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Abstract

This paper is one of a series of the papers treating stable configurations
in cell space. The strong-week relations between states are introduced in the
local transition rule of the cell space. The local transition rule is systemat-
ically represented by the threshold type function. The pattern of stable
configuration is remarkably changed when the thresholds of the local transi-
tion rule exceeds some critical values. It is shown that the stable configura-
tions in the m x n cell space are dependent on both the size of the basic cell
space and the type of local transition rule. Hierarchy of types of local
transition rules and cluster property of stable configurations are obtained.
In addition the singular stable subconfiguration is defined and it is found that
a stable configuration becomes another stable configuration if a state of the
singular stable subconfiguration is changed.

1. Introduction

Life has various characteristics and has been analyzed mathematically, for example,
von Neumann [1] has proposed self-reproduced automata. Recently, pattern forma-
tions of cellular automata has been investigated by many authors [2]. Such approaches
may be included in biomathematics. Kitagawa proposed that biomathematics consists
of five elements: discrete mathematics, combinatorial mathematics, dynamical mathe-
matics, evolutionary mathematics and design mathematics [3], which are necessary to
understand biological phenomena. In the beginning, he started the study of cell space.
T. Kitagawa and M. Yamaguchi [4, 5] studied the m x n cell space. In their m x n cell
space, the transition of a configuration is caused by a change of configuration of a 2 x 2
cell subspace named basic cell space, which is subject to the local majority transforma-
tion. By them, it was obtained that any initial configuration becomes some stable
configuration which is a checked pattern after the long time [5]. With respect to
transition of configuration, important mathematical notions, for example, stable con-
figuration, garden of Eden configuration, determinative cell subspace and elementary
stable configuration were introduced in cell space by them [5-8]. Recently, we ex-
tended their results to a cell space with three or four states and investigated oscillation
phenomena of the configuration in a cell space under a fixed boundary condition [9].
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In this paper, we investigate the interrelation between the size of basic cell space
and stable configuration. We propose a threshold type transition rule, which is defined
by the threshold function and the weights of states. In general, our local transition rule
is not symmetric in respect to states. From this property, this rule represents a
strong-weak relation between states. The cell space with this rule is regarded as a
mathematical model of ecosystem with strong and weak species. Types of local transi-
tion rules are derived from this local transition rule.

2. The Local Transition Rule and Strong-Weak Relation of States

The interrelations between the size of basic cell space and stable configuration are
investigated in this paper. For this purpose, it is enough that each cell ¢; ; (1 < i< m;
1 <j < n) takes one of two states {a, b}. A basic cell space is a cell subspace in which
a local transition rule described below is applied [4,5]. In our m x n cell space, a
basic cell space is a k x I cell subspace (2 <k <m;2<I<n). The set of all basic cell
spaces is denoted by 4. Hereafter, we use a notation T[X] of a restricted configuration
over the cell subspace T where X is a whole configuration of the m x n cell space. In
order to define the local transition rule, we introduce the following counting function.

waNa - wab

Sl ) = = 2-1)

where w, > 0, w, > 0. Here, we introduce weights w, and w, corresponding to states
“a” and “b” and N, (N,) is the number of state “a” (“b”) in a basic cell space
Be #. Then, the local transition rule LT is defined by the following manner:

Transition LT,. If f(N,, N,) > n,,

a a a
Io'a R N 2-2)
¢ a - a]
Transition LT,. If f(N,,N,) < 13,
(b b b
sx1- |0 0t 3
b b - b
Transition LT,. Otherwise,
B[X] - B[X]. (2-4)

In the above local transition rule, #, and 7, are thresholds and 5, <#,. The values
of two weights are considered as a representation of relative strongness between states.
For example, if the value of w, is much larger than w,, the transition LT, occurs and the
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basic cell space is overwhelmed by states “a”. Thus, the local transition rule is not
symmetric in respect to two states. The disjoint basic cell spaces B,, B,, ..., B, are
randomly selected and the above local transition rule is applied to these basic cell
spaces [4, 5]. If definite values of weights and thresholds are given, we have a table of
transitions for all possible pairs (N,, N,). Let’s call this table a type of local transition
rule or simply a rule.

3. Types of Local Transition Rules for k x / Basic Cell Space

In the cell space with k x | basic cell spaces, the order of values of the counting
function can be derived as

fo<hfhi<fo< ' <fua<ta- (-1

Here, we use the abbreviation that f; = f(i, kl —i). From the above order and the
definition of local transition rule (2-2), (2-3) and (2-4), we can obtain all types of local
transition rules. In order to present all types of local transition rules, we define two
non-negative integers r, and r, such that r, = max{j|f,<#,, 0<j<kl} and r, =
min{jln, < f;, 0 <j < kl}. Furthermore, if #, < f;, then we define that », = L and
similarly, if f,; < n,, then r, = L. By these r, and r,, types of local transition rules are
completely determined. The corresponding rule is called [r,, r,]-rule. We present the
following types of local transition rules.
1. [1,0]-rule (All-a rule). For any pair (N,, N,), the transition LT, takes place.
2. [kl, L]-rule (All-b rule). For any pair (N,, N,), the transition LT, takes place.
3. [g—1,q]-rule (1 <g<ki—1). If N,>q, then the transition LT, takes place.
If N, < g, then the transition LT, takes place.
4 [p—Lp+dlrule 1 <p<kl-1,1<d<ki—p. Two natural numbers are
defined by the following way.

Ny=p, Ny,=d+N,—1. (3-2)

If N, > N,, then the transition LT, takes place. If N, < N;, then the transition
LT, takes place. If N, < N, < N,, then the transition LT, take place.
Here, d of [p — 1, p + d]-rule denotes the number of transition LT, in this rule. It
should be noted that the number of transition LT, in [q — 1, g]-rule is zero.

4. Stable Configurations for £ x / Basic Cell Spaces under [ 1, 0], [k, L], [¢ — 1, q1,
and [p — 1, p + 1]-rule

In an m x n cell space with k x | basic cell spaces, the stable configuration Xy is
defined by the same way as T. Kitagawa and M. Yamaguchi. If and only if LT(B[Xs])
= B[X] for any B e %, X is said to be stable {4, 5]. Under [L, 0] ([kl, L])-rule, we
find that X,(X}) configuration is only one stable configuration where a configuration is
said to be an X,(Xj) configuration if and only if all states are “a”(“b”). Furthermore,
under [q — 1, g]-rule, all stable configurations are X, and X configurations. These
rules don’t contain a transition LT, and any B[X] for B e # changes into a uniform
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configuration of B by an application of any of these rules. Thus, stable configurations
are simple X, and Xj.

The set of all stable configurations % consists of isolated and non-isolated stable
configurations [8]. Here, the isolated stable configuration is a stable configuration
without direct ancestor [8]. The non-isolated stable configuration has a direct ancestor
[8]. Next, we consider non-isolated stable configurations under [p — 1, p 4+ 1]-rule.
Then, we get regular patterns of non-isolated stable configurations. These patterns
depends on the size of basic cell space and rule. For giving a description of these
stable configurations, we define a set of cell subspaces .\ and A4, (u,veN). We
define a cell subspace Rf ; as

J — - 3
Ra,j - {Cal,j’ Cay,joovo» cz,,,j’ Caﬁ-k,j’ Ca2+k,j7 LR cap+k,j5 Ca1+2k,js . } s (4'1)

where o= {o;i=1,2,...,p}, and 1 <o, <o, < <a,<k M consists of the
above cell subspaces RZ ; under the condition that if and only if RZ ; , R} ;. € .4, then

ljy —J.) =1 Here, the index u of .4 corresponds to a different combination of
R? ;. Similarly, a cell subpsace C?; is defined by

Cfﬂ = {Ci,pl, Cipyo > Ci,g,s Ci,py+ho Cipats -+ o5 Cig ko Ciogy+2k0 - } (4-2)

where f={f;i=1,2,...,p}, and 1< B, <pf, <-- <P, <l Then, all elements of
A” are the above cell subspace C?; and all of these elements satisfy the condition that
if and only if Cf 4, Cf s € A, then |iy — iyl = k. Of course, the index v of these sets
shows that A, and 4" are different sets if v # v’.

Furthermore, as a matter of convenience, for Jl},"’ and JVI,‘”’, we define three kinds
of cell subspaces T,;#, T,;* and T;%*.

T“= |J RE; (4-3)
Ré’,jsJ{}‘,“)

V= U ¢z (4-4)
CEpeny

T4 =T“UT" - T*NT" (4-5)

A complement of T,;* (T;", T;%*"') must include at least one basic cell space and in the
definition of T,%*, .# and 4, must satisfy the following conditions.

R NCEg# ¢ (4-6)

for VRZ ;e M), VCFze #. By using the above cell subspaces, we define the follow-
ing configurations.
1. The configuration X§#* is defined by the condition:
i. Ifc,;e T thenc ,[X{*] =a
ii. Otherwise, c; [X§“]=0b.
2. The configuration X3** is defined by the condition:
i Ifc,;eT/, thenc, ;[Xs"*]=a
ii. Otherwise, ¢, ;[ X5"°] = b.
3. The configuration X§%%¢*:? is defined by the condition:
i I eT%", then ¢, [ X4 "] = a.
ii. Otherwise, ¢; ;[X§#* "] = b,
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4.1. max(k,!) < p < kl — max(k, )

In this case, the non-isolated stable configurations are very simple but the isolated
stable configurations become more irregular. Here, we present only the pattern of the
non-isolated stable configurations.

THEOREM 1. In the m x n cell space with k x | basic cell space, if max(k,[)<p <
kl — max(k, ), then under [p — 1, p + 1}-rule the non-isolated stable configurations are
only X, and Xy configurations.!

Proor. If Xg is a non-isolated stable configuration, there exists one basic cell
space B such that B[ X] consists of only the same state. Firstly, we consider the case
that all states of B[ X] are “b”. We assume that B has the following cells:

Ci,j Ci,j+1 Ci,j+1-1
Cit1,j Cit1,j+1 Tt Cit, -t
B=| " Y ) e . (4-7)
Civk—1,j Citk—1,j+1 " Citr—1,j+1-1

The set of upper cells of B is

$, = {Ci—u, Cim1,j+15 %> ci—l,j+l—1} . (4-8)

The sets of lower, left and right cells of B € & are respectively

S; = {ci+k,j= Cith,j+15 > Ci+k,j+141} > 4-9)
$3 = {ci,j—la Cit1,j—1> 4> ci+k—1,j—1} > (4-10)
Sy = {Ci,j+l7 Cit1,j+ls v o> ci+k—1,j+l} . (4-11)

For example, let’s take the basic cell space B; that consists of a sum of S; and a subset
{ex,)i<x<i+k—2,j<y<j+1—-1} of B. Thatis, Bj={c,gi—1<r<i+k—2,
j<s<j+1—1}. Then, by the condition that max(k, ) < p < kl — max(k, [), we can
not allocate the state “a” to these upper cells because we can not get a stable configura-
tion of B, even if “a” state is allocated to all cells of B;. Thus, all states of S;[X]
should be “b”. For S,, S;, and S,, the similar arguments holds. Furthermore, it is
casily found that states of ¢;_; -1, Ci—y j+1» Civk j-15 Ci+k,j+1 are “b”. By continuing
above arguments step by step, we obtain Xy configuration. Secondly, in the case that
all states of B[X] are “a”, by using the similar arguments, we obtain X, configuration.

Q.E.D.

4.2. min(k,!) < p < max(k, )

In this case, there are patterns of non-isolated stable configurations other than X,
and Xy configurations. By using the definitions of the above sets, we can give a pattern
of non-isolated stable configuration in the case that k > 2,1 >3 (k> 3,1> 2).

* It should be noted that this theorem holds for [r,, r,]-rule under the condition that max(k,}) <r, <
r, < kI — max(k, ). This is due to the referee’s comment.
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THEOREM 2. If k> 1, in the m x n cell space with k x | basic cell spaces (k > 3,
122 or k>2,1>3), non-isolated stable configurations are X,, Xy and X e ¥;. If
k <, non-isolated stable configurations are X, Xy and X5'"* € Z.

ProOF. In this proof, the notation of proof of Theorem 1 is used. We assume
that k > I and prove that X** X, and X, are non-isolated stable configurations. If a
configuration X of an m x n cell space is a non-isolated stable configuration, then at
least there exists one basic cell space B such that all cells of B have the same
state. Firstly, let this state be “b” state. Then, all states of S;[X] and S,[X] must be
“b” state because |S;[X]| (|S;[X]|) =1 and p> 1 States of any p cells of S;[X] or
S4[X] can be allocated “a” states because p < k and other cells’ states are “b”. Of
course, we can allocate “b” state to all cells of these cell subspaces. By considering the
basic cell space B, ; ={c,i—1 Sr<i+k—2,j—1<s<j+1-2}, it is known
that a state of cell ¢;_; ;_; depends on a state of ¢;y;—y j-;. If Civk—1,j-1[X] = a(b), then
¢i-1,j-1[X] = a(b). By the similar considerations, we know that Civn,jm1 [(X] =c¢; -1 [X],
Ciey,j+1lX] = Cisp—1,0[XT and ¢;p ;41 [X] = ¢; ;4 [X]. The similar determination pro-
cesses of states of cells can be continued step by step. Then, we get Xg* e 2 or X,
as a whole. Secondly, we assume that all states in B € & are “a”. Then, by the similar
arguments, we find that this configuration is X,. In the case that k < I, we can prove
this theorem by the similar method. Q.E.D.

Two examples for these non-isolated stable configurations under [4, 6]-rule are
shown in Fig. 1. Hereafter, in figures, a black cell in the cell space has “a” state and a
white cell has “b” state. From these examples, it is clearly known that a direction of
“a-state string” depends on the form of basic cell space because a basic cell space is
6 x 5 cell subspace in Fig. 1(a) and it is 5 x 6 cell subspace in Fig. 1(b).

(a) (b)

Fig. 1. Two examples of non-isolated stable configurations under [4, 6]-rule. Hereafter, in all figures, a
black cell has “a” state and a white cell has “b” state.

(a) A basic cell space is a 6 x 5 cell subspace.

(b) A basic cell space is a 5 x 6 cell subspace.
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43. 1< p<min(k/)

Two cases that k =1 =2 and k > 2, [ > 2 should be separately considered because
if k =1=2, a stable configuration is a checked pattern and if k > 2, | > 2, then other
patterns are non-isolated stable configurations. First of all, we consider the latter. In
order to present stable configurations for p = 1, we need a definition of a neighborhood
of any cell. A cell subspace Ul(c;) is said to be a neighborhood of ¢;; if and only if

U= U B—{ey) (4-12)
Be &(ci;)
where %(c;) is a set of all basic cell spaces that includes c;;.

THEOREM 3. Under [0, 2]-rule, stable configurations are X,, Xy and an a-state
sporadic configuration which satisfies the condition that if c;[Xs] = a, then for any
e € Uley), culXs] = b.

Proor. By using definition of [0, 2]-rule, it is easily proved that X,, X and
a-state sporadic configuration are stable configurations. The detail of proof is omitted.

Q.ED.

An example for a-state sporadic configurations is shown in Fig. 2. When a rule is
[1, 3]-rule, a pattern of non-isolated stable configuration is significantly different from
other one. In this pattern, it is possible that two “a-state strings” cross in “b-state sea”.

THEOREM 4. If a rule is [1, 3]-rule, then non-isolated stable configurations are X,
Xg, X X0 and X§H9H 0,

Proor. The method of proof is similar to the proofs of previous theorems. The
detail of proof is omitted. Q.E.D.

An example of the above non-isolated stable configuration X§#%“*>? is shown in
Fig. 3. Under the condition 3 < p < min(k, l), vertical or horizontal “a-state strings”
exists in non-isolated stable configurations, but both kinds of these strings can not
coexist in one non-isolated stable configuration, which is different from the case p = 2.
The vertical (horizontal) “a-state strings” exist whether k <[ or not. This is different
from the case that min(k, [} < p < max(k, I).

|

.

[ L 11

Fig. 2. An example of a-state sporadic stable configurations under [0, 2]-rule in a cell space with 2 x 3 basic
cell spaces.
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Fig. 3. An example of non-isolated stable configurations under [1, 3]-rule in a cell space with 3 x 3 basic cell
spaces.
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(a) (b)

Fig. 4 Two examples of non-isolated stable configurations under [2, 4]-rule in a cell space with 4 x 5 basic
cell spaces.

THEOREM 5. If 3 < p < min(k, l), then non-isolated stable configurations are X ,, Xg,
X and X3,

Proor. By the similar method, we can prove the above theorem. The detail of
proof is omitted. Q.E.D.

Two examples for non-isolated stable configurations under [2, 4]-rule are shown in
Fig. 4. Lastly, we consider the case that k =1 =2. If p = 1, then stable configurations
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are X,, Xp and a-state sporadic stable configuration. If p = 2, then stable configura-
tions are well-known checked patterns which were obtained by T. Kitagawa and
M. Yamaguchi [4, 5].

It is easily found that any stable configuration under {p — 1, p + 1]-rule is comple-
mentary to a stable configuration under [kl — p — 1, kl — p + 1]-rule. Here, a con-
figuration X is said to be complementary to X € & if and only if ¢;,[X] = ¢;[X] for any
cell where @=b and b =a [5]. By using this fact, we can get a pattern of a non-
isolated stable configuration under other [p — 1, p + 1]-rule which are not presented in
this section.

5. Hierarchy of the Types of Local Transition Rules

We introduce an order relation < into a set of all types of local transition
rules. For two rules o and f3, the order relation a < f§ exists if and only if any stable
configuration under a rule « is also stable under a rule . Furthermore, in the subset
{[ry, ra] —rulelr;,ry # L, ry —ry # 1} of the set of all rules, we can introduce the join
o @ f which is defined by « @ f = sup {a, f}. This join is used in the next section.

THEOREM 6. The following order relations exist.

(1, 01=<[g—14] (5-1)
kl, L1<[q—1,4] (5-2)
lg—Lgl<[p—1Lp+d] (5-3)

where 1 < q<kl-1,1<p<ki-1land1<d<kl—p.

Prook. Under [1, 0]([k], L])-rule, X, (X;) is only one stable configuration and
under [g — 1, g]-rule, all stable configurations are X, and X;. Furthermore, X, and
X are stable under [p — 1, p + d]-rule. From these facts, we obtain Theorem 6.

Q.E.D.

THEOREM 7. An order relation [p — 1,p +d] <[p' — 1,p’ + d'] exists if and only
ifd<d,p<pp+d<p +d.

Proor. From transition tables of [p — 1, p + d]-rules, we can easily prove this
theorem. The detail of proof is omitted. Q.E.D.

6. Cluster Property of Stable Configurations

From Theorem 7, we obtain that [ — 1, g+ 1]<[p-Lp+d](p<q<d+p—1)
Thus, any stable configuration Xg under [p — 1, p + d]-rule (d > 2) consists of the union
of local stable configurations B[ Xg] (B € #), which are stable under [q — 1, ¢ + 1]-rule
(p <q<d+p—1). Simply, we can represent this fact as

[p—Lp+dl=[p—-Lp+1]1@[pp+2]®[p+Lp+3]1®  P[p+d—2,p+d].
(6-1)

In an m x n cell space with [p — 1, p + d]-rule, a cell subspace whose configuration can
not be changed by [i — 1,i+ 1]-rule (p <i<d+p—1)iscalled [i — 1,i + 1] domain
which is denoted by D;. Our interest is possible distribution of these domains.
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[i—1,i+ 1] and [j — 1,j + 1] domains are said to be able to overlap with an overlap
index x;; if and only if there exist basic cell spaces B and B’ such that B and B’ belong
to [i—1,i+1] and [j—1,j+ 1] domains respectively, |[BNB'|=k; #0 and con-
figurations of B and B’ are not uniform.

THEOREM 8. In an m x n cell space with k x| basic cell space, [p—1,p + 1]
domain and [kl —r — 1, kl — r + 1] (p < kl — r) domain can not overlap with an overlap
index x,4,-,=w if and only if w>p and r<w—p. [p—1,p+ 1] domain and
[kl —r — 1, kIl — r + 1] domain can overlap with an overlap index w if and only if w < p.

Proor. We assume that w > p and BN B’ # ¢ where B< D, and B' < D,;_,. We

6 9

can allocate “a” state to p — x cells and “b” state to other w — p + x cells in BN B’

' n

B N NN
AN NN NN NN

(8) (b)

(c)

Fig. 5. Three examples of cluster property of stable configurations under [p — 1, p + 2]-rule (p = 1, 2, 3).
(a) A stable configuration under [0, 3]-rule.
(b) A stable configuration under [1, 4]-rule.
(c) A stable configuration under [2, 5]-rule.
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where 0 < x < p. If “a” state is allocated to x cells and “b” state is allocated to other
cells in B— BN B, a configuration of B is stable. However, if r <w —p + x, a con-
figuration of B’ is not stable. Thus, if r < w — p, then two domains D, and Dy;_, can
not overlap with an overlap index w. Secondly, we assume that w < p. The “a” state
is allocated to w — x cells and the “b” state is allocated to other x cells in BN B’ where
0 < x <w. Then, there exist two stable configurations of B and B’ if and only if
klzp+xand kl —w>r — x. There exists the number x which satisfies these condi-
tions. From these calculations, Theorem 8 is proved. Q.E.D.

Exampiles of cluster property of stable configurations are shown in Fig. 5. In Fig.
5, under three rule [p—1,p+2] (p=1,2,3) and 3 x 3 basic cell space, stable con-

figurations are shown.

7. Singular Stable Subconfiguration

In an m x n cell space, by a change of state of only one specific cell, a stable
configuration may not be changed into another stable configuration. For investigating
these facts, we define the singular stable subconfiguration.

DerFNiTION 1. In an m x n cell space C, for Xge % and V < C, V[X;] is said to
be the singular stable subconfiguration iff V[ X] satisfies the following conditions:

1. If for any cell ¢, eV, X' = {c;[X']lc;[X'] = c;[Xs1(i # x,j # y), ¢, [X'] =

ny[XS]}’ then

Prob(X' > Y)#0 (7-1)

where Y # X, X' and Ye 4.
2. If for anjﬂ Cyw € C — V, X" = {Cij[X”]lC,'j[X”] — Cij[XS] (l £ Z,j 4 w)’
czw[X”] = czw[Xs]}, then

Prob(X” — Xg) = 1. (7-2)

We can easily obtain the singular stable subconfiguration of each stable configura-
tion under any type of local transition rule, but we omit the long list of singular stable
subconfigurations. However, here, we will discuss biomathematical implication of the
above singular stable subconfiguration in short. Any small change of the singular stable
subconfiguration induces a large alternation of stable configuration because the interac-
tion between cells maintains this singular stable subconfiguration. In biological
phenomena, similarly, a small change of gene or DNA of eucaryote induces an altera-
tion of phenotypic expression or function of organism. We think that a gene is the
subsystem of whole system of organism, which is similar to the singular stable sub-
configuration. We insist that a gene can be interpreted as “singular subsystem” rather
than organism’s blueprint where “singular subsystem” is an extension of the singular
stable subconfiguration. An example of the singular stable subconfiguration is shown
in Fig. 6 where a set of dotted and black cells’ states is a singular stable subconfigura-
tion. The transition from the configuration which is obtained from a small change of
the singular stable subconfiguration is shown in Fig. 7.
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Fig. 6. An example of singular stable subconfigurations under [1, 3]-rule in a cell space with 3 x 3 basic cell
spaces. A set of dotted and black cells’ states is a singular stable subconfiguration where a black cell’s state is
“a” and other cells’ states are “b”.

.i; achange of state of
¥ singular stable subconfiguration

Fig. 7. A lineage of transition from a configuration with damaged singular stable subconfiguration. The
original configuration is stable under [2, 4]-rule in a 4 x 4 cell space with 3 x 3 basic cell spaces.



Stable configurations in cell space under the threshold type transition rule 51

8. Patterns of Isolated Stable Configurations

Finally, we investigate an isolated stable configuration which does not have any
direct ancestor. It is easily found that under [L, 0] and [kl, L]-rule, there does not
exist an isolated stable configuration and under [0, 1]([kl — 2, kI — 1])-rule, an isolated
stable configuration is only X (X,). However, under [p — 1, p + d]-rule, patterns of
isolated stable configurations are more complex than patterns of non-isolated stable
configurations. Here, we show some examples of these isolated stable configurations
under [1, 3]-rule in Fig. 8.

(b)

Fig. 8. Two examples of isolated stable configurations under [1, 3]-rule in a cell space with 3 x 3 basic cell
spaces.

(@) In the row direction, this isolated stable configuration is periodic.

(b) In any direction, this isolated stable configuration is not periodic.

9. Summary and Discussion

In this paper, we have proposed the threshold type transition rule. Then, we have
obtained all types of local transition rule, which is called a rule for short. We have
found all patterns of non-isolated stable configurations in the cell space with k x [ basic
cell space under these rules. We have defined the singular stable subconfiguration and
discussed its biomathematical meaning.

In the cell space, the interaction between cells or the transition rule is not sym-
metric in respect to each cell. Thus, our cell space is different from usual cellular
automata, for example, as famous von Neumann’s cellular automata and Wolfram’s
two-dimensional cellular automata [10].

Each rule or type of local transition rule has robustness against small perturbations
of parameters in a rule LT. This means that even if parameters of the transition rule
LT suffer small perturbations, the type of local transition rule remains unchanged.
This statement is equivalent to another statement that broad spectra of parameters of
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the transition rule give us the same type of local transition rule. We think that this
concept of robustness of a rule is also important when we understand biological
phenomena. By thermodynamic fluctuation and external disturbance, organized struc-
tures of life are usually at a crisis. We assume that the interaction between elements of
organized structure depends on some parameters and these parameters are perturbed by
foregoing fluctuations. However, in order to maintain organized structures, the result
of interactions must not change even if the parameter of interaction is disturbed by
these fluctuations. Thus, we believe that robustness of rule is one of important concepts
in biomathematics.
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