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Abstract

This paper discusses the detailed models of partial, bipartial and
part linear structural equation, basing on the conditional variance-
covariance matrices, and gives concrete algorithms to estimate param-
eters by the maximum likelihood method and the generalized least
square method. An illustration is provided to show how to approach
the models.

1. Introduction

The analysis of structural equation models is well known to be very useful in
assessing multivariate data in the fields of social and behavioral sciences. Recently,
various models and their analytical methods were discussed and developed, e.g., [8, 9,
17, 3, 6]. Among them, Bentler-Weeks model [3, 4] was introduced to be a simple
general model and has a wide range of applications.

In studying linear relationships among variables, not only the simple correlations
or covariances are often needed, but also the conditional correlations or covariances
among variables are important to examine, when the effects of some variables are
partialled out. In statistical history, partial and multiple correlations were introduced
by Yule and then the concepts of part correlation and bipartial correlation were
developed by Ezekiel and so on. Roy and latter Rao generalized the concept of canonical
correlation first developed by Hotelling to partial canonical correlation, which was further
extended to part and bipartial canonical correlations by Timm and Carlson [18] and to
g:.- and g.-bipartial canonical correlation by Lee [12]. Recently, Lee [14] considered
the analysis of conditional covariance structure models, and proposed the concepts of
partial factor analysis and the partial LISREL model.

In the analysis of structural equation model, or generally, the Bentler-Weeks model,
the situation is also often faced with eliminating some variables. Therefore we develop
in this paper the concepts of partial, bipartial and part linear structural equation models
to control the influence of some variables by the appropriate conditional distributions.
Thus the estimation of parameters and the goodness-of-fit test can be dealt with
analogically as the ordinary case.
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2, The Partial Linear Structural Equation Model

Using the similar notations as Bentler and Weeks (1980), i.e. p=p8,p+7& for the
structural equation model, Y=pg,+G,» and X=p,+G,& for the selection model, and
2,,=G,B'r®r' G, 2,,=G,B'rPG} and T ,,=G 4G for the complete model, we
assume that the vector (Y’, X’) belongs to a multivariate normal distribution with
mean vector g and variance-covariance matrix 2.

Thus we shall provide three types of partial models.

(1) Let Y=(Y, Y}), where Y, is a p, X1 random vector and Y, is a p,x1 random
vector, (p;+p.=p). Suppose Y, and Y, satisfy the following selection mode],

Y:(§;>:”9+0v’7:(52>+(g"::)ﬂ"ré, 2.1)

where G,, and G,, are known p,Xm and p,Xm selection matrices, and g, and g,
are p, x1 and p, X1 mean vectors, respectively. Hence the population variance-covariance
matrix of Y can be written as

. 2, .2 G, s Q-1 g
2, =Cr, ¥=(3" 5 )=o) r 0y B HGL,GY, (2.2)

Ya¥1 ¥2V2 G’J;
where C(Y, Y’) expresses the variance-covariance matrix of Y.
We are interested in the structure of the model after elimination of the influence
of the variables Y,. Consider the conditional variance-covariance matrix of (Y], X',

when Y,=y, is given. Using the well known formula

2=, —-2,23%,,

C(<§’1>’ <§1>, ; yz):(gizifizgylx-yo’

T Yy

we have

where
2y =G BT BTG, Gy B0y BTG, 2,6, B P BTG,
=G, B r(@—07' G, 2,6, B r 0BG,
20, =6y BT @—P7' 871G, 2,6, PG,
2 sy, =G (P07 B G, E,Gy B DG (2.3)

Consider the variance-covariance matrix of € and Y,, then we have

’ ¢ Q-1 V/q
(5 B, 200" )

Thus the conditional variance-covariance matrix of €|y, can be obtained as
CE, &'|yn=0—0@r' B 7'G},2%,,,G,,B7'rP=9.. (2.5)

This means that the elements in @, give the partial covariances among variables in &
with Y, held constant. Therefore we can rewrite the conditional model in the following

way. Let
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Y*=Yily.,, X°=Xly,, 27 =7ly,, *=§\y., (2.6)
then

?=Bm*+ré&*, Yi=p, +G, 9%, XF=p,+G.§%,

2y22=G, B0y BTG, 2 yrei=G, BTG,

2e:=G,0,G, 2.7

which are of the same form as the ordinary Bentler-Weeks model. We may call (2.6)
and (2.7) the type-1 partial linear structural equation model with Y, partialled out. Thus,
after Y, being controlled, 5ly., &ly., Y:ly. and X |y, still construct a Bentler-Weeks
model.

(2) Let

X:(:;i:):‘uz%—(?ﬁ:(z )+(gg)e 28)

where X, and X, are ¢, X1 and ¢,Xx1 (¢.+¢.=¢) random vectors, g, and g, are
¢: X1 and ¢,Xx1 mean vectors, and G., and G., are ¢;Xn and ¢g,Xn selection matrices,
respectively. By the similar discussion, we then have the following type-2 partial linear
structural equation model with the effects of the variables X, being controlled.

Y#=YI|x,, X*=X,|x,, ?::ﬂ]xzy E*=§|x,, (2.9)
77=Bm*+7r&%, Yi=p,+G,n7, X*=p, +G: §%,
EP:YJ":GUﬂ—Ir¢2‘T’ﬁ,—1GIyy Zy*.r?:Gy‘B_b’@;G/zl,
Y u,2=0G, PG, (2.10)

where 0;=0—0G, %3} ;,G.,P is the conditional variance-covariance matrix of & given
X,, that is &|x.. Hence, the type-2 partial model is also a Bentler-Weeks model.
(3) In the third type, we have both partitioned random vectors

Y=(Y{, Y; and X=(Xi, X}
as showed in (2.1) and (2.8) and consider the situation, where the effects of both T,
and X, have been controlled. Let

Y*=Y (g, x2), X=X,y xo),

7°=9(y,, X2), &*=§&|(y., x»). (2.11)

This time the conditional variance-covariance matrix of Y, given both y, and x, is as
follows

3y s =C(Y*, Y*)=CYy, YW X0)=2y 1y =F )y o= 2 100 292 3oy 202 101+ 29
=G, B0y BTGy, G, B0 BTG 2, G, BT T PE Y BTG,
=GB rPr'f G, (2.12)
where @,,=0@i—0;7'8' G, 2}, .:,G,,87 r®%, and @, is the conditional variance-

covariance matrix of & given both y, and x,. That is

Cg7, ¢7)=C(&, &'|y,, x2)=0,,. (2.13)
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Similarly, we can obtain
3 oo =CY,, X{|Yo, x0)=G, B 7 DG,

3oe:=CX,, X{ly., xz/:GIIQZ‘ZG.’[z- (2.14)
Let
7" =Bm*+7r&°, (2.15)

Yﬁ:ﬂl’l-’_Gyl,}#; X‘-:#Il—%arle,'

In this case, (2.11), (2.12), (2.14) and (2.15) form the type-3 partial linear structural
equation model, we call, which is also a Bentler-Weeks model with both ¥, and X,
partialled out.

3. The Bipartial Linear Structural Equation Model

Let us now consider a structure of the model after controlling both effects of Y,
on Y, and of X, on X,. This leads us to the bipartial linear structural equation model.
Consider the following conditional random vectors

Y¥=Y,ly,, X*=X,|x,. 3.1
The corresponding variance and covariance matrices can be expressed as
2yaye=CY,, Y{|ly)=2,,,,.,,=G, B 70:7'8'G,
2ow:=C(X,, X{|x))=%; ;,.0,= G, PEG),.
2 u5=C(Y, |y, X{lxz):Z(yl.yzxﬁ.xz):Z'ylzl—EylyZZ';;yZZ'yzzl
=20, 2800, 00+ 2y, 200, 2, B0, 2 00 =6y BT OGY,
—Gy, B r®r' G, 27,6, r G —G, B r9G, 2L ,,G L 0G]
+6,,87'r0r' 876, 2,},,6,,B r 096G, 231G, PG
=G, B 'r(9.07'05G,. (3.2)

12

Let 9%=0,07'0f, and let two quasi random vectors be §*=&|y, and &**=¢|x,. Then
we have
C(g*, §*)=0,, C(§**%, &**")=0;, C(&%, &°*)=0%,. (3.3)
Let
p*=gply, and 2**=y|x,. 3.4)
Then we have
" =B +r&*, p*t=Bp* +recs,
Yéi=p, +6G, 7%, X*=p. +G, &%, (3.5)
and
Zyﬁyy:Gylﬂ"r@r’ﬁ’"‘G;l,
Zy’z*’:Gylﬁ_qubng;w
Yoaa=G, PIG, . 3.6)

This is a bipartial linear structural equation model, and is a quasi Bentler-Weeks model,
with elimination of both the effects of ¥, on Y, and of X, on X,.
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4. The Part Linear Structural Equation Model

For Bentler-Weeks model, a “complete” latent variable model is considered. However,
when the problem is to analyze some kind of longitudinal data, in which the same
quantitative measurements are obtained at two or more occasions and all the measured
variables are assumed to be functions of some latent variables, we may have two sets
of observed data Y and Y ® but without X variables. In these two sets, sometimes
there may be nuisance variables. In such situation, it leads us to a part linear struc-
tural equation model by eliminating the effects of them.

Assume that longitudinal data Y and Y can be expressed by the partitioned
form

Y, 1 G,

- Y, Mo G,

Y= |= , 4.1
Y, o, + G.|? 4.1)
Y,/ \ ey G,

where Y, and Y, are the respective p,x1 and p,X1 nuisance variables in Y and
Y® and are distinguished from Y; (p,Xx1) and Y; (psx1), i.e. py+potpstp.=p,
and G; have the same meanings as the former sections for /=1, 2, 3, 4.

Thus consider the conditional random vector

e Yily.
Y*=(, . 4.2
<Y3}y4) 4.2
Then
Yiiy. Yilyay DI Zavan
by =C|{.} i = , 4.3
vy (<)s‘y4) Y;ly. ) Z e Dases > 4.3
where
211-2:01,3-17@271.8’_161’,
250 =G:0"7D. 7' 8'7'G},
Zm-z)(a-4>:G1ﬂ_17@247'ﬂ’_10:§, 4.4)
and

D,=0—07r' B G TG ' r®=C (&, &' |y,
0,=0—-0y' 8 'G:2G.L'rd=C (& &'y,
6., =0,0"'0,=C (§ly., &'|y.), (4.5)

where 0=C (&, &’).
For this case, we can define the part linear structural equation model as a kind of
quasi Bentler-Weeks model in the following way

vszovy_i—FSay

)v#:‘u—i_Gvb;

5¢=3,.,s=GB ' TOI'BG, (4.6)
where

s ‘?[yz B S!yZ

7 (77’!/4)‘ ¢ <§Jy4 '
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nel 3) (3 |

0 4 0 r/’
6=(5 q)- #=().
0= (¢, ¢)=(3" 3%,
B=I-B,. 7

The orders of the matrices in (4.7) are 2mXx1, 2n X1, 2mx2m, 2mX2n, (p,+ps)X2m,
(p1+ps)x1, 2nx2n and 2mX2m, respectively.

Note that the concept of “part model” described in this section is somewhat
different from Timm and Carlson [18]. While the latter is based on the part correlation
coefficient between Y and X after partialling out Z from X, but not from Y, the former
is only a part of the ordinary Bentler-Weeks model without X-variables in it.

5. Estimation of the Models and Test of Goodness-of-fit

Since the conditional models in above sections are either Bentler-Weeks models or
quasi Bentler-Weeks models, the usual methods of estimation and goodness-of-fit test
can be used here without difficulty.

Therefore, saving the space, we only discuss the case for the part model and omit
the partial and bipartial models.

Suppose that Z,, Z,, ---, Zy are a random sample of observations from a population
N (g, ), where Z;=(Y{,, Y;, Y, Y.) is a pX1 partitioned vector with four sub-
vectors of dimensions p,, p., ps and p,, respectively. Let S=(S;;) be the partitioned
sample variance-covariance matrix, where 7, j=1,2,3,4. Let @ be a tx1 vector of
unconstrained parameters in ®%, 7 and 8, (8, is the true vector of @), and X be a
function of @. Let

2 Su-z S(l-2)(3'4)
S#= (5.1)
(S(3-4)(1-2) Sea~4 )

be the conditional sample variance-covariance matrix, where
S11.:=81—8128%S.:,
Si3.s=833— 82571843,
S0 =813— 81287 S2s — 81,8718, + 81287 82487/ Sss (5.2)

and let J# be the corresponding partitioned conditional variance-covariance matrix of
the population. S¥ is proved to be an unbiased estimator of 2# by use of the results
from Anderson [1]. The estimator of @ is obtained by minimizing an objective function
or a fit function which describes the difference between S#% and X#. According to
Browne [5], the G.L.S. estimator 6 of @ results from minimizing

Q@)=tr{[S*—Z*(6)]W}*/2, (.3)

and the M. L. estimator @ of @ is obtained by minimizing
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F(@)=log| Z#(0)| +tr{S*[Z*(6)]"} —log|S*| —(p:1+ps), 6.4

where W is a weighted matrix to converge asymptotically to a positive definite matrix,
and usually W is chosen as W=8%"', The algorithms may be Gauss-Newton algorithm
and Scoring algorithm [15]. Clearly speaking, the basic steps in Gauss-Newton algorithm
for minimizing @ (@) and in Scoring algorithm for minimizing F (@) are

0:.=0,—a.H;'g:, 0=a,=ZD) (5.5)
and

0:1.=0,—a,l3'q:, O=a:<1) (5.6)
respectively, where

H,=(02%/00) (WQW) (62*%/00),

g:,=(02%/00) (WRQW) vec (T#—-8%),

I1,=(0%%/08) (Z* '3+ ") (0X+%/00),

q:=03%/00) (J*'RQI*Y) vec (T#—S*), (5.7)

and vec X is a vector consisting of all elements of X taken row by row. For the case
when there are functional constraints on parameters, the results are given in Ke and
Asano [10].

The derivative 02%/00 can be worked out first with respect to 6%, which is a
vector of all elements in @%, 7 and B,, to get

(02%/00%) =[(03%/00%), (62*/dy)’, (02*%/3B,)'] (5.8)
and then the appropriate rows corresponding to constants or linear constraints are
eliminated [10].

We can work out the following results
02%/00*=(I'' B'"'G'QI''B'™'G"),
02#%/0y =D, (B 'GRPI'B G YI+E,),
02%/0By=D ,,(B''G'QB'I'OIr' B 'G"YI+E,) (5.9)

where ¢=p,+p,, and E,, denotes 6X’/6X for matrix X(gx¢) without constants or func-
tionally dependent elements. D, ,=(d,) is an mnX4mn matrix with typical elements

1, if h=g+@m+k)n, where (k—Dn+1=g<kn, 1<k<m,
dgh:{ (5.10)

0, otherwise.

It has been proved and also for the constrained case that the obtained G.L.S.
estimator © possesses the following asymptotic properties under some imposed regularity
conditions, Browne [5] and Lee and Bentler [13],

(1) it is consistent,

(2) it is asymptotically equivalent to the maximum likelihood estimator,

(3) the asymptotic distribution of &—8 is N (0, M,), where

M,=2n""[(0Z%/08)( 23 R25)025/56) 1,
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(4) the asymptotic distribution of nQ(@) is Chi-square with degrees of freedom
glg+1)/2—t.

The property (3) can be used to obtain the standard errors of estimator ©® and the
property (4) to test the goodness-of-fit of the proposed model.

6. A Numerical Illustration

We shall illustrate the proposed idea and methods by using a part of the longitudinal
data, Joreskog and Soérbom [8]. The data consist of scores in the following six tests
recorded in two grades.

Y,(MATH) : mathematics, Y,(SCI) : science,

7,(SS) : social studies, Y,(READ): reading,
Y:(SCATV): verbal part of SCAT(Scholastic Aptitude Test),
Y(SCATQ): Quantitative part of SCAT,

where the data were analyzed by Lee and Poon [16] with a constrained factor analytic
model and by Ke and Asano [11] with a linear structural equation model.

In this paper, the data are further analyzed on a part linear structural equation
model for the first variables (MATH) in two grades held constant, by the proposed
algorithm. The solution for the part conditional structural equation model is presented
in Table 1, and the results of the unconditional model in Table 2, that is, the data
were analyzed by simply deleting the first variables in two grades without any

Table 1. Results for the conditional part model

—with two variables controlled—

| 1 v,

| Fl(l) F2(1) FI(Z) Fr_><2) 1\ .0
sCI Y, .0079 .4735 . 2699
$S Y .2306 .1850 1944
READ Y. 0* .5508 . 2505
SCATV Yy | g L5714 1736
SCATQ Y™ = 1524 0* | 4028
SCl v, L0613 44333230
SS Yi® .0755 .5117 .2168
READ Y.® 0 .6116 .1073
SCATV  v,® | 0* 5828 .1623
SCATQ V@ | 8235 0* | —.1763
F,m F. F @ F® ( evvon
e A S -7
Fy® 1* 10239
Fy» .8847 1* L0418
F® —. 2782 —.0727 1% L0743

Fy® —.0135 6240 . 2447 1% .1572

Note: An asterisk indicates that the parameter was fixed at this value
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Table 2.

Results for the unconditional model

—with two variables deleted—

Note: An asterisk indicates that the parameter was fixed at this value

J

. 1309

B ., .
FiD Fy» F® F,® @,
SCI Y, | 9516 —. 1157 . 2809
SS Y 1.6448 —~.7994 L1135
READ y,® 0* . 8600 . 2543
SCATV Y 0 .9170 . 1449
SCATQ Yo .6778 0* .5219
SCl Yy 7665 0640 . 3039
SS Y, .7837 1251 1777
READ y,® 0* 9103 ©  .1432
SCATV  Y,® 0* 9264 | L1221
SCATQ Y@ .7275 0* .4743
? , ¥eors o
R R® O R® O REY e
Fm 1 .0108
F» . 9650 1* .0478
F® 9503 .9027 1* . 0592
Fp® 9026 . 9490 . 9096 1* 2594
Table 3. Results for the complete model
A 7.
Fl(l) Fz(l) Fl(z) FZ:Z) 2,1
MATH Yo L 9261 0* .1358
SCI Y, 11493 L6901 L2728
ss Yy | L4208 .4395 L1509
READ Y,® } 0* . 8565 I 2541
SCATV I EOI 0* .9044 .1648
SCATQ Y& . .7902 0* .3535
MATH Y@ .9075 0* .1512
SCI Y,® .1775 6392 .3104
SS Y@ L1201 7505 . 2053
READ Y,® 0* 9222 . 1060
SCATV Y@ 0* .9071 L1547
SCATQ Yoo | L7912 0* .3538
Fy® Fp» Flm,_._ ,F,; } f%;;g
L0614
F® 1* .0233
Fp® .8213 1* . 0394
F® 9475 .7667 1* I .0789
E® 8278 .9584 .8354 1* 1

179
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conditional model.

It will be noted from Table 1 and Table 2 that the results for conditional and
unconditional cases are quite different, in view of the factor loadings and factor corre-
lations. In fact, the factors have completely different meanings in these two cases.
For the conditional part model (case 1), factors F, and F, still keep the similar mean-
ings as the complete model with six variables in Table 3 computed out by the algorithm
in Ke and Asano [11], that is, F, shows the mathematical and quantitative ability,
while F, the reading and verbal ability. It can be understood that after eliminating
the effects of MATH, most of the loading coefficients of the first factor F, become
very small. But the loading of SCATQ on F;® in the second grade gets larger. This
may be due to the changes in the tests SCATQ and MATH from the earier to the
later grades. “In the earier grade, these tests consist mainly of arithmetic items
whereas in the later grade they are made up of items measuring logical reasoning and
presented in verbal form” [8]. For the unconditional model (case 2), we have nothing
to do with the variable MATH at all. Factor F, may show highly the general know-
ledge for science and society, and F, the ability for reading and verbalism. Also it
will be pointed out that the correlation between two factors in case 2 is rather large,
while the correlation in case 1 is not so significant.
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