A(T™) = Q2@ ®Q2 (=Q2r),
A(Tn’z) = Q2®...®Q2®Iz (= er—l ®IZ);

A" = L®---QL (= Ly).
Identifying I, and @, with 1 and 0 respectively, A(7™") gives a representation of i — 1
by the binary system. Let Pj = (™1, ... 7).
LemMMa4.1. P} € P,.

Proor. It is sufficient to show

. :
Y Xi(r¥) =1  forall1<i,j<n. (4.1)
p=1

When n = 2, (4.1) is obvious. Assume that (4.1) is true for n = 27. Let n = 2?*1. Note
that .. '
AP = { Q2 ® A(7? *) 1<i< 2P
I, @ A(T% -7 P 4+1<i< e,

Therefore, if 1 < 7,5 < 27, we have

or+1 2p+1 27

ST = 3 AT = AT = 1
u=1 p=2r+1 p=1
The other cases are similar. The proof is completed by induction. a

A proof of the following theorem is given in Appendix.
THEOREM 4.1. (71,72 ... a") € P, satisfying
mt<Arich. A (4.2)
exists if and only if n=2° (p=1,2,--.), and it is uniquely given by P;.

Theorem 4.1 implies that n-discordant permutations of order n are not totally
ordered by <# except the special cases. Thus we consider the following extension of the
arrangement ordering.

DEFINITION4.1. Let P = (n},...,7"), P’ = (¢!,---,0™) € P,,. We define P <®
P! if for some 1 < j,

ot <At 1l <A ol and 7P = o" for all h #1,7.

Furthermore, P <B P’ if there exist some elements P' ..., P" € P, satisfying P =
Pl <b .”<b P = P,
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We note that although L, is identified with P,, the one-to-one correspondence be-
tween Ly, and P,, is not unique. Here we consider three one-to-one mappings A<"> A<¢>
and A<™> from L, to P,, defined as for a Latin square L = (I;;)

A<r>(L) = ((111)‘":lln)a"';(lnlv"'ylnn))a
A<°>(L) - ((111,'",Inl),'",(lln:“‘alnn)),
A<n>(L) = ((1_111'”al_ln)a'")(I_ﬂh"'al_nn));

where Tij is v satisfying [;, = i. For example, for a Latin square
3 1 2
L=12 3 1],
1 2 3

A<™>(L) ((3,1,2),(2,3,1),(1,2,3)),
AS>(L) = ((8,2,1),(1,3,2),(2,1,3)),
ALY = ((2,3,1),(3,1,2),(1,2,3)).

We define an ordering on L,, through A<™> A<¢> A<n>,

we have

DEFINITION 4.2. Let L, L’ € L,,. We define L <¢ L' if at least one of
A<'>(L) <B A<’”>(L'),A<°>(L) <B A<c>(L/)’A<n> (L) <B A<">(L')

holds. Furthermore, L <€ L' if there exist L', L?,--- L € Ly, satisfying L = L! <¢
L2 < __.<CL1'=LI‘

REMARK 4.1. Even if we replace <? with <? in the definition of <¢, the ordering
<€ does not change. Such is not the case in Definition 4.1.

The following relations are induced through A<"™>  A<¢> A<"> respectively.

1 3 2 3 1 2 3 21 2 31
3 21 )<°1231j,{13 23,31 2].
213 1 2 3 21 3 1 2 3

A 2 x 2 submatrix of a Latin square which consists of only two different numbers is
called as an intercalate (cf. Dénes and Keedwell [4]). Intercalates play an important role
with respect to <°. By exchanging the two numbers within an intercalate, the binary
relation <° is induced as follows.

<¢ : for i < j.
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Let L7 be the Latin square of order n obtained uniquely from P; by the inverse
mappings of A<™> A<e> A<n>,

The structure of L, induced by <€ is very complex. The maximum element does
not always exist in L,,. But, when n = 2 or 4, the maximum element in L, is given by

;) or Ly =

respectively. The maximality of L} is verified by the intercalate-argument above.
For z,y,2 € R® and L = (};;) € Ly, let

fa(z,y,2,L) = szzyjzu,

i=1j=1

[l ]
— N o W

3
4
1
2

[
QO N

The following lemma is an extension of Lemma 3.1 to the case of £ = 3.

LEmMa 4.2. (3) If L <€ L', then f3(z,y,2,L) < fa(z,y,2,L') forz,y,z € Dy.
(i1) If &¢,2',y,y, 2,2 € D, satisfy z <M o',y <M ', 2 <M 2/, then fs(z,y,2,L};) <
f3(mlxyj;z L*)

PRrooF. (i) It is sufficient to prove the case of L = (I;;) <® L' = (I;;). We show the
case of A<">(L) <® A<™>(L') (cf. Remark 4.1). The other cases are shown similarly

fa(z,y,2, L) =Y @i Y gz, = STy agzi=Y Yz,
i=1 ji=1 j=1 i=1 h=1 i=1
where I_hi is j satisfying l;; = h. Let n' = (lir,-~,lin) and o* = (U3, 1) for i =
1,---,n. From the definition of <?, there exist iy < iy satisfying o%* <4 791 7t <4 o2

and o = 7 for i # i1,45. Then, since {I! -} = {li,j,li,;} for all j, it holds that

1150 12]

n n
Youila, —ag)+ Y uila - a,,) Zyj(zz',ﬂ— gy 2 — ;) =0
j=1 j=1

Therefore, we have from Lemma 3.1 (7)

Z-Tz Zy](zl’ -

i=1

f3(.’L’,y,Z,LI) - f3($,y,Z,L)

n
= Zyj(n:ﬂ. - a,) oy yila — o)
j=1 Jj=1

= 1312 xil)ZyJ (ZII : 'Qj)
= (miﬂ —a:il){f(y,z,a-”)—f(y,z,ﬂi’)} 2 0.
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(i¢) From the definition of L}, we have

n n n

f3($) Y,z L:l) = infZ(y) z, Tn,i) = E yif2(27 z, Tn’i) = zzifZ(za Y, Tn’i)'
i=1 i=1 i=1

Since 71 <4 ... <4 ™7 we have fo(y, z,71) < -+ < fo(y, 2,7™") from Lemma 3.1

(7). Therefore, from Lemma 3.1 (i%), it holds that fs3(z,y,z,L}) < f3(2',y,2,L}) for

z <M g'. Similarly, fs(z,y,2,L%) < fa(z,y',2,L%) for y <M ¢ and fa(z,y,2,L%) <

fa(z,y,2', L) for z <M z'. This completes the proof. o

For L = (li;) € Ly, let g(i,j,h) = 1 if h = Il;; and = 0 otherwise. Then G3" =
{91 : L € L,} and ®*" = {p,, : L € L, }. The power function of ¢,, , where L = (I;;),
is given by

Z Z a,‘(gl)aj(02)a1.j(03)'

i=1 j=1

Therefore, we obtain the following theorems from Lemmas 2.1 and 4.2.

THEOREM 4.2. If L <€ L, ®g,, 18 uniformly more powerful than ¢4, . In particu-
lar, when n =2 or 4, ¢, . is uniformly most powerful in ®>".

THEOREM 4.3. Forn =20 (p =1,2,---), the power function of ¢,,., denoted by
Brs(0), is monotone in the sense that

Brs(0) < Brs(0') if 6" <6; <0 fori=1,2,3.
In particular, ¢4,. is unbiased for Hy vs. Hy.

REMARK 4.2. We note that a maximal Latin square does not necessary correspond
to a test which is uniformly more powerful than the min-test even if supg>ge 4e0 an(f) =
1. For example, although a Latin square

3 21
L=|2 13
1 3 2

is a maximal element in Ly, the critical region of ¢,, does not contain that of the
min-test.

5. Modification for H} vs. H;

In this section, we assume that {fs(z)} is an exponential family, that is fy(z) =
n(6)h(z) exp(z0).

As mentioned in the introduction, there exist no non-trivial unbiased tests for H;
vs. H;. Thus our unbiased test for Hy vs. H; is not a level 1/n-test for Hj any longer.
We propose a method to construct level-1/n tests for H} by combining results of Li [11]
and our results in the previous sections.
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Let m = [zfg-(z)dz and ng be the number satisfying 2(22) < m < z(Z2utl).
Assume that n — ng > 2. Then, we define as
14+ ng
n

))izly"')n—nOa
i—1
n

2(0) = m, ' (1) = 2

a1 (6) = Fal="(2)) = Fo("(

)i=1,-+,n—no,

. ) i1 o liy .
A"(zl,-u,zn)={(a:1,~~,:zk)€Rk:z(Jn )<xj<z(%),]=1,~--,k}.

For g € G¥m—"0 et ¢y be a test function defined as

n—"ng

<P;(-’¢'1,"',wk)= E g(ila“"ik)XA‘(il,m,z'k)(xla'"azk)-

11,8k =1
Let ®*5n=m0 = {} : g € GEn=Po}.
THEOREM 5.1. ¢} € ®*57m0 s g level-1/n test.

ProoF.

n—"ng

/%dFol dFg, = Y af (1) al, (0k)g(in, - k). (5.1)

1,0k =1
By Lemma 1 of Li [11], a}() is a non-decreasing function of  in {§ < 6*} for all
i=1,.--,n—ng. Therefore, the supremum of (5.1) under H{ is equal to that under Hp.
It is shown as Theorem 2.1 that the supremum under Hj is not more than 1/n. a

For z,y € D,, z is said to be weakly submajorized by y, denoted by z <% y, if
E?:j z; < E‘?:j X for all J = 1,"',71.

LEMMA 5.1. (i) For all 6 > 6%, a*(8) = (a1(8), - +,a}_,(9)) € Dpn,.
(1) If 6* < 6 < ¢, then a*(0) <" a* ().

ProoF. Noting that a}(f) < any,+1(9) and a}(0) = any4i(0) for i = 2,--- ,n — ng,
the proof is an analogy of that of Lemma 2.1. O

Lemma 5.1 (¢) implies that the arguments based on the arrangement orderings
discussed in Sections 3 and 4 are also available for comparisons of power functions of
tests in ®*%"~"° and ®*>"~" (cf. Lemma 3.1 (i) and Lemma 4.2 (¢)).

The next lemma is a generalization of Lemma 3.1 (7).

LEMMA 5.2. If z,2',y,y € D, satisfy 2 <V z',y <V ¢/, then fo(z,y,7*) <
fo(z Y 7).

PROOF. It is proved similarly as Lemma 3.1 (i7) by Theorem A.7 of Marshall and
Olkin ([12], p.59). a
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For the power function of ¢ , € $*2""" and Pype € &*3m~"0 we can prove

n=—n,

a monotonicity result analogous to Theorems 3.2 and 4.3 by using Lemmas 5.1 (éi) and
5.2.

Li [11] proposed a test ¢* whose critical region is given by jZ;"® A*(4,---,1) for
any k. When k = 2, ¢* belongs to ®* "™ and is uniformly most powerful in 2o,
However, when k = 3, ¢* does not belongs to ®*3"~"°. And, if SUPg>g+,0€0 n—no(0) =
1, we can find a test which is uniformly more powerful than ¢* in @*3n=m0 Let L = (I;)
be a Latin square of order n—ng such that lj,_n,) = ¢ foralli =1,---,n—no. Certainly
such a square is constructed by rearrangement of rows of a Latin square. Then it holds
from Lemma 5.1 (%) that

n—"no n—"no
/(p*nglngznga = Y a(61)a}(62)a}(63) < Y ai(61)as_p,(62)a] (63)
i=1 i=1
n—no
< Y ai(61)a;(G2)af,(03) = / %, dFs dFy,dFy,
§,j=1

under H;. On the other hand, from supg>ge geo @n—no(#) = 1 and Theorem 5.1, we
have

sup E[p"] = sup Efp;, ] = 1/n.
H; H;

Furthermore, in some cases, it is verified that ¢} € &**"="0 is more powerful than
other tests presented in the introduction near the point (6*,---,8*). For example, let
X; ~N(6;,1),® =R, k=3 and n = 20. Then m = 6" and no = 10. Therefore, at
(6%,67,6%), the power of ¢} € @*>'% is 0.0125, which is 100 times that of the min-test,
10 times that of ¢* by Li [11] and 1.25 times that of a test 7* by Shirley [15].
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A. Appendix

We give a proof of Theorem 4.1. To begin with, we give some notations. For a
permutation 7 = (7, -+, m,), let C(7) and ¢(7) be the set of all concordant pairs and
the number of the concordant pairs respectively, that is,

C(r)={(i,j);i<jand m <m;} and c(r)=4C(rm).

Obviously 0 < e(7) < n(n—1)/2.
When o <% 7, let 7 Ao and 7V o be the integers ¢ and j satisfying 7 < j,

mi=0;j<m=0; and 7 =o4 forall h#1i,j
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respectively and
d(m, o) =4{i;TAe <i<TVO,Trpe < T < Tryo}.
Then we have the following.
LEMMA A1, Ifo <% 7, ¢(7) — ¢(0) = 2d(7,0) + 1.
PrROOF. We need to examine only the pairs containing t Ao or 7Vo. Fori < TAgc,

(i,rve)eC(r) <= (i,mA0)€ C(o),
(i,mAe)€C(m) <= (i,7Vo)e C(o).

The case of # Vo < i is similar. When Ao <i< T Vo,

(i,7Veo)eC(r) < (mAo,i)¢Clo),
(mAo,i)€C(m) <= (i,7Vo)¢C(o).

Moreover (1 Ao, 7V o) belongs to C() but not to C(s). Hence, noting that (7 Ac,i) ¢
C(m) and (i,m V o) ¢ C(7) never occur at the same time, we have

e(m)—c(o) =2 x §{i;(r Ao,i) € C(n) and (i,7Vo) € C(m)} + 1= 2d(m,0)+1. O
When 7 and o are discordant, we use a symbol o L 7.

COROLLARYA.1. Ifo <4 7w and 7 Lo,

() - (o) 2 3]
where [n/2] is the minimum integer not less than n/2.

PROOF. Let 6%, 0!, .- 0" satisfy 0 = 0® <% ... <% 6" = 7. Then, since §{i : m; #
o} <2r, 7 L o implies 2r > n, that is, 7 > [n/2]. Therefore, from Lamma A.1,

e(m) — (o) = zr:c(a"l) —c(e) >r> [g] O

i=1
LEMMA A.2. If (x},.--,7") € P, satisfies (4.2), it holds that
(@) 7' =(n,n-1,---,1),7" =(1,2,---,n),
(@) e(n*) —e(7"=1) =n/2 for alli =2,--- ,n, and n is even.

PROOF. Since 7¢ L 7i~! (i =2,---,n), from Corollary A.1,

e(a™) = e(nt) = 3 o) — (1) > (n — 1)[3] > "—("2;1—) (A1)

=2
Since 0 < ¢(m) < n(n — 1)/2, the equalities must hold in (A.1). This leads to the
conclusions. (n]
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From now on, we assume that n is even, i.e. n = 2k.
For a partition T' = {(41, /1), -, (ix,Jx)} 0f {1,2,---,n} and a permutation 7 € S,
we define permutations n(T)* (h = 0,1, -, &) recursively as 7(T)° = 7 and

(T) = W(T)f;l, n(T)} = «(T)p~" and n(T)} = o(T)}~! for all 1 # in, j,

forh=1,--- k.
The problem to find o satisfying

(1) o<7r
{ (2) oln (A2)
3) c(m)—c(o)==«

for a given 7 is reduced as follows.

LEMMA A.3. For a given w, there ezists a permutation o satisfying (A.2) if and
only if there exists a partition T = {(i1,71), -, (ix,Jx)} satisfying that

(in,jn) €C(7) for allh=1,.-- & (A3)

and that
d(r(D)* 1, 7(T)") =0 forall h=1,--- k. (A.4)

And then, m(T)" is a permutation satisfying (A.2).

ProoOF. If o satisfies (A.2), there exist permutations ¢°,---,0" such that ¢ =
o7 <% ... <% ¢! <% ¢ = 7 from (1). Then r = « from (2) and (3). Therefore,
Ty ={(6°Act,0%Val), -, (05" A", 0"~ vV 0*)} is a partition of {1,2,---,n} from
(2) and d(0*~1,6%) =0 for all i = 1,---,k from (3). Thus T, satisfies (A.3) and (A .4).
The converse is obvious. a

REMARK A.1. Although =(T)!,---,7(T)*~! depend on the arrangement of the
pairs in a partition T', it does not depend on the arrangement whether the condition
(A.4) holds or not because 7(T)"* does not.

REMARK A .2. ¢ satisfying (A.2) is not always unique. For example, both (3, 1,4, 2)
and (2,4, 1, 3) satisfy (A.2) for (1,3,2,4).

LEMMA A.4. (i) o satisfying (A.2) is uniquely given by A ® Q2 @ I, when 7 =
AR I, ® Qp, where A is a permutation matriz and p > 1.
(7%) No permutation satisfies (A.2) when 7 = I; ® Qp, where p is even and q is odd.

ProOOF. Let I(s) = {p(s —1)+1,---,ps} and J(s) = I(2s — 1) U I(2s).
(7)) Step 1 : First we prove the case of A = I, ie. # = I, ® Q,. Let a partition
T = {(41,41), -, (ip,Jp)} satisfy (A.3). Then ¢, € I(1) and j, € I(2) for any h.
Suppose that there exist (¢a,,jn, ) and (ip,, jn,) satisfying in, < in,, jn, < jr,- Without
loss of generality, we can assume that hy = 1,hy = 2 (cf. Remark A.1). Then we have
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m(T);, < (1)}, < n(T);, < «(T)j, from m;, < m, < mj, < mj;,. On the other hand,
is < j1 < jo. Hence we have d(n(T)!,7(T)?) # 0, which implies that (A.4) is not
satisfied. Therefore T' must be Ty = {(h,2p — h+ 1); A =1,2,---,p} in order to satisfy
(A.4). Ty certainly satisfies (A.3) and (A.4), and 7(Tp)? = Q2 @ I,.

Step 2 : Next we prove the general case. Let a be the order of A. From Step 1,
T ={(2p(s = 1)+ h,2ps —h+1);s = 1,---,a,h = 1,---,p} is the unique partition
satisfying (A.3) and (A.4) among all partitions {(41,71)," -+, (¢ap,Jap)} such that there
exists J(sp) containing both i, and jj for all h =1,---,ap, and then 7(7})? is given by
A® Q2 ® I,. Therefore, the proof is completed if we show that any partition 7", which
contains a pair (4, jr) such that

i € J(8),jn € J(s') for some s < ¢, (A.5)

does not satisfy both (A.3) and (A.4). Assume that 7" satisfies (A.3). Without loss
of generality, we can suppose that (i1, j1) has the smallest first-entry among the pairs
satisfying (A.5) (cf. Remark A.1). If i < ¢; and i, € I(2s — 1), then j, € I(2s) by
(A.3). Thusi; € I(2s) leads to a contradiction that I(2s) contains more than p numbers.
Therefore, 7, € I(2s — 1) for some s. Then, since 7y < ¢ < j; and m;, < 7; < 7;, for any
i € I(2s), we have d(m(T")°, 7(T")!) # 0. Hence the proof is completed by Lemma A.3.
(é¢) When ¢ = 1, it is obvious. We prove the case of p = 2p; and ¢ > 3. Suppose that
T ={(i1,J1), -, (bpog> Jpog) } satisfies (A.3). Then, for all h =1, -, pog, there exist s;,
and s;, satisfying 1 < s;, < s;, <4q, is € I(s;,) and j, € I(sj,). If 55, — s, > 1,1t is
shown by the same argument as Step 2 of (i) that (A.4) is not satisfied. However, since
q is odd, it is impossible that s;, — s;, = 1 for all h. By Lemma A.3, no permutation
satisfies (A.2). m]

PROOF OF THEOREM 4.1. Let n = ¢-2P, where p > 0 and ¢ is an odd number.
Assume that P = (7!,-..,7") € P, satisfies (4.2). Then, from Lemma A.2,

7rn:(1’2’...’71):[?®1'2®...®12

p

and 7~ (i = 2,---,n) is a permutation o satisfying (A.2) for 7 = 7*. Therefore,
by Lemma A4 (i), 7", 7”1, ... 7"~2"*+! are uniquely determined by I, ® I, I, ®
Ip-1 ® @2, -, I; ® Q2 Tespectively. If ¢ > 3, 1.e. n > 2P, there exist no permutations
satisfying (A.2) for 7 = 7"~ 2"+1 from Lemma A4 (i7). Hence we have ¢ = 1,i.e. n = 2P,
When ¢ = 1, the permutations (71, --,7") determined above is P;. Hence the proof is
completed. (u]
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