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APPLICATIONS OF RELATIONAL CALCULUS
TO COMPUTER MATHEMATICS

By

Yasuo KAWAHARA*

Abstract

Relational calculus is applicable to some aspects of computer
mathematics such as representing non-determinism of automata theory
and theory of algorithms. In this note the author gives other proofs
of the fundamental properties of languages received by finite automata
and a fixed point semantics on simple recursive programs by using
relational calculus.

1. Introduction

A relation (correspondence) is a many-valued function generalizing ordinary total
functions. Relational calculus based on theory of (binary) relations might be regarded
as a field of mathematics investigating applications of theory of relations as well as
itself. Relational calculus has been effectively applied to many situations of pure
mathematics, in particular to constructing spectral sequences and to proving systema-
tically the properties on various kinds of exact sequences in topology and hemological
algebra.

In computer mathematics it has been used in representing notions of non-determinism
of automata, theory of algorithms, semantics of abstract programs and so on.

The aim of this note is to illustrate the power of relational calculus for formulat-
ing familiar ideas in computer mathematics. A several systematic and positive applica-
tions of relational calculus to computer mathematics are given, althought they are not
new results at all.

At first we will give elegant proofs of the elementary properties of regular lan-
guages by constructing simple and natural non-deterministic automata within relational
calculus.

The final example is concerned on while-do sentences, a kind of recursive programs,
An (operational) semantics of while-do sentences is stated by using union of iterations
of a relation and its fixed point properties are neatly formulated. But this formulation
suggests a new problem on relational calculus. At the end of note we solve it in the
case of Heyting valued relations.
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2. Tundamentals of Relational Calculus

In this section we state the fundamental properites of (binary) relations without
proofs which will be necessary later.

A relation « of a set A to another set B, denoted by a half arrow a: A—B, is a
subset of the cartesian product AXB. We usually identify a mapping (total function)
f:A—>B with a relation

{{a, af); as A} (the graph of f).

Thus the identity mapping id, of a set A is the diagonal set {{(a, a);a=A}. For two
relations a: A—B and B:B—C, the composite af(=a-f): A—~C of a followed by B,
and the reverse a*: B—A of a are defined by

q af={(a, )€ AXC; (a, byca and (b, c) B for some be B}
an

a*={(b, a)e BXA; (a, b)ca},

respectively. The set of all relations of A to B is denoted by Rel/(A, B). We now
state the basic properties of relations.

2.1. [Boolean algebra]l Rel(A, B) is a Boolean algebra for any sets A and B. That
is, Rel (A, B)is a partially ordered set by inclusion S of subseis and has so-called Boolean
operations-union a\JPB, intersection aMp, and complement —a for a, f:A—B, and
moreover it has the minimum element 6 4,  (the empty relation @), and the maximum element
O 4.5 (the total relation AXB). ]

The following statement asserts that all the set and ali the relations between sets
form an [-category Rel in the sense of D. Puppe [9].

2.2. [I-category] For relations a, a’: A—B, B, f’: B—C and y: C—D the following
laws are valid:
(aB)r=alfy) (associative),
idya=a-idg=«a (identity),
atf=a, (aB)¥=p%a* (tnvolutive),
and if aSa’ and SR, then aBSa’f’, a*Sa’* (monotone). O
Let P(B) be the power set of a set B, that is, the set of all subsets of B. The
membership relation €y: P(B)—B of B is defined by
€3={(S, b)e P(B)XB; b= S},
which has the following important property :
2.3. [Power adjunction] For each relation a: A—B, there exists a unique mapping
f:A—=P(B) with a=feg In fact af={b€B; (g, bca} for as A. |

A singleton set [ is a terminal object in the category Set of all the sets and all the
mappings between sets.

24. [Terminability] For two sets A and B, @4,-0, 3=6, 5 and O, =id; hold.
Moreover, the identity id; of I is a unique relation from I to I diferent from the empty
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relation 0, ;. 0
By the last property the following statements on relations are valid:

(2.4a) For relations a, a’:[—1, aa’=id; (or aNa’=id,;) if and only if a=id,
and a’=id;.

(2

W

.4b)  For a family {a,:I—I; k= K} of relations, 'U,a,=id; if and only if
there is k= K such that a,=:id;. O

The following distributive law of compositions over union of relations is an indis-
pensable tool in computing relations. It is known that the distributive law is also valid
for the case of relations in toposes with suitable coproducts.

2.5. [Distributivity] For a relation a: A—DB and a family {B,: B—C; keK} of
relations, the distributive law a(\J,B;)=\U,aB; s valid. J

2.6. We denote the disjoint union (coproduct) of two sets @ and Q' by Q+Q’, and
the inclusion maps by 7: Q—Q+Q’ and ;j: Q'—Q+Q’, respectively. (An arrow—denotes
a total function.) The following identities are elementary and very important in rela-
tional calculus:

i =0 o, ji*=0¢ o, ii*=idy, jjit=ide, FUjj¥=idgsq .
(Note that # denotes the empty relation.) 0O

2.7. Let XXY be the cartesian product of sets Xand Y, and p: XXV —X, ¢: XXY
—7Y the projections respectively. If a:A—X, : A=Y, p:X—B and v:Y—B are
relations, then

(2.7a) (ap*N\Bg*)ppungv)=apN By
is valid.
Moreover, assume that p’: X'XY/'—=X', ¢/ X'XY’'>Y’, p”: X" XY”"—=X" and ¢” : X"

XY”—=Y” are projections of cartesian products, respectively. For relations a: X—X’
and 8:Y—Y’, define a relation axfB: XXY—X'XY’ by

aXB=pap’#NgPg'*.
If a: X=X, B:Y—Y’, a’: X'—=X" and B’:Y’'—Y" are relations, then
(2.7b) (aXB)a’ X BYy=aa’ X BB’
is valid.
The last property (2.7b) is easily follows from
(aX f)a’ X B)=(pap'*MNgBq'*)p'a’p"*Mg'B'q"*)
=paa’p"*MNgBEq"*
=aa'X8f,
applying (2.7a).
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3. Applications to Elementary Theory of Automata

In this section we give some applications of relational calculus to elementary theory
of (non-deterministic) automata. At first we define (non-deterministic) automata from
our stand point of relational calculus and prove some elementary properties of regular
languages by constructing simple and natural (non-deterministic) automata within rela-
tional calculus.
Let 3 be an alphabet (a fixed finite set). In a view point of relational calculus, a
(non-deterministic) automaton M is defined to be a quadruple M=(Q, {0(¢): Q—Q; ¢},
v:[—=Q, f:Q—1I), where
Q is the state set;
{6(6): Q—Q; a2}, the set of state-transition relations;
t:I—Q, the initial state relation;

and B:Q—I, the final state relation.

A automaton M is usefully represented by the following figure:
o)

M: (O'EZ)

T B

For an input string w=0,0, - 6,€2* (6;€2, 1<i<n, 0<n), the iterative state-trasition
relation o(w): Q—@Q of M is defined by d(w)=d(¢,)-6(as): -+ -8(d,). For a null string
w=24, 0() is the identity relation (function) id,. Moreover the language T(M) accepted
by M (the behavior of M) is defined by

T(My={we2*; td(w)f=1d,},
which is the set of input strings over X accepted by M.

3.1. For a given automaton M=(Q, {§(¢): Q—Q; o2}, r:1-Q, B:Q—I), con-
sider an automaton M®=(Q, {0%(g)=0(0)¥.Q—Q; =}, tF=*:[—Q, fF=1*.Q—I):

0F(o)=0(c)*
M?®: (e€2)

I

Q ——~ I,

Z'R—_"-ﬁ* ﬁR:r*

where the symbol # denotes inverse relations (involution). Then it directly follows
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from the property 2.2 that for an input string w=0,0, - ¢,€2* (g;€2, 1<i<n, 0<n)
0% (w)=0%(a,)-0%(a4)- -+ -0%(c0™)
=0(g1)*-0(a)% - -+ -0(a ,)*
=(0(a ) - -0(ay)-0(a,)*
=(0(w™)*

and 0%()=ido=(3(4))%. (Note that we use the superscript symbol R for expressing re-
versed strings.) Hence R3%(w)BE=(cd(w®)B)* for all input strings we2* and so
3R (w)pF=id, if and only if zd(w®)f=id, for all weX* which shows

TMB={welX*;, wfeT(M)}
={wkel*; weT(M)} (since wFE=w)
={T(M)}~.

Since MZ% is also finite if M is finite, this indicates a well-known fact that if L is a
regular language over 2, then the reversed language L¥ of L is also regular language
over 2. a

3.2, Let M=(Q, {d(0): Q—Q; g2}, v:I—-Q, B: Q—I) be an automaton and L, L’
languages over 2. We define 8(L): Q—Q by 8(L)=U{é(u); usL} and consider an
aumaton M(L, L")=(Q, {0'(¢)=8(0): Q—Q; g€}, t/=70(L): [—Q, B'=dL")B:Q—I):

d'(g)=0(0)

ML, L): (cc2)

] ———Q ——— 1.

z/=7(L) B'=o(L")B

Then it is trivial from the distibitive law 2.5 that for any wel*
0" (w)B'=r(\U{d(u); ue L})a(w)(\H{d(); veL'})B
=U{r0wwv)B; usL,vel’}

and hence, by the terminability 2.4 of relations, 7/0’(w)B’=id; if and only if d(uwv)B
=id; for some us L, veL’. Therefore we have

TML, L'Y={weX*; uwveTM) for some uc L and ve L’}
=L-1TWM)- L.

This indicates a well-known fact that a derived language of a regular language by any
languages are also regular. In particular we have obtained

T(M(u, v)=u"*-TM)-v?,
T(MQ@, 2*N=T(M)-Z* *=Init{T(M)},
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T(M(Z*, 0)=5%"T(M)=Fin {T(M)},

and
T(MX*, Y*)y=2*"1.T(M) - Z*'=Sub{T(M)},

where for a language L over X, Init{L}, Fin{L}, and Sub{L} are the set of all initial
segments of strings of L, the set of all final segments of strings of L, and the set of

all subsegments of strings of L, respectively. O
3.3. Let M=(Q, {6(¢): Q—Q; o2}, r:1-Q, B: Q—I) be an automaton and con-
sider the following aumaton M*=(Q, {§*(¢)=(idy\UBT)d(c): Q—Q; 62X}, 7:1—-Q,
IB . Q—r]) s
0*(a)=(dg\U Br)d(c)

M+ O ()

Noticing that z(idg\UBr)=(idg\Utf)r=1 since t3Zid; (by the terminability 2.4 of rela-
tions), the distributive law 2.5 implies that for a string w=0,0, - 6,€2* (g, 1<;
<n, 0<n)
70 (w)B=10(0)(ido\UB7)d(a,)" -+ -(idg\UBT)0(0 )8
={(w0(u)B): -+ (20(ur)B); w=uy - ug, us#2, 0<k}.

It is obvious that v0*(2)f=r-idg- f=76(A)B. Hence for any string we I+, 0t (w)B=id;
if and only if there exist uy, ---, u,3* (0<k) such that w=u, - u, and 70(us)B=id;
(s=1, ---, k) by the terminability 2.4a(a), (b). Also it is trivial that AeT(M*) if and
only if AeT(M). Consequently we have proved

T(MH={T(M)}+.

This indicates a well-known fact that if a language L over 3 is accepted by an auto-
maton, then L+ is also accepted by an automaton. O

REMARK. In the case that 9*(e)=d(¢)(1o\UBT) or 0*(e)=0(e)\JBrd(a)\Jd(a)Br is
adopted, the same result is obtained. But if we put 0*(e)=0(¢)\U(Brd(0)p7) then the
result is different,

3.4. For given automata M=(Q, {§(¢): Q—Q; ¢}, v:1—-Q, f: Q—I) and M'=
(Q,{0'(0): Q'—Q"; e}, t/: [-Q’, B’: Q'—I), we define an automaton M1 M’ by the
following figure:

6(a)=i*3(a)i\Jj*d"(a)]

MM : Q (¢€3)

| —— Q+Q — 1.

T=ti\Ut’j F=i*BuUj*p’
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A routine induction on the length of w proves that for any string weX*

o(w)=i*¢w 20w,

To(w)F=(zi'ut' 7i%8(w' J 76" (w)j)i* B Uj*B’)
=ro(w)B'ut'd(w)B’ .
Thus for any wel*, 76(w)i=id; if and only if z8(w)B=id; or ©’d'(w)B’=id; (by the
terminability 2.4(b)), which concludes
TMILM)Y=TM»JT(M).
This indicates a fact that if there exist automata A, M’ accepting languages L, L’,

respectively, then there exists an automaton accepting union L\JL’ of L and L’. Finally
we remark that the state-transition of M| M’ is well illustrated by the following

diagrams:

(o)

Q Q——=Q Q
SN N
I Q+Q" Q+¢’ Q+Q" Q+Q’ I
f’\ /J J"N /J J'”\ / B

0 o Q

0'(a)

3.5. For given automata M=(Q, {§(¢):Q—Q; ¢}, c:[-Q, 8:Q—I) and M'=
(Q,{0(0): Q' =Q"; 02X}, ¢': [-Q’, §': Q'—I), we define an automaton MTM’ by the

following figure:

0(a)=1*d(a)i\Ji*Bc'd'(a)j\ U ¥*0'(a)]

MTM : Q (ee2)

I —— o+¢ — I.
T=71Ut’'j F=i*Bc' Bk B!

A routine induction of the length of w proves that for any string we2X*
S(w)=(U{*d(u)B’'d'(v)] ; w=uw, v=A})Ui* (W)U *d (w)*5,
Z6(w)B="U{(zd(u)B)(c'8’'()B") ; w=uv}.

Thus for any wel*, 76(w)f=id; if and only if r8(u)B=id; and ¢’8'(v)B=id; for some

strings u, v with w=uv, which proves that

TMTM)=T(M)-T(M").

(Note that we use the symbol - for concatenation of languages.) This indicates a fact
that if there exist automata M, M’ accepting languages L, L’, respectively, then there
exists a automaton accepting concatenation L-L’of L and L’. Finally we remark that
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the state-transition of M T M’ is well illustrated by the following diagrams:
(o)
Q Q——Q Q
r/ \z i*/ \z Z'V
I Q+Q" Q+Q' | B’ Q+Q Q+Q | p I
Ny S AL
Q’—7Q’ Q'
é'(e)

3.6. For a given automaton M=(Q, {8(d): Q—Q; 6}, r:1—-0Q, B:Q—I) and a
given relation £: /-1, we define an automaton M by the following figure:

0(a)=0E*Us¥r)d(o)

I —— Q+I I,
=] p=i*puUj*¢

where /: Q—Q+] and j:[—Q+1I are the inclusions of a disjoint union Q-+1. It fol-
lows from the elementary identities 2.6 on the inclusions of disjoint unions that for a
string w=0,6, - ¢,€3* (g;€2, 1<i<n, 0<n)

S(w)=(* U *1)0( 0 iG* U #0)0(a0)i - - - ((F U ¥ )80 )i

=@E*Uj*r)o(w),
T6(w)B=7(* U ¥ t)0(w)i(i* B\ j*6)
=7d(w)B,

and 76(A)f=;-idg-(G*BUj*E)=E  Hence we have T(M)=T(M)U{2} if &=id,;, and
otherwise T(M)=T(M)—{2}. O

3.7. For given automata M=(Q, {0(¢): Q—Q; €}, r:1-Q, :Q—I) and M'=
(Q,{07(0): Q"—Q"; 62}, t': I—Q’, B’: Q’—I), we define an automaton Mm M’ by the
following figure:

0(a)=08(a)xd'(a)

MmM Q (cc)

I —— QXQ ——~ I.
T=tp*N1'q* B=pBNgp’

Then for any we2* it follows from §(w)=d(w)Xd’(w) that



~1
[97]

Applications of relational calculus to computer mathematics

To(w)B=(tp*N7'g* ) (w) X 8" (w)(pBNgB’)
=rd(w)B N8 (w)f’  (by 2.7(a), (b)).

Hence for any welX* 7o(w)f=id, if and ofly if w6(w)B=id; and ¢/0’(w)f’=id;, that
is, this proves
TMmM)Y=TAMNT(M).

This indicates a fact that if there exist automata M, M’ accepting languages L, L’,

respectively, then there exists a automaton accepting intersection L NL’ of L and L’.
O

3.8. For given automata M=(Q, {0(¢): Q—Q; o2}, t:I—-0Q, B:Q—I) and M'=
(Q, {6'(0): Q'—=Q"; 62}, v/ : [-Q’, B’: Q'—I), we define an automaton Mw M’ by the

following figure:

8(0)=(8(a) X idg )\ N(ido X ()

MwM O (ee2)

] — QxQ' —~ I.
T=cptnegt F=pprap’

Since (w)=\U{0(xy - xa) X0V, Yu); W=X,V, - XnVa}, it follows from induction on
the length of w and the computation rule 2.7 that 78(w)="U{rd(x, - x,) N8 (y1 - ¥.)8”;
W=2x,y, - Xn¥n}. Therefore using 2.4(a), (b) we can conclude

TMwuM)={wel"; w=x.9, XpYn, X1 X, ETM), ¥y, v, =T(M")}
=Shuffle[ T(M), T(M")]. 0

4. Simple Recursive Program Medels

In this section we first consider a fixed point semantics on simple recursive pro-
grams by using relational calculus and describe a well-known relational characterization
of while-do sentences, which leads an interesting problem on a characterization of
iterative relations. The problem is not trivial so that we give a counterexample in
additive relations. Finally we will prove the characterization of iterative relations in
Heyting valued relations. We assume that the readers are familiar with the notion of
Heyting valued stes (Cf. Goldblatt [57).

Now consider a simple recursive program

while p do a

where a test p:D—D is a (guard) relation with pSid, and a statement a: D—D is
a relation.
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xeD

false

yeD true

a

| E—

Obviously a semantics of the above program is represented by an iterative relation
(U{(pa)*; n=0})q, where ¢=idp—p. For a relation a:D—D its iterative relation
a*: D—D is defined by a*=\U{a"; n=0}, where a’=id,, and a"*'=a”a. Then the
following theorem is a relational characterization of the semantics of while p do «:

THEOREM 4.1. Let a, p, g: D—D be relations such that pSidp, qSidp and pg=0.
Then the following statements are mutually equivalent :

(@) y=(pa)*q;
(b) y=pay\yg, and
o=pad\q implies ySd for any 6: D—D;
(€) r=parJgq, r<yq, and
upa S pau implies uySyu for any u:D—D with uSidp. O
The condition (b) asserts that y is the least fixed point of a relational equation
0=pad\Jg. It is trivial that the conditions (a) and (b) are equivalent and (b) implies (c).
The proof that (c) implies (a) follows from the next lemma:
LemMMA 4.2. Let a, B: D—D be relations. Then uaSau implies uf<Bu for all
relations w: D—D with uSidp if and only if BSa*. O
By the way the last lemma does not hold in the case of additive relations. Let A
be an abelian group and a=id,={(a, a); a= A}, f={(a, 0); a= A} subgroups of AX A.
That is, a, B: A—A are additive relations. Then pBSBp for any pSid, but fZa*
(=idy).
Finally we show that the lemma is also valid in the case of Heyting valued rela-
tions. Let & be a complete Heyting algebra (Cf. Goldblatt [57).
An Q-valued relation a: A— B (2-relation for short) of an 2-valued set (2-set for short)
A to another 2-set B is a mapping a: AXB— satisfying the following conditions :

(Q-rel. 1) [a=alsMlaab]Mb=b'1z=Ela’ab’] for aq,a’'€A and b, b'eB,
(Q-rel. 2) [aab]l=E[Eal ,M[Eb]s for a€A and beB,

where [aab](€ ) denotes the value of « at (a, b)e AXB.

Now we define the ordering =, the composition, the involution %, the greatest lower
bounds I and the least upper bounds || of Q-relations. Let a, a’: A—B and B:B-C
be £2-relations. Then

aCa’ if [aab]E[aa’d] for (a, h)e AXB,
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4 Taafecl=1{laabiMb5c); b= B} for {(a, c)e AXC,
an
ha*fal="Taab] for b, ai=eBxA.
Note that the identity £-relation id, on an Q-s=t A is given by l[aida’i=la=a’'],
Next for a family {a,: A—B; k=K} of Q-relations, its least upper bound and greatest
lower bound are defined as follows:
Lall{ay; ke Kbi=Ui{laa,b]; keK}),
La(THa,; keKhbi="{laa,b]; ke K}).
Similarly to the case of relations between ordinary sets, a* is defined by a*=| {a™;
n=0}: A—A for an Q-reletion a: A—.A. By routine works we can also show that the
laws 2.1, 2.2 and 2.5 are valid for Q-relations. The following lemma is useful for the
proof of the main theorem 4.4:
LEMMA 4.3. Let a, p: A—A be Q-relations with p=ids. Thren
(a) lapb]l=la=bl.Mlapal for (a, b)esAXA,
(b) Llapabl=[apa]lMlaab] Jor (a,b)e AxA,
(c) laapb]l=[aab]M[bob] for (a, h)ye AXA. _
THEOREM 4.4. Let a, B: A—A be L-relations on an 2-set A. Then ua=au
implies ufTBu for all Q-relations u: A—A with w=idp if and only if B=a*.
Proof. For each x= A define an Q-relation p,: A—A by

lap.b]=la=bl,T1(M{laa*t] = [xa*t]; t= A})
for (a, b)e AXA. (Where p=3¢ is a pseudo-complement of p relative to g for p, g=£.)

Then it is trivial that p, is really an £-relation on A and p,=id,. Now we have

: [ap.alMlaab] =1ED] ,=[b=b],
an

lap.alTlaab]lE [ba*t] = [xa*t] for all te A
since

lapzalMlaab] M [ba*t]

Clap.allaa*t] (by aa*=a*)

E([aa*t] = [xa*t])faa*] (by the defintion of p,)

Clxa*t].
Hence we obtain

lap.alMlaab]=[b=b] /(M ba*t] = [xa*t]; t A})
=[bp.b1,

which proves p.a=ap. because [ap.abl={ap.alM[aad] and [aap.bl=[aab][bp.b]
by Lemma 4.3. Therefore p,8=pp. holds from the hypothesis of the theorem. On
the other hand we have [ap,al=[xa*a] since

lap.al=la=al.M[ap.a]
Claa*alM{[aa*al = [xa*a])

Elxa*a]
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and [xp.x]=[x=x], from the defintion of p,. At last we can conclude = a* because
for (x, y)eAXA

[IxBy]=1Ex]M[xByl=lx=x]M[xByl=0xp.x1M[xBy]
=[x0:8Y1=E[xB0:31=[xByIT{yps¥]

Clxa*y].

This completes the proof of the theorem. O

(4]

e e
N o v
Lty

(9]
[10]
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