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                    Abstract 

   In order to understand biological phenomena, a new mathematical 
field was proposed by T. Kitagawa in 1970 and it was named bio
mathematics. T. Kitagawa and M. Yamaguchi discussed cell spaces 
which are one of approaches to establish biomathematics. 

   More than two states are introduced in the cell space. By algebraic 
methods, in a cell space with four or two states it is proved that a 
set of all configurations is a vector space and a set of all possible 
stable configurations is a vector subspace. Thus, in the cell space 
with four or two states any stable configuration is represented by a 
superposition of elementary stable configurations. Furthermore, it is 
proved that in the cell space with two states, there exists one to one 
correspondence between the set of stable configurations and the set of 

garden of Eden configurations. The invariant boundary is introduced 
in the  celI space with two states, which generate some variant cell 
subspaces whose configuration oscillates among definite configurations. 
The possible positions of this cell subspace are investigated.

1. Introduction 

   Biological phenomena are thought to be dynamic phenomena in huge and complex 
systems. Thus, we consider that synthetic comprehensions about biological phenomena 

may be difficult problems to solve. In order to overcome these difficulties, T. Kitagawa 

[1] proposed a new mathematical field which was named biomathematics in 1970. T. 
Kitagawa discussed the methodology of biomathematics which is expected to give us a 
mathematical framework for synthetic comprehensions about biological phenomena. In 

the field of biomathematics, the principal strategy of research programs should consist 

of the five elements : discrete, combinatorial, dynamical, evolutionary and design 

mathematics [1]. 

   These principal strategies of biomathematics can be satisfied by the cell space [2] 

and are important bases when we make mathematics connect with biology. The cell 

space is a finite, twodimensional iterative array of finite state cell automata, where 

each unit cell may be a square, an equilateral triangle or a regular hexagon [2, 5]. 
Several basic concepts and mathematical formulations based on these cell spaces with
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two states were given by T. Kitagawa and M. Yamaguchi [2-8]. We introduce more 
than two states in the cell space and study the structure of attractors. Furthermore, 

we introduce an invariant cell and investigate an oscillation phenomena.

2. Basic Structure and Notions of Cell Space 

   An in X n cell space C is an rn X n rectangular arrangement of inn square cells. The 

cell space is represented by the matrix notation (ci,,) (1 <i <m ; 1 j <n), where the 

notation ci,; means (i, j) cell. Each cell in the cell space has one and only one state 
which belongs to a certain fixed set of states. This set is called a state space. A 

state space Sp consists of p elements { a, b, c, • • • } (p�2). 2). A set of all configurations 

X in the m X n cell space C is denoted by X. Similarly, for any cell subspace T C C, 

the set of all configurations is denoted by . '(T). If a configuration of entire cell space 

is X, the configuration restricted to the cell subspace T is denoted by T[X]  and a 
state of cell ci,; is similarly denoted by ci,;[X ]. Thus, T[X]X(T)  and c1,5[X]ES. 
Any 2x2  cell subspace is said to be a basic cell subspace denoted by B. The set of 

all basic cell spaces is denoted by 2. In this paper, we consider two kinds of cell 

which are an ordinary and invariant cell regarding to local majority transformation 

(LMT) described below. Any state of the later can not be changed by a local majority 
transformation which is described below, but the former's state is subject to LMT. 
Any configuration X changes by the following processes : 

(1) Choose one basic cell space B belonging to 2 by a firing system which is an 
independent stochastic process with identical probability distribution [2, 3, 5]. 

(2) Let be B[X]=(xxl-Cx2)A configuration B[X] changes by the local majority 
transformation [2, 3] as follows ; 

                LAIT : B[X]=(x1x2) (YiY2)(2.1) 
X3 x4y3 y4 

where for ordinary cell,

                 s if x i # x; (i T j) and there exists a state s 

y,= such that {jIx,=s and 1j4}!>_2, 
xi otherwise, 

and for invariant cell, its state can not be changed i.e., yi=xi• 

(3) Processes (1) and (2) are repeated. 

   If the number of all states in a state space Sp is two , the above local majority 
transformation rule is identical with T. Kitagawa's LMT [3]. Various local trans

formation rules satisfying the principle of local majority were extensively proposed by 

T. Kitagawa [5] in the case that the state space S2 is { 0, 11. 
                                                 In this paper, we deal with an extension of their works of cell spaces. That is, 

the state space Sp (p>_2) and invariant cells are introduced in the cell space, but the 

local transformation rule is limited to LMT. We extensively investigate a change of 

the dynamic properties of cell spaces under LMT when the number of all states in the 

state space or the boundary condition is changed.
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3. Stable Configurations and Garden of Eden Configurations 

   in the  mXn  Cell Space with State Space Si, 

   In this section, we assume that all cells are ordinary in the cell space. A configu

ration XS is stable if and only if LMT(B[XS])=B[Xs] for any basic cell space B [3]. 
A configuration XE is a garden of Eden configuration if and only if L:l1T(B[XE])  B[XE] 

for any basic cell space B [6]. The set of all possible stable configurations of the 

mXn cell space C is denoted by 's and the set of all possible garden of Eden 

configurations by xE. This section is devoted to the investigations of stable configu

rations and garden of Eden configurations in the m X n cell space. Firstly, we present 

a pattern of any stable configuration in the following theorem. 

   THEOREM 3.1. In the mXn cell space C with state space Sp, a stable configuration 

has a following checked pattern CP(m1im2, , Mk I n1, n2, ••• , ni l Sp) where mi and n; 

(1 <i < k ; 1 <_ j <l) are positive integers and partitions of m and n satisfying that 
m=mi-1-m2+ •.• +i nk, n=ni+n2+ •.• +n1: 

(1) The mXn cell space is divided into kl cell subspaces by the correspondence with the 

partitions of two integers m and n. Each cell subspace is denoted by C(mi, n;) (i=1, 2, 3, 
• • • , k ; j=1, 2, 3, • • • , l) and C(mi, n;) is the mi X n; cell subspace. (see Fig. 5 in the 
reference [2].) 

(2) The states of all cells in the cell subspace C(mi, n;) are entirely the same state. A 
cell subspace C(mi, n;) in which states of all cells are si,; is called type si,;. 

(3) (a) Two cell subspaces C(mi, n;) which own a common side are different types. 

   (b) Adjacent four cell subspaces C(mi, n;), C(mi, n;+1), C(mi+1, n;) and C(mi+1, n;+1) 
are all different type, or there exist two pairs of the same type in these four cell 

subspaces. 

   PROOF. By using the definition of LMT, it is clear that for any XS .E f s and B .B, 

               BiXs]=ix2) X1\X2 X2I' \X1 X21, \X2 Xi/ or\X3 X4 
where x i E S p and x i � x; (i # j ). From this fact, we obtain Theorem 3.1. Q. E. D. 

   In the case p=2, T. Kitagawa and M. Yamaguchi [3] showed that any stable 

configuration has a checked pattern. From the above theorem, it is clear that in a 

cell space with a state space Sp for p=3, 4, • • • , a stable configuration has a checked 

pattern, but a state allocated to each cell subspace C(mi, n;) is generally different. 
Next, we consider several properties of stable and garden of Eden configurations in the 

cell space with Sp for p=2, 3, 4, • • • , respectively. 

3.1. The m X72 cell space with state space S2 

   The asymptotic behaviour of an mXn  cell space with the state space S2 was 

obtained by T. Kitagawa. Each of all possible configurations in an m X n cell space 
changes into some stable configurations by sequential application of LMT [3, 6]. The 

stable configurations in an m X n cell space were extensively studied by T. Kitagawa 

and M. Yamaguchi [2, 3]. In this cell space, the state space is {a, b} in our notation, 

while in T. Kitagawa's notation the state space is 10, 1}. T. Kitagawa and M.
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Yamaguchi [3, 6] introduced an addition in mod. 2 in the state space. We introduce 
the following operation on the state space S2 : aIb=b±a=b, a+a=a, b+b=a, ab=ba=a, 

bb=b, aa=a. Thus, the state space S2= {a, b} is a finite field. Then, a necessary and 

sufficient condition for stable configurations is that E c[Xs]=a. It has been known 
                                                                  cEB 

that the pattern of the stable configuration is a checked pattern CP(m1i • • • • • • 
n t i S2) and the number of all possible stable configurations is 27" n-1 [3] 

3.1.1. One to one correspondence between stable configurations 

      and garden of Eden configurations 

   Here, we show that there is one to one correspondence between as and 2X'E in an 

nz X n cell space and all garden of Eden configurations are obtained from stable configu

rations by an algebraic method. Let us introduce two operations on the space : for 

any X, X'E ' and sESp, X+X' and sX are defined by ct,,[X+X']=c,,;[X]+ 

        and ci,,[sX]=sci,;[X] for any ci,;, respectively. 

   THEOREM 3.2. A set I is a vector space over the finite field S2 and a set a's is a 

vector subspace of I. 
   PROOF. From the definition of operations between configurations and states it is 

clear that a set of I is a vector space. For two stable configurations Xs and Xs, 

cEB~c[Xs+XS]=B~c[Xs]-}Bc[Xs]=a-Pa=a. Furthermore, for s.ESp and XsEIs, 
E c[sXs]=s E c[Xs]=sa=a. Thus, as is a vector subspace. Q. E. D. cEBCEB 
   Here, we present two propositions about algebraic properties for stable configurations 

and garden of Eden configurations. Firstly, we show that an addition Xs+XE of a 

stable configuration Xs and a garden of Eden configuration XE is a garden of Eden 

configuration. A necessary and sufficient condition for garden of Eden configurations 
is that E c[XE]=b for any BcB. We find that E c[Xs+XE]=E c[Xs]+E c[XE] 

cEBcEBcEBcEB 

=a+b=b. Thus, an addition Xs-i-XE is a garden of Eden configuration. Secondly, by 

the similar argument, we find that an addition XE+XE of two garden of Eden con

figurations XE and XE is stable. By the above facts, we can show that there is one to 

one correspondence between stable configurations and garden of Eden configurations. It 

should be noted that at least one garden of Eden configuration exists in an m X n cell space. 

    THEOREM 3.3. Let Xo,E be a given garden of Eden configuration. Then, a'E is 

given by

J                  I E—{XEIXE—XS+XO,E, XSE S} •(3.1) 

    PROOF. Each element of a set in the righthand side of (3.1) is a garden of Eden 

 configuration. For XEEXE, we obtain the identical equations that ci,;[XE]=ci,;[XO,E] 

+ci,;[XO,E]+ci,;[XE]. By the previous proposition that an addition of two garden of 
 Eden configurations is stable, a configuration Xs=XE+XO,E is stable. Thus, the garden 

 of Eden configuration XE can be represented by XE=Xs+XO,E. From these discussions, 

 we find that Eq. (3.1) is valid. Q. E. D. 

    Theorem 3.3 secures that one to one correspondence between each garden of Eden
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configuration in the set rE and each stable configuration in the set .C:s exists. Thus, 

the number of all possible garden of Eden configurations is equal to the number of all 

possible stable configurations. From this fact, it is obtained that _XE I is 21"-n-1 

3.1.2. Superpositions of elementary stable configurations 

   M. Yamaguchi [4] introduced a determinative cell subspace. The cell subspace D 

is said to be a determinative cell subspace if and only if for any X DE r(D) there exists 

only one stable configuration Xs c a's such that D[Xs]=XD. There exists one to one 
correspondence between a configuration of the determinative cell subspace and a stable 

configuration in a's. Furthermore, in the cell space she [4] constructed a set of 

elementary stable configurations from a set of specific configurations of a determinative 

cell subspace and provel a theorem such that any stable configuration can be represented 

by a superposition of elementary stable configurations in mod. 2. 
   It has been known that I DI =m+n-1 in an m X n cell space with the state space 

S2 [2]. We number each cell in a determinative cell subspace D as D={d1, d2, ••• 

d m+n _1 } . For i=1, 2, • • • , m+n-1, we define an elementary stable configuration X. 

Xsi)Ea's is called to be an elementary stable configuration if di[Xsi']=b and 

d;[XP]=a for j=1, 2, ••• , m+n-1 (j�i). It should be noted that one of simple 

determinative cell subspaces in an m X n cell space is { c1,1, c1,2, • • • , c1, n, c2,1, c3,1, c4,1, 
.. Cm,1}• 

   THEOREM 3.4. For a determinative cell subspace D= { d1, d2, , d m+n _1 }, any stable 

configuration XsEXs is represented by a superposition of elementary stable configurations 
Xsi' (i=1, 2, ••• , m+n-1) as 

m+n-1 

           Xs= E sin) (3.2) 
i=1 

where si=di[Xs] (i=1, 2, ••• , m+n-1). 
m+n-1 

   PROOF.From Theorem 3.2, it follows that E siXr Ea's (si E S2) because 2's is 
                                                                            i=1 

a vector subspace over the finite field S2. On the other hand, we find that 

m+n-1
siXm+n-1                           d dJSi)~=s11[~Y(i)] 

          JJJS          i=1i=1 

L =s1a+s2a+ ••• +sib+ ••• +Snt+n -ia 

=s;b=s;=d;[Xs], (3.3) 

                 n then Dm+-1siXko=D[Xs]. 
j=1 

   From the definition of the determinative cell subspace D, we find that Xs= 
m+n-1 

E sin). Q. E. D. 
   i=1 

   That is to say, a set a's is a vector subspace over the finite field S2 of a' in which 

the set of all elementary stable configurations is the set of the fundamental vectors. A 

basis is here, we have given another proof of her theorem. By using our method for 

the above proof, Theorem 3.4 is proved not only in an mXn cell space with the state 

space S2 but in more general cell spaces with two or four states in which any cell 

belongs to at least one basic cell space.
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3.2. The in X n cell space with the state space S3 

   We easily find that in the m X n cell space with the state space S3i each possible 

stable configuration is a checked pattern CP(m1, m2i ••• , mk I nl, n2j ••• , n1 I S3) and three 

states a, b and c can not coexist in stable configurations except checked patterns 

CP(m I n 1 i n2, • • • , n1 ( S3) and CP(m1, m2, • , m k ( n I S3). In these considerations, it turns 
out that the number of all possible stable configurations is given by 3(2"+'2'-I--3m 1 

+3n12m_271+1).

3.3. The m X n cell space with the state space S4 

   In order to study stable configurations and garden of Eden configurations, we 

introduce an addition and a product in the state space S4 as is shown in Tables 3.1 

and 3.2. By using these additions, we obtain tractable necessary and sufficient conditions 

for X58 and XEE .E. For a stable configuration, this condition is given by 

c[Xs]=a,which is similar as in the cell space with S2, but the necessary and 
cEB 

sufficient condition for a garden of Eden configuration is given by E c[XE]=b, c, or d. 
cEB

Table 3.1. The additions between 
          four states {a, b, c, d} .

Table 3.2. The products between 
          four states {a, b, c, d}.

3.3.1. Any stable configuration can be represented by a 

     superposition of elementary stable configurations 

   We prove a theorem that any stable configuration in an m X71 cell space with the 

state space S4 can be represented by a superposition of elementary stable configurations 

in addition defined in Table 3.1. A determinative cell subspace defined by M. Yamaguchi 
is also welldefined for an m X n cell space with the state space S4. It should be noted 

that a cell subspace { c1,1, c1, 2, c1,3, • • , c1, n, c2,1, c3,1, • • • , C„,,,} is one of determinative 

cell subspaces. Thus, the number of all possible stable configurations is 4'„+n-1. An 

addition X+X' for X, X' EX and a product sX for s S and XE I are defined by 

the similar way as the case of two states. 
   THEOREM 3.5. The set a' is a vector space over the finite field S4 and the set a's 

is a vector subspace of X. 

   PROOF. From the definition of operation between configurations and states, we can 

prove the above theorem by using similar method as proof of Theorem 3.2. Q. E. D.
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   By the similar way as in the case of  S2, the elementary stable configurations Xsi) 

is defined. Thus, for the determinative cell subspace D= { d 1i d2, • • • , d m+n _ 1 } , 

di[Xsi)]=b and d;[Xsi)]=a (j=1, 2, ••• , m+n-1; j�i). 

   THEOREM 3.6. In an mxn cell space with the state space S4, any stable configu
ration XSG. 's is represented by a superposition (3.4) of elementary stable configurations 

XSi' (i=1, 2, ••• , rn+n-1) as 
m+n-1 

Xs= E s XSi)(3.4) 
                                                               1=1 

where si=di[XS] and the addition and the product are shown in Table 3.1 and 3.2. 

   PROOF. By the similar method as the proof of Theorem 3.4, we can prove the 

above theorem. Q. E. D. 

   It should be noted that a' is a vector space over the finite field S4 and a s is a 

vector subspace of a' in which the set of all elementary stable configuration is a basis. 

3.3.2. Garden of Eden configurations in an m X n cell space with the state space S4 

   By using properties of the finite field la, b, c, dl,  we can obtain the sufficient and 

necessary condition such that a configuration XE is a garden of Eden configuration. 

That is, a configuration XE is a garden of Eden configuration, if and only if four states 
in any basic cell space satisfy one of three algebraic equations (3.5), (3.6) and (3.7) : 

c1,;[XE]+ci,J+1[XE]+ci+1,J[XE]+c1+1,j+1[XE]=b (3.5) 

c,j[X E]+Ci, J+1[XE]+Ci+1, J[XE]+Ci+l, j+1[XE]=C (3.6) 

Ci,f[XE]+Ci,j+1[XE]+Ci+1,j[XE]+Ci+l,j+1[XE]=d (3.7) 

where 1 <_ i <_ m —1 and 1 < j < n —1. The above algebraic conditions can be used to count 

the number of all possible garden of Eden configurations. We allocate arbitrary state 

to each cell belonging to a cell subspace { c1,1, c1,2, • • • , c1, n, c2,1, c3,1, • • • , cm,1 }. The 
number of all possible configurations in this cell subspace is 477+n-1. A state of the 

cell c2,2 must satisfy one of Eqs. (3.5), (3.6) and (3.7) when i = j =1. Thus, a state of 

the cell c2,2 must be one of three possible states. By the same procedure, we determine 

states of the cells from left to right in the second row. In this way, other cells' states 

are completely determined. From this procedure for constructing a garden of Eden 

configuration we know that the number of all garden of Eden configurations is 
4m+n13(m1)(71-1). 

   In the case of other state spaces Sp (p?5), it is known that the notion of generative 

determinative cell subspace [2, 5] is not welldefined, but the pattern of the stable 

configuration is a checked one in an mxn  cell space. 

4. The m X n Cell Space with Invariant Boundary and the State Space S2 

   In this section, we will investigate the effect of the fixed boundary condition for 

an m X n cell space on dynamic properties of the mxn  cell space. In an mxn  cell 

space (in 3, n>3), a cell subspace {c1,1, cm, i, c1,1, i=1, 2, • , n, j=2, 3, • • • , m-11 

                                                                      consists of invariant cells, and other cells except all cells of this cell subspace are
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 ordinary cells. Then, this cell subspace is called an invariant boundary . 
    From direct observations, we can know that a cell subspace whose configuration 

 oscillates among definite configurations is generated after long time [3 , 7, 8]. Such a 
 cell subspace is called a variant cell subspace, which is defined later . Emergence of 

 the variant cell subspaces is one of characteristic phenomena which occur by the effect 

 of a fixed boundary condition. For the purpose of investigating the possible emerging 

 positions of the variant cell subspaces, we prepare the following terminology. 

(T1) Two cells ci, j and ck, i are said to be connected, if and only if these two cells 
 own jointly the same side. 

(T2) A cell subspace T is said to be connected, if and only if for arbitrary two cells 
ci,j, ck,i in T, the cell subspace {ci,j, Cu(l),v(1), Cu(2),v(2), ••• , Cu(p),v(p), Ck,i} exists in T 

 such that Cucq),v(q) and Cu(q+1),v(q+1) are connected (q=0, 1, 2, ••• , p ; cu(o),v(o)=ci, j and 
Cu(p+1),v(p+i)—Ck, i)• 

(T3) For a cell c,,,, a union of all possible basic cell subspaces which include a cell 
ci, j is denoted by U(ci ,,). 
(T4) A circumference of the cell subspace T is defined by 

F(T)=- U 4(ci,j)(4.1) 
ci JET 

where J(ci ,j)={ck,II ck,/EU(ci,j) and ck,i0T}. 

(T5) A configuration of a cell subspace T is said to be invariant, if and only if con
figuration of T can not be changed by any finite sequence of applications of LMT. 

(T6) A cell subspace of circumference of a k X l cell subspace T is said to be a row 

(column) beam of T, if and only if it consists of all cells in r(T) which lie a common 
row (column). 

   By using the above terminology (T1)-(T6), we present the definition of the variant 

cell subspace. 

   DEFINITION 4.1. In an m X n cell space with invariant boundary and the state space 

S2i a cell subspace V is said to be variant, if and only if it satisfies the following three 
conditions : 

(1) The cell subspace V is connected. 
(2) For any configuration of the cell subspace V, a configuration of a circumference 
r( V) is invariant. 

(3) For any configuration of the cell subspace V, a state of each cell in V is changed 
by applications of LMT to a finite adequate sequence of basic cell spaces. 

   It becomes evident from the above definition that a variant cell subspace V is a 

k X l cell subspace (1 _< k <m-2 and 1�_1<n n —2). By using this fact and the condition 

(3) of Definition 4.1, it can be concluded that all possible configurations of a circum
ference F(V) of a variant cell subspace V are
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where x, y,  s,  t,  u and v are a or b and a(b)=b(a), and s=v=x if x=y and t=u=x 
if x � y. The more detail of proof is omitted. Now, we present the following 

theorem which describes the possible positions in which variant cell subspaces 

emerge. 
   THEOREM 4.1. At least, two beams of a variant cell subspace in an mXn  cell space 

with invariant boundary are included by an invariant boundary. 

   PROOF. By reductio and absurdum, we can prove Theorem 4.1. We assume that 

at least one beam of variant cell subspace V is included by an invariant boundary. 

Then, there is a basic cell space which consists of three cells c1, c2, c3 belonging to 
1(V) and one cell c4 belonging to V, where two cells cl and c2 have the state x and 

one cell c3 has the state 2 (x =a or b). Due to condition (3) of Definition 4.1, we can 

assume that a state of the cell c4 belonging to V in this basic cell space is x, the state 

2 of the cell belonging to I'(V) is changed to x by an application of LMT to this basic 

cell space. This contradicts Definition 4.1. It implied that at least two beams are 

included by invariant boundary. Q. E. D. 

   Under suitable conditions, variant cell subspaces are generated by sequential appli

cations of LMT. This phenomenon represents a differentiation of functional ability of 
cells in an in X n cell space. 

   A cell subspace is said to be an internal cell subspaces, if it consists of all cells 

which do not belong to an invariant boundary. The restriction of a stable configuration 

Xs in the internal cell subspace is a checked pattern because the restriction of a stable 

configuration in this cell subspace is also stable. The patterns of stable configurations 

are similar for both boundary conditions in the mXn  cell space. However, the variant 
cell subspaces can be generated in the mXn cell space with the fixed boundary condi

tion, but not in the m X n cell space with free boundary condition.

5. Discussion and Summary 

   In this paper, we have investigated properties of the dynamical systems based on 

cell spaces under the various conditions. Especially, it has been evident that the 

checked pattern is universal one for stable configurations through state space Sp 

(p=1, 2, 3, • • •). For the state spaces S2 and S4, we have found that the set of all 
stable configurations J's is a vector subspace of a' and any stable configuration is 

represented by a superposition of elementary stable configurations. We have found 

that the dynamical behaviour of cell spaces with invariant boundary is remarkably 

different from cell spaces without invariant boundary. That is, in contrast with the
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case of free boundary condition, the variant cell subspaces may be generated after the 

long time in the cell space with invariant boundary. 

   Recently, the investigation for the cellular automata is revived by many authors 

[9]. It is expected that the formulation for the cellular automata gives us the 
mathematical model of natural systems instead of differential equations . Especially, 
the biological phenomena are hoped to be understood by using the framework of 

biomathematics including cell space approach, which was extensively discussed by T . 
Kitagawa. We have constructed some concepts and mathematical formulations based 

on the m X n cell space, which is expected to give us an implication to the leading 

principle for constructing biomathematics.
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