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Abstract

In this paper, we treat a sequential stochastic assignment problem for
the random number of jobs per period. In Section 2, we consider several
preliminary results about an optimal selection problem as in Nakai [10].
We treat this problem for two cases, i.e., a case with known number of
arriving jobs and a one with unknown number. In Section 3, we treat a
case with a previously known about the total number of arriving jobs. In
Section 4, we consider a case not knowing about the number of jobs but
only knowing the probability distribution of this number at each period.
For these problems, there exists threshold values depending only on the
distribution function of the arriving jobs. We obtain the optimal policy
and the expected value obtainable by this policy by using these threshold
values.

1. Imntroduction

Derman, Lieberman and Ross initially treated a sequential stochastic assignment
problem in [3] at 1972. In this problem, the decision-maker hires n persons, and we
represent their abilities as p;,ps, -+, pn. We assume 1 > p;1 > po > --- > p, > 0
without loss of generality. If the decision-maker assigns a perfect man to a job with a
value z, he will obtain a reward . If he assigns a man with ability p, then the reward is
pz. On the other hand, n jobs will arrive in sequential order, i.e., first job 1, next job 2
and so on. We assume to represent value of each job as a non-negative iid (independently
and identically distributed) random variable with known distribution function. If a man
is assigned to a job, he is unavailable for future decisions. The objective of this problem
is to find an optimal policy for n men which maximize the total expected reward. This
policy is determined by threshold values which depend on the distribution of the jobs
and independent of the py,ps -+, pn.
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t College of Integrated Arts and Sciences, University of Osaka Prefecture, Gakuen 1-1, Sakai 593,
Osaka, Japan.



36 T. Nakal and Y. TERAOKA

On the other hand, there is a well known property about the inequality as Lemma
1.1. (Hardy, Littlewood and Polya [4])

LEmMa 1.1. (Hardy’s Lemma)
Letay, > a> > an,>0and by > by > - >0, >0, then

n n

max a;boiy = E a;b;
0eS, 4 1Yo (i) ' 1V,
=1 i=1

where S, is a symmetric group on n letters.

If we can observe the values of n jobs at the same time, it is, therefore, optimal to
assign n men to n jobs in sequential order. In other words, we assign the p; man to a job
with the largest value, and p; to the second largest one, and so on. For the sequential
stochastic assignment problem, the decision-maker could not observe n jobs at the same
time, and observe only one at a time. It is, therefore, a stochastic generalization of the
Hardy’s Lemma.

For the sequential stochastic assignment problem, there are many observations such
as Albright [1] - Nakai [5] - [6] - [7] - [8] - [9] - [11] - [12] etc. In most of these sequential
stochastic assignment problems, the decision-maker observes one at a time in sequential
order, and not observes some of them at the same time. In this paper, we will observe
a problem where the decision-maker could observe the random number of jobs at the
same time.

Concerning a sequential decision problem where the number of observations at same
time is a random variable, Nakai considered an optimal selection problem in [10]. For a
sequence of iid random variables, the objective of this problem is to maximize the total
expected reward by selecting a given number of jobs.

In Section 2, we rearrange the results obtained in Nakai [10]. In Section 2.1, we
consider several preliminary results. Initially we generate a fundamental sequence and
observe several properties about it. In this problem, we assume that these random vari-
ables appear uniformly and independently of the other variables. Therefore, concerning
the number of observable values, it is possible to obtain the probability distribution of
this number at each stage. As treated in Nakai [10], we consider an optimal selection
problem in Section 2.2. By using the preliminary results, we consider the optimal policy
and the total expected reward obtainable under this policy.

We also consider an optimal selection problem, where the number of arriving jobs
is unknown, in Section 2.3. The only knowledge about this number is a probability dis-
tribution. We will consider similar properties in Section 2.2. We also state fundamental
results as in Nakai [10]. We need the results in this section for the future observations.

In Section 3 and Section 4, we will consider a sequential stochastic assignment
problem where the number of arriving jobs per period is random. If the decision-maker
is able to observe only one job, this problem is similar to one considered in [3]. On the
other hand, whenever the decision-maker can observe every job at the same time, this is
the same to Lemma 1.1. The type of a problem treated here is, therefore, a one between
these two types of problems.
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In Section 3, we treat a case with a previously known about the total number of
arriving jobs. In Section 4, we consider a case not knowing about the number of jobs
but only knowing the probability distribution of this number at each period. For this
case, since the total number of arriving jobs is variable, it is not always impossible to
assign all n men to arriving jobs, but also possible to rest the jobs. This is an essential
difference to the one considered in Section 3.

For these problems, there exists threshold values depending only the distribution
function of the arriving jobs, which is similar to the problem such as in 3] etc. We
obtain the optimal policy and the expected value obtainable by this policy by using
these threshold values.

2. Optimal Selection Problem
2.1. Preliminary

Consider that k£ jobs arrive, and let the & non-negative iid random variables be
{Xi}i=1,..r where k =0,1,---,00. Let the observed values of these k jobs be z;,-- -, z}.
For zy,---, zy, rearrange the order from greatest to least, and let the ordered values be
(z@y, -, %)) where z(1) > --- > z(z). If we arrange the order from least to greatest,
then the resulting values are well-known order statistics.

If k jobs arrive, then the density function g ;(z(;)) of the i-th greatest value X;
is given by

9r,i(2Gy) = m}%c—-_-—l—j-!(F(x(i)))k'i(l — F(z@) " fz@) (@, z). (21)

We assume the X’s to be absolutely continuous with a density function as f(z).

Consider a sequence where 0 = oo > a3 > --- > a, > --- > 0. Initially we define a
non-negative function Ug(a;, a;—1|l,y) as follows.

a;\y
Ur(ai,ai-1|ly) = / zayhi (zy) f(zay)de oy
0

y

+ / Uk(ai-1, ai-2|l + 120y f(z@y)dzay, (22)

a;—1AY
where
Ur(ai, a1k + 1,y) =a; (y>0) (2.3)
and
k! kel
hklz(x(I)) = —(F(:L‘(I))) . (2.4)

(k — 1)1

Next we construct a sequence {«; ; }i=o,1,... of non-negative numbers as follows.
air = Ur(ai,ai—1|1,00) (i=1,2,--.), (2.5)

where ag = oco. For this sequence, we obtain Lemmas 2.1, 2.3, 2.4 and 2.5. For the
proofs of these properties, see Nakai [10].
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REMARK 2.1. Concerning a function Ug(ai, ai—1|l,y) defined in (2.2), we remark
the next things.

arx = U(ai,ai-1]|1,00)
= /Od‘afhk,1(x<1))f(x<1>)d”~‘<1) + /:_1Z(l)hm(1(1))f($(1>)dr<1)
+ ay 1Uk(ai—bCls'-2|Qa"3(1))f(ﬂ”(l))d“?(l), (2.6)
and
a1r = Ui(ag,oo|l,00)

ai o0
= /; a1hk,1(m(1))f($(1))d1?(1) +/ I(l)hkyl(3(1))f(1'(1))d93(1)- (2.7)
ai
LEMMA 2.1. For a sequence {a; t}i=o0,1,., it has a following property.
Qi >0k > 2 a5 >0
In other words, it is also a non-increasing sequence with respect to 1.
LEMMA 2.2. For two sequences {a;}i=o,1,... and {a; k}iz01,.-, ®ik > a;.

LEMMA 2.3. The sequence {aj k}i=o,1,..- is obtained by the following equations.

kA pai_;
%r = Y 2 () 98,5 (2(5)) 45
j=1v%i-i+1
kA(i=1)
+ D aijrCi(1 - Faij)Y (Flaizj))t
j=0

LEMMA 2.4. For two sequences {a;}i=o,1,.. and {aix}i=01,.,

af,k = E[X(,)], (1 S 'l S k) a‘i,k b— 0(2 > k‘).

LEMMA 2.5. Let {a;}i=1,2,... and {b;}i=1,2... be two decreasing sequences of non-
negative numbers. If a; > b; (i = 1,2,---), then the function Ux(a;,a;—1|l,y) has the
following property.

Ur(ai, ai-1|l,y) — Ur(bs, b-1|l,y) > 0.
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2.2. Optimal Selection Problem (The Case of Known Number of Jobs)

We consider an optimal selection problem which is a generalization of a well-known
secretary problem. We describe a basic problem as follows. Suppose an employer wants
to employ n jobs within the next N periods, and there are m (> n) jobs. His objective is
to maximize the total expected reward of the jobs. Each period, the employer observes
several of these jobs. The number of jobs on a given period is a random variable, and the
employer knows the probability distribution of this number on any given day. When the
number of jobs on a given day is k, the employer observes the amounts of these k jobs.
After that, he decides whether to select or to reject for each job (each job will accept an
offer). The number of remaining jobs becomes m — n, since we treat a problem without
recall. We assume an amount of each job as iid random variable {X;}i=1,....m-

During N periods, each job chooses an appearing period at random, independently
of the other jobs. Consider that N periods remain. Then the probability of appearing
on the initial period is — for each job. The number of observed jobs is, therefore, not
always one, but also several. The unselected job is not available for future decisions.
Nakai treated in [10], and omit the proofs for this case.

Consider that N periods remain, and there are m jobs for n positions (n < m). We
consider (N, m,n) be the state variable, and refer to this problem as Pn mn. For this
problem, if the number of arriving jobs on the initial period is k, we refer this sub-problem
as PN mn(k). When the ordered values of the amounts of k jobs are T(1), "5 T(k), We
refer to this sub-problem as Py m n(k; z(1),*, (1))

In general, when the problem is in state (N, m,n), let py m(k)(k=0,1,---,m) be
a probability that k jobs arrive on the initial period. Since each job chooses an arriving
period at random, this probabilities {pn m(k)}r=0,1,...,m is equal to

(N _ 1)m-—k
Nm™ '
For the general case, we can obtain similar results for the general case.

The objective of this problem is to maximize the total expected amounts from the
n selected jobs. We will obtain the optimal policy for this problem and get the total
expected amounts obtainable under this policy. We also consider the properties about
problem.

Moreover, let vnx,mn, v~ mn(k) and UN,mn(k; Z(1), -+, 2k)) be the total expected
amounts in an optimal policy for Py mn, PNmn(k) and Py ma(k; 21y, -, 2x)), re-
spectively. These values exist and satisfy the recursive equations in Equations (2.9) to
(2.11).

pN,m(k) = ka (0 S k S m;pl,m(m) = 1) (28)

UN,mn = z UN,mn(k)pN,m (k) (2.9)
k=0
UNmn(k) = ElNmn(k;Xa), - X)) (2.10)

UN,mn (k5 2y, 2k) = 112?*<Xk{zx(j)+vN—l,m—k,n-i} (2.11)
Sisk
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We can derive these equations from the dynamic programming formulation of
PN mn. Concerning Equation (2.11), we note that the following. If the employer decides
to select i jobs out of k (¢ < k), he will select the i jobs with the largest values. Hence,
we should first consider the job with the largest value. If the employer rejects these jobs,
then he rejects the others observed on that period as well. If the employer selects the
first job, the employer decides whether to select or reject a job with the second largest
value, and so on. Thus, in order to achieve his objective, the employer makes decisions
regarding the jobs in the order of their magnitude of amounts.

We next define two sequences {aly , }i=1,.. and {a}y ,,(k)}i=1,-. of non-negative
numbers. We recursively determine this sequence as a function of N in the following
manner where 0 < k < m.

ai\/,m = Zaﬁ\’,m(k)va,m(k): (2'12)
k=0

a‘;.\/,m(k) = Uk(aN 1m— kan.\T 1,m-— kll OO) (213)

aym(0) = v im (2.14)

where al; ., = a} (k) = oo, ah o = 0. We call these values as the threshold values of
this problem.

We get the optimal policy for this problem and the total expected value obtainable
under this policy in the next two propositions. (See the details in Nakai [10])

PROPOSITION 2.1. When the problem is in state (N, m,n), supposes that the em-
ployer observes k jobs with ordered values (z(y), - -, &(x)). The optimal policy for the
employer is as follows.

Let j be the largest number that satisfies z(;y > af\,—_jf"rln_k and 1 <j<kAn, ie,
z+1) < af,cv__jlym_k or j = k An. Then the employer decides to select j jobs with the
largest value, i.e., x(1), -+, (). If no such j exists, the decision-maker selects no job.

PROPOSITION 2.2. The values UN,mn and vy mn(k) satisfy the following equations.

n

Womn = 9 am; (2.15)

i=1

Mar

UNma(k) = aj m(k). (2.16)

i=1

Lemma 2.3 yields the next proposition.

ProPOSITION 2.3. The sequences {a’é\]’m}izlygy... and {aﬁv}m(k)},:l,g,... satisfy the
following recursive equations, for n > 1.

mA1 aN Limek
Z / e T3 (2G))dz ()

Nlm—
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kA(i—1)
+ Z a'iil,m_k ¥Cj(1— F(“N 1,m— k))J(F(aN 1,m— D) (2.17)

Nom = D aivm(E)pym(k) (2.18)

From Lemma 2.4, we get the following relations.

W = @) p(m),
aym(m) = E[X@)

Lemma 2.1 yields Corollary 2.1.

COROLLARY 2.1. The two sequences {ay ,.}iz1,.. and {ay ,(k)}iz12,. are
non-increasing sequences with respect to i.

REMARK 2.2. By this corollary, the sequence {a Nm}k 1,2, 18 a non-increasing
sequence with respect to k. However vn mn and vnm ,,(Ic) are not always increasing
or decreasing with respect to N. We can not show these facts. This situation arises
because the decision-maker knows the total number of jobs a priori.

2.3. An Optimal Selection Problem with Unknown Number of jobs

We consider an optimal selection problem where the total number of jobs is un-
known a priori. We also assume a same situation as considered in the last subsection.
During given planning period, each job appears to the decision-maker with an amount
which is a realization of the iid random variables {X;}i=1 ... cc. When N periods remain,
let pn(k)(k =0,1,---,00) be a probability that k jobs appear at the initial period. We
also assume that (3 3o, kpn(k) < 00) and the random variables {X;}i=1, .. 0o are abso-
lutely continuous with a density function f(z).

During N time period, the employer observes the arriving jobs, and selects n of
them in order to maximize the total expected amount. We consider (N,n) as a state
variable of this problem, and let @~ , be a problem in this state. For the optimal
selection problem Q(N,n), let Qn (k) be a sub-problem of this problem when the
employer observes k jobs. When the ordered values of these k jobs are x(1), - -+, Z(x), let
Qn,n(k;2(1), -, 2x)) be a sub-problem for this situation.

For the problems Qn n, @n,a(k) and Qn n(k; 21y, -+, (1)), let v}, v (k) and
v (k3 2(1), "+, Z(k)) be total expected reward obtainable under the optimal policy,
respectively. By the optimality principle, we obtain the following recursive equations.

'U?\’,n = EUFV,n(k)pN(k) (2.19)
k=0
vnn(k) = Efvy n(k'X(Us oy X))l (2.20)

Van(ks 2y, 2)) {Z%va tmi)- (2.21)

1<1<k
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Concerning these recursive equations, we note similar comments as in the last sub-
section.

Recursively define two sequences, {al}i=1,... and {a%;(k)}i=1.. of non-negative
numbers, where 0 < k < cc.

ay = ) di(k)pn(k), (2.22)
k=0
ajV(k) = Uk(aj\f—lia};—llll’oo)a (2.23)
an(0) = ajy_i, (2.24)
where
a% = a (k) = o, ah = 0.

REMARK 2.3. For the problem in the last sub-section, we defined that
ai x = aj (k) = Uk(0,00|1,00) = E[X(p)].

For the problem considered here, we define a} and a (k) as follows.

ai > ai(k)p(k),
k=0
aj(k) = Ux(0,00|l,00) = E[Xf;)]. (1<i<k)
We consider that X (ki) is the i-th largest value for the k iid random variables.

We have already obtained the solution for this optimal selection problem as the
next propositions. (Nakai [10])

ProOPOSITION 2.4. The optimal policy of an optimal selection problem Qnn is
stated as follows.

When the problem is in state (N,n), we suppose a condition that the employer
observes k jobs with ordered value (z(1),---,zx)). The optimal policy for the employer
is as follows.

Let j be the largest number that satisfies x(;y > aﬁ,‘_jl"'l and 1 < j < kAmn, ie.,
Zi+1) < afv'_jl or j =k An. Then the employer decides to select j jobs with the largest
value, 1.e., 21y, -, 2(;). If no such j exists, the decision-maker selects no job.

PROPOSITION 2.5. For the problems Qn, and QN ,(k), the values of VN, and
v (k) satisfy the following equations.
n .
Ve = D di, (2.25)

i=1

k
Z ai (k). (2.26)

S

2 *

3

—~~~
o~

p
|
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We have already obtained these two propositions in Nakai [10], and omit the proofs
here.
Lemma 2.3 yields the next proposition.

PROPOSITION 2.6. The two sequences {aly}iz1s.. and {ai(k)}iz12.. of non-
negative numbers satisfy the following relations.

i gt
. N-1
ay(k) =) / i T09M5(2())dx )
j=1v4N1,

kA(i—-1)
+ ) aIkCi(1 - F(alyi )Y (F(aly?,)), (2.27)
Jj=0 .
aly = Z aly (k)pn (k) (2.28)
m=0

By Lemma 2.4, we obtain the equations
° .

ai = ) ai(bp,
k=0

a’l(lc) = E[X(,)]
Lemma 2.1 yields the next property.

CoROLLARY 2.2. {a% }i=1,2,.. and {a¥y(k)}i=1,2,... are non-increasing with respect
to 1.

By Proposition 2.5, we get the next lemma obviously.
LEMMA 2.6. v}y (k) and vy ,, are increasing with respect to n.

LEMMA 2.7. {ay }i=1,2, and {aiy(k)}iz12,.(1 < k < n) are non-decreasing se-
quences with respect to N.

PROOF. We employ the induction principle on N. It is clear for the case N = 1.
We assume this lemma for any values less than N — 1. Next we are going to prove this
lemma for the case with N.

Since

af'v(k) = Uk(a}.\f—lfaé\;—llllioo)’
Lemma 2.2 yields
ajv("’) 2 a§V—1~

We get, therefore, the following inequality.
o0 . .
Z ay_1pn (k)
k=0

dy

v

a_ ZPN(k)

k=0

1
aN-1,
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since -
ay =) ay(k)pw (k).
k=0
This completes the proof. 8]

REMARK 2.4. For the problem in the last subsection, we can not obtain a similar
inequality

©
a}\’,m 2 Z a}V—l,m—kpN(k)'
k=0

It 1s, therefore, difficult to show the property similar to this lemma.
LEMMA 2.8. v}y, and v}“v’n(k) are non-decreasing functions with respect to N.

PRroor. Since

i=1 i=1

Lemma 2.7 yields this lemma. a

3. Sequential Stochastic Assignment Problem with Known Number of jobs

Concerning an optimal selection problem, we consider a sequential stochastic as-
signment problem. In this problem, the decision-maker hires n persons with abilities as
p1,P2, " ,Pn Where 1 > p; > ps > --- > p, > 0. If he assigns a perfect man to a job
with a value z, he will obtain a reward z. If he assigns a man with ability p, then the
reward is pz. On the other hand, m jobs will arrive in sequential order, i.e., first job 1,
next job 2 and so on, but the number of observable jobs at one time is not only one. We
consider a value of each job as iid random variable with known distribution function.
Each period, the employer observes several of these jobs. The number of jobs on a given
period is a random variable, and the employer knows the probability distribution of this
number on any period. When the number of jobs on a given period is k, the employer
observes the amounts of these k jobs. If a man is assigned to a job, he is unavailable for
future decisions. The objective of this problem is to find an optimal policy which max-
imizes the total expected reward. This policy is determined by threshold values which
depend on the distribution function of the jobs and independent of the pi,ps-- -, pn.

In this section, we will consider the above problem for the case that the decision-
maker knows previously the total number of jobs. This is a version of the optimal
selection problem treated in 2.2.

Concerning this problem, there exists a sequence of threshold values which is inde-
pendent of py,ps,---,p, but depends on the distribution function of the random vari-
ables. These values determine the optimal policy and the value obtainable under this
policy. This result is similar to one that is obtained for sequential stochastic assignment
problems treated before.
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Since the objective of this problem is to maximize the total expected reward, if
m < n, then we only consider the m largest p’s from {p;,---,pr}, 1.6, {P1, -, Pm}. On
the other hand, if m >.n, then we add m —n persons with abilities pp41 = - = pm = 0.
We assume, therefore, m = n without loss of generality, and we omit the parameter n
in this section.

Consider that N periods remain, and there are m jobs for m positions with abilities,
D1y, Pm. We consider the (N;p;,---,pm) as a state variable of this problem, and refer
this problem as Pn(pi,---,pm). For this problem, if the number of jobs on the initial
period is k, we refer this sub-problem as Py.p, ..., (k). When the ordered values of
these k jobs are z(y), -+ -, 2 (1), we refer this sub-problem as PN opypm (B3 21), 5 k)

Let vn.p,,...p,. be the total expected reward obtainable under the optimal pol-
icy for the problem Pny, ...p,.. Let unip, ... p,. (k) be the one for Pnip, ... p,. (k). Let
UNpy,pm (K3 Z(1), - -+, T(x)) be the one for Py, .. p. (k;2(1), -, &(k)). By the optimal-
ity principle (see Ross [13]), we get the following recursive equations.

UNp1,pm = Z”N;p1,~~,pm(k)PN(k)a (3.1)
k=0
UNips,pm(K) = E[UNpypm (k5 X), o5 X))l (3:2)
"’N;ph---,pm(k?f(l),‘"yl'(k)) =
k
max {ZPO(J)‘”(J)+”N 1p3, 0% b (3.3)

{P1, - Pr}C{P1,- ,Pm}aesk =1
Let {p’{) e ’p:n—k} be a set of {pla te ,pm} - {ﬁla te )Z_)k} where p; Z e Z p:n—k
and p; > -+ > py.

ProprosiTION 3.1. The optimal policy for the sequential stochastic assignment prob-
lem Pyn.p, ...p,. can be described as follows.

Let the state of this problem be (N;pi,---,pm), and let the ordered values of
k  arriving jobs be z(y),---,xx). For the union of two sets, {z(;}i=1,..x and
{ag\’—l,m—k}i=1,"‘;m—k’ we rearrange the order from Iargest to least. Let this set be
{bj}i=1,2,.m- If bj = (i) for j=1,---,m and i=1,--- k, thenitis optimal to as-
sign the ]ob wzth a wlue z(;y to the j-th p;. If b; = =al_ 1m-k Jor j=1,---,m and
t=1,---,m—k, then it is optimal not to assign at this period to the j-th p;.

PROPOSITION 3.2. The total expected reward vn,p, ...
able under the optimal policy are obtained as follows.

1Pm

and VN, ... p.. (k) obtain-

m
vN;Pl,"':Pm = Zp’ia:‘N,m) (34)

'UN;Ply“',Pm(k) = Zpiall'\’)m(k)' (35)
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In order to prove these two propositions, we employ the induction principle on N.
We will prove Proposition 3.1 and Proposition 3.2 in the same time. First we prove
these propositions for N = 1. By assuming these propositions for any values less than
N — 1, we will prove Proposftion 3.1 and Proposition 3.2 for N.

When N =1, we have

max {Zpo(a)l'u)}

Lemma 1.1 yields Proposition 3.1. Since
m
WNiprpm = O PiE[Xw)]

m

— § : At

- pzaN,ma
1=1

we get Proposition 3.2. We assume these propositions for any value less than N — 1,
and then we prove these propositions for N.

PROOF OF PROPOSITION 3.1. Initially consider the following fact.

k
UGS {Zpa(])x(:,) + UN- 1)p1l ")Pm k}

By the induction assumption,

m—
UN-1;p}, Pl — Z piajy_ 1,m—k:

This yields, therefore,

k
aesk{ZPO(J)a’(J)'*'UN 1,p1,~,pm_,‘} = aesk{zpv(a)x(J)‘*‘szaN 1,m- k)

= max {Zpa(])w(n}+ ZP:GN 1,m-k-(3.6)

Lemma 1.1 and Equations (3.6) yield

aes {Zpa(y)x(J)}'i' EP,GN 1,m— k—zpla:(J)‘*'ZptaN 1,m—k:

In other words, if the decision-maker decides to assign py, - - -, pr where

{1_)1)"'11_)/0} C {Pls"‘:pm}
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and py > --- > Py, it is optimal to assign the j-th p; to the j-th z(;). It is, therefore,

UN}Pl;'“,Pm(k; L1y, s m(k))
k
= max + .
{p1,,Px}C{P1, 1Pm}(7€$ {ZPO(J)w(J) UN=1p1, P}
k m—k
— 1: . + ?ai —1m- . 37
{Px,',Pk}C{Pn “Pm} ; @ §p1 N-1, k} ( )

From the above argument, this problem becomes how to assign k of
{2 }i=1,.k and m — k of {ajy_; ;n_x}i=1,;m-k to m of {p1,---,pn}. In this case,
{ajv_lym_k}j=1’.“’m_k means the value that will be obtained in future decisions under
the optimal policy.

For the union of two sets, {2(;)}i=1,-+ and {a}.v_l’m_k}{=1,.‘.’m_k, rearrange the
order from largest to least as {b;};=12..m. Equation (3.6) is, therefore, equal to the

following value.
m
Hégx{ZPiba(i)}'
" oi=1

On the other hand, since
by 202> 2 b,

Lemma 1.1 yields

m m
ﬂ%’f{; piboi} = ;pibi-

By these discussions we obtain the following facts. If b; = z(;) where j=1,---,m
and i =1,---,k, then it is optimal to assign z(;y to the j-th p;. On the other side, if
bj = ay_1m-, where j=1,---,mandi=1,---,m —k, then it is optimal not to assign
the j-th p; at this period. a

PROOF OF PROPOSITION 3.2. We consider the value a}'\,’m defined by Equations
(2.12), (2.13) and (2.14). We will prove that the following facts. Under the optimal
policy, this value is the expected amount by assigning to the ¢-th p; in the problem
PNipy,pm for i(< m). This fact yields Equation (3.4) immediately. Similarly, aly (k)
is the total expected amount by assigning to the i-th p; in the problem Pnp, ... .. (k).
We also employ the induction principle on N. It is obvious for N = 1, and we assume
these properties for any values less than N — 1.

Initially we note the following fact.

a}.\f,m(k) = Uk(aj\l—l,m—k’aj’\?—ll,m—kll’oo)'
Equation (2.7) yields

a}V,m = Uk(a}V—l,m—k’ ooIl, oo)

aN—l,m—k
= /0 a}v_l,m_khk,1($(1))f(‘°(1))d“’(1)
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o0
+ /1 zyhe, () f(za))dz). (3.8)

N—-1,m-k

Under the optimal policy, we get the following facts. If Xy > a}v_Lm_k, it 1s optimal
to assign a person with the largest value p;. Otherwise, it is optimal not to assign p;
to any job at this period. The second term of Equation (3.8) corresponds to the second
case. Under the optimal policy, the induction assumption implies the following fact, i.e.,
during the rest of this problem a}V—l,m— ; 1s an expected amount by assigning to a man
with the largest value. The first term of Equation (3.8), therefore, corresponds to the
first case. By these discussions, this value is the total expected amount by assigning a
person with the largest value p;.
For the general case, Equation (2.6) yields the following equation.

a’iV,m(k) = Uk(aé\f—l,m—k’ a?\l_—ll,m-—kll’ Oo)

a;\l—l,m-k i
= /0 an_1,m-khi,1(z@) f(2@))dzq)

“;:—11,".-1‘
+ / gy, (z)) f(2))dey

1
N-1,m—-k

y

+ /._1 Ur(an2 1 mep AN 21 moil 2 20) f(2))dzr). (3.9)
AN~1,m—k

We will consider three terms of this equation when the decision-maker employs the

optimal policy.

If 2y < 05V—1,m- i, then the decision-maker does not assign only p; but also any
of p1,--+,pi—1. At the next period, the p; is still the i-th largest one. By the induction
assumption, the expected amount by assigning to the p; is, therefore, equal to afN__l,m_ k-
The first term of Equation (3.9) corresponds to this case.

If aj'\,_l)m_k <z < a};_ll’m_k, then the decision-maker assigns none of py,---,
pi—1 and assigns the p; to a job with z;). The second term of Equation (3.9) corresponds
to this case.

Finally we consider the case that a’y 1m-k < Z(1). In this case, the decision-maker
doesn’t assign p; to (1) but assigns one of the py, - -+, pi—1 to this job, since aj;_ll)m_k <
z(1). Now we consider the following three cases according to the second largest value
z(3). These three cases are (1) z(2) < a};\}'_llym_k, (2) a}'\f_llym_k < g < ai\?—zl,m—k
and (3) a’;fl’m_k < z(9). As we considered above, these three cases correspond to the
three cases for z(1). The function Uk(aj\?fl)m_k, aﬁ\;fl,m_k|2, (1)) represents the sum of
the expected amount for these three cases. The third term of Equation (3.9), therefore,
corresponds to this case. This completes the proof. o

REMARK 3.1. In Proposition 3.2, if we put py = --- = p, = 1 and ppy1 = -+ =
pm = 0, then it is the same to Proposition 2.2. From this fact, the problem treated in
this section is a generalization of an optimal selection problem considered before.
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REMARK 3.2. Consider the case wherep; = -+ =p, = landppy1 = - = pp, = 0.
As we showed in the proof of Proposition 3.2, a% ,,, is an expected amount obtained by
the n-th p, in the problem Py, ...p,. for n(< m). By this fact, if we add one more
stop action to Py mn-1, We will get an expected amount aj ,, from this new action.
For an optimal selection problem, a'J{[’m is an increment of additional stop action to the
problem Py m n—1. It is, therefore, a value of the n-th action.

4. Sequential Stochastic Assignment Problem with Unknown Number of
Jobs

In this section, we consider a sequential stochastic assignment problem for the
unknown number of arriving jobs as treated in Section 2.3. The other condition is
the same to the problem considered in 3. When N period remain, the number of jobs
observed at the initial period is a random variable with a known probability distribution
P (k) (52, kpn (k) < o0).

For this problem, there exists a sequence of threshold values which only depends
on the density function of observations, which is similar to the one in Section 3. By
these values, we get the optimal policy and the value obtainable under this policy.

Consider that the decision-maker observes iid non-negative random variables
{Xi}i=1,.. 00 during N periods, and assign {p1,--,pn} to observations. We consider
(N;p1,---,pn) as a state variable for the problem in this section, and refer this prob-
lem as Qnp,,...p.- For the problem Qnp,, ... p,, if the decision-maker can observe k
random variables, then let this sub-problem be Qyp, ... p, (k). Furthermore, when the
k observations of the random variables are z(yy,- -, Z(z), we state this sub-problem as
QNipy,pa(k;2(1), -+, Z(x)). Suppose (z1,- -+, ) be an observation from the k random
variables X1, ---, X;. For these observations, rearrange the order as z(1), - - -, Z(x) where
Z(1) > - -+ > (). This notation is similar to one used in the last section.

The objective of this problem is to maximize the total expected value by assigning
the n p’s to the n selected values during a given time period N.

Let the total expected value obtainable under the optimal policy in @np,,.- p. )
QN}PI:'“,Pn(k) and QN;P1,'“,Pn(k; T z(k)) be v?\’;pl,~-~,p,,’ U;V;p1,~~-,p"(k) and
v}v;pl’._,’pn(k; Z(1)," ", T(x)), Tespectively. By the optimality principle, we get the follow-
ing recursive equation (see Ross [13]).

U*N;Ph"',Pn = Z v?V;Pl:"‘,Pn(k)pN(k)’ (41)
k=0
UNipr,p(B) = ElUNipy e pa (B X(1)5 - X)) (4.2)
Viipr,pn (B3 ZQ)s 5 2(0) =
i
By V(i N qoe .o . (4.3
Orgﬁéxk {ﬁl;"'ﬁlr}ncaﬁh,n.,z’n}ﬂg{;p FD N e ,p"“l} ( )

The set {p},---,p._,} consists of remaining elements of {p1,---, ps } after eliminat-
ing the I assigned elements of {p1,---, P} at this period (p} > --- > ph_;, 51 = - 2 D).
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When the problem is Qn;p, ., (k; 21y, - - - ;Z(x)) and the decision-maker decides to se-
lect 7 observations, he chooses i largest values. We use this fact to obtain Equation

(4.3).

ProOPOSITION4.1. The optimal policy for sequential stochastic assignment
problem QnNp,,...p, 15 represented as follows.

Consider the sub-problem that Qn.p, ... p. (k;2(1), - -+, Z(x))- For the union two sets
of {x@}iz1,-x and {a%_ }i=1,.n, rearrange the order from largest to least as
{bjYi=1,2, - m4k- If b = 2y for j=1,---;n and i=1,--- k, then it is opti-
mal to assign the j-th p; to the observation ziy. If bj =aly_, for ji=1,---,n and
i=1,---,n, then it is optimal not to assign the j-th p; at this period.

PROPOSITION4.2. The value VN.p and vy, .., (k) satisfy the following

1)'"')Pn
equations.
n
UNipy,opn Zp,-a}\,, (4.4)
n
UNipa,pa(K) = Ep,-a}v(k). (4.5)
i=1

In order to prove these properties, we employ the induction principle on N. We
will prove Proposition 4.1 and Proposition 4.2 in the same time. First we prove these
propositions for N = 1. Then by assuming these properties for any value less than N —1,
we will prove Proposition 4.1 and Proposition 4.2 for N.

When N =1, we have

kAn

max {Z Po()2(5)}-

As k < n, it is, therefore, optimal to assign the largest k of n p’s. In other words, it
1s optimal to assign p, - - -, px to the k observations. Lemma 1.1 yields Proposition 4.1.
Since

TR Zp, Zpl X(z)
i=1 k=0

Zpiaiy

i=1

we get Proposition 4.1. (See Remark 2.3) Next we assume these propositions for any
value less than N — 1. We obtain the proof of Proposition 4.1 by a method similar to
one used in Proposition 3.2, and omit the proof here.

PROOF OF PROPOSITION 4.2. First we consider the following equation where
{pl)""ﬁk} - {Pl;"‘ypn}-
1

c'ESI{X:I’a(J)“”(J)"'”N Lipy nPn_x}
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The induction assumption yields

* —_ * 1
UN-1p3, 05, = ZP,- AN-1-

This implies, therefore,

aes,{ZvamﬂN tgopy) = IAX {ZPUWUWZPM )

= OES{ZPU(J)w(J)}-*ZPaaN 1+ (4.6)

Lemma 1.1 and Equation (4.6) yield

max {ZPO(J)I(J)}+ZP1GN 1—21’:%)‘*2?,% 1-

From this equation, if the decision-maker decides to assign

{1_)1;"'»1_71} C {pl;”')pn}

at this period, it is optimal to assign j-th largest p; to the j-th x(;) where 1 < j <. It
becomes, therefore, the following equality.

UNipa,pa (B3 E(1) 5 T(E))
l

= max max max{Zﬁ NEG) T+ UN—1ip* oo p )
1<I<k {f1, 1} C{p1, - pn} TES = 7 (§)% () N-1;p},p%_,

l —
= 2 max pizy + ) Pia_1}- 47
1515k{m,---,mc{pl,~-~,pn}{j§p’ 6T 2 PN 1} (47)

Next we consider the following equation.

max ey + a 4.8
o P o) {; PiZ(j) Ep, N-1}- (4.8)
Consider the union of two sets {z(;)}i=1,..; and {afv_l},’ﬂ,“.’n_;, and denote this set
as By, i.e.,
-BI = {x(l)a ) ajl\}'—la o 7aN 11

This problem is how to assign the element of B; to {p1,---,pn}. For B, rearrange
the order from largest to least and let this rearranged set be {8\};=12 ... By simple
calculation, we get, therefore,

{ZPJ“’(J) + sz ay_1} = max{Zp, o(i)}-

max
{P1, P }C{p1,pn}
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Since
i l 1
b12b22"'zbna

Lemma 1.1 yields
n n
meégf{ZPibL(i)} =Y pib}
=1 i=1

We consider the policy to choose I largest observation from k. When b} = z(;) for

j=1,---,nand i = 1,---,k, then it is optimal to assign j-th p; to z¢;. If b; = aliy_,

for j=1,---,nandi=1,---,n — k, it is optimal not assign j-th p; at this period.
Next define the value of I for the optimal policy. Equation (4.7) yields

n
W ipn,pm (B3 25 20) = max {3 pibi}- (4.9)
- = =1
Put
n
&= bl
i=1
On the other hand, consider the union of two sets of {z(1),---,Z()} and
{a}_y, -+,a%_;}. For this set, rearrange the order from largest to least. From this
rearranged set, select the n largest elements, and let the number of z(;)’s contamed in
this set be I*. This set is {z(1),- ,x(p),aN_l, @k _p}, and zgeq1) < ayl 1 This

fact yields z(j+) > a'}i,__q > z(1+41) Then we get

n
&= pibl .
i=1

If I* <1, we put b; = z(j+) for some j where 1 < j < n. Then we have the following
equality.

b -6 = Zn;pibi-' - Xn;pibi
= P
= Zn:pibi-' - imbﬁ
i= i=
= i paiy! Z pib!
_ zpl{a . (4.10)

Note the fact that B; is a union of two sets {;1:(,-)},51,...7; and {a%y_,}i=1,....,n-1. For B,
rearrange the order from greatest to least, and compare two sets B; and Bj+. Then the j
largest elements of these two sets are the same. Eliminating these j values, we consider
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the remaining elements of these two sets. Denote the remainder of these two sets as B
and Bjs. Then we have

R — (- j+1-1* n—1{*
Bl"{aN—l’aN 1o aN_1 )

where aN ;2> t > aH'1 r > > aN 1 On the other hand, put | = I* +1+ 1 where [ > 0.
Then we also obtaln

TP L S n—l*-1
Br=A{ay_ i,aN 1 o ansy T 200 s E(I-1), Z) )

J+1I2

where aN 12 ">a - > aN 1 1> Ta_n) = 2 x-1) 2 T()- Since -1 = I"+1,

we note the following inequality.
I
ey < - <@gy = 2oy S Ay -

By comparing two sets B; and Bj», Equation (4.10) yields

e —& = Z{ ~0= gy > 0. (4.11)
j=i-T
We get, therefore,
& 241
This completes the proof. a
REMARK 4.1. In Proposition 4.2, put py = ---=pp =1 and ppy1 = = pm = 0.

Then this proposition is the aforementioned to Proposition 3.2. The sequential stochastic
assignment problem treated here is a generalization of an optimal selection problem with
unknown number of jobs in 2.3.

REMARK 4.2. As in the last remark, when p; = --- = p, = 1 and ppy1 = -+ =
pm = 0, we have that Qn; = P1.. ...0. We showed the following fact in the proof of
Proposition 4.2. The value aly is a total expected amount obtained by the i-th p; in the
problem Py, ..o, for i(< m). By these facts, if we add one more stop action to the
problem Qn i—1, we will get an expected value a’, from this new action. For an optimal
selection problem, af}v is an increment of additional stop action to the problem @Qn ;1.
It is, therefore, a value of the i-th action.

1,0,
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