SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

RATE OF CONVERGENCE FOR NON PARAMETRIC DENSITY
ESTIMATION IN LINEAR PROCESS

Basu, A. K.

University of Calcutta

Sahoo, D. K.
R. K. M. College

https://doi.org/10.5109/13407

HiRIEER : Bulletin of informatics and cybernetics. 23 (3/4), pp.209-224, 1989-03. Research
Association of Statistical Sciences
N—o30:

HEFIBAMR

.

W KYUSHU UNIVERSITY




Bulletin of Informatics and Cybernetics, Vol. 23, No. 3~4, 1989

RATE OF CONVERGENCE FOR NON PARAMETRIC
DENSITY ESTIMATION IN LINEAR PROCESS

By

A. K. BAasu* and D. K. SAHOO**

Abstract

Rate of convergence to normality for the density estimators of
Kernel type is obtained when the observations are from a stationary
linear processes. At first, the case of estimating the density at a
fixed point is considered and latter on, it is extended for estimating
joint density. Also the problem of estimating the density at several
points is considered.

1. Introduction

Problem of estimating the unknown density function of a population have been
considered by several authors. An excellent survey of the results is given in Rosen-
blatt [9] when the sample observations are independent. Attempts also have been
made to extend the results to other than independent observations. Rosenblatt [8]
considered the case where the sample observations are dependent in the sense that
they are sampled from a stationary Markov sequence and also derived some interesting
results about the Kernel type density estimators.

In this paper our aim is to extend these results for the random sequence
{X:}i=-1,0,1,.. when they form a stationary linear process. Most of the important
stochastic process models, such as, Auto regressive schemes, Moving average schemes
etc. are linear processes. In an unpublished paper, Kamal Chanda considered the prob-
lem of estimating the probability density function for the linear process and try to
investigate the asymptotic properties like almost sure convergence and asymptotic
normality. But unfortunately there are some mistakes in his calculations and also he
does not consider the rate of convergence to normality. We exploit the techniques of
Blume and Wittwer [2] and N. Kersten [5] and use some results of Ibragimov [4] to
find the rate of convergence to normality of the estimated non parametric density func-
tion. In section 2 we consider the case of estimating the density at a fixed point and
in section 3 we extend it for estimating joint density. Also in section 4 we consider
the problem of estimating probability density at several points. Using different methods
uniform rates of convergence to normality for non parametric density estimates have
been obtained by Wertz [10], Prakasha Rao [6, 7], Basu and Sahoo [1] and their rates
where at best of the order of n™'°*7, 0<y<1/3. In this paper assuming quadratic
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210 A K. Basv and D.K. Sanoc
Kernels and existence of higher moments we are able to get rate of convergence of

the order of n~"*(log n)*, a>0. Our method can be used for polynomial Kernels and
Kernels which can well approximated by polynomial Kernels.

2. Probability Density Estimate and Its Rate of Convergence to Normality

Let {X,},—._101. be a stationary linear process defined by
Xt:%ajsc—j (2-1>
f=

where {e,} is a sequence of independent and identically distributed random variables
such that E{e)=0, E(eh)=1 and {a;}37., is 2 sequence of real numbers with a,#0 and

2 lay| <=,
Jj=0

Suppose the process is observed at the points ¢=1, 2, ---, N and X, has the pdf ‘f.
We formally define the estimator fy(x) of f(x) as,

R N , . , ‘
f‘v(x):(l/i\')gjl(l//z)[x [(x—X)/h] (2.2)
where {A=hy} is a sequence of real numbers such that Ay—0 but Niy—ce as N—co

(e.g. hycc N7'%) and K is a Kernel function satisfying:

(i) Sup K(y)<es

ey <o
(i) g:[{(y)d y<os, lim yK()=0. (2.3)
We make the following additional assumptions:
(iii) if ¢, denote the characteristic function of ¢, then g:[ugﬁo(u)ldu<oo
(iv) Ele]<eo

(v) Zla;i=C-27*"/N'* where C is a generic symbol which denotes a positive
J=y

finite constant, independent of N and a is a positive constant.
We set

1
fo= Vi
=f(e-t, €ctor, o) (2.4)
and  Ty=+vNh[jy—Fy], where fy=(/REK(x—X)/h)

[K((x—=X_)/ ) —EK{(x—X\)/h)]

=(1/Nh)'* :—%1 [K((x—X)/h)—EK(x—X)/h)]
:(1,r/;\’lz)’/zz__z_I)V[K((x-X-t)//z)—EK((x —X)/h)]

-1
=1/N"* B fi. (2.5)
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In case the strict stationarity of {X,} is valid,
P ml S Pl(1/N)V2 g >
|, 2, fe<z|= Plasnre 57z

We take a second degree polynomial Kernel K(v)=a,+a,y-+a,y® Such type of Kernels
are widely used. In fact if we take a,=3/445, a,=0, a,=—3/20v/5 then we will
get Epanechnikov [3] Kernel which is optimum in the sense that it minimizes inte-
grated mean square error. So

K{(x—X_)/h=A4+A,X_,+A,X2,, where Ad;=a,+a,x/h+a,x*/h?

Ai=—(a,/h+2a,x/h%), A,=a,/h*.
Therefore,

=/ A+ AX AKX, —A], where A;=EK{(x—X\)/h)
:(1/h>1/2[A1X—L+AzXEL—A4] ’ A=A — A,

:(1/&)1/2[14120 aja-l_,-+A2i§; gjo ey it — A, (2.6)

Under the above representation we have the following theorem :
THEOREM 2.1. For a stationary linear process {X,} with Eei<cc let a be a positive
constant such that,

3 layl SC@ /YN @.7)
J=1
and hycc N™Y5 then,

(e

g

(fv—Txl<z)—00)

<C-(log N/N)'? (2.8)

where

*=Eft+2 3 E(ff) (2.9)

and Ef§—>f<x>SK2(u)du>o as Nsoo.

To prove the above theorem we require the following result.
REsSuLT 2.1. Suppose the conditions of theorem 2.1 hold. Then

SIE(f)I=Cpir (2.10)

Proor. Let J, be the distribution function of Y=2X,_,, and F, be the joint dis-
tribution function of X; and

£=2
Y,=X%¥,, where X, ,,= > a;e;_;
j=o

sz—e, ::Xz_Xt-z. 3
Define
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1 - \
I=E| oK (= X0/MK (e X0/h) |
1
E
Since ¢,’s are iid and ¢, is the characteristic function of ¢, the characteristic function
of X, is

SK((X—XJ/h)K((X_ Ve=y)/MdF (Y, Yod (). (2.11)

L= t-2 )
E(ew;;oa]:r]): 11 E(et#es)
j=0

-2
= h Oolatju)
Jj=0
and, therefore by (iii)
, L (=
Jiyn= 2&*g_wl¢o(u)\ du<c (2.12)
and
” L ®
JH S 5| luguw)ldu<e 2.13)
Now for some constant >0, we define A={|Y,|<d}. Hence we have
1211+12 , (214)
where
1={ 2r(*0)arx Vol KO)Jitx—ya—hy)dy
1 Ja h h, t 1y 2 o t 2
and

I, :SAC_fIL_K(x—th)dFL(X“ Yg)gme(y)jf(x—yz_hy)dy

Again in A, by (2.13) we have
mNng(y)Jxx—yz—hy)dygMN 2.15)

where

my=min(C, S:K<y>{];<x—hy>+ca}dy)

MNzgioK(y)max{O, Jix—hy)—Cé)dy.
Obviously mx=0, My=0 and
M.v—nmggmy){j;(x—hy)+ca}dy+2cachK<y>dy

where B={y, Ji(x—hy)<Cd}. Therefore

O<My—my<Cé (2.16)
and

IléAINS%K«X* Y/ WAF (Y, Y=Myfx(x). (2.17)
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Defining G,=P(] X¥.,, .| >0) we have
L=2(C/ Gy, (2.18)

because of the fact that |@(u)| <C for all w and Ji(y)<C for all y. Hence, combining
(2.17) and (2.18) we get

I=L+ LMy fy(x)+(C/h)G, . (2.19)
Again

IszSRl/h K((x—Y)/h) dF (Y., Yy)

=myfa(x)—(C/h)-G, . (2.20)
Therefore, by (2.19) and (2.20), we have,

myfa(x)—(C/h)-G,<I<Myfn()+(C/h)-G,. (2.21)

Denote V, as the distribution function of X¥, ;, then

=] +] 5 K@=y BV )

=IL+I1., say (2.22)
where
1,={ ¢ Vt<>’2>§K<y>J:<x— Yo—hy)dy
gMNSAd V(Y. by (2.15)
<C-My
and
Agc.gdwm
éC'Gz.
Therefore
Fv)=L+L<C-(My+G)). (2.23)
Also
FrozLzms| dViy)=my1-Go. @2

Combining (2.23) and (2.24) we have,

my(l—G)< () SC(My+Gy).
This implies

myf () L—G)= A ()= CTv(OMy+G)) . (2.25)
Hence from (2.21) and (2.25) we have,
myfw(x)—(C/h)G,—Cfx(x)(My+G,)
SI=FH()EMyfy()+H(C/DG—my fr(0)(1=Go) . (2.26)
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Since My, my, fv(x)<C and h=hy—0 as N—c= for all sufficiently large N, we have

1

B f)l= = [E{K (x—X_)/h)

=]

—EK(x—X)/MHE(x— X))/ h)—EK{(x— X1)/h)}] ‘

_ I/lzg K (x—X)/h)

A

»

—EK{(x—=X0)/ MK (x—X)/h)— EK((x—X,)/h)}]

because of sationarity.

=h|1—7%(x)]

SChlfx(My—my)-FG./h]

<C-(ho+G,). (2.27)
Also, it is easy to prove that

G.=P{| X{..| >0}
SE|X¥o.]/0

<C- 3 lasl/3, by 4

=C-7,/0 where y,= i}wlla,-].

j=t—

Hence from (2.27), we have

LE(f1f )1 =C-(hd+7./0)
=C-h'3(y )2, selecting d=h""/*(y,)"/*. (2.28)

Now (2.10) is true because of the fact that

oo
2
t=2

Sar=3( 3l

J

IA

C- @@=/~
since by (v),

S, | SC-27 9V (N2, a>0
j=N

=C § (2”“’2'7’11“)_1
n=1

<eo.
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Proor oF THEOREM 2.1. From (2.6) we have,

1 = o o
flzi/'ﬁ{ﬂxgaﬁ_yj‘}‘ ; ; AGjE 181 AJ (229>

and
Elf1/ecy, o0, -+, eoy]

. N-1 . N-1 N-1
:E[(flx/\//’l)' F_{)ajs—x-;‘f‘(riz/\/ h)- EO aniajs—l—is—l-j
j= =0 =

(AR i’aje_l_j—k(Az/\/fh‘)- i\ Z ey ;—Ai/e, eca, o, s_y]
j=2 =N j=)

N- . N~1 N-1 S )
=(A/V h)- Z;:ajs-l-j-f—(nlz/\/ h)e 2 20a’za;S-x-ts-x_H—(Az/\/h)' ,ENLY%—A‘L
= = = Py

€.1-:5_,-;). Following Blume and Wittwer [2] and using the

We set Si;=e¢_,_ie.,_;—FE(
inequality
EVLX+Y+ZPISEV XPHEP| Y+ EY Z)0.
We get,
,e-v])?

\},1 JE e, ,} )4—5:/

EV( fi—ELf1/e,

su[)

hzg

§E1/3(
(2.30)

L1y
LE (M// szzaasu )
, the first

Further using the inequality F|XYZ | <[E|X|PE|Y|*E|Z|*]"® we see that
summand is not greater than

A o

T%ElN(h jzzjg:‘v!&';-lajlajssq7]'15_1,]‘25_1,]‘31)

S*}*- g‘ Ia [28N44 {F[ «'[3E[8»17',\3E[8f1--[3}1/3 e (231)
~+h it ;; Ja=N ANarEAEY ~1-J1 J Ja

and also
Ellsi8_1_111a:El‘,3‘€g‘3. (232)
Similarly, the second summand is not greater than
A, N-1
\/}2 El/3(11,i21i3=w' jlrjz,jgsa'lailaizai3af1af2af.;5’1Jx521725i:;j.3I)
A, & R 37 (3 1/3
g:/}l <L1 ig,i3=N j1, 70213 0 allal’alsajlajgajg{{E{Shh{ E‘S”]" ElS, o3 * ) (2.33)
An analogous inequality is also valid for the 3rd summand. Further we obtain
EVSPSEY (e o519 +1
SEEH+1. (2.34)

Therefore, combining (2.31)-(2.34) we get, from (2.30), the following
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El/a“fl“EU[l‘E—u el

=2 B e B+ (Sl B e+ B 5 el )EED+D
Al 2—aN AZ e 2 aN 2—&]\' oo
sc. o o THEADTD(C- T+ ) B el

-anN

since by (v), 2 la;| <C- R

z—aN
VN
since A;<C/h?* and A, <C/h*

< z%[E“%a%HmE“(e%HDgo s

<C.2-9¥ since heoN-3 and E(ed)<<oo, E(ed)< oo, i Jag] <o,

Hence the condition (1.4) of Ibragimov [4] Theorem 2 is fulfilled for d=1.
Also

E ?:%EKZ(X—X-J/M—hf?«'(X), where fy(x)=(1/R)EK(x—X.)/h)
= F) | K*)du—h3(x)
—>f(x)SK2(u)du>0, as Nooo.
Therefore using (2.10) of Result 2.1 we have
:Ef§+2§2E(flfj)¢0 and also o”<cs.

Hence the condition 1.5 of Ibragimov [4], Theorem 2 is also fulfilled. So by Ibragimov’s
Theorem 2 we get, for §=1,

( 1Qg N )1/2-

Py B fi<e)—00)| =0 (%

This implies

\/Nkh{fivﬁf_i} log N\1/2
'P(—G— —D(z )‘SC IS ) ,
which is (2.8). Hence the theorem is proved.

3. Estimation of Joint Density and Its Rate of Convergence to Normality

We consider the covariance of estimates defined by (2.2) at two distinct points x
and y as follows:
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Cov(Fy(x), fxn(yN=(1/Nh? Cov(K(x—X)/h), K(»—X)/h))
=/ N [ K= X0/ WK (G — X0/ (X0 X
—{{ &= x0/ms0axH| K= x)/m 04X} ]
:(1/Nh)UK(u)K((y—x)/h+u)f(x—hu)du
—h{SK(mf(x—hu)du}{K(mf(y—hu)duH.
From this it follows that ~/Na[ fx(x)—Efy(x)] and ~/Na[ fy(y)—Efx(y)] are asympto-
tically independent.

We assume that all joint distributions of a finite number of distinct X,’s (where
X,’s are as defined in (2.1)) are absolutely continuous with uniform bounded continuous
density functions. Let f(x, y) be the joint density function of X,, X,,;. A natural
estimate of f(x, y), used by Rosenblatt [8] is given by

Fate, =/ NR S K(x =X/, (= Xew) /) @.1)

where K(x, y) is a bounded continuous density function. We set

f,;:‘—}l;[K((x—X'_L)/h, (y—=X-ps)/W)—EK(x—X)/h, (y—X,)/h)]
=f(e1ot, €2ty Eoory 70) (3.2)
and T y=(NA)"[fy—Fx], where fy=1/h*)E[K(x—X)/h, (y—X,)/h]
=y S K= X0/ b, =X W)= 2 BRGx =X/, =X/

N(th)"”zé [K((x—=X)/h, (3 —=Xen)/ )= EK(x—=X)/h, (y=X)/h)]
:(th)'”ztg‘h,[ff((x*X-t)/h, (y—=X )/ W)—EK(x—X)/h, (y—=Xo)/h)]

:N-xizt _21 fi. 3.3)

=N

In case the strict stationarity of {X,} is valid then
P[N"’Z 'E‘thgg]zp[N-wl‘élf,gz].
t=— =

Like in section 2 we take a second degree polynomial in two variables as Kernel
K(x, y)=a,+a,x+a,y+a;x*+a,y*+asxy. Such bivariate Kernels are again optimal
in the sense that it minimizes integrated mean square error and widely been used in
the literature. Therefore
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Kilx

where A4, <C/h
147'—_ Ag - Ao.
Therefore

1 2 2 A
- —[ ‘lsz +x’42X-L+1‘i‘Aa-X—“z+A4-X—“z+1+fl.sX»tX—t+1

Ir, & S 33
:—[41;0ajS-c—j"f'flzj;oaje—!+l"1+‘43%"—‘ %a

Now under thi
THEOREM

Max[._

A.K. Bast and D.K. Sanoo

=X )/ h, (y=X_)/h)
Ao+ A X A X R X+ AXE A X

We A, =EK(x—X)/h, (y and

—X5)/h)

2 5. write

for /=0,1, -,

—Aq]

AjE_ i€

o © oo
A Zj _aniajs—z+1-ﬁ-¢+1—j+fls 20 Zoaiaj5~t»i5—t+lfj'—A7] . (34>
i=0 j= i=0 j=

is representation we have the following theorem :

If the conditions of Theorem 2.1 together with the assumption

. e =

| 6 °

\am\/_E ai,\/,Ea
i=v-1 i=N-1

3.1

oo

S {lgc .2—mv//1\,'3/5
N-1

holds, then for normalised deviation ~/Nh°[ fy(x, y)—Fx(x, W],

(N NR(fy—F ) N log N \i/2
P LY ) P(2) < C- )
P( 2 2)= ) =C-(<55)" hotds (3.5)
where
:Ef?JrZiE(f]fj) and Efi—f(x, y)SKZ(u, v)dudv as N (3.6)
=
PrOOF. Proceeding exactly similar way as in the proof of Theorem 2.1 we shall
We note that,

verify the co

Therefore, f

nditions of Ibragimov’s Theorem.

1 oo o © oo
flz %[Al Z ajs_,;j—f—flz 2 a,e,ﬂ—:ls E 2 Qi GE_ 1€ 1-j
j=0 =0 =0 j=o

+A4§) g aje_e_j+A i} éaae 1€ j— AJ.

or N=2,
E[fl/EOy Eo1y 5—(A\’—l):l
Al N- -2 g3 N2 N-2
:EH Ea € 1o ,+ Zaje-1+f~ 2 XDaaE 8
=0 h i< j=0
A, N-y N A v-2 N1
+— alajE—Le—]+ > Z Z za]-——l—is—j}
h i j=o h ico ;=0
fll d 1‘10 Aa had had
i D e DNaet0— 3203 asage
‘({/2;‘:;\7—1]1] h =7 hLVl]N—1LJin]
PR J_zla ) )
_L'—“Z Eala]"—LV JT T Z‘ Zazaje—-l»isv] —/17
RY 1 i=N-1 N
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41 N-2 A, ¥y 4, Y- N-2
{ DT 2 e —HA*Z D e S S
h j=o i i=o h < =
A, ¥ty A; x=2 x-1
- 2;) 2 Qi e+ . _ZO Zﬂaia]s,l,lg_]}.
i= j=0 Toi= j=¢0
4. = 3, = 4. =
g Ay o 415 1
HE S @S Dai S a4
hoi=F-1 h oS ho=¥- J
Therefore,
Fi—E[f1/es, 621, 0, ey
A = A, = A, =
= B eet P Rae D8 e
j=N- PN -1 j=N-
Ay & = A, & s
+" _2‘( _Zvaza’ja—isfj*:’“—_ 2 _Evalajsfl~2€‘j
h =y = h =¥-1 =¥

/13 b . 144 kil N A;
- X a2 ai— Z Qs .
h i=F-1 h i=v h i<%F-1

Now following Blume and Wittwer [2] and Kersten [5] and by using the inequality

EVPLX+Y+Z+ - |"]J<EY

z"/3‘37‘3+51/2‘2i3+

we get,
BV fi—E[f1/e0 5 eoev-nll®)
rA, &= '3 i A, '3
/[‘1/2( et Z as__- >_\_E1/3<_‘»32a_5__;>
b I =
FEV == 2 D aesaigl
ft i=¥-1 j=o |
1‘43 o oo 3
+E1/3(]"" E 2 QO GE 1€ 1o )
/Z i=0 j=N-1 |
A4 ) N-2 |8
+E”3(’ = Qe & )
h i=¥-1 _}'20 o ]‘
A & o :
+Euz< S VDS alaﬁ-lsﬂ!)
i h im0 =S - |
L LA i é T RS % T
I L . (227457 ST (29120 F IS
h U=F-1 =N =0 j=N
o N1 e 3
+ 2 SaaT,— 3 et ).
i=N-1 =N -1
where
Ti=¢_1.8;=0F+esteo;+e+e+e,+e.. say. 3.7
Now
! s o ,
£—FEY <j1 o %:\'«1 Iai'lafzaha*l‘ﬂla*l—j35>1~i3‘)
<A1 N | : CIE ol I2E| a)
:71— J1.d ]Z N 1(a11afzaf3‘{“fs‘l“fl; LlEo1-jy! ‘54*]'3] I
1. J2. =N~
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using the inequality

E!XYZ;g[E]X}SEyY|3E|Z|3]1/3§‘;ITI i la; | E'7 e,
Jj=VN-1

Similarly
e, =(A ,/h) [a; | EM3(e) .
=V

Also
‘43 Ls N-2
e é/’TE / (il 15, 73=N -1 jy, ja, j3=0 1ailaizaisaf:afzafse"l‘il5"‘ize‘1‘i38‘1'j15‘1'fzs*1’j3|)
A, = & | 3
=" h (11 i3 3=V -1 43 jqzj;;:o | iy @,00,05,05,05, {E L1800y

Ele 6015, PEle_yye1 5,0} 0

A e = , ‘
=202 el 2 g )EVGs).
i=N-1 j=0

h
Similarly
A > | 1/3 B
es (S il 3 lasl e
eg(f;‘— m }aL Zla >E”3(a")
and
g( Sladl 3 las EVeD).

Also following Kersten [5] we get

iz i Ben, 2 avi( G ap) 3 )]

i=0

3
5

(B Sar)-M

IA

where M=Max{ 3 af, 3 ai}. This implies

=V-1 i=N-1

Al - -
@TEC‘T:\IIIZ, because X |a;l <o = Sal<oo.
=0 i=0

Hence

EV fi=ELf1/e0, , eovon]l®)

= j z:-llal"E’”(so
+%<f:%411“1!><]2::a \) (e5)
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4, & o
+/ > 1ai[§01aJ[E”3kaS)

1 i=N-1
Ay A As 5
+ =S a2 ja BV eH+C = YM
h i= j=N-1 n
A& A, & A, A
< 1 2z DVEV e +2 (22424,
<(55,3 el + j;vlaJDE )+2( 5+ 52
3 el 3 @y EVe+C A Y
i=N-1 7=0 h

< S S talEA e+ CE e+ E el BV e+ VM |

<Ch7M* where M*:Max[ b 1ai|,§/§1ﬂa3, i/_ﬁ%ﬂag]

=N -1
<C-27%Y since h<C-N7°LC-27«¥/N3?

So the condition (1.4) of Ibragimov [4] Theorem 2 is fulfilled for §=1. Proceeding

exactly similar way as in Result 2.1 we get ji}zE(flfj)HO as N—co, Also Efi—

flx, y)SKZ(u, Mdudr>0. Hence ¢®°#0. So the condition (1.5) of Ibragimov [4] The-

orem 2 is also fulfilled and hence the theorem follows immediately.

4. Estimation of Probability Density at Several Points and Its Rate of
Convergence to Normality

We consider the rate of convergence of a density estimate at several points x,,
Xs, "ty Xm. Assume that K is a continuous density function with K(u)=-(lul])™! as
Ju|—co. The density ‘f’ is taken to be bounded and continuous. Rosenblatt [9]
considers the asymptotic distribution of

VNI fy(x ) —Efv(x)],  p=1,2,-,m
for any finite m-tuple of points x,. He shows that these random variables are asymp-

totically jointly normal and independent with means zero and variances given by (4.1)

below :

{f(x}jmmdu if p=g
0 if p=g.

lim NA Covl fv(x,), fv(x)]= 4.1

n—co

Our object is to consider the rate of convergence of the normalized deviations

VNI fy(ap)—Fa(x)],  p=1,2, -, m.
where

Flap= %EK(&%_‘S_)

To do this we require the lemma-1 of Kersten [5], (due to Gabasov (1977)) which is
stated below:
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Let {e,},-0.... be a stationary sequence of random variables and let f,(e,, &, --),
p=1,2, -, m be random variables with Ff,=0. The random vector I‘ is defined by
[e=(fu s fa) for t=0,1,2, - with fp,=f,(e;, €41, ). By @ we denote the
distribution function of a m-dimensional contered Gaussian distribution Z with the
covariance matrix V. With these denotations we have the following:

LEMMA. Let the following conditions be fulfilled with the positive constant C, and
C, and any positive and constant number u

(i) E|fi*<oo

(ii) E|fpi—E(fpi/er, o, ex)PSCN2 for p=1,2, -, m and N=1, 2, -

(iii) The sequence {e,;} fulfils the uniformly strongly mixing condition with the coef-
ficients ¢;<C,7™*, for j=0,1, 2, ---

(iv) det V=0 where V=(v)i, j=1, -, m with

-41111’1; I E< élf,ﬂt-fjs).

Then the inequality
Sup| P(7 5 112 B)~0.0B] CN 1

is valid where B is a measurable convex set of the m-dimemoral Euclidian space R™,
@ [B]l=P(Z=B) and ¢=3u""%. The constant C, depends on the dimension 71, on the
constants C,, C,, on u, and on the smallest eigen value 2n;, of 7. We note that

Fulen)= j\/z E )

As in section 2 we set,

fp::r/%[]{< Xp;AX—z )——EK( xp/—le )}:fpffsf:, ciit, )

and
Tp.\':N/m[fv(xﬂ_ff\(xﬁj
where
= 1 xp—X 1
F (x)=—F Ll S W
Pt = ER(F50)= g 2, o
Also
VNE(fwijZx/m({f_,v(-\‘ﬁ—fy(x{“}, AP = Tyl DT
1 —~1
VN L

where It:(flt; o fad)T
It may be noted that for the strict stationarity of {X,},

-1
Plasnye 8 foe]=pla/nie 5 7,<2).
e
As in section 2 taking the Kernel to be a polinomial of degree two one can write

fpe= [-10 + A X AN A
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where
Ao=ao+a,xp/h+asx3/h?, Ay=—(a,/h+2a,x,/h?),
A=as/h?, Ay=EK {(xp,—X)/h).
Therefore,

. 1 oo ©
f w= [Al jgo a,-e_c-ﬂmlz? %aiaje—t—ie—t—j"fqt]

where ,=:A;—d,. Under this representation we have the following:
THEOREM 4.1. For a stationary linear process {X,} satisfying
(1) Eleoi®™<oo for a jixed number uz=2

(i) S lay| SKN-Q+39 [ =0Q(N -5
1=N
(iii) detV =0 where V=), j=1,...m With
vey=lim Nh Cov( Taixa), Fa(x)

then
Sup{ PN [y—Fw)E Bl =@y [ B S KN

where B and ¢ are defined as above, and the constant K, depends on U, u, K,, Eet, Var
X, and the smallest eigen value Amin of V.
PROOF. Proceeding exactly similar way as in section 2 we see that

Elfp/eon, &gy oo, 5-;\'_‘4:“\771:20&,‘6_1_]

‘,12A1V1

4+

8 Bt G Bt
and
EVE fpr—E(f p1/ €1y €225 o+, €-N)1P)
}’:/;r' |a;t+2C— \/l E [ |(E%(e)+1)
<C-N-* for =2 by (i) and (ii).
Therefore

E(!fpl—E<fpl/e—b E_g o, E-n)|DSC N7,

So condition (ii) of Lemma is satisfied. Condition (i) is also holds because of the as-
sumption that E|e,|**<oo. Condition (iii) is also fulfilled with any » and C, because
of the independence of ¢,. Now

viy=lim Nh Cov( fw(x), fu(x1)), i

=0,
by (4.1). Also

vee=lim Nh Var(fN(xt))=f(x)§K’(u)du, for i=1,2, -, m.

Therefore, detV#0. So condition (iv) of Lemma is also satisfied and hence the theorem
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follows by applying the Lemma.

(6]
(7]
(8]

£9]
[10]
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