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ON THE ORDERS OF MAX-MIN FUNCTIONALS

                  By 

Hiroshi HISANO* and Fumio MARUYAMA

                     Abstract 

   We construct a continuous function on [0,111 that orders the set 
of Max-min functionals on C([0,171)  according to an arbitrary given 
extended order of the natural partial order.

   1. Introduction 

   Let S1, S2, • • • , Sn be compact spaces and let TI Si be the direct product with the 
i=1 

                                                                                                           n 

product topology. For a continuous real valued function f (x1jx2, • • • , x72) H) onSi 
i=1 

Max f(xi, x2, ••• , xn) and min f(x1, x2, •-• , xn) (i=1, 2, ••• , n) 
xixi 

are continuous functions of (n1)variables. Inductively, an nlength sequential max

imizing or minimizing of a continuous function gives a mapping : 

C( Si) _ R, 
i=1 

where C(IISi) is the set of all real valued continuous functions on IIS1. We call 
2-11=1 

this mapping a Max-min functional on C(II Si). 
b-1 

   For a subset T c C(H Si), there might be no function of T that mutually distin
                                             2-1 

guishes all Max-min functionals. It depends on the cardinality and the topology of Si 
(i=1, 2, ••• , n) and the subset T. The most well-kown nontrivial example is the fol
lowing minimax theorem of von Neumann [2]. 

   THEOREM (VON NEUMANN). Let 

                 S1= 

))(1,e2, •••,m)~[O,1imI1~2~••• +5 m=1}, S2—1(~1,72, •.•,77.)E[0, 1]n I 71+72+ ••• +77.=1} 

                                                      and let T be the set of all bilinear forms. Then 

dfETMax minf(x1jx2)= min Maxf(x1f x2). 
                        x1ES1x2ES2x2ES2 x1ES1 

   In this paper we consider the case 51=S2= ••• =Sn=[0, 1] under its usual topology. 

In section 3, where the role of each variable is fixed, we construct a polynomial of
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quite simple form whose degree is not greater than the number of Max-min functionals 
those are to be distinguished. A function determines an order on the set of Max-min 

functionals according to thier values at this function. In section 4 we construct a con
tinuous function that determines the same arbitrary given order on the set of Max-min 

functionals as long as this order is consistent with the natural partial order. 

   As seen in [1] and [2] there is a close relation between Max-min functionals and 

the theory of games. The systematic structure of the constructed functions in this 

paper will give some information about the character of the games with which these 
Max-min functionals are concerned.

   2. Preliminaries 

   We give some basic definitions and notations. For a fixed natural number n, 
C([0, 1]n) denotes the set of all continuous real valued functions on [0, 1]n under its 
usual product topology and J denotes the set of all Max-min functionals on C([0, 1]n). 
Let r be the cardinality of E. 

   We will use i, j, k, as natural numbers less than or equal to n, 
           1, m, p, q, as natural numbers less than or equal to r, 
                  d, as an integer, 

             x, y, t, as real numbers in the closed interval [0, 1], 
                  a, as a non-empty subset of { 1, 2, • • • , n} , 

a, ft, as elements of E. 
   A Max-min functional a can be represented uniquely as 

a = fI H Max H min , 
k<_m(a) iEAk(a) .xi jEBk(a) xj 

where 
          Ak(a), Bk(a)C{1, 2, ••, n}, Ak(a)uBk(a)�¢ (k=1, 2, •.• , m(a)), 
and 

          k<Ua)(Ak(a)u3k(a))={1, 2, ••• , n} . 

   DEFINITION 2.1. n(a, i)=k if iEAk(a)vBk(a) (i=1, 2, ••• , n). 
   DEFINITION 2.2. 

(1)X(a)=U Ak(a) • 
                                      ksm(a) 

(2)X(a)= U Bk(a) • 
k<_rn.(a) 

(3)X(a, i)= U Ak(a) for i E X.(a) . 
k<n(a,t) 

(4)X(a, i)= U Bk(a) for iX(a). k<n(a, i) 

    DEFINITION 2.3. 

(1) S(a)={p 13iEX(a)]jEX(p)nX(a, i) 1EX([, .7)} 

(2) T (a)= {,u I X(a)nX(P) � ¢} • 

   For the natural order <E on E (i. e. ;u <a if t a and d f E C([0, 1] n) 1t(f) <a(f)) 
it is easy to observe that p <z,a implies p E S(a)uT (a).
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   3. Restricted Case 

   In this section we fix AC { 1, 2, • • • , n } and consider E A= { a X(a)=A}. If the 

cardinal number of A= a, then there is no loss of generality in assuming A= { 1, 2, • • • , al. 

                                                                           Let b=n—a, yk=Xa+k, n'(a, k)=n(a, a+k), 13(a, k)=X(c, a+k) (k=1, 2, ••• , b) and 

B'i={j—a where BiCB={a+1, a+2, ••• , n}. 

   LEMMA 3.1. 

II`dtl113xi(min mini ti—a-'xi1 >b, min E xi—a ' E xil >26) 
t il ia#a' jEaisa' 

for some positive 5 that depends only on n. 

   PROOF. For each i < a choose n i, l E { 1, 2, 3} inductively so that the inequalities 

I t1—a-1E, ni p5-ri-p 1 > a15-ri-1 (1=1, 2, ••• , r) p<_l 

are satisfied. Put 
xi=Eni,l5-ri-1 (i=1, 2, ••• , a). 

Then 

I tl—a-lxil >a-15ri'.(15'•3•(15-)-1) 

>a15r111�a15ra-r-1 (1=1, 2, ... , a) (1=1, 2, ... , r). 

If a � a' then j E (a\a')u(a'\a) for some j < a. It follows that 

1 a-1 E xi_a-1 E, xi I >a15rj1>2a15ra-r-1 . 
iEaiEa' 

The lemma is proved for Oa15ra-r-1. 

   LEMMA 3.2. Let a= II II Max H min and let 
                             k5m(Q)

771iEEA77kk(°)xi jEBk Yj                          l A=111(Ck,a(Yk—a-1E xj)2+1), 
k<_b aja 

where ck,a>2 for k<_b, 0�aCA and Ck,a<Ck,a' for a a' (fA=1 in the case a=n or 
a=0). Then there exists a positive number s which depends only on n such that for all a 

                          ~7-17~                              Q(A)>s[Ickaca,k)11Ck,a' 
kaba 

where ck,¢=1 in the case (3(Q, k)=¢. 
    PROOF. The inequalities 

min I a-' E xj—a-1 E x;I >25, I yk—a-1 E xjl <6 
a#a' jEajEa'jEa 

imply 
    ~/S                             Va'#a 13)kE xjl >U. 

j= a.' 

 Consequently, since c k, a <_ c k, a' for ac a', if the inequalities 

min min I yk—a-' E xi' >3,min l a-' E xj—a-1 E xjt >23 k-<_b ax 13(c, k)j`aa�a' 

 are satisfied, then
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1 A(xi, X2, ... , x71)> H Ck,' (c,k)11(b2Ck,a+l)>U"(2a-1) 11 Ck,13(a,k)~Ck,a 
       ksbak ba 

But from Lemma 3.1 

IIH 3x ff dyj 
km(6) iEAk(a) .1Bk(c) 

min min { yk—a 1 E >3, min ; a-1 E xj—a 1 E x, 1 >23) ksb a_3(6, k)j aa�a' j`ajEa' 

for some 5>0. Therefore the lemma is proved for s<52b(2a-1). 

LEMMA 3.3. 

Q(J A)<2'" a-1) ii Ck,1r3(a, k)HCk, a 
ksb a 

   PROOF. For each k < b, let y k= a  1E xi, then 
j_3(c,k) 

 {7~             JA(xl, x2, , xnG H Ck-1,3(a, k)H(Ck, a+1) 
              ksb a 

           7~~7 7~ <HCk,l~(c,k)112Ck,a=2'(2a-1)HCk,13<c,k)llCk,a• ksb aksb a 

It follows that 

6(J A)<2"2 a-1) II Ck,1,3(c, k)fCk, a 
                  ksba 

   THEOREM 3.4. There exists a positive number s which depends only on n such that if 

                Max min { II ck, 3(c, k)Ck13(p, k),IICk,3(1_,, k)C7,13(a, k)} GE 
                uc113,ksb 

then il(fA)<o(fA) follows from HCk,A(6,k)G IICk,;3(a,k)• 
k<_b kb 

   PROOF. By Lemma 3.2, for some 5>0,,
-~                               5I 

Ck,13(c,k)11Ck,a<0(lA) 
ks^a 

By Lemma 3.3 

,u(.fA)G2b(2a-1) II Ck,13(p, k)IICk, a • 

Then 
                                77~~a_                              [ICk,3(a,k)Ck3(i,k)G2-b(2i)S-E 

                                ksb 

implies
{S~7                (J A)G2b(2a_1)Ck,13(e,kJ-1ck,a<S11ck,13(c,k)IICk,a<0(J{                                                                      A)• 

   COROLLARY 3.5. There exists a polynomial of degree min {2b(2a-1)}, 2a(2b-1)} such 
that a(f)�P(f)  for any different Q, PEA. 

   PROOF. Let f A and f B be the polynomials in Theorem 3.4. Then the degrees of 

fA and fB are 2b(2a-1) and 2a(2b-1) respectively. For 6EEA, 

0.(-1B)= k<<nZ(c) i`A(c, k)MaxjcBHmk)n(—f B) 

=— H H min H Max (f B) • 
ks m(a)iEA(c,k) xi jEB(c,k) xi 

Consequently fA or —fB  is the desired function.
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   REMARK.Since there is no positive numbers c1, c2, c3 such that c1 <c2 i C2C3 <C1c3, 
no function f of the type in Theorem 3.4 satisfies the inequalities 

min min Max min (f) < min min Max min (f) , 
yl 53 2 5252 53 T 51 

min Max min min (f) < min Max min min (f) . 
             52 S Si 5351 X 52 53 

According to the general results in section 4, there exists a continuous function satisfy

ing these inequalities.

   4. General Case 

   In this section we fix a linear order <, on E which is an extension of the natural 
order <, and number the elements of E according to < r. I. e. p <q if 6 p < rag. 

DEFINITION 4.1. 

(1) hi(x, y)=Max{ min {25i1 min 1 13x—y 1—d2-'1i1 —1, 1}, 0} , 
d<2ni 

where ni=i(n+3), oi=21-ni+1 (i=1, 2, ••• , n). 

(2)f<r(xji x2, ••• , x5)= Max min Max Max lhj(xi, xj) 
q<r psq iEI'(ap)JEY(ap,i) 

(ho(x)Maxhj(xi, xj) min {2xi, 1} in the case X(a•p, i)=¢). J=P 
   LEMMA 4.2. 

Vi Hdxj3xilldyk min hi(xj, x1)= min hk(xi, yk)=ho(xi)=1. 
     jrik J zk 

   PROOF. Let it denote Lebesgue measure on [0, 1]. For arbitrary 1, x, 

,1({y I hi(x, y)=1})=p({y I min I I3x—yI —d2-7121_-�3i1) 
                                                                         d<_2Ri 

= ,2({y I I3—y I U Cd2ni—oi, d2ni+oi]}) 
ds2ni 

>12ni+15i=12i(n+3)+1(i+')("+3)+1=12n1>14-1n-1. 

Consequently 

Villdxjp({y 1 minhi(xj, y)=1})>1—(n1)(4n)1>4-1•3, 
j#zj#i 

and so 
`di f Vx

jay>41.3(min hi(xj, y)=1)• (1) j#aj#i 
But y>4-'•3  implies 

V kdx hk(y, x)=1, ho(y)=1. (2) 

Therefore the lemma follows from (1) and (2). 

   LEMMA 4.3. Vp Crp(f<r)?p-1. 
   PROOF. We claim 

II H 3x1 H dxjdq<p gq=1,li) 
k~m(ap) i~4(0p, k) jEB(ap, k) 

where g5= Max Max hj(xi, x1) (q=1, 2, ••• , r-1). 
iE_Y(3q) JEX (aq,i)
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 From Lemma 4.2 

II H 1 H dxj 
                      km(ap) 1EA(6p, k) .7E-B(0' p, k) 

(diEX(6p)djEX(6p, i)dk hi(xj, xi)=hk(xi, xk)=ho(x,)=1). 

Since q < p implies 6q E S(6 p)uT (6 p), there are two cases . 

    CASE 1. 6gES(6p). 

Then 
]j c X(6q)32 c X(0'q, j) (i X(a p), J X(Q p, i)). 

So 
diEX(6p)djcX(6p, i) hi(xj, xi)=1 

implies 
2 j E X(6q)ll EX(6q, j) hi(xj, xi)=1. 

    CASE 2. aQET(6p). 

Then 
2i E X(a p)nX(6q) . 

So 
VicX(6p)V k hk(xi, xk)=ho(xi)=1 

implies 
3/EX(6q) Max hj(xi, x5)=1. 

.EX (aq, i) 
In both cases 

`diEX(6
p)'djEX(6p, i)dkhi(xj, xi)=hk(xi, xk)=ho(xi)=1 

implies gq=1. 

   Therefore (1) follows from (2). Then 

II II 3xiH Vxj(min (p1)gq=p-1).                      k<_m(ap)iEAk(ap,k).EBk(ap,k) 
Thus 

II H 3xi H Vxj(Max min lgq>_ p-1). k<_m(ap) iEAk(ap, k) jEBk(ap, k)1<r q<_C 

    LEMMA 4.4. 

Ildxi3x Max hi(x, xi)=0. 

    PROOF. Since o1=21n2=21-2(n+3)<2-1 and 2n1=2(n+3)<2-1, there exists a d12n1 

such that 

                     I1=[x1fd12n12-1U1, xi+di271.1+2151]C[0, 1] . 

If i>1 and Ii_1 is a closed interval of length ai_1 contained in [0, 11, 

Oi<2_1Si_1 and 2ni=2_16i_1 imply 

2di<2ni[xi+di2 'i2-1bi, xi+di2_ni+2l~i]CIi _1. 

Thus, inductively, there exists a sequence of closed intervals 

InCIn_1C ... CI1C[0, 1], 
where for each i 

2di<2niI1=Cxi-F di2-ni-2 1~ , xi+di2'li+2-13i] •
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If 3xEIn=r)/i [0, 1], then ITdx1Maxhi(x, xi)=0. 

                                 LEMMA 4.5. `dpap(f<r)=p-1. 

By Lemma 4.3, it suffices to prove d p a p(f <r) <_ p —1. 
   Lemma 4.4 and ho(0)=0 imply 

VoViEX(a) II dx,]xi Max h,(xi, x;)=0. 
jEX (a. i)jEX(a, i) 

Thus, for p < r, 

                   H dx; 11 3xi Max Max h,(xi, x,)=0. 
                   k<_m<ap);EAk(ap) SEBk(ap) 'EA" (a

p);ET (ap,,) 

I. e. ap(gp)=0. Consequently, for p<r, 

ap(f<r)=ap(Max min lgq)<ap(Max{p-1, (r1)gp}) 
l<r q<_l 

                    =Max{p-1, (r1)ap(gp)}=p-1. 

The inequality a r (f <r)-‹r —1 is obvious. 

   THEOREM 4.6. Let <S be an extension of the natural order on E. Then for some 

f EC([0, 1]n) and arbitrary a, pEE, a<,p implies a(f)<p(f). 
   PROOF. Extend <s to a linear order <, on E. Then the theorem follows from 

Lemma 4.5.
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