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ESTIMATION OF JUMP REGRESSION FUNCTION

                         By 

Peihua Qiu*, Chooichiro ASAN0** and Xianping Li*

                    Abstract 

   Qui [1] discussed the estimation problem of jump regression functions 
which were divided into eight types. L2consistent estimates of two types of 
them were obtained. This paper studies further this topics and obtains L2
consistent estimates of the other four types. For the last two types, the 
authors also put forwards an estimate. A little numerical results are also 

given.

1. Introduction 

   Qiu [1] discussed the estimation problem of jump regression function f(t).

               f(t) = g(t) + Ed~l (s,.  +~) (t) t E [0, 11, (1) 

where g(t) is continuous, p is the number of jumps, {si}p are jump points, {d, — di_1}1; 
are jump magnitudes, do = 0, so = 0, si,+1 = 1. According to the information about the 
number of jumps, their locations and jump magnitudes, we can divide the jump 
regression functions into eight types. Qiu [1] obtained L2consistent estimates of the 
first two types, namely, p, {s,}1; are known, {dl—di_1} 1 are known or unknown. It 
also discussed the case when the locations of jumps have some indeterminacy. In this 
paper, we will discuss the other types of jump regression functions. The idea of 
difference kernel estimate is suggested in Section 2 and with it we obtain a kind of L2 
and a.s. consistent estimates of jump locations and jump magnitudes of the (III) and 
(IV) jump regression functions. Using hypothesis testing, we gain a kind of L2 and a.s. 
consistent estimates of the unknown parts of the (V) and (VI) jump regression functions 
in Section 3. We also put forwards a kind of estimates of the (VII) and (VIII) jump 
regression functions in this section. In the end, a little numerical results are given in 
Section 4.

2. The (III) and (IV) Jump Regression Functions and Difference Kernel Estimate 

   In this section, we will discuss the (III) and (IV) jump regression functions,
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namely, the number of jumps is known, the jump locations are unknown and the jump 
magnitudes are known or unknown. If we can resolve the estimation problem of the 

(IV), we can resolve the (III) naturally. First of all, assume that regression function f(t) 
has one jump point 0 < < 1. Now we want to estimate and the corresponding jump 
magnitude C with observations {yi}1. 

   Suppose two kernels Ki(x) and K2(x) satisfy: 

(i) K1(x) = 0 for x E[0, 1]; K2(x) = 0 for x E [ — 1, 0], 
(ii) Ki(x) ? 0, i = 1, 2, x E R1, 

-1 

(iii) J Ki(x)dx = 1, i = 1, 2. 

       1 

    Define 

Mn(t) =ytft, hn 1 [K1 z ht—K2zhtdz, (2) i-1 t;_tnn 

0< hn<t<_1—hn, lin nhn= 00, lim hn=0, 
n-n 

        IMn(tn)1max IMn(t)I 
hn~tC1—hn 

In the condition of the continuities of Ki(x), i = 1, 2, to exists. Of course, the points 
which have the property of to would be more than one. In such a case, to is the 
arbitrary one of them. 

   The to and M,(tn) are taken to be the estimates of and C, respectively. We call 
them Difference Kernel Estimates. In the following, we will illustrate that to and 
M,(tn) are a.s. consistent estimates of and C. 

   LEMMA 1. (1) Assume K(.) is boundary, El EJI P < 00, p >_ 2. 

On = max (ti—4-1) = 0(n 1), hn = n-d, 0 < d < 1 —1 
1<<—i<—np 

       If regression function g(t) is continuous on [0, 1], then for vt E (0, 1), 

n tt       gn(t)AE yiJhn1 [K( ?h_tdz converges to g(t) almost surely. 
        i=1 ti_,n 

           (2) Furthermore, if g(t) E Lip(1), K(.) E Lip(1), for 0 < a <_ b c 1, 

gn(t) g(t) I) [a,b]--->0, a.s. ,where f(t)I [a,b] A max f(t)1 
a<t~b 

The proof can be found in Cheng and Ling [3]. From Lemma 1 (1), we have 

  lim MnO = C, a.s.(3) 
n—>oo 

    Denote 

Mn(t) = M(n1) (t) — (t),
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                   nwhere111;i) (t)  _  E yift,                       hr,1Ki (z-t\ ------)dz, j = 1, 2. 
i=1ti 

f](t) = f(t), t E [0, ], 
           f2(t) = f(t), t E [ ,11 

   We extend f1(t) to be Mt), (t), where the domain is  1  1 +  
2 2 

namely f(t) = fi(t) for t E [0, ]. If ft(t)  E Lip(1), then from Lemma 1 (2), 

II Mn(t) II io, i < II M l)(t)  f t) II [o,] + II M*(2)(t)  f(t) II [0,] --> 0, a.s. 

where Mn (t) is defined like (2) with the regression fi(t), M*(t) = Mn (I)  M:(2) (t), the 
meaning of M*(i)(t) is like M(ni)(t), i = 1, 2. 

n—> 

. II Mn(t) II (h„,—h,,) = II Mn(t) II (h,, —h,) II Mn(t) II io, i ----> 0, a.s. 

For the same reason, 

                                                                                n--~co 

                      IIMn(t)II (+h,,, t -h„)0, a.s. 

Combining the two parts above with (3), we have  h„ < t* <_ + h,,, a.s., when n 
is large enough. Then urn to = , a.s. 

n— 

Without loss of generality, we assume C > 0. 

           n ti 
It,,Z           11'In(tn) = E yilhnKIZh— K2hdz. 

      i=1t_nn 
Obviously, 

           ,yihn 1fKI(z—t)_K2(z_t1dz,  hnctoc 
i=1ti -ihnhn 

Mn(t*) > nt,Z t*Z—t~           yihn1~[K1(hnK2h'Zdz, < t,*,+ hn , 
    i=1ti _inn 

whereYi=YiC1t>, yi=yi+Cl,~ i=1,n . 

If f(t) C1t~~^_ f (t) E Lip(1), then n ti 1 tZ—tt`l—thEK1(zK2 ------dz < max yi14IK1(z 
                         i=1 ti  hnhni=1 ti-ihn 

                     K2zhtdz-~0,a.s.,for2<t<1+  

                                                    n
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For the same reason, 

f1 tt11~            yil~`h,1[KJ(znKz11dz—k0, a.s. 
i-1hnhn 

lim Mn(tn) >_ 0, a.s. (4) 
71-> 

and also 

lim IMn(01 > lim IMnOI = C (5) 
11->n-_ 

From (4) and (5), we have 

lim Mn(tn) > C, a.s.(6) 
n-4 

on the other hand, M„(tn) is not greater than 

 Ent,—t (z_t)]on     yihnKl ------—K2dz + Chf1Kl--------- dz, i=1Ithnhni=1 t11hn 
                          for,  hn <_ t,41` <_; 

                                                     Z — tn  
E y ihn 1It           [Kizh t)o—K2zh t*)]odz + C EIt,hn1Kz hdz,  i=1t_inni1 ti_1n 

                       for, < to < + hn 

Obviously, 

n 1Zlim E ft,hnKjdz = 1, a.s. j = 1, 2.(7) 
n ~~ i=1 t,_1hn 

lim Mn(tn) >_ C, a.s. 
n-00 

From (6) and (7), we have liln Mn(a) = C, a.s. For the C < 0 case, we can discuss simi
larly. Therefore we obtain 

   THEOREM 1. Ki(x) is boundary function and satisfy conditions (i)(iii), i = 1, 2, 

EIE1IP> co, p>2, (5n = max (ti-ti_1) =O(n-1), hn =11—d,—d, 0<d<1-

                                              1 

    1 i<nP • 

fi(t) E Lip(1), Ki(x) E Lip(1), i = 1, 2, then 
(i) to is a.s. consistent estimate of ; 
(ii) Furthermore, if f(t)  Clt>g E Lip(1), then Mn(4n) is a.s. consistent estimate of C. 

    REMARK 1. Without loss of generality, assume ti  ti_1 = 1                                                        , i = 1,n
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Then the number of items in (2) is  2nh,,. 
   If (i) Ki(x) 1 M, i = 2, (M is an arbitrary positive constant.) , 

     (ii) El E1 I2q < ~, q > 1, then 

                                2M 2q 
   EIM,(t*)12q , (2nh„)2q 1 2nh„Eiyjl2q nh=22gElyi~2q(2M)2q <0. 

                                                           n Therefore {IM„(t*)12, n >_ 1} are uniformly integrable. Then M„(t*)  C, and to n 

Thus, the spline correction theorem is true in this case, which was given in Qiu [1]. 
   REMARK 2. The non-zero value domains of definition of K1(x) and K2(x) can be 

both extended to [—T, T], where T is an arbitrary positive constant. Namely, K1(x) = 0 
when x E10, T]; K2(x) = 0 when x E[— T, 0]. 

   REMARK 3. The non-zero value domains of definition of K1(x) and K2(x) must be 
unilateral in order to guarantee lim M„O = C, a.s. 
In factn—* °° 

    n ft, _z—z—  M
n()= E yiJhnlKl------ —K2dz 

i=1 ti-1h„hn 

n1z
y~ft,          hn' [K1z------hK2 zhdz + CJ h7,1K1hn)1 i=1t,nt 

  _1 _      — Kz z )1(1z  C J hn 1 [Kl(z) h— K2z------hdz   hntnn 

    = cJh—,1K1z------ dz — Cfhn1K1z------)dz—Ch~1 K2(z) 
 0h dz   JhnJ0h„~tn 

(1— /h„(1— /h„(1— lh„     = CJK1(y)dy —JK1(y)dy —CJK2(y)dy            hn
C—C0K1(y)dy — C J K(y)dy 

where tr satisfy tr < tr+1 >— . In order to guarantee lim Mn O = C, a.s., it is 
   0~, n—.00 

necessary that J K1(y)dy = J K2(y)dy = 0. Because of the continuities of K1(y) 
                                0 and K2(y), we have K1(y) = 0 when y E (0, cc). Namely, the non-zero value domains 

of definition of Ki(x) and K2(x) are unilateral. 

    REMARK 4. 

Ct+hz—tn  n_t;z—t*z — t,)jdz+—JK1dz,       yihn1JK1h— K2hhh 
   i=1t_innnt,n 

                         — hn < hn ;



202P. Ow et  al.

      ntrZ — tnZ — t*rZ _t*Mn(t*)yhnl~t_KlhnK2hndz+hn L:h.K2hndz,  i=1,1 

                              < t* < + hn, 

where tr satisfytr< tr+i> , because of 

   c f to+hnz—t*to+hnZ— t*1 
            Kl   H------ndzhl Kt(-------hn dz = C1 K1(y)dy,   nJtrhnnn(-t:)/11„ 

  C f tr+l— t*Ct*(5—t, )1hn 
    hn Jt-hK2hnr`dzTilnJt;:—hnK2 -------h—nndz = C J—1Ky(y)dy.  nrt 

                                                                                                              a.s. — to , 
Therefore if--------7 ,7--,G->c,hn-*0, a.s., namely — to= o(hn), thenWO)C.

   REMARK 5. Now, we discuss the case when the regression function has more then 
one jumps. Without loss of generality,assume the regression function has two jumps. 
Let I Mn(t n) I = max I Mn(t) I,IMn(t201 = max I Mn(t) (, where 7 E (ti, — 2hn, 

          h„1-�-1—hnhn<_tcl —hn 

to+ 2hn) and toandtoare arbitrary points which satisfy the relations above. 
tn') <d2) are order statistics of tand tn. We take tn'), t(n2)as the estimates of and ri, 
the two jump points, respectively. Like the case of unique jump, t(n1), tn2), M1(t(n')), 
Mn(tn2)) are a.s. and L2 consistent estimates of and rl, C1 and C2 respectively under 
some conditions. 
Cheng [2] has the conclusion that 

   LEMMA 2. Suppose U1, U2, ... , Un are i. i. d. random variables. UI N(a, 02), 

{LLn} are positive integers which satisfy the conditions that lim L = 0 and 
                                                                     n a,                                                                                                             n. 

          2 
lim    (logn) 0. Define
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 m-L 

 Vm = E Ui  , Ui h/2L , m = 2L,n. 
m L+1 m-2L+1 

W,, = max {[V,nl : m = 2L,n 1, 

A,z(x) = 2 log 3n  x + 2 log (-113  3 + 1 log log (13-111 -3 -1 log a} 
   2L2L 22L 2 

Then lim P " < An(x) = exp ( 2e-x),  00 < x < 00 . 
n->a, Q 

In our case, define 

m m-1 
     X,n =E Yi  E i IV2L , m = 2L,n 

m L+1 m-2L+1 

m m-L 

    _E m L 

m L+1 m-2L+1 ei /v2L + E f(t)  L.r f(ti) /\/2L 
                                         m L+1 rn-2L+1 

A X'm + Cm . 

If f(t) is differentiable on [0, 1] and [NA (t) I < M < x t E (0, 1), then 

mm-L
/L-1/ E f(ti)E f(ti) /V2L =>i)f(tm-i) f(tm-LIlV2L 

m L+1m-2L+1i=0 

                 Mn2 ---                               /\/2L = —2 

         sup{IXml , m = 2L,n }<_sup { IX'ml,m = 2L,n } +-22Mn-ILz 

             nj               + —
2ILz . 

If El N(0, 2), then according to Lemma 2, 

           lim P'1 > An(x) = 1  exp  x < x < x. 
n-000Q 

Obviously, 

                     2                        n
+—Mn-1Lzj 

 Pn>_An(x)<P ---------------2An(x)(8) 
aa
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1 

  i ( n ---n 
+M-'L=3n                     2 log2L 3 

=P ----------------------------- 
                    Q 

                  > x + 2 log —3n)  3 + 1 log log (-3-11  3 -1log t 
          2L 2 2L 2 . 

3n If lim2Mn-'Lj2 log2L(- 3= 0,(9) 

!23 \ 
              e„+—Mn-'L2     2  

then lim P>> A„(x) = 1  exp (2e-x), x E R'. (10) 
n \ Q ! 

                                        Al23                                              O
n the other hand, I Xml>_IX;n1 'Gil > IXml 2Mn-'L' . 

                                      V3 

                  n>n—2Mn—1L' . 

                             2 

                                                                           3 

                                  n — —Mn-1L;         p(2--'P> A„(x)> P ---------------2< An(x) (11) 
  oQ 1. 

Under the condition of (9), we have 

           \/23 
                 „ 2Mn-'L' 

lim P ---------------> An(x) = 1 -exp (2e-x), x E R'. (12) 
n oo Q 

Combining (8), (10), (11) and (12), we have 

lim P(2-1 >_ An(x) = 1  exp (2e-x), x E R'. 
n—> a, Q 

From this, we obtain: 
   THEOREM 2. Suppose el N(0, a2), {L = L„}7 are positive integers which satisfy 

  lim Lin = 0, (ii) lim (log n)2/L = 0. (i) 
n-n--->.. 

       11°g3n (_3)  = 0.f(t)is differentiable over [0,1] andt<_M < (iii) lim ti-1L-2'2LfOffIf 
n—+ co 

CO, t E (0, 1). Then 

                lim P(.-L1 <_A„(x) = exp (2e-x), x E R'. 
n-00 Q
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 Therefore  , we can test the hypothesis H0: C = 0 H H1: C 0 under the 
condition that f(t)  Cl, is differentiable over [0, 1] and its derivative is bound
ary. The concrete test procedure is that for significance level a E (0,1), x(a) =  

log2 log (1  a) is the solution of the equation exp (-2e Y) = 1 a and we 
reject HO if and only if  > aA„(x(a)). This test has the asymptotic significance 
level a. 

   The discussion about f3(0), interval estimate of jump point, Th2, Th4, Th5 and 
many others in Cheng [2] are right in our case after some simple remedies.

3. Estimation of Other Four Types of Jump Regression Functions 

   First of all, we discuss the (v) and (VI) jump regression functions. In this case, the 
number of jumps is unknown, but jumps can only take place at m positions 0 < <2 
< ... <m<1on[0,1]. 

   Suppose there are ij; observations on Gauss' [0, ;], i = 1,m 
Let's investigate the r.v. array 

( £nl +i En] —Z)/[n  V-2 a, i = 1,[171} 
      [n9 

Firstly E var£n1+i[£n1—` = 1, and secondly, for vri > 0, 
i=l[n170 

                lim Ej x2dF„i(x), F„„(x) is d.f. of enl En'  
n ~oo j=1 lxI�17[nEP / a 

          = limjy2 dG(y), G(y) is d.f. of E2 El = 0 . 
                n~`°IYI ~[n]~n 

The condition for last equation is that E1 has the second order moment. 
   Therefore the r.v. array above satisfy the Linderberg conditions, and 

                                             nE                          E

nl+i— D                     rinEEnl—i[
nE]\Q—~N(0, 1). 

   Now, make the hypothesis at i that Ho: there is no jump at jt H H1: C 0 is the 

jump magnitude at We take the following procedure to test this hypothesis. For 
level an, Can12 is generated by N(0, 1), namely P(IX1 > CcYn,2) = a„, where X N(0, 
1). We reject Ho , if 

nn --------------                      1 [n£]                                                    I,                  = Enl+iYnl-i)> Can /2 . [n]' 2a 
i=1 

If Ho is t r ue
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1   [n]1 [n] 

       [ne], OaE (f(tn1+i) — f(tn1—i))[n1~-----------, ~aE(Pi)1(tnl+i—tni—i) 

M[ne]([n£] + ) = 0(n(3e2)/2) , [n e]4 .0 Q 

where tn1_i < pi tnl+i, i = 1,[ne]  If(t)1 <_ M, t E (0, 1). 

[n 

If e < 2/3, then lim1  E [f(tn1+i) —f(tn1_i)] = 0. 
n_>o„ [n12VG i=1 

1  [re] 
ThereforeE [Y,,11 — Yni-i] --*N(0, 1). [

ne]; 2a,=1 

The probability of the first error: r„^—PH„(I nI > Can/2).If lim an = 0, then 
n--> 

lim Can12 = c'°• 
n—* 

lim PH~,(I ,I>_C112)<_limPH0(I nI>_N) =P(IXI?N), where N is an arbitrarily set 
n—).n—> 

positive number. 

lim rn = 0 
n-> 

The probability of the second error 

S1, 1 — PH,(I nl > Canl2) = 1 — {PH,(lln > Can/2 — dn) + PH,(rin �— Cant2 — dn)} 

[nC] 

for do = ---------1ZQE[f(tn1+i)—f(tn1-i)] = ------------e[na                                    CO(n~3e-2)/2) = 0002).[n17i[n] 

If lim C7/2 = 0, then lim Sn = 0. 
n->cotin co 

   We can make tests at other points similarly and take the number an of rejecting 
Ho in all m tests as the estimate of the number of jumps p and the corresponding 
positions as the estimates of the jump positions. If H1 is received at E then we use 

                          1 [n'1 

                     [n1 i[Y(tnj+i)—Y(tnj-i)] 

as the estimate of jump magnitude at 
 3. If (i) el has the second order moment o2 known, 

   (ii) 11(01 <— M < 00, t E (0, 1), (iii) E < 2/3, and
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    (iv) lim an—0 and limC`l2------= 0 , thena   n—p• 
     n—> cc n~n£/2n 

    Furthermore, if 

                                                   2 

   (v)  ElN(0,a2), (vi)exp—(Ca„~—1)<,then a„a->p . 
n=1 

   PROOF. Denote an ^— p„ + q„ where P„ is the number of rejecting Ho at p points 
which really have jumps and q„ is the number of rejecting Ho at m — p points which 
actually have no jumps. 
r„j denote the probability of the (I) error at  4j. From the analysis about two types of 
errors above, we have lim r„i = 0, i = 1,m, under the conditions of (i)—(iv). With

out loss of generality, assume the first p points of win i really have jumps and the last 
m — p points have no. 

m Then P(q„ = 0) =1I (1 — rni) —~ 1, 
                       i=p+1 

Eg2z = 12P(gn = 1) + 22P(gn = 2) + .. • + (m — p)2P(q„ = m — 0. 

L2L2 
q„ — — 0. Similarly, p„--->0. 0. 

                                                          L2 

P• 

If Fi N(0, a2),then r„i = POr)n + dni1 > Can/2) 

  = P(rin > Ca7,2—dni) + P(rin — Ca„2 dni) 

   1 1  
exp—Ca,,/2 — dni)2+  1 1  exp_(C/2 + dni)2  

\127r Can/2 + aril2 \,a7L Can/2 +dni 2 

  K exp — (Can12 — 1)  
2 2 

            1 [nt} 
where dni =[

ni' -00”E [ f(t,1±1) — f(t„_ j)], and K is a positive constant. 
For 0<b<1, 

 ~~m 

E P(qn > (5) = E1 — (1 — rni) 
n=1n=1 i=p+1 

EmmL~00`cojmn E rni — Ernirnj +...+ (1)m—p+lE11 rni 
n=1 i=p+1n=1 i,j=p+1n=1 i=p+1
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If we can illustrate that 

x „l x 

E E r„i < oc then EP(q„>b)< a), 
n=1  i =p + 1 ,n=1 

        x moo~ 

butE E r„ic(m  p) K E exp—(Ca,li2 — 1)_ 
„=1i=p+1„=1 2 

Therefore, according to BorelCantelli Lemma , q„a.s.-> 0 under the condition 
of (iv). Similarly, p„-a.s.> p. 

          =a.s.p .. R„P„ + q„----~ 

   The a.s. and L2 consistent estimate an of p discussed above requires o2 is known . 
This condition is very severe. In the following, we will construct L2consistent estimate 
of p under the condition that £1 N(0, a2) and Q2 is unknown. 
Let 

xi — E„1 +i E, —i,, Xi  17,14-iY,,1-i 

di = f (t„1+i)  f(t„1-i), i = 1,[n], 

1 ["11[„tl1 ["1 
            X =---, EXi ,X' = ----, EX;, d = ----, E di. [n] 

i=1[n] i=1[n] i=1 

          1 ["1—1[„'l 
           S[„' 1=_E (Xi — x)2 S[n,] =rE (Xi — X')2 .             [

n ] i=1mill i=1 

                    2 Then XP
IE]N 0,2-----, and it is independent ofSf„1. Making hypothesis at1that 

H0: there is no jump at 51 * H1: there is jump at 1 and the jump magnitude is C 0. 
   We can see 

1 [„Fl1 [n1 
           S(1= ---- E x;2—Xi2=__ -----£E (Xi + di)2 — X + d)2 [

n]i=1[n] i=1 

1 [„e] 2[„rl1 [,,i—— =---EX1+ FEXidi+>di-(X+ d)2,                 [nl i=1 [n] i=1[nl i=1 

When H0 is true, it is easy to know that 
                              2  1,"12 [„'l     lim (X + d)2 = 0, a.s., lim2,2= 0 and lim ----E> Xidi = 0, a.s.    „-~x,hQ.[n]1=1 ,l->Q.[n] i=1 

Thus lim 42,,1 = 2 a2, a.s.
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When H1 is true, let  Di  c = d,, i = 1,[n] , d  c = d', 

Thenlim sup = 0 and lim d' = 0. 
n—1n—>GG 

[nt]
1-02 [nl SimilarlyS~ ~t]= ----EE(X~— = EE (Xi +di X  d)2             [

n]i=1[n] i=1 

                    1 [nil              =
[nE]E (Xi +d;X-d,)2 

           1 [nt] 2[nF]1["F]—— 
               EEXi2+ E > Xid; + ----„Edi2— (X+d')2. [n]i=1[n]i=1[nJ i=1 

As the case when Ho is true, we can obtain lim Sint] = 202, a.s. 

          1 [n£] Let n = -----iE (Yn1+i — Yn1_1).As for the above hypothesis test problem, we         [
nEt i=1 

can take the following procedure: rejecting Ho when I nl>_ /3,t, where {f311} is a series 
of positive real numbers which satisfy lim /3, = 

n-000 

   When Ho is true, we can see that 

    1 [n 13r 

            [n~S[-----------] l> [f(tn1+i)  f(tn1-i)] = 0n,a.s. 

                                     3 

                            n 

If E < 2/3, then 

1 [n'] 
                lim , ,---------- E f(t1) — f 1 tn1—i)] = 0, a.s. 

, [nE]z S[nF] i=1 

The (first) error probability r,, nPH0(InI > /3n) 

               lim rn < lim PH((1 n j > N) = 2 44 N) , 
n—n-0 Go 

where N is an arbitrary positive number. Therefore lim r„ = 0. 
n-00 

The second error probability 

wn n PH,(I nl > On) = E{ P1(I fI < l3 nS(n1 )} 

         = EPHS[n](-Nn—hn)<[
Oa <(On—hn)S[nFlS[nt7   V`Q~ 

where 

 1 ]1 
hrl= ---------Ef(t)—f(tn1—i)] = ~C + 0n3= O(nE12),a.s.                         n1+i 

    [nsfS[n1 c-1[nE]° S [nF]
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If lim n-E/2/„ = 0, then 

      [Sint][nE]~X/~sire]r          pH,             -Oa(-P„hn)< j Q<(l~nhn)~QS[„t] —~ 0, a.s. 

According to Lebesque Control and Convergence Theorem , lim W= 0. 

                                                                                                                                  n 

   We can make hypothesis tests similarly at  ... , k , and use the number of 
rejecting Ho of all m tests as the estimate of p. It is easy to prove like theorem 3 that it 
is a L2consistent estimate of p. 

   In the following, we put forwards a type of estimates of the (VII) and (VIII) jump 
regression functions, where the number of jumps and jump locations are unknown. 

                      1 [n`] Let Xi = [
nE] lE (y[nt]+i+j—Y[nt]+i—j), i = 1, (n  2 [nE]), 

where 0<£<1 is a constant. X(1) > X(2) > • • • > X(„_2[„f]) are order statistics of 
{Xi}1(n2[nt]). We devide them into two parts at the position where the difference 
between two neighbouring order statistics is maximal. Without loss of generality, the 
two parts are supposed as X(1) > X(2) > • • • > X(L) and X(L+1) = X(L+2) = • • • 
X(„_[„t], where X(L)  X(L+1) = max (X(1)  X0+1)). The corresponding 

—n[n1-1 

statistics of {X(i)} if are Xi1+1, • • •, Xi1+11; Xi2+1, • • •, Xi2+12, • • • ; Xik+1, • • • , Xik+Ik 
where is + js < is+1, s = 1, k  1, > = L. Select a representative in every group of 

s=1 
statistics above which corresponding order statistics is ahead of other's in its group . We 
denote these representatives as Xp1, X • • • , Xpk, where iL + 1 , PL < iL + j L = 
1,k . Then we take k as the estimate of the number of ju mps, t[n,i +p1, t[„F]+ p2, • • • , 

                              1f t
[„t,   +

Ere]as the estimates of jump positions and----2,(y[„F]+p,+.  y[nF]+p1-j), • • • 1[nE] j=1 
----E6,1„,]+pk+j  y [n£]+pk_j) as the estimates of corresponding jump magnitudes. [ni1=1

  4. Some Numerical Results 

   For the Difference Kernel Estimate proposed in section 2, we made some simu
lations after replacing Mn(t) in (3) by 

              1 n (ni_t) ((t M (t) = E y ([K1(—) K2((— nh„ 1=1hnh11 . 

The regression function used is f(x) = x2 + 3x + 20 1 [o.5,1] e1 N(0, 1), hn = 1/inn. 
Use scanning method to obtain tn. The number of scannings is B. 
Firstly, we choose 

1, x E [0, 1], 
                K(x) = 0, when x at other points; n = 50, 

-1 , x E [  1, 0],
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where K(x) =  K1(x) — K,(x). The simulation results with varied B are:

 B 10 20 50 100 200 

t«, 0.5 0.45 0.52 0.49 0.495 

M-- ,0(t ) 18.153 18.285 20.069 21.448 21.448

Then I set B = 10. The results with the same kernel and varied n are:

n 50 100 200 500 1000 

t* 0.5 0.5 0.5 0.5 0.5 

Mn(t, 18.153 19.065 20.211 20.087 20.260

Afterwards, we choose 

             K(x) =2 sin (nx), for 
                       0 , for x at the other points; n = 50. 

The simulation results with varied B are:

B 1020 50 100 

tfo 0.50.5 0.48 0.49 

M50(t!0) 20.885 20.885 20.891 20.972

With the same kernel and B = 10, the simulation results with varied n are:

n 50 100 500 1000 

to 0.5 0.5 0.5 0.5 

Mn(t*) 20.885 20.783 20.326 20.529

From the simulation above, we can draw the following conclusions: _ 
(1) The estimates ofjump positions and jump magnitudes derived from Mn(t) are 

   also consistent. Mn(t) and Mn(t) are derived from two different forms of kernel 
    estimate of regression function.
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(2) The first kernel used in simulation does not satisfy Lip(1) condition. But the 
   results are also satisfactory. So the Lip(1) condition of kernels can probably 

    be cancelled. 

(3) It is unnecessary for B to be very large. From theoretical analysis, B ,1 I hn is 
   enough. The simulation results are coincided with it.
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