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ON THE ORDERS OF MAX-MIN FUNCTIONALS
By
Hiroshi HisaNO* and Fumio MARUYAMA™*

Abstract

We construct a continuous function on [0,1]" that orders the set
of Max-min functionals on C([0,1]") according to an arbitrary given
extended order of the natural partial order.

1. Introduction

Let Sy, S,, -+, S, be compact spaces and let fIlSi be the direct product with the

n
product topology. For a continuous real valued function f(x,, xs, -+, x,) On IIlSi
i

Maxf(xl, Xa, v, Xn) and rni.nf(xl, Xoy 0y Xn) (z=1, 2, ---, n)

are continuous functions of (n—1)-variables. Inductively, an n-length sequential max-
imizing or minimizing of a continuous function gives a mapping:

c(f1s) — =,

where C(ﬁ&) is the set of all real valued continuous functions on ﬁSi. We call
=1 =1
this mapping a Max-min functional on C I[&-)-
i=1
For a subset TCC(]}Sl), there might be no function of T that mutually distin-

guishes all Max-min functionals. It depends on the cardinality and the topology of S;
(=1, 2, ---, n) and the subset T. The most well-kown non-trivial example is the fol-
lowing minimax theorem of von Neumann [2].

THEOREM (VON NEUMANN). Let

SIZ{(SD E?} Tt Em)e[oy 1]m I 51+$2+ +Em:1} ’
So={(n1, 2, -+, 900, 117 | Y1419+ - +9.=1},
and let T be the set of all bilinear forms. Then

VfeT Max min f(xy, x,)= min Max f(x,, x,).

x1S8; x2€89 z9ESy 11€E8;

In this paper we consider the case S,=S,= --- =S,=[0, 1] under its usual topology.
In section 3, where the role of each variable is fixed, we construct a polynomial of
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quite simple form whose degree is not greater than the number of Max-min functionals
those are to be distinguished. A function determines an order on the set of Max-min
functionals according to thier values at this function. In section 4 we construct a con-
tinuous function that determines the same arbitrary given order on the set of Max-min
functionals as long as this order is consistent with the natural partial order.

As seen in [1] and [2] there is a close relation between Max-min functionals and
the theory of games. The systematic structure of the constructed functions in this
paper will give some information about the character of the games with which these
Max-min functionals are concerned.

2. Preliminaries

We give some basic definitions and notations. For a fixed natural number n,
C([0, 11" denotes the set of all continuous real valued functions on [0, 1]* under its
usual product topology and 3 denotes the set of all Max-min functionals on C([0, 11™).
Let » be the cardinality of 3.

We will use 7, 7, k£, as natural numbers less than or equal to n,

I, m, p, ¢, as natural numbers less than or equal to 7,
d, as an integer,
x, y, t, as real numbers in the closed interval [0, 1],
«a, as a non-empty subset of {1, 2, ---, n},
g, ¢, as elements of 3.
A Max-min functional ¢ can be represented uniquely as

g= I Max JI min,
ksm(a)1€AL(0) =z JjEBR(6) x;
where
Aulo), Belo){L, 2, -, n}, A(@)VBla)=¢ (k=L,2, -, mlo)),
and

A (@B =L, 2, -, ).

DEFINITION 2.1. n(e, 5)=Fk iff i€ A,(0)VB,(o) =1, 2, -+, n).
DEFINITION 2.2.

W Xo)=, \J Auo).

@ Xo)y=, \J Buo).

(3) )_((o,z'):kglk(jo’i)Ak(a) for ieX(a).

o) K(a,i):m\(JmDBk(a) for i=X(o).
DEFINITION 2.3.

) S(e)={p | JicX(9)3j< X(pnX(o, ) i€ X(p, N}

2 T(o)={p | X(enX()#o}.

For the natural order <z on 3} (i.e. u<zo iff p=o and VS <=C([0, 1]") u(f)=a(f)
it is easy to observe that p<zo implies p=S(a)VT(a).
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3. Restricted Case

In this section we fix AcC{l,2, -, n} and consider 3, ,={c¢ | X(c)=A4}. If the
cardinal number of A=a, then there is no loss of generality in assuming A={l, 2, ---, a}.
Let b=n—a, y,=x4+s, n'(c, k)=n(g, a+k), B0, P=X(og, a+k) (k=1,2, -, b) and
Bi={j—a | j€B,}, where B,CB={a+1, a+2, ---, n}.

LEMMA 3.1.

TIVt,I13x(min min|t,—a™*x,;] >0, min|a™' 2 x;—a™" 3} x| >20)
12 i i i a#a’ ica iZar

for some positive § that depends only on n.
ProoF. For each 7/<a choose n; {1, 2, 3} inductively so that the inequalities

[t,—a™ ZZ”i,pS‘”“”I =q7 50 (I=L,2, -, 1)
pS

are satisfied. Put
xl:z}ni,ls_ﬂ_L (Z.:lr 2) Tty G).
7
Then
1t,—a ‘x| >a 15 (1-5"1-3.(1-5")")
>a—-15—ri—L—~Xga—15—ra—r—l (Z':L 2, e a) ([:l’ 2’ T 1’).

If a#a’ then je(a a’)V(a’~a) for some j<a. It follows that

la X xi—a™! 62 x| >a 157 >27157e T,
t1=a ica’

The lemma is proved for §=<a™'577*7""%
LemMA 3.2. Let o= II  II Max II min and let

SM(0) TEAR(O) g ]eBk ¥vj

fa= I TI(cr a(ye—a™ %xj)2+l),
where cp,o>2 for k<D, ¢FaCA and cr.a<Cr.o for aZa’ (f4=1 in the case a=n or
a=0). Then there exists a positive number ¢ which depends only on n such that for all ¢

o(fo>ell cilso. xIlCr o
k<d a

where ¢, =1 in the case B(c, k)=¢.
PrROOF. The inequalities

min|a™ 3 x;—a”t 3 x,1>20, |ye—ae D x| <0
a*a’ JjE Jjea’ j=a

imply
Va' #a \yk—a‘ljZL]“ x;|>0.

Consequently, since ¢, .<c. o for aCa’, if the inequalities
q

min min |y,—a™' 2 x;/>6, min|et T x,—a™t X x,;1>20
jea a#a’ jca

k<b acf(o, k) j=a’

are satisfied, then
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— a_ —
falxy, xay o, X)> k]._/IbCk,x,S(a,k)H(52Ck,a+1>>52b(2 ])pock,‘ﬁ(a,k)HCk,a-
= a = a

But from Lemma 3.1
dx, IT VYy;
j<B

k=m(ao) icdp (o) J @)

1A

min min |y,—a '3 x;1>06, minlae X x;—a™t X x;] >20)
kb azj3(o, k) Jj=a a#a’ Jj=a Jjea’

for some §>0. Therefore the lemma is proved for e<g§*@*-b,
LEMMA 3.3.

a_ —
U'(fA><2b(2 l)l}:.[bck,lﬁ(o,h)nck,a-
= 24

PrOOF. For each £<bh, let y,=a™! X o, X then
Jj=5C0, k)

fA(xl, Ko, =ty xn)< I;[Ibc;;,l.S(a,k)H(ck,a"}‘l)
= «
<II C?,‘ﬁ(mk)HZCk,a:Zb(zL’) II cilsco. 51l Criaa -
kb a ksb a

It follows that
o(f )<20e*-n ):eE[bC;,l,S(a. k)ralck,a .

THEOREM 3.4. There exists a positive number ¢ which depends only on n such that if

Max min { IL cr. 3¢o. £3C5 3¢ 20> LL €k, 500 157 500, 1>} <&,
234 ksb ksd

then p(f)<o(f4) follows from kl;[bck,,ﬁ(a,k)< k].;[bck,,ﬂy,k)-

Proor. By Lemma 3.2, for some ¢>0,

5gbcilﬁ<c.k)gck.a<0(fA)-

By Lemma 3.3

u(f <2vet-n gbcl?,lﬁw.k)l;lck,a .
Then

;;.[bck,ﬁ(ﬂ,k)ck_,lﬁ(‘u, py<270@% " Di=e
implies

/«l(fA><2M2a—DI].;Ibck_,lﬁ(;z,k)l;lck,a<5 ]!.;IDC;,IAS((!,k)l;Ick,a<0'(fA)~

COROLLARY 3.5. There exists a polynomial of degree min {2b(2°—1)}, 2a(2°—1)} such
that o(f)=p(f) for any different o, p=3 4
ProOOF. Let f4 and fz be the polynomials in Theorem 3.4. Then the degrees of
f4 and fp are 2b(2*—1) and 2¢(2°—1) respectively. For c&3,,
o(—fp= TI II Max TJI min(—/p)

ksm(g) iCA(a, k) x5 JEB(a, k) zj

=-—, I I min II Max(/s).

ksm(g) i1SA(G, k) xi; JEB(o, kR

Consequently f4 or —fp is the desired function.
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REMARK. Since there is no positive numbers ¢, ¢,, ¢; such that ¢, <c, cycs<<cics,
no function f of the type in Theorem 3.4 satisfies the inequalities

min min Max mm (f)<min min Max min (f),
g1 Y3 z Y2 Y3 x Y1

min Max min min (f)< mm \Iax mm min (f).
Ye x Y1 Y3 Y2 Y3

According to the general results in section 4, there exists a continuous function satisfy-
ing these inequalities.

4. General Case

In this section we fix a linear order <, on 3 which is an extension of the natural
order <z and number the elements of 3 according to <,. lLe. p<g iff ¢,<,0,
DEFINITION 4.1.

(1) hi(x, y)=Max{min {26, min ||3x—y|—d2 "i|—1, 1}, 0},

a<2™i

where n;=i{(n+3), 0,=2'" "+ (=1, 2, ---, n).
(2) fe (x1, %oy -+, xp)=Max min Max Max [h;(x;, x;)

o<r PEq EX(0 ) JET @p, D
(ho(x)zi\'_lzagihj(.n, x;)=min{2x; 1} in the case X(a,, ©)=¢).
LEM;;A 4.2.
Vi HVvﬁxIHVyk mm hix;, x)= mkin ha(xe, ye)=ho(x)=1.

JjFi

ProOOF. Let ¢ denote Lebesgue measure on [0, 1]. For arbitrary ¢, x,

sy | h(x, )=1H=p{y | mm [3x—y|—d2-"] =24;})

d<2i
=p(y | 13x—plE U [d277=4;, d27146,]})
as2®i
>1 2n +15 _1 27.(71+3)+1 G+ +3)+1 1 2—n 1>1 4 n~1

Consequently
Vi [IVx,p({y | minh(x;, »)=1})=1—(n—1)4n)"*>4"1.3,
j#i J#EL
and so
ViIIVx,;3y>4"-3(min h(x;, y)=1). 1

Jj#i j#
But y>4-*-3 implies

ViVx h(y, x)=1, ho(y)=1. 2)

Therefore the lemma follows from (1) and (2).
LEMMA 4.3. Ypo,(f<)zp—1.
ProOOF. We claim
I Fx: IT Vx,Vg<p g,=1, L)

kgm(dp) t=4CTp, k) JEB(ap, k)

where g,= Max Max /h;(x,, x;) (g=1,2, -, r—1).

IEX(0g) JEX (0g, D)
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From Lemma 4.2

Ix, TI Vx;
ksm(ap)i€EA(Tp, k) JEB(ap, k)
Vi X(o)ViEX(o,, DVE hilx,, x)=he(x;, x)=ho(x)=1). 2

Since ¢<p implies ¢,=5(c,)"T(0,), there are two cases.

Case 1. ¢,=S(g,).

Then _ B
djeX(opIie X(a,, j) (i€X(0,), ;€ X(a,, ©).
So
VZ'EX(GP)V]'CX(UP, 7) hx;, x)=1
implies

EJ'EX(UQ)HZ'EX(Uq, 7 hi(xy, x)=1.

CASE 2. ¢,=T(c,).

Then
HZ'EX(O‘,,)QZ_((GQ) .
So
Vie )_((ap)Vk hp(xs, x2)=ho(x,)=1
implies

die X(op) Max hj(xq, x)=1.
JEX (g, D)
In both cases
VieX(e Vi X(a,, DYk hx;, x)=hu(x:, x)=ho(x)=1"
implies g,=1.
Therefore (1) follows from (2). Then

dx; 11 ij(qr;]il}l(p—l)gq:p—l).

ksm(0p) i€AL(0p, k) JEBp(op. k)
Thus
dx

i Vx;(Max minlg,zp—1).
kgm(ap)ie.dk(up,k) jeBk(ap,k) I<r g=sl

LEMMA 4.4.
IIVx;3xMax hy(x, x,)=0.

PROOF. Since §,=2'"":=2!"2"+" 2! and 2-"1=2-"+" <21 there exists a d,<2™
such that
Ii=[x,+d,2-"1—=2719,, x,+d,27™+2715,]c[0, 1].

If 7>1 and I,_; is a closed interval of length &,_, contained in [0, 1],
0;<<27'0;-; and 2°"i=27'9,_, imply
Ad,;<2"[x;+d 2 "1 —2719,, x,+d. 27" i+27§,]CT, ;.

Thus, inductively, there exists a sequence of closed intervals

]"C[,,_XC o CIIC[Oy 1];
where for each 7/
Ad, <27, =[x,+d 27" —2719;, x;+d;2""4+275,].
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If 3x=1,=NI,C[0, 1], then TIVx,Maxh,(x, x,)=0.

LEMMA 4.5. Vpa,(f<)=p—1.
By Lemma 4.3, it suffices to prove Vpo,(f< )<p—1.
Lemma 4.4 and A,0)=0 imply

VoVie X(o) I Vax,3x; Max hx;, x;)=0.

JEX (0. D jeXco, i)

Thus, for p<r,
Vx; TI 3Jx, Max Max h(x; x,)=0.

kemop) jehRtay) iEBACop) 1EX (o) JEX (0p,
Le. o,(g,)=0. Consequently, for p<7,
Up(f<r):<fp(l\gl<qx Tﬂn lgg<o,(Max{p—1, (r—1)g,})
=Max{p—1, r—Da,(gx)t=p—1.

The inequality ¢,(f<,)<r—1 is obvious.

THEOREM 4.6. Let <, be an extension of the natural order on 3. Then for some
f€C(0, 11" and arbitrary ¢, p€, o <,p implies o(f)<pu(f).

PrROOF. Extend <, to a linear order <, on 3. Then the theorem follows from
Lemma 4.5.
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