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Abstract

A new kind of computing system, a graph reduction system, is introduced
using the original notation of graphs. Every graphs and reduction proccdures
arc defined just like as term rewriting systems. Several propertics of graphs
and graph reductions are studied from the viewpoint of our graph reduction
system. Especially, we investigate the ability of parallel reductions and
compare parallel reductions with sequential reductions. We formalize
the concepts of parallel reductions and sequentially simulatable paraliel
reductions. Sufficient conditions for reduction rules which guarantces the
consistency of parallel reductions and sequential reductions are given. It is
also showed that cvery parallel reduction preserves correctness of solutions
for the graph reduction system solving equations of regular cxpressions.

1. Introduction

There are several researches about graph rewrittings of graphs which express terms
sharing subterms [1] [9] [10]. They define expressions of terms sharing subterms and
rewriting rules as formal languages. Operational semantics of these languages for actual
graph rewritings are defined. These systems have enough power to execute rewritings
of terms sharing subterms but are not able to treat complicated looped general graphs.

We consider the general graph rewritings and rewriting rules formally. Our re-
writings are based on formal symbolical substitutions which are independent to inter-
pretation of graphs. Using the graph terms, operations such as matching and reducing
are formally defined. We are interested in transition of symbolical graphs rather than
the languages of graph rewriting system. For example, in our framework, a parallel
reduction without any restriction generates an unbelievable graph, but we can formally
calculate the rewritings using our rewriting definitions. We analyze that what kind of
rewriting rules generates a reasonable graphs without any restriction of application
order and parallel execution controls.

As a general framework of graph rewriting, there is a famous Ehrig’s specification
of graph grammar using fast production rules [7] [8]. But it sometimes inconvenient to
simulate term rewritings with sharing subterms. If rewriting rules matches to a graph,
Ehrig’s rewriting method may not be applicable when it does not satisfy the gluing
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conditions. Since our framework is based on the graph rewriting using a different graph
structure [15], we can apply our rewriting method for any matching graphs.

When we consider the parallel execution of graph reductions, there are two cases.
One is the execution of reductions applying to completely separated parts of a graph.
The executions of these reductions are not influenced each other. So we can get the
same result by executing each reduction sequentially. We call the execution of these
reductions as a sequentially simulatable parallel reduction. The other case is the
parallel execution of reductions which have overlapped reading regions. When we
apply a rule to a graph, the part of a graph which matches to a rule is called reading
region. The part of a graph which is modified by a rule after matching is defined as
writing region. Our graph reduction system does not allow the parallel execution of
graph reductions which have overlapped writing regions, but our system can execute
reductions which have only overlapped reading regions. The result of the execution of
overlapped reductions is not always obtained from the sequentially execution of the
reductions. In some sense, it is real parallel execution which have overlapped reading
regions. The behaviors of parallel execution is so complicated that it is hard to consider
the properties of the parallel reductions.

Any parallel reduction based on Ehrig’s graph grammar is always sequential
simulatable by the Parallelism Theorem [7]. We consider, in some sense, the gluing
condition for any reduction is a sufficient condition for sequential simulatable reductions.
The known graph rewriting system [1] [9] [10] always execute sequential simulatable
parallel reductions using the control of the order of applications.

The main aim of us is to investigate the properties of the real parallel reductions.
The symbolical notation of graphs and reduction rules is helpful to define a reading
region and a writing region precisely. These facts contribute to clear the concept of
sequentially simulatable parallel reductions. We have a sufficient condition that holds
parallel reductions are sequentially simulatable. For a meaningful example of non
sequentially simulatable reductions, we show a graph reduction system which solves
equations of regular expressions. The reduction rules are not sequentially simulatable,
but it is shown that every parallel reduction leads to the right solution of the equations.

In Section 2, we define new notations for graphs and graph terms. The inter-
pretation of graph terms is also introduce [15]. In Section 3, we define a graph
reduction system. Reduction rules and a matching procedure are defined. We define
not only simple reduction but also a parallel reduction. The concept of sequentially
simulatable parallel reduction is defined. Some properties about sequentially simulatable
reduction are discussed. Turner’s SK-reduction machine [18] guarantees every parallel
reduction induce a correct result. We define a graph rewriting rules corresponding to
SK-reductions, we reconfirm the fact of parallel reductions in our framework.

In Section 4, we define a graph reduction system which solves equations of regular
expressions. The ability of parallel execution of the system is discussed. The system has
the special property of parallel executions. A parallel reduction, even if which is not
sequentially simulatable, guarantees the consistency of a solution of equations.
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2. Symbolic Graphs and Graph Terms

We first review the elementary notations of relational calculus. Let A, B and C be
sets. When a'is a subset of A X B, we call a'is a relation from A to B and denote it by
a:A — B. For relations a: A — B and f3: B — C, we define a composite relation
a-Bf:A—Cbya-f:={(a,c) €A X C|(a.b) € a, (b, ¢c) € B for some b € Bj. For
relation a: A — B. we define the inverse relation o” : B — A by o = {(b. a) € B X
Al(a. b) € a}. We identify a function f: A — B with a relation {(a. f(a)) € A X Bla
€ A} (the graph of f). A function from a set X to one point set 1 = {*} is denoted by
2, X — 1. We define a subset dom(a) of A for a relation a: A — B by dom(a) = {a
€ A|3b € B:(a. b) € a) and a relation d(a): A — Aby d(a) = {(a.a) EA X Ala €
dom(a)}. For two relations a, f: A — B, we define a U $ and a N f3 by the set union
and intersection, respectively. We denote the category of sets and functions by Set, and
the category of sets and partial functions by Pfn.

Next we summarize some properties related to pushout constructions and graph
rewriting squares. We omit details which described in [15] and [16].

LeEmMAa 2.1. Let A, B, C and X be sets with B C Aand B C C, i:B — A and
j: B— C inclusion functions, g: A — X a function. If gg* Q4 C ii* 4, X N (C — B) =
¢ and the square

C
X — Y

is a pushout in the category Pfn, then Y = (X — g(A)) U g(B) U (C — B), where f = i*].

Let E be a set of labels for edges. An (E-labeled) graph < A, « > is a pair of a set

A and a collection o« = {@,:A — Ale € E} of relations indexed by E. A graph

morphism f of a graph (A, «) into a graph (B, ), denoted by f: (A, a) — (B, ), is
a partial function f: A — B satisfying d(f)a.f C fB, for all e € E.

DERNITION 2.2, Let (A, a), (B, B), (X, &) and (Y, n) be graphs and f: A — B,
g:A— X,h:B— Yand k:X — Y partial functions. The square

(A, @) — (B, B)

| |

(X.5) — (Yom

is called the graph rewriting square if it satisfies following conditions:
(1) g:A — X is a total graph morphism,
(2) The square
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is a pushout in the category Pfn,

3) n.=k*(& — g¥a.g)k U h*B.h for all e € E.

Next we define the graph as a symbolical objects. A symbolical graph is defined a
finite set of symbolical graph terms. The interpretation of these symbolical objects
correspond to E-labeled graphs defined above. Let S be a ser of identifiers.

A graph term is defined as follow:

(1) If s € S. then s and s]] are graph terms.

2) Ifsy€S.,e,,....e,€ Eandy, ..., 1, are graph terms, then syle,: ¢, ...,

e, t,] is a graph term.
A graph term is called simple, if it is defined by (1) or defined by (2) when every 1. is an
element of S.

DermNiTiON 2.3, For a graph term t, we define the root identifier ri(t), the set 1d(t)
of identifiers, the set Int(t) of internal identifiers, the set ot of leaf identifiers, and the
incidence relation S,(t):1d(1) — 1d(t) for each ¢ € E.

(1) Ifs €S, then ri(s) = s, Id(s) = {s}, Ini(s) = ¢, 3s = {s}, E(s) = ¢, r1(s])) =

s, 1d(sll) = {s}. Inu(s]]) = {s}, os]] = {s}, and E(5]]) = ¢.

2) Ifshe S. e, ...,e, € Eandt, ..., 1, are graph terms, then

)’I(S(][é’l M ST €,,:f”]) = S50
”n

Id(S()[(’l Y S TN (’,,:[,1]) = {S()} U U Id(l,‘),
i=1

n
Int(S()[el b TN (:',,:[,I]) = {S()} U U Int(t,-),
=1

1

n
SS(][C’IZI'], P (’,,:f,,] = U 31,-,
=1

n

Esoler:ti, ..o epity]) = {(s0, ri(t)) e = e} U U E).
i=1

For a finite set X of a graph terms, the set {r#(x)|x € X} of all root identifiers of X
is denoted by Ri(X). An interpretation |X| of a finite set X of graph terms is an E-
labbeled graph |X| = (Ri(X), & X)), where &X), = U,cx E(1).

A finite set G of simple graph terms is a symbolic graph if it satisfies following
conditions (1), (2) and (3):

(1) 1If x # y then rt(x) # ri(y) for any x, y € G,

(2) If x = sole;:sy, e2:82, ..., €,:5,] € G, there exists y; € G such that s; =

ri(y;) foralli =1, ..., n,
(3) Ifx =sole;:s;, 218, ..., ¢,:5,] € G, thene; # e ors; # s, forany i # j.
Since every element of a symbolic graph G has a different identifier, we can
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uniquely define the simple graph term expg(s) for s € G satistying expg(r1(x)) = x for
all x € G. A pointed symbolic graph is a pair (ri(x), G) of a symbolic graph G and an

element ri(x) € S for some x € G.

DEFINITION 2.4.  For a graph term 1 we define a finite set G(t) of graph terms as

follows:
(1) Ifs € S, then G(s) = {s} and G(s[]) = {s[}.
2) Ifso€S,e, ....e, € Eandty, ..., t,are graph terms, then

n

G(soley:itys .oy e, :ty]) = {solex:re(ry), ..., e,:ri(ty)}} U 91 G(1)

For any graph term ¢, a finite set G(r) of graph terms is not always a symbolic
graphs. So we restrict some more conditions for the graph term.
We define a strict (graph) term as follows:
(1) If s € S, then s is a strict term,
(2) Ife, ...,e, € E.so €S — UL In(y) and ¢, ..., t, are strict terms such
that Int(r;) N Int(t;) = ¢ for i # j, then so(e(:11), ..., (e,:1,)] is a strict term.
We note that if ¢ is a strict term, then G(¢) is a symbolic graph.

DEFINITION 2.5.  For a graph term t and a function g: A — B such that 1d(t) C A U
S and B C S, we define a graph term g*(t) as follows:

(1) Ifs €S, then g*(s) = g(s) and g*(s])) = g)ll-
) IfsyE S, e, ....e, € Eandt,, ...,1t,are graph terms, then

g*(s(][(el :tl),~ BRI (e/z : f,,)]) = g(Sﬂ)[(el:g(zl))? e (en:g([n))]'

The next proposition guarantees that we can construct the rewriting graphs using a
symbolical substitution of graph terms. The element of the set 3¢ operates a variables in
the rule of term rewritings.

PROPOSITION 2.6.  Let t be a strict term and let B, C and X be symbolic graphs with
B C G(t) and R(B) C Ri(C), i:Ri(B) — Ri(G(1)). j:Ri(B) — Ri(C) inclusion
functions and g : R(G(t)) — RH(X) a function. If expc(g«n)(g*(Ini(1))) C X, expa( (o)
C B, 28" Qruciiny C it* Qrucay. 8(RUX)) N (R(C) — RH(B)) = ¢ and the square

Gl - Ic]

xi l/;

Xl —— (H.m)
is a graph rewriting square, then
(H, n) = (G = expeemn(Ini(1)) U expyesy(8(R(B) N Ini(1))) U expc(R(C) = R«(B))

where = i?]. .

v
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We note that if B = G(t) then gg#QR,((;(,” - ii#QR,((;(,)). We only treat the case
B = G(t) in the graph reduction system defined in Section 3.

DEeriNITION 2.7, Let G be a symbolic graph. We define a subset Ps(x. v) of E* for
X, y € Ri(G) as follows:
(1) & € Paths(s. s) for any s € R{(G),
(2) e, € Pathg(s,s) (i =1,2, ..., n) for a simple graph term sle,: sy, e2:55, ...,
e,:s,) € G.
(3) If a € Pathg(x, s) and b € Paths(s, v) then ab € Pathg(x, y) for any s €
R1(G).
We call an elment of Ps(x, v) a path from x to y.

DEerINITION 2.8. A pointed symbolic graph (s, G) is reachable if Paths(s, x) + ¢
for any x € Ri(G).

ProrosiTioN 2.9. If a pointed symbolic graph (s, G) is reachable then there
exists a g-term t satisfying SG(t) = G and Ri(t) = s. ™

ExampPLE 2.10. Let E = {a,b} and S = N. Then {1{a:2, b:2],2[a:1,b:2]} isa
symbolic graph (cf. Fig. I).

b

Figure 1: An example of graph

ExampLE 2.11.  Let E be a one point set {+#} and S = N(a set of natural numbers).
We omit to denote an element of E.

o G = {0[1, 2], 1]2], 2]} is a symbolic graph.

* Paths(0, 1) = {*}, Pathg(0, 2) = {*, ==}, Path;(1, 0) = @ and Path(1, 2)

= ().

e (0,-G) is reachable. {1, G) is not reachable.
o In(1[2]) = {1}, R(1[2]) = {1, 2} and GA2]) = {1]2]}.
o ¢ = O[1[2]. 2[l] is a strict term. G(t) = G and rit) = s.

graph term t = O[1[2[]], 2[1] is not strict but G(t) = G.

e graph term u = O[1[2], 2] is strict and |t| = |ul.

o Aset H={0[1], 0[2], 1[2]} of simple graph terms is not a symbolic graph and
[H| = {o[1], 10)].



A graph reduction system using graph terms 33

ExampLE 2.12.  General terms are expressed by graph term or symbolic graph as
follows. We assume S = N. Let E = N+ F + Cwhere Fand C are a set of function symbols
and a set of constant svmbols, respectively. A constant(function) a is expressed - L
because it is convenient to share it. We omit denoting a label in N when it is clear from
the position of the term in the expressions. For example. 0[x, v] and 0[3[f: 4].5] means
O[1:x, 2:y] and O[1:3[f:4], 2:5], respectively.

Term f(b, g(b. ¢)) is expressed by O[1[f: 4], 2{9[b : 11]]. 3[5[g: 8]. 6[9]. 7[10[c : 12]]]].

‘% \ f(b,g(b,c))
SN

12

Figure 2:  An element of g-term expressing a term

3. Graph Reduction System

A function o: D — § is called an assignment for a strict term ¢ if Rt(G(¢)) C D C S.
A procedure Match is defined for an assignment o for ¢ and a pointed symbolic graph
(s, G), as follows:
Procedure Match
Input: a strict term ¢,
a pointed graph (s, G),
and an assignment o for t.

Case t of
t=s(s€9):
{If s = o(¢) Then success Else failure}
t=slj (s €S):
{If exps(s) = o(t)]] Then success Else failure}
t=sole :ty, ..., e,

{If exps(s) = olto)[er sy, ..., €,:5,] and
Match(t;, {s;, G), o) succeeds
foranyi =1, ..., n.

Then success Else failure}
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When the procedure March(t, o, (s, G)) succeeds, we say a strict term ¢ matches
to a pointed symbolic graph (s, G) by the assignment o. In this case, we can consider
o(t) C G.

ExampLE 3.1. Let E be a one point set and S = N. We omit to denote an element
of E. We consider a graph term t = O[1[2]], a symbolic graph G = {0[1], 1[0]} and an
assignment o = {(0, 0), (1, 1), (2, 0)} for t. Then all of Match(2, o, (0, G)).
Maich(1]2], o, {1, G) and Maich(t, o, {0, G)) succeed.

DEeFINITION 3.2. A reduction rule is a pair T = {1y, {t,, .. .. 1,}) of a strict term t,
and a non empty finite set of simple graph terms {t,, ..., t,} which satisfies Ri(t;) & 3t
fori=1, ..., n. '

Let T = (ty, Ty) be a reduction rule. For a graph G and an assignment o, if the
conditions

(1) The procedure Match(ty, o, {s, G)) succeeds for an element s € G.

(2) ru(o()) + ri(o(ty) for any 1, # ; (1, t; € Ty).

(3) o(ri(1;)) &€ Ri(G) for any ri(1;) & Ini(zy).
satisfies then we can construct a symbolic graph

H = (G — {expg(R(o(t))|i = 1, ..., n}) U {o(t)|i = 1, ..., n}.

We say the graph G is reduced to the graph H and denote (G, s) —y, H. We
abbreviate G —,, H when we need not concerning s.

Lett =1, C = (G@) — {expsu(rtt)]i=1, ...,nHU{tli=1,...,n}and B =
(G(t) — {expgo,y ()i = 1, ..., n}) U {4]r(t) € R(G(1)), i = 1, ..., n}. The
above conditions correspond to that of Proposition 2.6. So the interpretation graph ||
is uniquely determined in the category of graphs.

We define the reading region RA(G — H) = o(Int(#)) and the writing region
Wi(G —1 H) = {o(Ri(t;))|i = 1, ..., n}.

DEFINITION 3.3, A graph reduction system is a triple (S, E, R), where S is a set of
identifiers, E is a label set for edges, and R is a set of reduction rules.

We note that the set R of reduction rules may be an infinite set.

Next, we define the parallel reductions. Let 77 = (#,, Th) (j = 1, ..., m) are
reduction rules. For a graph G if the conditions

(1) G is reducible to the graph H’ by reduction rules 7/ ((G, s') — 7, H).

(2) Forany ji # jo, Wt(G —p1,e0 H'1) 0 WHG > Thioj, H)=¢ (G p=1, ...,

m).

satisfies then we define a symbolic graph

H =G — (Ufexpa(RI(IE))]i = 1, ..., n}) U (Ui{o(e)]i = 1, ..., n}).

We say that the graph G is parallel reduced to the graph H and denote G — (... ooy H.

Roughly speaking, the condition of the parallel reduction is equivalent to the
condition of the single reduction by a rule T = (5, T,)) where t, = Uty and T, = U, T,
The statement is not perfectly exact, because 7, may not be a strict term.
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DerNITION 3.4, A parallel reduction G — .y H is sequentially simulatable
iff there exists an bijection t: {1, ..., m} — {1, ..., m} and graphs G, ..., G,,_ such
that G 2 Gl T2 . T Gmfl > prem) H.

PROPOSITION 3.5.  For reduction rules T' = (t}, {t}, ..., tj,,jv}> (j=1,...,m), the
parallel reduction G — 1wy H is sequentially simulatable, if Int(t)}) N Int(tf}) =
for any j; # ).

ProOF. We show the special case of m = 2. Let H; = {¢/ (¢))[i = 1, ..., n;} and
E; = {exps(rt((d(¥))|i = 1, ..., n;}. Since Wt(G =7 H') N Wi(G =1 H) = ¢, we
have E- N H, = ¢ then H, — E; = H,.

HZG—(EIUEz)U(HIUHz)
=(G-E - E)UH UH,
=(G—-E - E)U(H, - E)UH
=(G-E)UH)-EUH

Let G, = G — E, U H,. Since Int(t}) N Int(t}) = ¢ and Match(t}, o°, (s*, G))
succeeds, the procedure Match (1%, 0, (s*, G,)) succeeds. So we obtain G —71 G| —> -

H.
The cases of m = 2 are similarly showed. n

ExampLE3.6. LetE={1,2.5 K,[.B,C.Y,PyandS=NU {f, g, h,x,y}. We
omit denotingl, 2 of E which it is clear from the position of the term in the expressions.
For example, Ox, y] and O[3[S:4], f] means O[1:x, 2:y] and O[1:3[S:4], 2:f],
respectively. We define rewriting rules as follows. We write t and t;’s separately for a
reduction rule (t, {ty, ..., t,}).

(1) Rules for Sfgx — fx(gx):
t = O[1[2[3[S:4]. f]. gl. x]

t; = O[1, 2]
t = 1[f, x]
t3 = 2[g, x|

(2) Rules for Kxy — x:

-
il

O[1[2[3[K : 4], x]. ¥]. 2]
0[x, z]

I
(3) Rule for Ix — x:
t = 0[1[2[1:3], x], ¥]

t; = 0x, y]
(4) Rules for Bfgx — f(gx):
t = O[1[2[3[B:4]. f]. g. x]
n = 0[f, 1
n = 1[g. x]
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(5) Rules for Cfgx — fxg:
¢ = O[1[2[3[C:4]. f]. gl. ]

=01, gl
= 1[f, x]
(6) Rule for Yh:
t =0[1[Y:2]., A]
= O[h, 0]

ProrosiTiON 3.7.  Every parallel reduction of Example 3.6 is sequential simulatable.
Proor. It is trivial that for any matching of rules T and 7', reading regions are
disjoint. So it always holds the condition of Proposition 3.5. =

4. Calculation of Regular Expressions

In this section, we construct a graph reduction system which solves equations of
regular expressions. Let A be an alphabet set, E set of all regular expressions over A and
S={F,x,v,x;, v;(i=1,...)}. This symbol Fexpress the final state of an automaton graph
which is defined later. We put Ls(s) = Paths(s, F).

DErINITION 4.1, A symbolic graph G is an automaton graph iff G contains a simple
graph from F.

PropositioNn 4.2. For any element s[a;:s,. a>:s>, ..., a,:s,] € G, Ls(s) =
UiaiL (i)

For an element s{a;:s, a»: 82, ..., a,:5,] € G, we can construct an equation of
regular expressions, W = Ua;W,, where W and W, (i = 1, 2, ..., n) stand for sets of
regular expressions. Proposition 4.2 means that Ls(s) and Lgs(s;) (i = 1,2, ..., n)is a
solution of the equation. We consider solving these equations constructed by G, using a
graph reduction system.

DeriNiTION 4.3, We define three kinds of reduction rules. Assume a, a;, b; € E.
(R) Reducing rule for x:

For any n, 1 = [ =< n and any regular expressions (a,, ..., a,).
(Ty) tw=xlay:xy, ..., 11X, @G;2X, @iy X, .o, 40X,
t = x[(afay):xy, ..., (aFaiy) i xioqs (@Faiy) Xy, (aFa,) x,]

(E) Expansion rule for y:
For any n, m, 1 =i = m and any regular expressions (ay, ..., a,,bi, ..., b,),

(Tl) Iy = X[b]:yh s bl'_| Yi—ts b,-:y[alixl, ey a,,:x,l], b,‘+]:y,'+1, e bm:ym]
ty=x[briyn, o by (b)) ixy, oo, (biay) 1 X b Yiens s Bt Vil
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Figure 3. SK-reduction rules

(C) Combination rule for y:

For any n, 1 < i < j < n and any regular expressions (ai, ..., a,,),
(Ty) to=xlai:yi, ..., a::y, ..., @y, ..., QpiYm)
th=xlaygiy, oo (@ F @)y o G Yig, G Yt Gt Yo

ProrosiTiON 4.4.  For any automaton graph G, there exists an automaton graph H
which is reduced from G applying a finite number of reduction rules such that any
reduction rules can not apply to the graph H. That is, for a suitable application of
reduction rules, there exists the reduction strategy to the normal form of the automaton

graph.



a8 Y. MizoGucHt

a; @ > C a, a, @

j=1,.0-1+1,..n

Ey

D@ —

k=1..n
=11+ 1,.m

k=1..n
=1, i+ ,.m

k=] ,.-i‘] ,i+1 ,..,j'] ,j+] el D) k=] ...i‘] ,H’] ,..,j‘] ’}'+'| oM

a Cy a
@ — —
c‘ Gl+oj

ay @

Figure 4.  Automaton graph reductions

ProOF. At first, we note that we can not apply any reduction rules (R), (E) and
(C) for a graph expression F. For another graph expression x[a; :s|, a>:$>, ..., a,:5s,].
if x has an argument x itself, then first we apply the reduction rule (C) for x and next
we apply the reduction rule (R) for x. For any graph expression which has an argument
x, we apply the reduction rule (C) for x and next apply the reduction rule (E) for x.
Since x itself does not have an argument x, the result of reduction does not have an
argument x: Then we can eliminate the all incoming edges to x. So we can not apply
any rules for x. Since G has finite element, by applying these processes to all graph
expressions in G, we can get the normal form of the automaton graph. That is, we can
not apply any reduction rules for any elements of G. L]

ProrosITION 4.5, For any reduction rules T, if G — H, then Lg(x) = Ly(x) (for
any x € Ri(G)).
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Proor. We consider the set of equations of regular expressions. discussed after
Proposition 4.2. L(x) and Ly(x) are solutions of the equation constructed by G and
H, respectively. It is clear that each reduction rule does not change the solution of
the equations. So we can conclude that L;(x) = Ly{(x) for any x € Ry(G). L]

For an automaton graph G. we choose the suitable reduction procedure and get
the normal form H of the automaton graph. Each element of H has the form x or
x[w:F]. So we know that the set L,(x) easily ¢ or w respectively. That is, the
procedure of reducing an automaton graph to the normal form is corresponds to the
process of solving the equation of regular expressions constructed by the automaton
graph.

For any reduction G —, H and G —¢ H, there hold Wi(G —x H) = Rd(G —x H)
and Wi(G —¢ H) = Rd(G —¢ H). Using the Proposition 3.5, we have a parallel
reduction of (R) and (C) is a sequentially simulatable. But it is not always true that
Wi(G —¢ H) = Rd(G —¢ H).

THEOREM 4.6. For any parallel reduction G —, . .y H, it holds Ls(x) =
Ly(x) (for any x € R{G)).

Proor. Reduction rules correspond to the transformations of equations. For any
reduction rules, it is obvious that a solution of the equation before a transtormation
becomes a solution of the equation after the transformation. So L(x) is a solution of
the equation constructed by the graph H. We know that a solution of equations of
regular expressions is unique. Then we have Lg(x) is the unique solution of the
equation constructed by H. That is, L;(x) = Ly(x) for any x € 1d(G). u

5. Concluding Remark

Theorem 4.6 gives an interesting insight into parallel reductions. Parallel reductions
in the system is not always sequentially simulatable. But if we restrict our aim to
finding out a solution of the equation constructed by a graph, we can use parallel
reductions. The importance of Theorem 4.6 is that it guarantees the correctness of
solutions calculated by parallel reductions.

The result gives us a new insight into parallel executions. We are inclined to
consider only sequentially simulatable parallel reductions. Because it is difficult to
consider the behavior of a non sequential simulatable parallel reduction. But according
to the semantics of a graph reduction system. the general parallel reduction may be
meaningful. Furthermore we can formally prove the correctness of parallel reductions.
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