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STRONG CONVERGENCE OF AN UNBOUNDED
STOCHASTIC APPROXIMATION ALGORITHM
UNDER GENERAL CONDITIONS

By
Masafumi WATANABE*

Abstract

Under general conditions on the observation processes the almost surc
convergence properties of an unbounded and nonlincar Robbins—Monro
type stochastic approximation algorithm are investigated.

1. Introduction

In the classical studies of stochastic approximation, essentially it was assumed that
the observations are independent. But many practical applications involve the use of
correlated data. Consequently classical stochastic approximation convergence results
are often not applicable. Recently, several efforts have been made to get rid of it, for
example it can be replaced by mixing conditions or ergodic conditions. Borodin [1],
Fritz [3], Gyorfi [3], Kushner and Clark [4], Ljung [5, 6] investigated the case when the
observations may not be independent. For linear regression Fritz [2] and Gyérfi [3]
formulate a completely deterministic problem, by which the strong consistency can be
deduced if for the observations the strong law of large numbers is applied, therefore
the conditions of strong consistency of linear stochastic approximation are as general as
the conditions of the strong law of large numbers. Thus the effects of the randomness
and the iteration were separated. By the similar motivation and for nonlinear regression
Ljung [6] and Kushner and Clark [4] have obtained interesting results under the
assumption that the algorithms are bounded.

Generally the bounded condition is not easily established for the family of stochastic
approximation algorithms. In this paper we shall investigate the strong convergence of
an umbounded and nonlinear Robbins-Monro type stochastic approximation algorithm
under general conditions on the observations.

2. The Robins—Monro Stochastic Approximation Algorithm

Throughout the paper H denotes a real separable Hilbert space with an inner
product (-,-) and a norm ||-||, and O denotes the null element of H. Let (2, «, P) be a
probability space.
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110 M. WATANABE

Let M(x) be a Borel measurable transformation from H into itself. For each
n = 1, let a function Y, (x, ®) which takes value in H and is defined for (x, w) € H X
be measurable with respect to &8 X <, where A is the Borel field of H. Then we
consider the following Robbins-Monro stochastic approximation algorithm for finding
the solution of the equation

M(x) = O. (2.1)

Algorithm:
Xyv1 = X, — a,Y,, n=12, ... (2.2)
where X, is a constant element in H, Y, = Y, (X, (0), w), o € Q and {a,} is a

sequence of positive numbers. Throughout the paper let us put
Z(x,w) = Y, (x, w) — Mx),n=1,2, ..., (x, w) € HXQ. (2.3)
Then (2.2) can be rewritten the following
X, =X, — a,{M(X,) + Z,}, n=12, ..., (2.4)
where Z, = Z,(X(0w)(v), we

Fritz [2] and Gyorfi [3] have investigated the above problem under the conditions
that M(x) = Ax + b and Y, (x, w) = A, (w)x + b,(w), where A, A, are bounded linear
operators and b, b, are elements in H. And the a.s. convergence of process (2.2) has
been discussed under the assumptions that A,s and b,;s arithmetic means converge to A
and b respectively. Kushner and Clark [4] and Ljung [6] have investigated more general
case and have given a.s. convergence results. In [4] and [6], they assumed that

sup|| X, <> as.. (2.5)

n

Condition (2.5) appears to be a reasonable condition but is not easily established for
the family of algorithms represented by (2.2). In this paper we note that condition (2.5)
will not be assumed.

3. Preliminaries

In this section we shall give two lemmas which will be needed the proof of the
theorem in the section 5 (Theorem B).

LemMma 1. Let {a,} and {v,} be sequences of real numbers such that

(i) a,>0,n=1,2,... , lima,=0,

n—x

s
Z a, = %, Supla;l - a;+ll| < x,

n=| n

(ii) v, =0,n=1,2,... , >y, < =
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And let {x,} be a sequence of nonnegative numbers and {w,} be a sequence of real
numbers which satisfv the following enequality

(iii) =0 —-a,+v)x, +w,n=172 .. ..

Suppose that let T be any positive number then there exists a positive number Wy such
that

k
sup  max > w[‘ = Wy, 3.0
n n=k<mn. 1) li=n ‘
where
k
mn, T) = max{k }2 a = T}. (3.2)

Then it follows that there exist two positive numbers T, and W, such that

supx, = (Wy, + DHW,. (3.3)

n

Proor. It follows from (i) that there exists a positive integer N such that

1 —a+v)y=00-a){l+1-a) v}
=1 —-a)[1 + 2v) for all i = N. 3.4)

Let us put

A(m. ) = ILI”(I —a)(1 +2v) ifn=m

1 ifn=m-—1. S
Condition (ii) yields that there exists a positive number v such that
1= [la+2v)=v forallm= 1. (3.6)

Hence, by (3.5) and (3.6) we have

A(m, n) = Fexp(— > a,) for N=m = n. 3.7

Let us define 7, > 0 by
a, = T()/4 n = 1, 2, e (38)

viexp(Ty/2) = =. 3.9)

N | =

Then, by (3.2) we have

m(n,To)—1
a;, = T() ., h= N (310)

i=n
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m(n.To)y+1
a; > 7‘0 , = N.
i=n

Further, (3.8) and (3.11) imply

m(n,Tu)—1 T()
a; > Ty — a,(n, Ty) — A Ty—1 = E)
i=n

Hence by (3.10) and (3.12) we obtain

To)—-1

T() m(n,Ty)

5 a; = Ty, ,n=N.
i=n

And we also have from (3.9) and (3.13) that

1
A(n, m(n, T[)) - 1) SE ,h = N.

If (3.1) holds then we can easily shown from (i) and (ii) that

k’ [
2 wA( + 1, k)‘ = (1 +VvANW,,

i=n

sup max
n=N n=k<m(n>T,)

where

ZN = sup{ 2 a; H 1 - aj)} + 2 2 v,.
n=NL=N  j=i+1 n=1
We note that (i) yields Ay < =.
Next we shall define a subsequence {x, } C {x,} by the following way.
Let no = N and n, = m(n,_,Ty), r = 1,2, ....
Then we have from (iii), (3.14) and (3.15) that
m—1

Xp = A(n(), n, — l)X”“ + Z W’,’A(i + 1, ny — l)

=n,

=xyv+ 2l + VAN W,

1 —
X”Z = EX,” + (1 + VA‘)\/)W']'“

= XN + 2(1 + ;—ZN)WT‘,'
Hence we have

supx, = xy + 2(1 + UXN)WT“,

r

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

Let n be any integer such that n = N. Then there exists positive integer r such that

H =1 < Hpyy.

Hence we have from (iii), (3.7) and (3.16) that
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k
x, = A(n,, n — 1)x, + max > wA@ + 1, k)

nlsk<n,+l i=n,

= ;X”I + (1 + VvA N)WTu
=351 + VAN Gy + Wr), no=n < nyy.

Hence we have

supx, = (1 + W)W,
where W, = max{3v(1 + vAy), 3v(1 + VAN)Xx) and Xy = max{x,, X2, ..., Xn}.
Q.E.D.

LeEmMMA 2. Suppose that the conditions of Lemma 1 hold but with the following
condition replacing (3.1),
for any positive number T it follows that

k
Z Wi

lim  max = 0. (3.17)
n—x n=k<m(n,T)y li=n
Then it holds that
lim x, = 0. (3.18)

n—x

Proor. It follows from Lemma 1 that there exists positive numbers W, such that

supx, = Wy,

H

where W| = (1 + W’,'”)W().
Let N be a positive integer which is given in the proof of Lemma 1. Let € be any real
number such that

1
0<e<—.
£3

And let us define a positive number 7T, by the following
2=T, (3.19)
viexp(T/2) < &, (3.20)

where v is also given in the proof of Lemma 1.
By the same arguments of (3.14) and from (3.20) we have

A(n, m(n, T)) — 1) = vexp(—=T,/2) < e < 1/2, n = N. (3.21)

And (3.17) implies that there exists a positive integer Ny = Ny (¢, T|) = N such that

k
2 w;

i=n

< &

sup max
nz=N, nsk<m(n,T))
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Hence, by the same arguments of the proof of (3.15) we have

k —
sup  max S WAl + 1, k)| = (1 + VAp). (3.22)

n=N| n=k<mn,T)) li=n
Next we shall define a subsequence {x, } C {x,} by the following way. Let us take ny =
N;and n, = m(n,_,;,T), r = 1,2, .... Since N = N, and supx, = W, we have from
(3.21) and (3.22)

X, = e(W + 1 +7VAy) <26(W, + 1+ VAy).

1 - i
X, (W + 1 +vAN) <2e(W, + 1+ VAy).

X, = 5

Hence we obtain

supx, =2e(l + W, + VAy). (3.23)

For any n = n; = m(N,, T)) there exists a positive integer r such that n, = n <n,, 1
Then it follows from (iii}, (3.22) and (3.23) that

K
x, < A(n,, n)x, + max | wA(i + 1, k)
' n=k<n, lti=n

vx, +26(l + W, + TAy)
38;(1 + Wl + ;-)—(_Nl)'

I

IA

Hence we obtain
lim x, < 3ev(l + W, + VAy).
Hn—x

Q.E.D.

Let {a,} and { w,} be sequences of real numbers which are given in Lemma 1.
And we suppose that

a, > a4 ,h = l, 2, N
and
W, = a,y, s, = 1, 2, e

Then we shall consider the following four conditions.

x
. > a.y, converges,

n=1\

1. lima,> y =0,

n—sx =1

i n

L. lim > a [l (1 - a)y; =0,

n—xi=1 j=i+l
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IV. lim max

n—» n=k<<m(n.T)

|

‘ k
E a;y;

i=n |

= 0,

where m(n. T) is defined by (3.2).
Since a, | 0 as n — = and by using Kronecker’s Lemma we have

. 1 1
NOtll’\g Sl"llp]an —da n+l|

=318

< % we have

1 5 I

And we can also show that

Hence it follows that

11 > 1IV.

| =1 | = 1| =3 A"

Next we suppose that

a, =n"", n=1,2,
Then we can show that
(n — 2)e" = mn.T) =ne’, n=2
Hence we can prove that
1A=18 1 §

And we can also prove that

Il © III.
In this case it follows that
Ho I & IV.
Let us suppose that
a,=n° y, = nP,on=1,02, ,

where 0 < a, fand o + § = 1. In this case it is easily seen that I and II do not hold.

And we have

m(n, T) ~ {n'"% + (1 — a)T}0~9 .

Hence it follows that

m(n,T)

Z ay; =

i=n

Hence 1V holds.

m(n,T)
S it~ (1 - a7 log{l + (1 — a)Tn* '),

i=n
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Thus condition 1V can be considered more general than the other conditions I to
I11.

4. Assumptions

Let 8 € H be the solution of the equation (2.1) and let M(x), {a,}, {X,.}, {Y,.}
and {Z,} be given in the section 1.
Moreover let (), be a subset of ) such that

Q“ S &(1- and P(Q[)) = ].

We make the following assumptions.
A0: There exists a sequence of positive random variables {J,(w)} such that

(i) o w) = 04 (w),n=1,2, ... and lim §,(w) = 0, w € Q,

n—x

(") sup 511((0)671{#1((‘0) <=x weE Ql)v

n

(1“) sup 611((“) ”X,,((U)H <x wE Qﬂ'
Al: {a,} is a decreasing sequence of positive numbers.

() >a2<x Xa,=x

n=1 n=1

(”) sup]a,,‘l - a_n]-kl! < =

n

A2: There exists a positive constant C such that
IM(x)|| = C(J|x|| + 1), x € H.
A3: inf (M(x),x — 6) >0 forany 0 < &< 1.

e<fly—]|<e!
A4: There exists a sequence of nonnegative random variables {«,(w)} such that

0 | Zx.0)]| = a0)(Ix]] + Dyn=1,2, ..., (x, ®) € H X Q,,

(i) X alai(w) < =, w € Q.

n=1

AS5: Let {,(w)} be given in AQ. And there exists a nonnegative random variables
Bo(w) such that

(I) Sup(lrICS/:}((U) ,El Z,‘(X, (U) = ﬁ(](a))(“x” + 1)’ (x7 C()) € H X Q‘)v
i=1

H

n

2AZdx, 0) = Zy, )}

i=1

(i1) supa,,5,73(0)) i = Bo(w) llx =yl

n

(x, w), (v, w) € H x ),
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Ab6:

s

(i) 2 a,0,(0) <= o€,

n=1

”

(") z anén((')) CY,,(CU) <x, 0€E Q(i-

n=1

Assumptions A0 to A6 will be used in Theorem A which will be given in the next
section. And the following assumptions BO to B6 will be also used in Theorem B.
Let m(n, T) be defied by (3.2).

BO: Assumption AQ holds.
B1l: Assumption Al holds.
B2: Assumption A2 holds.
B3: There exists a positive number A such that

(M(x), x — 6) = A|]x — 0

|, x € H.
B4: Assumption A4 holds.

B5: For any positive number T there exists a positive random variable 3,(w) such that

i ;67 () Zi(x, w)

i=n

(i) sup max = Bro)(||x|| + 1), (x, @) € H X Qy,

n n=s=k<mn.T)

k

2 a6 () {Zix, 0) ~ Zi(y, (0)}H

i=n

(i) sup  max
n n=sk<m(n,T)

= Bw)||x = v, (x, ), (y, ) € H X Q,
m(n.,T)

B6: sup > a;i(w) < =, (x, w) € H X Q.

n i=n

REMARK. Let us assume that
A'0: there exist a sequence of nonnegative random variables {y,(w)} and a
sequence of positive random variables {J,(w)} such that

(i)  AO0(), (i) hold

(i) (6 —x, Y, (x, w)) = y,(0)(||x]| + 1),
n=12,...,(x,w) € HXQ,,

(“l) z a,,é,,((u)y,,(a)) < <, W € Q()-

n=1

Then it follows from Lemma 1([9]) that AO(iii) holds.
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5. Results

In this section we give two theorems (Theorems A and B) which are the main
results of this paper.

THEOREM A. Assume AQ 1o A6. Then it holds that
lim||X, -6 =0 as.. (5.1)

n—x

Proor. Without loss of generality we can assume 6 = 0. Here and latter, we take
6 = 0. and K denotes positive random variables which are not necessarily the same.
By virture of the algorithm (2.2) we obtain

1 X0cill? = [|1X.017 = 2a, (X, M(X,) + Z,) + aZ|[M(X,) + Z,]>. (5.2)
Substituting A2 and A4(i) into (5.2) gives
| Xl = (1 + Ka; + Kajad) || Xall? — 2a,(X,.M(X,) + Z,) + Kal(a? + 1).
(5.3)

First we shall show that

x

> a,{X,, Z,) converges a.s. . (5.4)

n=1
Define S,(x) = a,>, Z{x), So(x) = O and
=1

W(m, n) = 2 a{Xi Z;), n=m.

Since Z(x) = a7 'S{x) — a7},S;_,(x), W(m, n) can be rewritten the following formula

W(m, n) = ﬁ: (X, S{X) — aa; | Si_ (X))

i=m

Wi(m, n) + Wy(m, n) + Wi(m, n), m =< n,

fl

where
Wi(m, n) = 2 (Xi, S{X) — Si- (X)),
Wi(m, n) = 2 (Xi, (1 — a8;'))Si— (Xi— 1))
and

Wi(m, n) = i (Xiv a@i ! {Sim (X)) — Simi(X)))-

=m

Then we have
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n—I1

lwl(m* ”)I = E <X1 - Xi+l* 5,(X,)> + '<qu Sm*l(Xln—[)>l + I(X/zw SII(X”)>I

i=m

= 2 HSI(XI)H : HXA - XH-IH + ||XHI} ’ H5m~l(an—l)” + “Xn“ : HS‘H(XH)H

1=1m

Since X;,, = X; — «;Y,, it follows from A5 that

E ﬁ{)a:6?(5|X1” + 1) “Y,H + ﬁ()(s?n*l HmelH + 1) HXm”

1=n

+ B Xl + D IX]l-
A2 and A4(i) imply

[Wi(m, n)|

(A

Hence it follows from (5.5) and A0 that
lW](m, n)* = K( E aiéia'i + 6,,,,1 + 6}1)-
Hence by A0(i) and A6(ii) we obtain
lim |W,m, n)] =0  on Q.

nm.—x

Since {a,} is decreasing and 1 — a,a;”} = a(a;' — a_). it follows from A0 and A1(ii)
that

[Wam, m)| = K 2 a;-16;-,.
Hence A6(i) implies
lim |W3(m, 77)| =0 on (2().

HiJ—>%

It follows from AS5(ii) that

|Wi(m, n)| = Z Boa;: &7y | Xl Yo l-
Hence by A0 and (5.5) we obtain
|Wi(m, n)] = K X a0y ai- .

Hence A6 (ii) implies
lim |Ws(m, n)| =0 on (.

mJr— =

Thus (5.4) has been proved.
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Next we shall show (5.1). Define U, = 24, (X,. M(X,)), V, = Kaj(az + 1) and
W, = 2a,{X,, Z,). Then (5.3) yields

”Xn+1”1 = (1 + K‘/II)HX/IHZ - byn + KV,, - "V,,.
Noting U, = 0, VZ;]V,, < x q.s., gIW,, converges a.s. and using the following
inequality

0= |IXpillP = IX|P TTCL+ KV) = 2 U; T (1 + KV)
i=1 i

=1 j=itl
+ Z(KV,' -w) Il a+ KV)),
i=1 j=i+1

we can obtain

sup | Xull < = as., (5.6)

n

and

%

> a, (X, M(X,)) <= as. (5.7)

n=1

Hence it follows from A1(i} and A3 that there exists a subsequence {X,,} C {X,,} such
that

lim[|X, || =0 as.

ya——
Moreover (5.2) yields that

n—1 n—1 n—1

HanHz - ||Xrn”2| = E a,2-||Y,-||2 + z Ui + E Wi .

i=m i=n i=m

We note that (5.5), Al(i) and A4(ii) imply

”x

2 a|Y, P <= as.. (5.8)

n=1
Hence (5.4), (5.7) and (5.8) imply
lim [[IX,[7 = [X.? =0  as..

>

Hence (5.1) has been proved.
Q.E.D.

THEOREM B.  Assume BO to B6. Then (5.1) holds.

Proor. Substituting B3 into (5.2) we obtain

1X,ill> = (1 = 24,4, + Ka} + Kaa)) | X, = 2a,(X,, Z,) + Ka.(a; + 1).
(5.9)
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First we note that B1 and B4(ii) yield that

m(n.T)

limsup > af(a7 +1) =0  onQ, (5.10)

Hn—x= n =n

for any T > 0. Next we shall show that, for any 7 > 0 there exists a positive random
variables Wy(T, w) such that

k
sup  max > a; (X{w), Z{X{(w), 0))| = W(T, ), o € Q. (5.11)

n n=k<m(n,T)li=n

k , k

Define S;(x) = X a;67°Z(x), k = n and W(n, k) = ‘:ZHa,-(X,-, Zy, k=n+ 1.
Since Z{x, w) = Z{x) = a7 ' &H{SL(x) — Si7'(x)}, i = n + 1, W(n, k) can be rewritten
the following formula

W(n, k) = W(n, k) + Win, k) + Wi(n, k), k =2 n + 1,

where
Wi(n, k) = 'Aiﬂ (X;, &Si(X) — 6718 (Xiy))
Wa(n, k) = 21 (X -1 (S (Ximn) = SiT'(XD))
and

x
Win, k) = 2 (X, (0, — &) S (Xio)))-

i=n+1
Then we have

k—1
|Wl(nv k)l = Z <X1 - Xi+l7 6125;1(X1)> + |<Xn+lv 635::()(11)”

=n

+ [(Xi, ESKX|, k=n + L.

Since X;+; = X; — a;Y,, it follows from BO, B5(i), (5.5) and B6 that there exists a
positive random variable W(T,w) such that

k
max |Wi(n, k)| = K max > a;0;0;]|S(X)]|

n<=k<m(n,T) n=k<m(n,T) i=n
= W(T) on ().
Since sup 6,6, ' < =, it follows from (5.5), BO(iii) and B5(ii) that there exists a

positive random variable W»(T, w) such that

max  |Wa(n, k)| = Wo(T)  on Q.

n=k<m(n,T)

And we also obtain from B0 and B5(i)
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max  |Wi(n, k)| = W+(T)  on Q.

n=k<m(n.T)

Where W;(T) = W3(T. ) is a positive random variable.
Hence (5.11) has been proved. Noting B1 and B4(ii) and applying Lemma 1 to (5.9) it
follows from (5.10) and (5.11) that

sup |[|X,]| <=  on Q. (5.12)

It is easily seen from B5(i), (ii) that there exists sequence of positive random variables
{B,(w)} such that

limB,(w) =0 ., w€E Q,, (5.13)
X 1—> %
max | 2 a,Z(x, 0)|| = B (0)(||lx]] + 1), (x, ®) € H x Q. (5.14)
n=k<m(n.T)lli=n
k

max
n=k<m(n.T)

E ai{Zi(x, w) = Z(y, w)} [ = B (w)||x = y||, (x, @), (v, ©) € H X Q4.
" (5.15)
Hence using (5.12) to (5.15) and by the similar arguments of the proof of (5.11) we can
show that

k

> alX;, Z;) { =0 as.. (5.16)

i=n

lim  max
n—»= n=k<m(n,T)

Hence, by (5.12) and (5.16) and using Lemma 2 we obtain (5.1).
Q.E.D.

REMARK. Let us consider the following assumption.

BS: For any T > 0 there exists a sequence of positive random variables {f,(w)}
such that (5.13) to (5.15) hold.

And suppose that the conditions of Theorem B hold but with sup | X ()] < ==,

w € £ and B’S replacing BO and B3, respectively. Then (5.1) also holds.
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