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APPLICATIONS OF RELATIONAL CALCULUS 

    TO COMPUTER MATHEMATICS

       By 

Yasuo KAWAHARA*

                    Abstract 

   Relational calculus is applicable to some aspects of computer 

mathematics such as representing nondeterminism of automata theory 

and theory of algorithms. In this note the author gives other proofs 

of the fundamental properties of languages received by finite automata 

and a fixed point semantics on simple recursive programs by using 

relational calculus.

   1. Introduction 

   A relation (correspondence) is a manyvalued function generalizing ordinary total 
functions. Relational calculus based on theory of (binary) relations might be regarded 

as a field of mathematics investigating applications of theory of relations as well as 

itself. Relational calculus has been effectively applied to many situations of pure 

mathematics, in particular to constructing spectral sequences and to proving systema

tically the properties on various kinds of exact sequences in topology and homological 
algebra. 

   In computer mathematics it has been used in representing notions of nondeterminism 

of automata, theory of algorithms, semantics of abstract programs and so on. 

   The aim of this note is to illustrate the power of relational calculus for formulat
ing familiar ideas in computer mathematics. A several systematic and positive applica

tions of relational calculus to computer mathematics are given,  althought they are not 

new results at all. 

   At first we will give elegant proofs of the elementary properties of regular lan

guages by constructing simple and natural nondeterministic automata within relational 
calculus. 
   The final example is concerned on while-do sentences, a kind of recursive programs. 

An (operational) semantics of while-do sentences is stated by using union of iterations 

of a relation and its fixed point properties are neatly formulated. But this formulation 

suggests a new problem on relational calculus. At the end of note we solve it in the 

case of Heyting valued relations.
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    2. Fundamentals of Relational Calculus 

   In this section we state the fundamental properites of (binary) relations without 

proofs which will be necessary later. 
   A relation a of a set A to another set B, denoted by a half arrow a : A—pB, is a 

subset of the Cartesian product A < B. We usually identify a mapping (total function) 

f : A—B with a relation 

                   {(a, of); a E A} (the graph of f). 

Thus the identity mapping idA of a set A is the diagonal set {(a, a) ; am A} . For two 
relations a: A—B and jS : B—C, the composite a13(=a• /3) : A—C of a followed by S, 
and the reverse a": B WA of a are defined by 

anda/3={(a, c)EAXC; (a, b)Ea and (b, c)E(3 for some bEB} 
a"= {(b, a)EBXA; (a, b)Ea}, 

respectively. The set of all relations of A to B is denoted by Rel (A, B). We now 
state the basic properties of relations. 

   2.1. [Boolean algebra] Rel (A, B) is a Boolean algebra for any sets A and B. That 
is, Rel (A, B) is a partially ordered set by inclusion c of subsets and has socalled Boolean 
operations-union atJj3, intersection of j9, and complement —la for a, 13: A—B, and 
moreover it has the minimum element 0A, B (the empty relation Q), and the maximum element 
eA,B (the total relation A x B). ^ 

   The following statement asserts that all the set and all the relations between sets 
form an Icategory Rel in the sense of D. Puppe [9] . 

   2.2. [Icategory] For relations a, a' : A—yB, 43, 13' : B—C and r : C D the following 
laws are valid: 

(ap)r=a(j3r) (associative), 

idA•a=a•idB=a (identity), 

a"# =a , (a j3)5 =13"a° (involutive), 

and if a T a' and (3 c,3', then al3 c a' j3', a # a'# (monotone). ^ 
   Let P(B) be the power set of a set B, that is, the set of all subsets of B. The 

membership relation E B : P(B)—B of B is defined by 

EB={(S, b)EP(B)XB; b`S}, 

vvhich has the following important property : 

   2.3. [Power adjunction] For each relation a: A—yB, there exists a unique mapping 
f : A--q3(B) with a=f EB. In fact of={bEB; (a, b)Ea} for aEA. ^ 

   A singleton set I is a terminal object in the category Set of all the sets and all the 
mappings between sets. 

   2.4. [Terminability] For two sets A and B, OA,1 e1,B=0A,B and OI I=idl hold. 
Moreover, the identity id' of I is a unique relation from I to I diferent from the empty
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relation 01, 1. ^ 
   By the last property the following statements on relations are valid : 

;2.4a) For relations a, a' :I—I, aa'=id1 (or ana'=idl) if and only if a=id1 
        and a'=id1. 

(2.4h) For a family {ak :I—J; kEK} of relations, 'Jkak=idi if and only if 
      there is k K such that ak =id1. ^ 

   The following distributive law of compositions over union of relations is an indis

pensable tool in computing relations. It is known that the distributive law is also valid 
for the case of relations in toposes with suitable coproducts. 

   2.5. [Distributivity] For a relation a: A—B and a family {5 k  : B—C; k m K} of 
relations, the distributive law a(UkJ3k)=UkaJ3k is valid. ^ 

   2.6. We denote the disjoint union (coproduct) of two sets Q and Q' by Q-FQ', and 
the inclusion maps by i : Q-*Q+Q' and j: Q'*Qd-Q', respectively. (An arrow->denotes 
a total function.) The following identities are elementary and very important in rela
tional calculus : 

a7#=8Q Q' , 3i#=BQ',Q,=id(2, .7~=idQ , ii#U.7i#=idQ4.Q, . 

(Note that 0 denotes the empty relation.) ^ 

   2.7. Let Xx Y be the cartesian product of sets X and Y, and p: Xx Y *X, q: Xx Y 
-->Y the projections respectively . If a : A—X, 5: A—Y, p: X—B and v : Y—B are 
relations, then 

(2.7a)(ap#nBq#)(ppngv)=apn f3v 

is valid. 
   Moreover, assume that p': X' x Y' >X', q' : X' X Y'-->Y', p" : X" x Y"—a" and q": X" 

X Y"-->Y" are projections of cartesian products, respectively. For relations a : X—X' 
and 5 : Y—Y', define a relation a x5 : X X Y—X' x Y' by 

                         axj3=pap'#ngQq'# 

If a : X—X', 5 : Y—Y', a' : X'—X" and 5' : Y'—Y" are relations, then 

(2.7b)(aXjS)(a'X5')=aa'X55' 

is valid. 
   The last property (2.7b) is easily follows from 

(a X,5)(a' X 5')=(pap'ngi3g1 #)(P'a'p# nq,~q#) 

= aa' p"# ng55'q" 

=aa'X49p' , 
applying (2.7a).
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   3. Applications to Elementary Theory of Automata 

   In this section we give some applications of relational calculus to elementary theory 
of (nondeterministic) automata. At first we define (nondeterministic) automata from 
our stand point of relational calculus and prove some elementary properties of regular 
languages by constructing simple and natural (nondeterministic) automata within rela
tional calculus. 

   Let 2' be an alphabet (a fixed finite set). In a view point of relational calculus, a 

(nondeterministic) automaton M is defined to be a quadruple M=(Q, {OW: Q—Q ; 6E11, 
                                                                  r : I—Q, (3 : Q—I), where 

      Q is the state set ; 

{o(a) : Q-'Q ; Q E X }, the set of statetransition relations ; 
r : I—Q, the initial state relation ; 

and 13 : Q -I, the final state relation. 

   A automaton M is usefully represented by the following figure :

For an input string w = Q 1Q2 • • • ,,E E* (Qi E E, 1<_ i < n, 0<n),  the iterative statetrasition 
relation 3(w) : Q-Q of M is defined by 5(w)=8(o'1) • o(62) • • • • • 8(a .). For a null string 
w=2, 3(A) is the identity relation (function) idQ. Moreover the language T(M) accepted 
by M (the behavior of M) is defined by 

T(M)={wEE*; r8(w)j3=idl}, 

which is the set of input strings over I accepted by M. 

   3.1. For a given automaton M=(Q, {(3(Q):Q—Q; Q E X }, r : I—Q, j3 : Q— I), con
sider an automaton MR=(Q, {8R(o•)=3(a)# : Q-Q ; a E }, rR= j3 : I—Q, Q-1) :

where the symbol # denotes inverse relations (involution). Then it directly follows



Applications of relational calculus to computer mathematics71

from the property 2.2 that for an input string  w=a1a2  •••  Q„EI* (0-LEX, 1<_i<n, 0<n) 

.R(w)=.R(0.1)•5R(0.2).....6R(o 2) 

=o(a1)#•o(62)'.....6(0'0° 

=(3(a7) • ... • 3(a2) • 3(6 1))' 

=(o(wR))s 

and OR(2)=idQ=(6(I ))#. (Note that we use the superscript symbol R for expressing re
versed strings.) Hence rROR(w)jR=(ro(wR)p)# for all input strings wEX* and so 
rR3R(w)48R=idI if and only if r8(wR)13 =idI for all w E X*, which shows 

T(MR)= {w E ; wRET(M)} 

={wREX*; wET(M)} (since wRR=w) 

={T(M)}R. 

Since MR is also finite if M is finite, this indicates a well-known fact that if L is a 
regular language over E, then the reversed language LR of L is also regular language 
over E. ^ 

   3.2. Let M=(Q, {6(a) : Q—Q ; 6E1'1,  r :I—Q,  j3 : Q—I) be an automaton and L, L' 
languages over E. We define o(L) : Q—Q by 3(L)=U {o(u) ; u E L } and consider an 
aumaton M(L, L')=(Q, {8'(6)=3(6) : Q—Q ; 6E2'1,  r'=r8(L) : I—Q, (3'=3(L')j3 : Q– -I) :

Then it is trivial from the distibitive law 2.5 that for any w E X* 

            r'3'(w)19'=r(U{o(u); ueL})o(w)(U{8(v); vEL'})/3 

=U{r3(uwv)i3; 11E L, vEL'} 

and hence, by the terminability 2.4 of relations, r'3'(w)$'=idI if and only if r3(uwv)19 
=idI for some u E L, vE L'. Therefore we have 

         T(M(L, L'))={wE'*; uwvET(M) for some uEL and vEL'} 

=L1•T(M)•L'-'. 

This indicates a well-known fact that a derived language of a regular language by any 
languages are also regular. In particular we have obtained 

                    T(M(u, v))=u-1•T(M)•v-', 

T(M(2, E*))=T(M)•J*1=Init{T(M)} ,
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T(M(X*, ,i))=1*1•T(M)=Fin{T(M)} , 
and 

T(M(s*, X*))=X*1•T(M)•X*-1=Sub{T(M)} , 

where for a language L over I, Ini t { L } , Fin { L } , and Sub { L } are the set of all initial 
segments of strings of L, the set of all final segments of strings of L, and the set of 
all subsegments of strings of L, respectively. ^ 

   3.3. Let M=(Q, {O(a) : Q—,Q ; (7E2'1,  r : I— Q, /3: Q—I) be an automaton and con
sider the following aumaton M+=(Q, {5+(a)=(idQU j3r)3(a) : Q—Q ; a EX},  r : I—Q, 

: Q—I) :

Noticing that r(idQUi3r)=(idQUri3)r=r since rj3Lidl (by the terminability 2.4 of rela
tions), the distributive law 2.5 implies that for a string W=6162•••  a n E X* (ai E ' , 1<i 
<n, 0<n) 

r3+(w)13=r3(a1)(idQ\ JRr)3(Q2).....(idQU13T)3(Q.)18 

=U{(r0(u1)48).....(r5(uk)(3); w=u1 ... uk, u1�A, 0<k} . 

It is obvious that r5+(A)Q =r • idQ • 13 =r5(2) J3. Hence for any string w E E+, ro+(w) j3 =idl 
if and only if there exist u1i ••• , ukE~'+ (0<k) such that w=u1 ••• uk and r5(u3)j3=idl 

(s=1, • • • , k) by the terminability 2.4a(a), (b). Also it is trivial that 2 E T (M+) if and 
only if .Z E T (M). Consequently we have proved 

T(M+)={T(M)}+. 

This indicates a well-known fact that if a language L over I is accepted by an auto
maton, then L+ is also accepted by an automaton . ^ 

   REMARK. In the case that 3+(a)=5(6)(1QUrr) or 6+(a)=S(a)U/3ro(a)U3(a)j3r is 
adopted, the same result is obtained. But if we put 3+(a)=3(a)U(/ro(a)j9r) then the 
result is different. 

   3.4. For given automata M=(Q, {b(a) : Q—Q ; 6E2'1,  r: I—Q, 13: Q—I) and M'= 

(Q', 13/(6):Q'—Q' ; (TEE},  r' : I—Q', /3' : Q'—I), we define an automaton M1 M' by the 
following figure :
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A routine induction on the length of w proves that for any string w X * 

6(w)—Z"5~u.),iUP'Ot(w).i , 

7— (w)N=(ri',.,:r' .)(z5o(u')i`Jj"(3'(u')j)(i ,3Uj'jS') 

=r5(w)13' Jr'o'(w) ,3' . 

Thus for any wEX*, (w)1 =idr if and only if r3(w),3=idr or r'6'(w)13'=idi (by the 
terminability 2.4(b)), which concludes 

T(1LLl 111)=T(M)UT(M'). 

This indicates a fact that if there exist automata lvi, M' accepting languages L, L', 
respectively, then there exists an automaton accepting union LUL' of L and L'. Finally 
we remark that the statetransition of MIM' is well illustrated by the following 
diagrams :

ala) 

QQ---QQ 

r/ \Z iyZ1#i V 
        I Q+Q' Q+Q'Q+Q' Q+Q' I 

r'\ /1 j#N/1•  ~ #\ /p, 
Q'Q, 

3'(Q) 

   3.5. For given automata M=(Q, {ô(î): Q—.Q ; Q EE X }, r: I—Q, (3 : Q— I) and M'= 

(Q', { 3'( i) : Q'— Q' ; (TEE},  r' : I—Q', fi' :Q'-1),  we define an automaton MTM' by the 
following figure : 

a(Q)=i#b(Q)iUi #13r'8'(Q).AU1 s3'(Q)1 

MTM': (a EE) 

Q+Q' --------' I. 

z=riUr'j 19=i Pr' 1'UjjS' 

A routine induction of the length of w proves that for any string w E T * 

6(w)=(U{i#o(u)13r'5'(v)j; w=uv, v 2})Ui#b(w)i\jq'(w)#j, 

TZ(w)(3=U {(ro(u)j3)(r'o'(v)j3') ; w=uv} . 

Thus for any w E X *, vo(w) f3 =idl if and only if ro(u)13=idl and r'8'(v) j9=idl for some 
strings u, v with w =uv, which proves that 

                      T(MT M')=T(M)•T(M'). 

(Note that we use the symbol • for concatenation of languages.) This indicates a fact 
that if there exist automata M, Al' accepting languages L, L', respectively, then there 
exists a automaton accepting concatenation L. L' of L and L'. Finally we remark that
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the statetransition of MT M' is well illustrated by the following diagrams : 

3(a) 

QQ Q Q 
z/f 

        I Q+Q' Q+Q' Pr' Q+Q' Q+Q' Pr' I 

3'(6) 

   3.6. For a given automaton M=(Q, {3(a) : Q— Q ; 6E1'1,  r : I—Q,'3 : Q—>I) and a 
given relation e : I— I, we define an automaton M by the following figure : 

                        6(6)=(Z#u. 4'r)3(6)i 

:(•EX) 

-------------. I , 

T=. 13=i4plJj#e 

where i: Q-*Q-+I and are the inclusions of a disjoint union Q+I . It fol
lows from the elementary identities 2.6 on the inclusions of disjoint unions that for a 
string w=6162 ••• 62.E~ (o E, 1<2<n, O<n) 

(w)=(i U. #r)3(61)i(Pu. #r)3(62)i.....(i#Ui#r)3(6.)i 
=(i#Uj#r)3(w)i , 

f3(w)13=.7(i#Ul#r)3(w)i(i#I3Uf#e) 
=r3(w)j3, 

and T4(2)13=j•idQ•(i4'PlJj#e)=$. Hence we have T(M)=T(M)'j{2} if e=id, , and 
otherwise T(M)=T(M)— {A}. ^ 

   3.7. For given automata M=(Q, {3(a) : Q—Q ; 6 E }, r: I—Q, (3 : Q—I) and M'= 
(Q', 13'(a): Q'—Q' ; 6 E E}, r' : I—Q', /3' :Q'—I), we define an automaton Mm M' by the 
following figure : 

(6)=3(6) X 3'(a) 

Mrn M' :(a' EE) 

         IQXQ' --------- I. 

z=rp#nz'q#11=pj91-q/3' 

Then for any w E X* it follows from 6(w)=3(w) X 3'(w) that
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zo(w)r3 =(7p4cnz'g5)(6(w) X 5'(w))(pjng13') 

                         ---=7,3(w)/3 ,nr'5'(u'),3' (by 2.7(a), (b)). 

 Hence for any wE/*, zd(w)13=idi if and ofly if zo(w)(3=idr and 7'8'(w)/3'=idr, that 
 is, this proves 

T(Mm AI')=T(M)T(.1I) . 

 This indicates a fact that if there exist automata Al, M' accepting languages L, L', 
 respectively, then there exists a automaton accepting intersection L n L' of L and L'. 

    3.8. For given automata M=(Q, {o(cr) : Q—Q; o EX}, r: I—Q, (3 : Q—I) and M'= 

(Q', {5'(a): Q'—Q' ; a EX},  z' : I—Q', 13': Q'--J), we define an automaton Mw M' by the 
following figure : 

S(Q)= (o(a) x idQ,) U(i dQ X VG)) 

MWM':(aE~) 

I -------- QxQ' ---------~ I . 

                    Tzp#nr'q# PpfingjS' 

Since 8(w)=U{o(x1 ••• xn)Xo'(y1 yn); w=x1y1 xnyn}, it follows from induction on 
the length of w and the computation rule 2.7 that z5(w)(~=U{r3(x1 ••• xn)j3nr'5'(y1 •-• yn)(3'; 
w = x 1 y1 • • • xnyn } . Therefore using 2.4(a), (b) we can conclude 

T(MwM')={weE.; w=x1y1 •-• xnyn, x1•-• xnET(M), y1 . ynET(M')} 

=Shuffle[T(M) , T(M')]• ^ 

   4. Simple Recursive Program Medels 

   In this section we first consider a fixed point semantics on simple recursive pro

grams by using relational calculus and describe a well-known relational characterization 
of while-do sentences, which leads an interesting problem on a characterization of 
iterative relations. The problem is not trivial so that we give a counterexample in 
additive relations. Finally we will prove the characterization of iterative relations in 
Heyting valued relations. We assume that the readers are familiar with the notion of 
Heyting valued stes (Cf. Goldblatt [5]). 

   Now consider a simple recursive program 

                           while p do a 

where a test p : D-TD is a (guard) relation with p c idD and a statement a : D—D is 
a relation.
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Obviously a semantics of the above program is represented by an iterative relation 

(U{(pa)n ; n>0})q, where q=idD—p. For a relation a: D—D its iterative relation 
a* : D—D is defined by a*=U{an ; n>_0}, where a°=idD, and an+1=ana. Then the 
following theorem is a relational characterization of the semantics of while p do a: 

   THEOREM 4.1. Let a, p, q: D--,D be relations such that pT idD, ggidD and pnq=0. 
Then the following statements are mutually equivalent: 

   (a) r=(pa)*q ; 
   (b) r=parUq, and 

      o=parUq implies r_zo for any 5: D—D; 

   (c) r=parUq, r~rq, and 
upag pau implies urgru for any u: D—D with ugidD. ^ 

   The condition (b) asserts that r is the least fixed point of a relational equation 
b=parUq. It is trivial that the conditions (a) and (b) are equivalent and (b) implies (c). 
The proof that (c) implies (a) follows from the next lemma : 

   LEMMA 4.2. Let a, (3: D—D be relations. Then uaLau implies ujS 8u for all 
relations u : D—D with ugidD if and only if J3Ea*. ^ 

   By the way the last lemma does not hold in the case of additive relations. Let A 
be an abelian group and a=idA= {(a, a) ; a E A}, j3= {(a, 0) ; a E A} subgroups of AX A. 
That is, a, p: A—A are additive relations. Then p/c/3p for any p c idA but P O a* 

(=idA). 
   Finally we show that the lemma is also valid in the case of Heyting valued rela
tions. Let £2 be a complete Heyting algebra (Cf. Goldblatt [5]). 

   An £2valued relation a: A—B (Qrelation for short) of an £valued set (Q-set for short) 
A to another £-set B is a mapping a : AX B---S2 satisfying the following conditions : 

(Q-rel. 1) [a~a']Afl[aab]n[b~b']B^[a'ab'] for a, a'EA and b, b'EB, 

(Q-rel. 2) [a ab] ^ [Ea] An [Eb] B for a E A and b E B , 

where [a ab] (E Q) denotes the value of a at (a, b) E A X B. 
   Now we define the ordering =, the composition, the involution #, the greatest lower 

bounds fl and the least upper bounds Li of £2relations. Let a, a': A-yB and 13: B—C 
be 2relations. Then 

aEa' if [aab]^[aa'b] for (a, b)EAXB,
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aaISc?=Li{!TaablfTb;3cl ; bEB} for (a, c)eAXC, 
and 

[baea ='Taab] for (b, BXA. 

Note that the identity 2relation id, on an 2-set A is given by laidAa'1=La a'k. 
Next for a family {ak : ; k E } of 2relations, its least upper bound and greatest 
lower bound are defined as follows: 

~a(LI{ak; kE })bl='H{laakbl; 

Ea(n{ak; kc-K )by {Iaakb7,; kEIC}). 

Similarly to the case of relations between ordinary sets, a* is defined by a*=Li {a" ; 
n>_0} : A--VA for an 2relation a : A—A. By routine works we can also show that the 
laws 2.1, 2.2 and 2.5 are valid for 2relations. The following lemma is useful for the 

proof of the main theorem 4.4: 
   LEMMA 4.3. Let a, p: A-V A be Qrelations with p=idA. Then 

(a) [apb]=[a~b]AnEapa] for (a, b)a-AXA, 

(b) [a pabl =Ea pall-1 llaabj, for (a, b)E AX A, 

(c) Eaapb]=Qaab]r Eb,ob3 for (a, b)EAXA. 

   THEOREM 4.4. Let a, j3: A-VA be 2relations on an 2-set A. Then ua=au 
implies ujS 8u for all 2relations u: A—A with u=idD if and only if P=a*. 

   Proof. For each x E A define an 2relation px : A—VA by 

              Eapxbq=Ea~bkn(n{[aa*t1 Exa*t1 ; tEA}) 

for (a, b) E Ax A. (Where p~q is a pseudocomplement of p relative to q for p, q E 2. ) 
Then it is trivial that p,x is really an 2relation on A and px=idA. Now we have 

                Ea,oxa] l ab]___Eb A=bLA 
and 

Ea pxa]1 n Eaab]l Eba*til a*t1 for all tE A 
since 

Ea pxa] rl jaab)fn ba*t] 

E lla pxa] f Eaa*t](by as*Ea*) 

E(Eaa*t] xa*C)nEaa*t] (by the defintion of to 

E [xa*t1 . 
Hence we obtain 

            EatoxalnEaab]EEb, •An(n{Eba*ti a*t3; tEA}) 

=[bpxbJl , 

which proves pxaEap,x because Eapxabll=Eap .xahrl kab] and Eaapxb]=Eaabl;nTbpxb] 
by Lemma 4.3. Therefore px j3 E (3 p,x holds from the hypothesis of the theorem. On 
the other hand we have if a pxa1= jf xa*a] since 

Eapxaii=Ea = a7An[apxa~ 

[aa*all n(Eaa*a3 # [xa*a 3) 

= fxa*a]
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and Exp,xx]]=1x,=4A from the defintion of px. At last we can conclude 1^a* because 
for (x, y)EAXA 

fxi3yI=[ExJAnEx/3yi=fx,,xilAnQxisy]=ExpxxlinExPy] 

=[xpz/Sy3^Exispxy]=ExfiyilnE .YpxY3 

_lxa*yL. 

This completes the proof of the theorem. ^
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