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Abstract

This paper deals with a zero-sum game, whose state changes
correspondingly with a kind of Markov process. In the game the
two players’ strategies are when to stop the game to maximize their

own rewards.

In this paper we investigate optimal stopping times, optimal
rewards and the conditions which should be satisfied. To describe
more precisely, it is as follows.

Let M be an m-symmetric Hunt process and let (&,8) be the
corresponding Dirichlet space. For a>0 and W3 we consider a
variational inequality :

(1.1) UtsR, G (Ue—=W,V-U2=0 for all V& ®,
where 3 is a certain subset of &. In this paper we investigate
properties of solutions U® of (1.1) and we show that solutions U<*
has a quasi-continuous version which becomes to be a value of a
certain zero-sum game associated with regions X—F; (+=1,2) not to
permit stopping the game. The aim of this paper is to discuss these
in the case of m-symmetric Hunt processes, which have m-symmetric
diffusion processes and m-symmetric jump processes as examples.
When the processes are transient, we can treat the case of a=0 and
we discuss it similarly.

0. Introduction

Zero-sum Markov games with stopping times are studied by several authors. N.V.
Krylov [6] and L. Stettner [8] have studied them by making use of penalty methods.
J.M. Bismut [2] has proved that a zero-sum game possesses a value from the stand-
point of convex analysis. Especially A. Bensoussan and A. Friedman [1] and A.
Friedman [4] have investigated a relation between a zero-sum Markov game with
stopping times and a certain variational inequality in the case of diffusion processes.
On the other hand H. Nagai [7] has used Dirichlet space to discuss a relation between
a stopping problem and a variational inequality. Moreover J. Zabczyk [9] has discussed
zero-sum Markov games in this situation. We deal with them in the case of an m-
symmetric Hunt process and the corresponding regular Dirichlet space (F, €) by a dif-
ferent way from [9] and also discuss them in the transient case.
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142 Y. YosHIpA

In the latter part of this section we state the notations of an m-symmetric process
and the related results. In Section 1 we investigate a zero-sum game with a discounted
rate « in the case of an m-symmetric Hunt process with a general regular Dirichlet
space. In Section 2 we discuss a non-discounted zero-sum game in the case of an -
symmetric Hunt process with a transient regular Dirichlet space. In Section 3 we con-
sider the case of an m-symmetric jump process as an example of Section 1 and we
also consider the case of a diffusion in a bounded domain as an example of Section 2.

Let X be a locally compact separable Hausdorff space and let m be a positive
Radon measure on X. Let M={Q, W, M, X,, P,, 6, {} be an m-symmetric Hunt pro-
cess on X and let P, and R, be its transition function and resolvent respectively. In
this paper we use notations and definitions of M. Fukushima [5] concerning Dirichlet
space corresponding to m-symmetric Hunt process M. L2*X; m) denotes the real L-
space with the inner product (-, -). Let T,(G,) be the L*transition function (L2-
resolvent) induced from P, (R, resp.). (&, @) denotes a Dirichlet space associated with
the process M. In this paper we assume that (&, G) is regular. ||l denotes the
essential supremum norm on X and d(-, -) expresses a metric on X. We express by
{Betostze the minimum completed admissible nondecreasing family of sub-g¢-algebras
of M.

Hence for a=0 we define a continuous additive functional A={A{®)} -0 associated
with a multiplicative functional {e~%!},., as follows:

A(t, w) is a real valued function on [0, «o)x Q2 which is {%,}-adapted and for which
there exist a set A=% and an exceptional set N such that P,(A)=1 for each x= X—N
and for which the following properties (F1)~(F4) are satisfied for each w< A :

(F1) A(t, w) is finite and continuous in =0,

(F2) A0, w)=0,

(F3) A(t, 0)=A{(w), w) for each t={(w),

(F4) A(t+s, 0)=AF, w)+e “tA(s, 8,0) for each t, s=0.

Especially we note the property (F4), which is induced from [3], is different from
additive functionals in [5]. For a=0 we express by A2 the set of all continuous
additive functionals associated with a multiplicative functional {e=*‘},.,.

Co(X) denotes the space of all continuous functions on X with compact Supports.

We define <y, U>:gXU(x)u(dx) for U=% and Radon measures v on X and we write

by U a quasi-continuous version of U for U= in accordance with [5]. In this paper
we also use the following notations:

UV V=max {U, V} and UAV=min{U, V} for U, VEF,
Ur=UvVv0 and U =—UA0) for U=§.

1. Zero-sum Games and Variational Inequalities

Let a be a fixed positive number. Let F, and F, be closed subsets of X. Let
f1, [-E€FNC(X) and put W=R,g for geFNL=(X; m). We assume (Al) and (A2):
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(Aly X—F,; ({=1, 2) are relatively compact.
(A2) fi<f, m-a.e. on FiNF,.

We call F,(F,) a stoppable reageon for player I (Il resp.). Of courese it is possible to
take F,=F,=X. Hence we put

R={VeF: /1=V m-a.e. on F, and f,=V m-a.e. on F,}.
LEMMA 1. There exists a unique solution U* of ® which satisfies the variational
inequality (1.1):
(L.1) CU—W, V-U"=0  for all Ver.

PRrROOF. Since % is a closed convex subset of Hilbert space (§, €.), there exists a
unique element UU* of % such that

(1.1 CU*-W, U —W)ZC(V-W, V- for all Vex.

Since % is convex in (§, €.), (1.1’) is equivalent to (1.1). Therefore we obtain Lemma
1. O

Now we note % possesses the following property (R):
R) UvVer and UAVER for each U, VeR.

LEMMA 2. U* satisfies both inegualities (1.2) and (1.3):
(1.2) CU—W,(V=UN=0  for al Veu,
(1.3) CU*—W,(V=UxH=0  for all VER.

ProOOF. We obtain (1.2) ((1.3)), by taking U*VvV (U*AV resp.) instead of V in
(1.1) and noting the property (R). 0

The following lemma is a modification of Lemma 5.1.2 in [5].

LEMMA 3. Let {U,}. be an €,-Cauchy sequence of quasi-continuous functions in § such
that |\Uall» s bounded uniformly in n. Then there exists a subsequence {Un,}e satisfying
the condition that for q.e. x= X,

P({e=*'U, (X))} converges uniformly in t on [0, oo])=1.

Proor. For each ¢>0 and Us§F we take T=1/a-log (¥'=/¢). Then for all ¢>T

and a.a. w=Q we have N N
e=e MUllwz|e " U(Xw)].

Hence by noting this fact, in the same line as the proof of Lemma 5.1.2 in [5] we
obtain this lemma. [

We also need the following lemma and its proof, which are modifications of Theo-
rem 5.2.2 in [5], in order to prove Theorem 1.

LEMMA 4. For each U=§NL(X; m) there exists an additive functienal ASUZ such
that for gq.e. x€X and Markov time = (1.4) hold:

Ox =F_[A(cc d
(L4 { (%) [A(e0)] an

U(x)=E[A)]+E. [eT(X.)].
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ProoF. We show this lemma, by modifying the proof of Theorem 5.1.1 in [5].
Fix an arbitrary U=% "~ L*(X;m). Then by applying Theorem 4.3.2 in [5], there
exists a quasi-continuous Borel measurable version I of U and a properly exceptional
set N such that ' vanishes on N for which (1.5) and (1.6) hold:

(1.5) nR, . L()—C(x) as n—ce for each xeX—N,
(1.6) nR U= as nooo strongly with respect to G, .

For each n we define

() =nRnsall(x)) if xeX—N,
(1.7 gR{x)=

if x&N.

Then from (1.5), (1.6) and the resolvent equation we obtain (1.5) and (1.6"):

(1.5 Rog.(x) —> U(x) as n—oo for each x&€ X—N,
(1.6") R.g,—> U as n—cec strongly with respect to G, .

Moreover for each #n and w=£2 we define an additive functional A,={A, ()} 20=AE by
(1.8):

1.8) Anlt, )= A:e‘“gn(Xsw)ds for (¢, @)=[0, «o)x Q.

Then we can prove this lemma in similar way to Theorem 5.1.1 of [5]. O
Let <1t be the family of all Markov times. Define an operator Q. and subspaces
&+ and G by

Q-k(x)=E,[e*k(X.)] for reM, x=X and kEF,
Gr={(V-U*: VeR}, G ={(V-U*":V=%H}.

For each Borel subset B of X, o (r;) expresses the first entry time (the first hitting
time resp.) of B:

gp=inf {{=0: X,= B}, rp=inf {t>0: X,= B}.

THEOREM 1. Uuder (A1) and (A2), there exists a properly exceptional set N for
which the solution U® satisfies (1.9) and (1.10):

(1.9) Ue—W=Q. ,,(0*—W) ma.e. for each =M,
(1.10) O—W<=Q,, o(0—W) ma.e. for each o=,

where Biz{ﬁ“:ﬂ}ﬂ(ﬂ—;\*) are stopping reageons for i=1, 2.

PROOF. First we show UtsFNL=(X;m). Put a=|filwt+|folet|W]e+1 and
define U, =((W—a)VU)YAW+a)=R. Noting U,—W=({(—a)vVU*-W)Aa are using
Markov property of (%, €,), we obtain

ColUo—W, U, —W)SE U*—W, Us—=W).

By virtue of Lemma 1, we obtain U*=% and U,=U*—W m-a.e. This fact shows U*
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=F LY m).
Next for /=1, 2 and ¢=0 we define

Fi.={x=X: dx, v)<e¢ for some y=F}.

Then we show that there exists a sequence {f, .}.-:, modifications of f,, which
satisfies (1.11):

fon=foon X for each n,
(1.11) fon=f: 0n I, for each n and

Ue<fe,—1/n q.e. on X—F, ., for each n.

Here B denotes the closure of a subset B of X. Since X—F,. is compact for each
¢>0, there exists W.=C(X) which satisfies (1.12):

W.=0 on X,
(1.12) W.=a on X—F, .
and W,.=0 on F,,

where a=|f e+ fe)et IWiw+1. By virtue of Lemma 1.4.2 of [5], for each &>0
there exists a sequence {W. ,}. of " Co(X) which satisfies (1.13):

Supp [W.. . JC{W.£0lCX—F, for each n
(1.13)

and W, .—W.l.<1/n for each n.
Hence the subsequence {W,,, .}, posesses the property (1.14):

Wi, »=0on F, for each n and
(1.14)

Winaza+1l/n on X—F,, for each n.

Therefore by putting fo o+ fot W ) VWiV - VW Gsn, 220t ES, we have (1.15):
fon=fzon X for each n,
fon=fs0n F, for each n and
(1.15) (TR N
1 Jon=fota+l/(n+1)=U*+1/n m-a.e.

on X—Fs 1/cnan> for each n.

By using Lemma 3.1.4 in [5], we obtain (1.11).
Now we define a sequence {V,}, of & by

Vo=fa.—U*N1/n) for n>1.
Then we show the following (1.16):
(1.16) V.he®* for each natural number n and h<§ satisfying 0<h=<1.

Let a natural number n be arbitrary but fixed. Define V'=(V,A+U*Af, .. Then
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we have
fo=fs,=V on F, and V' =U*Af,=f, m-a.e. on F,.

’

Therefore (V' —U)*=(V, AN (fo, o —U ) =(Vol)* A(f2, n» —U®)*=V,h. Moreover it holds
that V,=FALX; m), since f,,, U*=F. Therefore we obtain V,h=F and V'R,
by applying Theorem 1.4.2 in [5]. Consequently (1.16) holds.

On the other hand we take additive functionals A, A,=%¢ (n=1) and functions
g£.=% (n=1), whose definitions are (1.4), (1.8) and (1.7) respectively, corresponding to
U*—W instead of U. Since U*=Hh, there exists an exceptional set N, satisfying (1.17):

1.17) 7.=U« on F,—N, and f,<0U* on F,—N,.

~ ~

And we put By, ,={U*= fs, ,—1/n}"\(Fy,1/»—N,) for natural numbers n. Hence con-
cerning the expression of U*—W by additive functionals we shall prove (1.18):

There exists an m-negligible Borel subset N, containing
N, such that for each x& X—N, natural number / and
(1.18) Borel subset B containing B, ; it holds that

T () =W (x2) = Qy y( O — W) =0 *(x)— W(x)— Q. (T *—W)(x)
=E.[Algs)]=E.[A(z5)]=0.

Fix an arbitrary Borel measurable function h,= L*X; m) satisfying 0=<h<1, an arbi-
trary natural number / and an arbitrary Borel subset B containing B, ;. Hence we put

(1.19) h,ZCKRQhO-—aQ,BRahO.

Since the right hand side of (1.19) equals to a-E. H:Be‘“ho(xc)dt} and both R.h, and
Q:zRaho are a-excessive, we have h,&F and 0=h;=<1. Moreover we put by V,a
quasi-continuous Borel version of V,. Then from (1.16) and (1.19), we have
Ca(nGasalU=W), Vih)=Co(0—W, nGriaVihy)

:@a(an-i-a(ﬁa_‘T/)) f/Jvlhl)

=Ca(Ragn, Vihy)
(1.20) ~
=a-(gn, Vih)
:a'(gnf;l; Raho>‘_a'(gnvly Q:BRahO)

=a-(Ru(gaV1), ho)—a-(QszRa(g. V1), he) for each n.

Here we used that {Q,BRa(gnVl):#QUBRa(gnV’l)} is m-negligible. Moreover from (1.11)
and the definition of B, ,, there exists an exceptional set N, containing N, such that
for each s>0 and w= satisfying ¢ <s<oz(w) we have

X {U< Sy —1/BUNC{V,=1/[}UN,.

The equations (1.20}, together with this fact, imply
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- ,? , K Ces AN R
C.(nG (U —W), Llhl):a‘E,’lo~Tn 30 e ‘°(gn.Vu(Xs)dS

=l Eho' m‘:‘\aBeﬂmgn(*’Ya‘)dS:l
0

:a'l_; 'Eho-m[An<0'B)]
=a- " Ey [ An(ts)] for each n.

By considering a subsequence {n,} of {n} in the same manner as the proof of Lemma
4 and tending n, infinite, we obtain

@a<U“~VV, Vzhl):a'l_l’ Eho.m[A(UB)]—_—(X'Z_l 'Ehown[A(TB)j .

Consequently we obtain (1.18) from this fact, (1.20), Lemma 2 and Lemma 4.
Next concerning a-excessivity of U*—W we shall show (1.21):

U*(0)—=W()ZQerop, (O—W)(x)  for gq.e. x€X,
(1.21) { 20

each =M and each natural number /.

Fix an arbitrary natural number /. Since Q,B(ﬁ“—W) is quasi-continuous for each
Borel subset B containing B, (see Theorem 4.4.1 in [5]), by applying Lemma 3.1.4
and Theorem 4.2.1 of [5] to (1.18), there exists a properly exceptional set N, containing
N, such that

.22 { Ua(x)—W(x)— Q. (U —W)(x)=E.[A(rp)]=0 for each x= X—N,

and for each Borel subset B containing B,,; .

On the other hand from Theorem 4.3.2 in [5], there exists a properly exceptional set
N, for which {ﬁ“<f2,1—1/l}ﬂ(X—N4) is finely open and Borel measurable. Hence we
put a properly exceptional set N;=N,\UN, and define a sub-process M={X,} by

X lf Xo((!)):XEI\’s,
X()={ X(0) if Xiw)&N; and <oz, (@),
4 if Xdw)&EN; and t=05p, (@),

where 4 is the death point for M. Then M becomes to be the standard Markov process
in the sense of Blumenthal and Getoor [3] by virtue of Theorems 4.1.3 and 4.1.4 in [5],
since X—N;— B, ;= {L7°‘<f2,z—l/l}Fx(X—Fz,l/z)f\(X—NQ is a finely open Borel set. Now
we define

E.[Alts, )]  if x€X—Ny—Ba.,
U(x):{ o

otherwise.

Then we shall show that U is an a-excessive function with respect to the process M.
Because U is nonnegative and Borel measurable. Moreover for each x=X—N; and
each Borel subset B of X,
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QepU(x)=E[e *BU(X. ) t4< 05, ]
=L [em*BEx [Alrs, ]:t5<0s, ]
=E.[eBA(ts, )o0.,: t5<05, ]
=E.[Alrpgt1p,,°0.)—Alrg): t5< 035, ,]
=E.[Alrg, )—Alrp) i t5<75, ]
=LE.[Alrg, )~ At sus, p)]
SE[Alrg, )]=U(x),

where Q and 7, imply the transition function function and the hitting time correspond-
ing to the process M. And while for each x<N; and each Borel subset B of X,

Qe U)=E [e”*BU(X:)]==E Lo~ BU(x)]<U(x),

where £, denotes the expectation starting at x corresponding to M. Therefore by
virtue of Theorem 5.1 in [3, Chapter II] we obtain

(1.23) Uz=BRs:.U  for each §>0,

where {R,}.s, denotes the resolvent corresponding to M. On the other hand

— E[A(rp, )— AW N7, )] if x&eX-—N;,
QUx)=1 _ .
E [e“tU(x)] if xeN;,

which converges to U(x) as ¢ ] 0 in both cases. This fact and (1.23) imply that U is
a-excessive with respect to the process M in the sense of Blumenthal and Getoor [3].
By virtue of Proposition 2.8 in [3, Chapeter II], for each x& X—N,—B, , and r= .

E.[Alo3, )]=U(x)2Q.U(x)
:EI[Q_GT[](X:—) . T<0'32y l]
=E.[enVE, [Alog, )]: <03, ]

:er’voBz_ Z<E [A(O'Bz, l)]Xx) .
Therefore

0= W—=Qop, (O =T2Q 1y, [T =W)=Q,,, (O —W] qe..
This shows (1.21).
Finally we shall let / infinite in (1.21). Since {f21}: is nondecreasing, {B..:}, is
nonincreasing and B, ,DB, for all /. Therefore

(1.24) limog, ,=supog, <oz, .
I oo 2,1 1 2.1 2

Hence we express the left term in (1.24) by ¢. Since F, . is closed and both 0“ and
fg,l ({z1) are finely continuous q.e., for any natural numbers n, ! (n=!) and any
xc X—Nj,
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X, nEBg_nCBz,z a.s. P, on {o<eo}.

By,
By letting = infinite,
XeE B, a.s. P, on {o<ce}.

Moreover by tending / infinite, for each x= X—N\, we obtain
X,=B, a.s. P, on {g<oo},

This, together with (1.24), proves

(1.25) Po=03p,)=1 for gq.e. x=X.

Since {J*—W>|0*—¥|..} is exceptional from Lemmas 4.3.2 and 4.2.4 in [5], by virtue
of the bounded convergence theorem and (1.25), (1.21) follows

0= W) 2 Qero 5 T —Wi(x)
(1.26) {

for q.e. x=X and each r= 9.

This means (1.9). Moreover (1.10) follows in the same line as the proof of (1.9), by
changing the signs of (1.9). Consequently Theorem 1 holds. 0

Now we consider the zero-sum game associated with (1.13) and (1.14). Fix a Borel
measurable function g& L and put W=R,g. For i=1, 2 we define

Mi={rcM: P(X.=F)=1 m-a.a. x=X}.
Let heFNL>(X;m). Hence we assume (A3) in addition to (Al) and (A2):
(A3) fi<h<f, ma.e. on F,NF,.

For 7, o= we define a function

JE, O =Ea| e P LK)+ e etg (Xt

where
( i(X)  on {r<a},

Lz, )=1 k(X))  on {r=a}.
Fo X ) on {t>0o}.
Hence we consider the following zero-sum game with stopping times:
Find a pair of optimal Markov times (¢*, ¢*)

S M X M, attaining an optinal value function U* such that
{L.27)

&Sy cESNy

IU*: max min J(z, g)

= min max [(r, ¢) m-a.e.

agedy vy
Then the following theorem is derived from Theorem 1.
THEOELEM 2. Under (A1)~(A3), U* is an optimal value function and (og,, 6p,) 1S
a pair of optimal Markov times of the problem (1.27), where B,= U=~ \(F.—N) for
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1=1, 2. Moerover (gg,, 05,) is a saddle point of (1.27).
PrROOF. From (1.27) and the definition of TV, for m-a.a. x=X and each z=.%,

~

. ~ {t\ospB, .
(1.28) U“(.r)zEI[e"“’v’ S50 Xy )| P g X, )dt} .
2 Jo
Since U“€®R, the right term of (1.28) is greater than J(o, 7p,)(x). By considering about
(1.10) similarly, for each (r, ¢)< M, X M, we obtain
(1.29) Jt, 05)SU=](0p, 05)=] (cp,, 6) m-a.e.

This completes the proof of Theorem 2. C

2. Transient Case

In this section we treat the transient case with both a=0 and W=0. Let (&, 6)
be a regular transient Dirichlet space and let (§., €) be an extended transient Dirichlet
space in the sense of [5]. Let F, and F, be closed subsets of X and let f, and f, be
elements of FNL=(X; m). We assume (A4) in addition to (Al) and (A2):

(A4d) {f2>f1} is relatively compact.

Define R,={V&F.: f:=V m-a.e. on F, and V<f, m-a.e. on F,}. Then the following
lemma holds in similar way to Lemmas 1 and 2.
LEMMA 5. There exists a unique element U°® of R, such that

2.1) CU°, UNKEV, V)  for all VER,.

Moreover U° satisfies (2.2) and (2.3):

2.2) - &U, VU200 for adll VER,,

2.3 { CWU*, (V=U")=0  for all VER,,
CU°, (V-U"")=0  for all VE%R,,

The solutions {U®},>, in Lemma 1 have the following properties.

PROPOSITION 1. {U%} 4o converges to U° in the norm € as a 0. Moreover for
each B>0, {U**?} .5, converges to U® as a L0 in the norm G,.

PROOF. Define a=|f,ll.+|f.l»+1 and b= inf &V, V). Then

b= inf inf G(V, V)
VeR a>o0

=inf inf €,(V, V)
a>0 VeR

(2.4) = lim inf €,(V, V)
ayn veR

= lim G.(U", U

I

liyrg {CU*, UN+al=, U%}.

Since U*€® and X—F, (i=1, 2) are compact, we have
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( e, Uu)gj f%dm—i—\ﬁ Fadm
! (U A>0)~Fo JWU AL ~Fy
(2.5) { .
+3 (U’*)zdm—'rs U*“*dm
(Uese) (X -Fy) (ALY - F)
{ =GN a (X = F)+m(X—Fy)} <eo.

Therefore (2.4), together with this inequality, shows

b=lim U, U").

alo
From Lemma 5 and this fact there exists a subsequence {U*™}, of {U®},s, such that
U™ —s [J° as n—ce in the norm €,

However we can extract a subsequence from any subsequence of {U?%},s, in the same
manner, therefore
Us—U" as a0 in the norm €.

Next as for {U%*%},s, we get the desired property similarly, by replacing U%, U° and
€& with U**? U? and €, respectively. O
In the transient case the following lemma is trivial but essential for the main
theorem.
LEMMA 6. Fix an arbitrary Borel subset B of X such that m(B)<<eo. Then it holds
that
E. [oy_p]<oo m-a.e. on X.

PROOF. Fix an arbitrary Borel subset B of X such that m(B)<<oo. By virtue of
Lemma 1.5.1 in [5], we have

EI[U(X-—B)]éEx[Sj[B(Xz)dt]<OO m-a.a. xeX,

Here Iz denotes the indicator function of B. This completes Lemma 6. O
THEOREM 3. Under (Al), (A2) and (A4), there exists a properly exceptional set N
for which the solution U° satisfies (2.6) and (2.7):

(2.6) U"gP,MBﬁ“ m-a.e. for each t€M,
2.7 L7°_£_P,,Blf\gl7° m-a.e. for each ¢= M,

where B;={0*=F}\(F;—N) for i=1, 2.
PROOF. We shall sketch this theorem following the proof of Theorem 1. We note
'eFNL>(X; m) in the same line as the first part of the proof of Theorem 1. Since
(2.5) holds in the case of a=0, we obtain U'cFNL=(X; m). Hence we take F; . (i=
1,2;e=0) and {f, .}.>: in the same way as the proof of Theorem 1 and put

Va=f2.,—UN*AN{1/n) for nz1
and
Cr=={(V=U: VeF.}.
Then in the same line as the proof of (1.16), we obtain
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V,h=®, for each natural number n
(2.8)

and each he§ satisfying 0<h <1
Take an exceptional set N, satisfy (2.9):
(2.9 %:=U" on F,—N, and f,<C° on F,—N,.
And for natural numbers n define
Ban={0°= fo s —1/n} "M F o — Ny .

Moreover for each a>0 we take the additive functional A*=Ug, which is defined by
(1.4), corresponding to U*® instead of U. Then in the same line as the proof of Theo-
rem 1 we obtain

€U, Vih)=a-I"" EppulANop)]=a -l Eyyn[A%(Te)],

where h, is defined by (1.19). Hence we have E(U°, V,h,)=0 and |(U®, V,h) | < [U° e 171
Therefore, from Lemma 4,

0= 1im £y n[A%(0)]= lim E o [A%(r5)]
all al
(2.10) = lim {(°, ho)—E nyomle 780X, )]
alo
= lim {(0°, ho)—E pyemle 80 (X )] .
al
While from (A2), (A3) and Lemma 6 we have
Enynlogl<co and E, ..[tp]<co

for all Borel subsets B containing B, ;. Consequently by virtue of the bounded con-
vergence theorem, (2.10) follows

0=(0°, ho)—EnyenlU°(X, )]
=(0°, he)—Enynl UX. )]

Therefore we get Theorem 3 in the same line as the proof of Theorem 1, by using
Theorem 5.2.2 in [5] instead of Lemma 4 and by noting E,[05,]1<cc m-a.a. x&X. O
Now we shall state the zero-sum game associated with (2.1). For /=1, 2 we define

My i={reM: P(XSF,; and 71<o)=1 m-a.a. x&X}.

Let heFNL=(X;m). Hence we assume (A3) in addition to (Al), (A2) and (A4). For
7, 0 &M satisfying that P,(r<)=P,(6<co)=1 m-a.a. y= X, we define

J@, o)=L [L(X., )]  for x=X,

where L is defined in Section 1. Hence we consider the following problem :
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Find a pair of optimal stopping times (t*, %)
J S My X My, attaining an optinal value function U* such that

TSy ) oMy o

(@11) ] %= max min [z, o)
max min J°z, ¢) m-a.e.
oEﬁi’/!z TE;L’fy 1
THEOREM 4. Under (AL)~(A4), U° is an optimal value function and (05, 05, is a
pair of optimal stopping times of the problem (2.11), where B,={0*=7 )} \(F,—N) for
i=1,2. Moreover (0p,, 05, is a saddle point of (2.11).
Proor. This proof is in the same line as the proof of Theorem 2. O

3. Examples

First we consider about Section 1. When the process M is a diffusion, the relation
between the variational inequality (1.1) and the game (1.27) is discussed in [1], [4] and
[6]. Here we treat the case when M is a jump process. Let A be a positive number
and let ¢g(x, y) be a Borel measurable function on XXX, which satisfies (i)~(iii):

® qlx, )=q(y, x) for each x, yeJX,

(i) glx, x)=0 for each x=X,

(iii) g gCx, Ym(dy)=1  for each x=X.

X

According to [3, pp. 63-68] we put

PU)={ Je=q(x, nUGIM(dy)

for t=0, x=X and U= L2 Then

2

W, Vy={ U@—UoNVx- VNS gtx, ymdsmdy)

Jy 2
for U, V& L, where V={(x, y)=XxX: x#y}. From the properties (i)~(iii) of ¢ we

have
CU, UYxL22-(U, U)< oo for Ue L?.

Therefore from this fact and (1.2.24) in [5] we obtain §=L% On the other hand
(&, €,) is Dirichlet space from Example 1.2.4 in [5]. Hence we can easily check (¥, €,)
is regular, by using F=L*® For a Borel measurable g= L* we took W=R,g in Section
1. Now we can easily reduce (1.1) to (3.1):

22
—2_gy(Uu(l’)ﬁU“(J’D(""(x)‘U“‘(A‘)'V(y)-!*U“(”)fJ(x, wm(dxym(dy)
3.1

+SX(aU"(x)—g(x))(V(x)—U“(x))m(dx);O for all Ve,

Next we consider about Section 2, Let X=D be a bounded domain of R* with
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the smooth boundary. Let i be Lebegue measure on R*. Now we consider M is a
diffusion as follows:

%:HMD):{ = 1L3D): Zij =13D) (1=i<n) and U=0 on R“—D}

6w, V=3 | S-S dx for U, V=F.

Then (HYD), G,) is transient from Example 1.5.2 in [5]. Now (2.2) is reduced to (3.2):

(3.2) é 5 ou (—i’l— au )dx—\ 2OV —U“(x))dx=0 for all V=%,
,j=1JD UY,, 0X; gX; JD
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