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Abstract

The present paper formulates zero-sum games for discrete-time multi-
parameter processcs. Under the assumption of independence of reward
processes, we give the unique optimal value and the optimal Markov strat-
egies, which are constructively provided by Bellman’s equation derived from
a value iteration.

1. Introduction

We treat zero-sum games where two players alternately select either one of several
reward processes. The theory of multi-parameter stochastic processes has been studied
by Mandelbaum [5], Mazziotto [7] and many authors. On the other hand multi-armed
bandit problems have been studied by Berry-Fristedt [1], Gittins [2], Whittle [8] and
many authors. Especially Mandelbaum [4] has discussed the relation between discrete-
time multi-armed bandit problems and discrete-time multi-parameter processes. The
purpose of this paper is to formulate the zero-sum games for multi-parameter processes,
by using the theory of discrete-time multi-parameter processes in [4].

Now we shall sketch zero-sum games for multi-parameter processes. We regard
that a discrete-time d-parameter process consists of d independent reward processes,
which evolve according to transition laws of given Markov chains. If player A selects
one of reward processes at time £, then he gets a reward at the time and the state of the
process moves to a new state at time (1+1) according to transition probabilities of a
given Markov chain, and it is player B’s turn next to select one reward process. Both
players alternately continue in this way and finally settle accounts. The strategies of
both players are represented by (2.1) ~ (2.3) in Section 2. Player A’s aim is to
maximize his gain (2.4) of Section 2 by controlling his strategy , and player B’s is to
minimize (2.4) with respect to his strategy o. Generally, admissible strategies for one
player depend on another player’s option of strategies.

Concerning the above-mentioned problem, we show existence of the optimal
Markov strategies by using the independence of reward processes. Next we give a value
iteration method and derive Bellman’s equations. Finally the present paper gives the
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166 Y. YOSHIDA

unique optimal value and the optimal Markov strategies, by constructing concatenations
of one-step Markov strategies on the basis of Bellman’s equations we derived in this
paper.

This paper is structured as follows. In Sections 2.1 and 2.2 we formulate multi-
parameter processes and strategies for zero-sum games and show a few fundamental
lemmas regarding to their concatenations. In Section 2.3 players’ expected rewards and
zero-sum games are presented. Section 2.4 provides a proposition to guarantee existence
of the optimal Markov strategies. In Section 3.1 we give a backward value iteration and
demonstrate its convergence. Section 3.2 is devoted to construct the optimal Markov
strategies on the basis of Bellman’s equation. Finally in the remainder of this paper we
demonstrate uniqueness of the optimal values.

2. Zero-sum Game for Multi-parameter Processes

2.1. Multi-parameter processes

In this section we shall formulate zero-sum games for multi-parameter processes.
Let d, the number of arms, be a positive integer. We regard that d-parameter processes
consist of d mutually independent reward processes. Let N be the set of non-negative
integers and put

N(e,r) = {event: 0=t <r}and N(o,r) = {odd t : 0 =t < r} forr € NU {+}.

Foreachi = 1, ..., d, let (&, ', P’) denote a probability space and let X‘ =
(X%),en denote {F/},cn-adapted time-homogeneous Markov chain with a Borel
state space E'. Here {3/}, is an increasing family of completed sub-o-fields of %,
and {X"};_,, ... 4 is assumed to be mutually independent. Let 8, denote the time-shift
operator on £¥. Next we shall define a d-parameter process by their products as

d d
follows. Set T = N¢, @ = [[ and E = ][] E. T, Q and E are the time space, the
i=1 i=1
path space and the state space of the d-parameter process, respectively. Hence we
introduce the usual partial order into T
Forr = (r!,...,r%, s = (s',...,s9) € T, r = s means that ' < s’ forall i = 1,
, d. Then a d-parameter process X with the state space E, its o-fields 3 and its
time-shift operators 6, are defined by

X = (Xs)SET = (le’ cey Xsdd)s = (sh,...,sHE T
=W ® ... ®FL fors = (s%,...,s%) € T, and
O = (9@601,-- 6w fors = (s',...,s9) € Tand 0 = (o',...,0% € Q.
d

Further E* denotes the expectation operator induced by a probability measure P = [ ]
P with an initial state x € E. =1



Zero-sum games for discrete-time multi-parameter processes 167

2. Strategies

4 Let 0 denote the zero vector in T and e; denote the i’th unit vector in N°. Let |s| =
> s'for s = (s4,...,5%) € T. In the pair (7,0) of A’s strategy s and B’s strategy o,
i=1
when player A moves ‘first’ and second does player B, we call the pair (7,0) a first-
type strategy. First-type strategies (7,0) are defined as follows: For s = (s',...,59) €
T’

m = {a(s|+0)}ienio, = = (@ (s]+1),. .. .7%(s]+1)) }ieno, =) and
o = {o(ls|+D}ience, = = {(o'(sl+1),. . ..0s|+) hene.»)
are T-valued stochastic sequences on (€2, ¥) satisfying the following (2.1) ~ (2.3):

2.1 a(lsl) =o(ls]) = s.
(2.2) For all t € N (e, ) it holds that a(|s|+:+1) = o(|s|+7) + e; for some i =

1, .., d,
and for all € N(o, ) it holds that o(|s|+:+1) = a(|s|+7) + e; for some i =
1, .., d.

(2.3) For all t € N(o,) (N(e,©)) and all s’ € T it holds that
(alls|+1) = ') € Fy ({olls|+1) = s’} € By resp.)

We similarly define second-type strategies when player B moves first and “second” does
player A. Namely a second-type strategy is defined by exchanging N(e, «) with N(o, )
in (2.1) ~ (2.3). Thus we put the families of first-type (second-type resp.) strategies and
Markov strategies as follows: for s € T

S(F; 5) (5(S: 5)) = {all first-type (second-type resp.) strategies (7,0) starting at s},
and we put
S(F) (5(5)) = S(F; 0) (S(S; 0))
and
MS(F) (MS(S)) = {all Markov strategies (7,0) € S(F) (S(S))}.

In the Markov strategy, when we are interested in the options during the time
interval [0, r}, (r € N), we shall call it an r-steps Markov strategy. The families of first-
type (second-type resp.) r-steps Markov strategies are denoted by

MS(F; r) (MS(S; r)) = {all r-steps Markov strategies (7w,0)€ S(F) (5(5))}

for r € N. Especially since (i,0) € MS(F; 1) (MS(S; 1)) does not depend on o (), we
shall represent only w € MS(F; 1) (0 € MS(S; 1) resp.).
Hence when one player’s strategy is fixed, the other player’s admissible strategies
are denoted as follows: We respectively put
D(F;s50) (D(S;5530)) = {m: (w,0) € S(F:s) (5(S;s5))} for s € T,

D(F;s,m) (D(S385m)) = {0 (w,0) € S(F;s) (5(S3s))} fors € T,
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D(;5:0) (D(S;0)) = {x: (7,0) € S(F) (5(5))}, and
D(§:m) (D(S3m)) = {o: (w,0) € S(F) (S(5))}.
Finally {4} eno,=) and {01} re Ne, ) denotes informations available at time #:

Soy = {FTEF:TN{o(t)y =5} € F, fors € N} for t € N(e, ®), and
Son = {LFE€EF: TN{o@) =s} R, fors € N} for t € N(e, ).

Hence we shall prepare the following lemma concerning concatenations of Markov
strategies.
LemMA 1. The following (i) and (ii) hold:
(i) For r € N(e,») (N(0,)), (m,0) € MS(F;r) (MS(S;r)) and ' € MS(F;1),
we define a concatenated strategy (n",0") of (x,0) and n':

a'(t,w) = mft,w)  fort € N(o,r+1) and w € Q,
o'(t,w) = o(t,w)  fort € N(e,r+1) and w € Q, and
7" (r+l,0) = o(r,w) + 7'(1,0,0)  for w € Q.

Then it holds that (n",0") € MS(F; r+1) (MS(S; r+1) resp.).
(if) For r € N(o,®) (N(e,®)), (m,0) € MS(F;r) (MS(S;r)) and o' € MS(S; 1),
we define a concatenated strategy (n",0") of (x,0) and o':

'(t,w) = a(t, w) fort € N(o,r+1)and v € Q,
o'(t,w)y = o(t,w)  fort € N(e,r+1) and w € Q, and
o"(r+1,0) = a(r,w) + 0'(1,0,w) for w € Q.

Then it holds that (n",0") € MS(F; r+1) (MS(S; r+1) resp.).
Proor. Trivial from the definitions of Markov strategies. O

2.3. Expected rewards and zero-sum games

First we shall define player A’s expected values and player B’s ones when player A
moves ‘first’. Let B, a discount rate, be a constant satisfying 0 < f < 1. For i = 1,
..., d, let f* (g"), player A’s (player B’s resp.) running rewards for i, be a bounded
measurable function on E‘. Hence we shall introduce the following notation < -,- >,
referring to the inner product of d-dimensional real vector spaces: For example, we
describe

d
< f(Xny), M1) = o(0) > = 2 f( X)) (1) — 0%(0)).

When a first-type strategy (,0) (€ S(F)) is taken, player A's expected gain! to be
paid from player B at an initial state x is

VA m,0)(x) = E[Ziene, ) B < f(Xa@+1)), Ht+1) ~ ofr) > (2.9)
— ZieN(o,») B < 8(Xop+1)), 0t+1) — () >],
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When one player’s strategy is fixed, the values optimized by another player are as
follows:

VH*0}(x) = suprepr.0) VAT,0](x) for x € E, and (2.5)
FAm,#](x) = infoeper.ny VA®,0l(x) for x € E. (2.6)

Then we shall call the following game when player A moves ‘first’ first-type zero-
sum games: To find strategies (7%,0%) € S(F) such that Vi[x* 0*] = Vg[*,0%] =
VF[JT*’*]'

Next we shall similarly define values of games when player A moves second. For a
second-type strategy (7z,0) (€ S(S)) and x (€ E) we put

Vs[m,0l(x) = E[Zienco, =) B' < f(Xaqsn)), al(t+1) — olr) > (2.7)
= Ziente.=) B < g(Xog1y), o(t+1) — a(t) >],

Vil*,0l(x) = suprepes; 0 Vslmol(x) for x € E, and 2.8)
Vilm, #](x) = inf,e p(s;m Vslmol(x) forx € E. 2.9)

Then second-type zero-sum games are as follows: To find strategies (7*,0%) € S(5)
such that V[m,0%] = Vi[*,0%] = Vg[a*,#].

2.4. Existence of optimal Markov strategies

We need some more notations in order to prove existence of optimal Markov
strategies. Set s = (s',...,5%) € T such that |s| is even (odd). If we adopt a strategy
(m,0) € S(F; 5) (S(S; s) resp.) after each reward process i has been already selected s*
times, the value of first-type zero-sum game is given by

Zp[m,ol(s) = ER’[Z:EN(e,w) B' < fXa(s+1+1))> A(|s|+14+1) = o(|s|+1) >
= Zien(o,=) B < 8(Xo(si+i+1))s 0(Js|+1+1) — a(|s|+1) >].
Hence referring to (2.5) and (2.6), we put
Zg[*,0](s) = ess suprepris.0 Zr[7,0](s) and
Zp[m,x](s) = ess infoep(r,s.my ZAm,0](s).

Similarly for s = (s',...,59) € T satisfying that |s| is odd (even) and for (7,0) €
S(S; s) (S(F; s) resp.), values of second-type zero-sum games are denoted by

Zm,0l(s) = E(\W[zreN(a, = B' < f(Xn(IsHHl)), 7

= Ziene =) B < 8(Xo(s)rir1y)s 0(s|+t+1) — a(ls|+1) >].

s|+1+1) = o(|s]+1) >

! This description is referred from the value of the reward process in Mandelbaum [8,(2.2)], by shifting
time.
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Then we define
Zg[*,0l(s) = ess suprep(s.s;o) Zs[,0](s) and
Zs[m,*](s) = ess infoep(sisimy Zs[T,0](s).

Now we obtain the following fundamental lemmas.
LemMA 2. The following (i) and (ii) hold:
(i) For (mn,0) € S(F) (5(S)) and r € N(e, ) (N(0, ) resp.) it holds that

Zu[m0l(0(r)) = EYO[< fXnary), 7(r+1) — o) > + B Zo[mol(a(r+ 1)1
(ii) For (m,0) € S(S) (S(F)) and r € N(e, ©) (N(o, ) resp.) it holds that
Zs[7,0(x(r) = ESV[< = g(Xo(an), 0(r+1) = a(r) > + B Ze[m,0l(a(r+1))].
Proor. (i) Fix any (m,0) € S(F) and r € N(e, ). Then we have
Z[7,0)(0(r)) = ES*[Zienie, =) B < f(Xa(rirn)s Ar+1+1) — o(r+1) >
= Zieno, =) B' < 8(Xogrri+1)), O(r+t+1) — a(r+t) >]
= EVO[< f(Xen), 7(r+1) = o(r) >
+ BES™HI[B < f(Xprr3), Mr+3) — o(r+2) > + .....
= Zieno, =) B < 8 Xoprierny), O(r+i+1) — a(r+1) >]]
= EVO[< f(Xnorny), 2(r+D) = o) > + B Zlmol(a(r+D)].

Therefore we obtain (i) in the case where (,0) € S(F) and r € N(e, ©). The other
cases are similarly.

LEMMA 3. The following (i) and (ii) hold:

(i) For (m,0) € S(F) (S(S)) and r € N(e, ) (N(o, ) resp.) it holds that

Zg[*,0l(a(r)
€8S SUPre D(F;0(r);0) ESO(r)[< f(XJr(rJrl))’ .7[(?+1) - 0'(7‘) >+ ﬁ ZS[*’U](JT(r+1))]
= supyemsir 1) EXU[< fXa @), #(1) > + B Zg[*,0')(7'(1))],

where we take strategies ' € MS(F; 1) and o by m(r+1,w) = #'(1,6,yw) + o(r,w)
and o(r+t,w) = 0'(t,0,,w) + o(r,w) for all t € N(e, ) and w € L.
(if)y For (m,0) € S(S) (S(F)) and r € N(e, ) (N(e, ) resp.) it holds that

Zs[7,*]((r))
= €S8 infoED(S;n’(r);n) EB‘JI(T‘)[< - g(Xfr(erl))’ o(r+ 1) - ﬂ:(r) >+ ﬁ ZF['”’*](U("-*_I))]
= infyemses;1) EXO[< ~ 8(Xo(1)), 0'(1) > + B Zg[n' *](o'(1))],

where we take o' € MS(S; 1) and 7' by n(r+t,w) = 7'(t,0,w) + n(r,w) and
o(r+t,w) = 0'(1,0,yw) + a(r,w) for all t € N(e,*) and w € Q.
Proor. Fix any (71,0) € S(F) and r € N(e, ©). We shall show only this case of
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(i), because the other cases are similar. The definition of the essential supremum
implies that there exists a sequence {(1,,0)},en Of strategies of S(F) satistying

T,(t) = a(t) for all odd ¢ satisfying 0 =< ¢ = r+1,
EXO[< f(Xair). 2(r+1) = 0() > + f Zg[s.ol(a(r+1)] and  (2.10)
lim {ESO[< f(Xnrs1)), Ar+1) = 0(r) > + B Zs[m,, ol(a(r+1))]}

n— oo

Then we have

(2.10) = lim Zp[m,, 0l(a(r)) = Zg[*,0](o(r)).

n—oco

Therefore we obtain

€8s Sup.ﬂ:E[)(F;U‘(r);rl) ERU(Y)[< f(XJ'r(r+1))9 ”(r+1) - O(r) >+ /3) ZS[*,G](O'(Y‘{’ 1))]
< Zd*,0l(o(r).

On the other hand Lemma 2 implies
Zp[7,0l(0(r)) = E3O[< (X a4 ), al(r+1) = o(r) > + f Zs[m,0] (a(r+1))]
= €8S SUPxep(Fion:0) ECO[< f(Xureny), A(r+1) = a(r) > + B Zg[*,0)(a(r+1))].

Therefore the reverse inequality of (2.11) holds. So we obtain the first equality of (i).
Next by using the Markov property and the independency of Markov chains X’ (See
Lawler-Vanderbei [3, Theorem 3(b)]), we obtain

€ss SupneD(F;o(r);a) EFU(r)[< f(Xfr(r+1))’ n(r+1) - O(r) >+ /3 Zs[*,o](n(r+1))]
= SUPx'eMS(F; 1) E*U[< fXx@y), (1) > + B Zd*,0'](x'(1))],

where we take strategies 77 € MS(F; 1) and o' by & (r+l,0) = 7'(1,0,,w) +
o(r,w) and o(r+t,w) = 0'(t,04w) + o(r,w) for each (7,0) € S(F), N(e,») and w
€ Q. Thus we obtain (i). O

ProrosITION 1. For (m,0) € S(F) ((;1',0") € S(S)), there exist Markov strategies
7ty € D(F;0) and oy € D(Fyn) ('yy € D(S;0") and o'y € D(S;7')) satisfying the
following (i) ((if) resp.):

(i) Velmm,0] = Vil*,0] and Velm,om] = Ve[r,#].

(i) Vs[a'm,0'] = Vi[*,0'] and Vs[n',0%] = Vs’ ,*].

Proor. (i) Fix any strategy (m,0) € S(F). Lemma 3 implies that for each r €
N(e, ©)

Ze[*,0)(0(r)) = supremsry EX V< AXeq)), T(Q) > + B Zs[*,0'}(7' (1))],
(2.12)

where we take strategies &' € MS(F; 1) and o' by a(r+1,0) = 7'(1,0,Hw) +
o(r,w) and o(r+t,0) = 0'(t,0,w) + o(r,w) for each (,0) € S(F), t € N(e,*) and w
€ Q.

Hence it holds that

Sup e mscr; 1HEX < fXxqy), 7'(1) > + B Zg[*,0"]((1))]



172 Y. YOsHIDA

=max EXV[(X) + B Zs[*,0'l(e))]-

1=j=d

Here we define

[; = {max EX°O[fi(X}) + B Zs[*,0')(e))]
I=j=d

— EXO(r)[fi(Xi) + B Zs[*,0'le)] } fori =1, ..., d.

Furtherweset Iy =Tyand I,y =y — (LU ... UT) fori=1, ..., d-1. By
putting

7 p(1,05ny0) = ¢ forr € N(e,»),i=1, ... ,dand w € T,
we have 7"y, € MS(F; 1) and then the supremum of (2.12) is attained by 7",
Zel#,01(0(r) = E¥[< f(Xar, 1)), 7'aal(1) > + B Zs[x,0" (7" (1))

for each r € N(e,»). Hence owing to Lemma 1, we may inductively define a Markov
strategy iy, by

apm(r+1,0) = 7'y(1,6,,0) + o(r,w) for w € Q and each r € N(e, »). (2.13)
Then we obtain
EXOI< (X2 ), T'm(1) > + B Zg[x,0'](n"1(1))]
= EN[< f(Xy, (r+1)), m(r+1) — o(r) > + B Zs[x,0l(zu(r+1))]-
Therefore we conclude that for all r € N(e, )

Zi[#,0] (0(r) = EFO[< f( X r4 1)) 7ma(r + 1)) = 0(r) > + B Zg[*,0](ztas(r+1))].
(2.14)

On the other hand owing to Lemma 2 (ii), we have that for all r € N(e, )
Zg[*,0](mm(r+1)) (2.15)
= E'§”"’(’+1)[< = 8(Xo(r12)), 0(r+2) — mpy(r+1) > + B Zg[*,0)(o(r+2))].

Hence (2.14) and (2.15) conclude the results that Vg[my,0] = Ve[*,0] and (7y,0) €
S(F). We can also check the other equations similarly. O

3. The Optimal Values and the Optimal Strategies

In this section we investigate the following backward iteration in order to find the
optimal values in both type zero-sum games. Further we shall show that the lower
bounds and the upper bounds of values coincide and that the iteration converges to the
unique optimal values.

3.1. A value iteration and the optimal values

Let us consider the following iteration.
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ITERATION 1.
(0) Put Upg = Usp = 0.
For r € N we define successively as follows.
(F.r)y  Forx=(x',... x9) € E put
Urp,s1(x) = max Ef{(X)) + B Us(x',... . X4, ..xH)

1=i=d
(8.r) Forx = (x',...x% € E, put
Us,o1(x) = min E—g'(X}) + B Up(x',... . X1, .. .x9)].
1=i=d
First we shall prove convergence of sequences {Ug,},cy and {Us,},ey in
Iteration 1. Let || - || denote the supremum norm on the space of bounded measurable
functions on E. For Markov strategies 7 € MS(F; 1) (0 € MS(S; 1)) andfori=1, ...,
d we shall introduce the following semi-linear operators S4” (S5 resp.) and S 4 and S5’
on the space of all bounded measurable functions on E:

SATP(x) = E[< X)), 1) > + B ¢(Xza))] (x € E),

S5°p(x) = EY[< — g(Xoq)), o(1) > + B ¢lxs))] (x € E),

Sio(x) = Efi(X) + B o (x',... XhL.. x)] (x = (x',.. ,x%) € E), and
SEp(x) = E* [—g(X1) + B o(x',.. . X, xD] (x = (',... x%) € E),

for bounded measurable functions ¢ on E. Then we have the following lemmas.
LeEmMA 4. Let uq, uy, v, and v, be bounded measurable functions on E such that

- 2 ¢ D
v = max- Su'uy; forj=1,2
1=i=d

Then it holds that || vi — vl =< Bllu; — ua ||
PrOOF. We obtain this lemma, since for each x € E we have

vi(x) — va(x)| = | max Ss'ui(x) — max Sa'us(x)|
' 1=i=d 1=<i=d
= max |S u(x) — Saux(x)| = Blluy — uz| .
1=i=d

LEMMA 5. For each r, r' € N, the following (i) and (ii) hold:
(l) “ Ul‘]r+r'+1 - UF,r+1 H = ﬂ” US,r+r' - US,r H .
(”) ” US,r+r'+1 - US,r+1 ” = ﬁ” UF,r+r' - UF,r ” .
Proor. For each r, ¥ € N we have
Urr+1 = max SAiUS,r and Ug,y, 41 = max SAiUs,r+r'-
I=i=d 1=i=d
By using Lemma 4, we obtain (i). The proof of (ii) is similar.
Then we obtain the following results regarding Iteration 1.

2 max{¢,y} denotes max{¢,y}(x) = max{$(x),y(x)} for functions ¢ and y on E and x € E.



174 Y. YosHIDA

THEOREM 1. lteration 1 converges:
Udx) = lim,_ ., Ug (x) and Us(x) = lim,_., ., Us (x) forx € E.
Further Ug and Us is a unique solution of the following equations (3.1):

Up = max SAiUS and US = min SBiU[.‘. (3.1)
l=i=d 1=i=d

Proor. From Lemma 5, we have for eachr, ¥ €N

H UF,r+r'+2 - UF,r+2 H = ﬁ H US,r+r’+1 - US,r+1 II = /32 “ UF,r+r‘ - UF,r “ .

We inductively obtain || Ug,+, — Up, || = || Ug,y — Uro|| for all ¥/ € N and all
even r. As letting r and ' infinite, we obtain the existence of lim,_, .. Ug,. Similarly
lim, .. Ug, exists. We obtain (3.1), by applying the bounded convergence theorem
to [teration 1. Finally the uniqueness of solutions Up and Uy is easily checked, by using
Lemma 4.

COROLLARY 1.

Ur = supremsir.1) Sa"Us and Us = infocpss;1y Sg7Ur.

Proor. They are trivial from (3.1), by considering the definition of one-step
Markov strategies.

3.2. Construction of the optimal strategies and uniqueness of the optimal values

Now we shall construct the optimal strategies. First we define subsets of E as
follows.

D' = {max S, 'Us = SJU;} forj=1, ..., d,
1=i=d

Dy = {min Sz'Up = SgUp} forj=1, ..., d.
1=i=d

Further we let

D, ' =D = (DU ... U DY) for i
Dg*' = D'g* — (D' U ... U DY) fori

Il

1, ...,d -1,
1, ...,d -1

Il

Then by putting
7°(1) = ¢; (6°(1) = ¢)) on {X, € D4 (Dg")} fori =1, ..., d,

we have Markov strategies 7° € MS(F; 1) (6 € MS(S; 1) resp.).
Hence owing to Lemma 1 we may give another representation of Markov strategies.
For (m,0) € MS(F; r) we describe (,0) as

[]T15027'7[35047- . ']9 (32)
where x, and o, are player A's (player B’s resp.) one step Markov strategies for ¢.

Hence the meaning of (3.2) is as follows. Player A selects a reward process, by using
Markov strategy ;. Next player B selects, by using Markov strategy o,. Further player
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A does, by using Markov strategy ;. The game continues in this way. Moreover we
have similar representations concerning second-type Markov strategies: For (,0) €
MS(S; r) we write (i1,0) as [0},7,,03,74,. . .|. Hence by using these representations,
we give the following Markov strategies (7%,0%) € MS(F) and (x'*,0'*) € MS(S) by

(n*,0%) = [7°,0°7°,0°7°0°%...] and (7'*,0'*) = [0°,7°,0°,7°,0°,7°, ool

'(3.3)

Then we obtain the following results.
THEOREM 2. (7*,0%) € S(F) ((7'*,0’*) € S(S)) is an optimal strategy and Up
(Us) is an optimal value for the first-type (second-type resp.) zero-sum game:
(i) Velmo*] = Up = Ve[a*,0%] < Vela*,0%]  for every n € D(F;0*) and
o € D(F,1*).
(i) Vn',0'*] = Us = Vi[a'*,0*] = Vi[a',*d’] for every &' € D(S;0'*) and
o€ D(S;'*).
Proor. First we shall show that the inequality of (i) holds for Markov
strategies. From Corollary 1 (i) and (ii) we have

Up= S,"Us = S4”Us and Ug = Sp° Up (3.4)
for every Markov strategy w € MS(F; 1). From (3.4) we obtain
Ur = 84" Sp" Up = SA™Ss” Uy
for every Markov & € MS(F; 1). Therefore we inductively obtain
Up = SA™ Sg”Sa™ 'S .. .Sa™Ss”Up (3-5)
= Sa™S57SA™Sp” .. Sa™ S U

for every r € N and every Markov 7, € MS(F; 1) (t+ € N(0,2r)). Hence from the
definitions of S, and Sz° we have

| Sa™p1 — Sa" - ” =Bl ¢ — ¢ | and [| Sg7¢1 — Sp¢2 | =8l o1 — ;2 [

for 7 € MS(F; 1), 0 € MS(S; 1) and bounded measurable functions ¢;, ¢, on E. By
letting r infinite in (3.5), we obtain

Up = Vi[r*,0%] = Vg[r,0%],

where (n*,0%) = [7°0°7°0°%7°%0°%...] € MS(F) and (m,0%) = [m,0°m;,0°%
75,0°,...] € MS(F). Since the other Markov cases can be proved similarly, we obtain
the inequalities (i) for every Markov strategies 7 € D(F;0*) and o0 € D(S;7*).

Next we shall show the non-Markov case. Hence by the use of Proposition 1, there
exists a Markov strategy m,* € D(F;0*) satisfying

VF[JTM*,O'*] = VF[*,O*].
Then we have

VF[]TM*,G*] = VF[*,O'*] = VF[]T*,O*].
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On the other hand from the definitions (2.13) and Lemma 1, xy,* € D(F;0%) is
Markov. Therefore owing to the first part of this proof we obtain

Urp = Ve[a*,0%] = Ve[ry* o*].
Thus we conclude
Ur = Vi[a*,0%] = Ve{an®* 0% = Vel*,0%].

Since the other inequalities can be proved similarly, the proof is completed.

Now owing to Proposition 1 we may respectively define the lower bound V r and
the upper bound V of values in the first-type zero-sum games by

Vr = sup, inf, Vg[x,0] and Vi = inf, sup,, Vix,0].
In the second-type we similarly put
Vs = sup, inf, Vi[r,0] and V¢ = inf, sup, V[x,0].

Finally we obtain the following results concerning the optimal values.
COROLLARY 2. The zero-sum games have the unique optimal values:

U[J = l/p = —‘;F and US = __‘_/S = V_g.
Proor. From Theorem 2 we have
Vi =< sup, Vi[m,0*] = Vp = inf, V7,0l = Vp

Since V= 'V is trivial, we obtain the result. The other is similar.
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