
九州大学学術情報リポジトリ
Kyushu University Institutional Repository

HIGHER-ORDER VARIATIONAL SETS, VARIATINAL
DERIVATIVES AND HIGHER-ORDER NECESSARY
CONDITIONS IN ABSTRACT MATHEMATICAL PROGRAMMING

Furukawa, Nagata
Department of Mathematics, Faculty of Science, Kyushu University

Yoshinaga, Yuji
Kaho High School

https://doi.org/10.5109/13392

出版情報：Bulletin of informatics and cybernetics. 23 (1/2), pp.9-40, 1988-03. Research
Association of Statistical Sciences
バージョン：
権利関係：



Bulletin of  Informatics and Cybernetics, Vol. 23, No. 1--2, 1988

HIGHER-ORDER VARIATIONAL SETS, VARIATIONAL 

 DERIVATIVES AND HIGHER-ORDER NECESSARY 

  CONDITIONS IN ABSTRACT MATHEMATICAL 

             PROGRAMMING

                  By 

Nagata FURUKAWA* and Yuji YOSHINAGA**

                     Abstract 

   We consider the problem of minimizing the value of a functionaI 

f (x) under the constraints g(x) E B, x E Q, where g is a mapping 
from a Banach space to a Banach space. We assume neither the 
differentiability in usual sense nor the convexity on f and g. The 
set B is an arbitrary subset of a Banach space which has a nonempty 
interior. A higher-order variational theory for the optimization 

problem is developed. Several kinds of concepts of higher-order 
variational sets are introduced in a Banach space, and concepts of 
higher-order variational derivatives of mappings are introduced too. 
We study fundamentaI properties of those variational sets and vari
ationaI derivatives. We also give higher-order necessary optimality 
conditions for the problem in terms of the variational sets and 
derivatives. We apply the results of optimality condition to derive 
a second-order criterion of an optimaI solution in a nonlinear 
TrhPhvrH, ff nnnrnvimatinn nrnhTam

   1. Introduction 

   In a standard theory of nonlinear programming, key theorem to derive the first

order necessary conditions for a local optimal solution is the separation of infinitesimal 

cones describing some geometrical features of the solution. A separation theorem of 
such infinitesimal cones has been initially given by Dubovitskii and Milyutin [3]. 

   In order that the same discussion as above may possibly derive higher-order 

necessary conditions, we need to introduce the concepts of higher-order variational sets 

and higher-order variational derivatives. In this paper three kinds of concepts of 

higher-order variational sets are defined. Two kinds of those concepts are the same 

that Hoffmann and Kornstaedt originally introduced in [6]. We first study systemati

cally the variational sets and prove fundamental properties. And then we introduce 
three kinds of concepts of variational derivatives of functionals. In [10] Neustadt 

introduced a certain concept of first-order variational derivative. We extend his deri

vative to the higher-order derivatives, which we call higher-order Neustadt derivatives. 

    * Department of Mathematics , Faculty of Science, Kyushu University, Fukuoka, Japan 
** Kaho High School, lizuka, Japan 
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   Let X and Y be real Banach spaces, Q an arbitrary subset of X, and B a subset 

of Y with nonempty interior int B. Let f: X—+R, the set of real numbers, and 

Then the mathematical programming problem with which we are concerned is expressed 
by the following form : 

                          minimize f(x) 

           subject to(1.1) 

g(x)B, x~Q. 

In a usual mathematical programming problem, the set B assumes a convex cone. On 

the contrary, in our paper B is arbitrary as far as int B-7-= 0. Moreover we assume 

neither differentiability nor convexity on the functionals involved in the optimization 

problem. Assuming the existence of higher-order Neustadt derivatives of the func
tionals, we derive higher-order necessary optimality conditions in a general abstract 
form using variational sets and Neustadt derivatives. 

   An important problem to which our theorem of higher-order necessary conditions 
can be applied is the problem of the best approximation, especially the nonlinear 

Tchebycheff approximation problem. In that problem the set B in (1.1) is usually taken 

as the unit sphere in the space of continuous functions. In this paper nonlinear 

Tchebycheff approximation problem is discussed as an application of the necessary 
condition and then the second-order criteria for the problem are given.

2. Higher-order Variational Sets

   The concepts which play key roles in developing a higher-order theory of optimi
zation are variational sets and variational derivatives of higherorder. In this section 
we give the definitions of three !kinds of variational sets of order n and investigate 
some fundamental properties of them. 

   Let X be a real Banach space, and let Q an arbitrary nonempty subset of X. 
   DEFINITION 2.1. For x o E bd Q and for x1, x2, • • • , x n -1 E X, three kinds of vari

tional sets of Q at xo (with respect to the points x 1, x2, • • • , x_1) are defined by the 
following : 

' ! 3nbd V of h
, 3to>O 

F(Q ; xo, x1, .... x1)= h X such that(2.1) 
n-1 

E tixi;-tnVCQ for dt(0,to] 
i=o, 

                               2to>0,2r : (0,to]-->X 

                            suchthat 
   17(Q; xo, x1, ••• , xn_1=hXn-1(2.2) 

tixi+tnhFr(t)EQ for dtE(0, to] 
1=0 

MM r(t) II /tn-*0 as t 0 , 

                        {yk}Q,3{20 IA1 
                             suchthat    T(Q; x o, xl, ..., xn-1)= hEX'(2.3) 

n-1 

l(Yk— E 2kxi)/Ak ,h as k—÷oo i=0,,
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For x,  Q we define 

F(Q ; x0, x1, ••• , xn-1)=V (Q; x0, x1, ••• , xn_1)=T(`C ; x0, x1, ••• , xn-1)_X, 

and for x o cl Q we define 

       F(Q , x0, x1, ••• , xn1)=V,Q; x0, x1, ••• , x, -1)-T(Q; x0, x1, ••• , xn-1)-0 . 

   In the case n=1, the variational sets defined above coincide with the well-known 

infinitesimal cones : F(Q ; x0) is the cone of feasible directions ([5]), V(Q ; xo) the cone 

of tangent directions ([5]), and T(Q ; xo) is the cone of adherent displacements ([18]). 
Hence the variational sets in the case n>_2 can be considered as the higher-order 

extension of the infinitesimal cones we have used in the first-order theory. Hoffman 

and Kornstaedt [6] has defined two kinds of variational sets of higher-order in a 

topological vector space. Two of our variational sets are essentially same as theirs, 

that is, in a normed vector space F(Q ; xo, xi, • • • , x_1) is same as the variational set 

K(Q; xo, x1i ••• , xn-1) and T(Q; xo, x1i ••• , xn-1) same as the set K[Q ; xo, x1, ••• , xn-1] 
in their notation. Ben-Tal and Zowe [2] has defined a second-order tangent direction 

of a continuous mapping e. The set of the second-order tangent directions of e in 

their sence coincides with V(N[e] ; xo, x1) in our notation, where N[e] is the kernel 

of the mapping e. 
   PROPOSITION 2.1. Let x0 E_ bd Q. Then 

(i) F(Q; xo), V(Q; x0) and T(Q; x0) are all cones with vertices at the origin. 

   (ii) F(Q ; xo, 0, 0, ... , 0)=F(Q; x0), V (Q ; x0, 0, 0, ••• , 0)=V(Q ; xo) and T(Q ; xo, 
0, 0, ••• , 0)=T(Q ; x0). 

    (iii) F(Q; x0i x1, ••• , xn-1) is open, and T(Q; xo, x1i ••• , xry_1) is closed. 

   (iv) V(Q ; xo, x1i ••• , xn_1) is closed. 
   PROOF. (i) and (ii) are obvious. The former half of (iii) is also obvious. The 

latter of (iii) is easily proved : in this connection we can refer to the proof of Krabs [7] 

in the case n=1. Concerning (iv), a direct proof by the definition of the variational 

set may be possible. But we will prove (iv) by another approach using a represen

tation theorem of the variational set in Section 4.^ 

PROPOSITION 2.2. Let x 0 m bd Q. Then 

   ( i ) If h E F(Q ; xo, xi, • • • , x_1), then there exists a number t0> 0 such that 
n-1 

E tix1 +tnh mint Q for all tE(0, to]. 
i=o 

    (ii) F(Q ; x0, x1, ••• , xn-1)CV (Q ; x0, x1, ••• , xn-1) 
CT(Q ; xo, x1, ••• , xn-1)• 

   (iii) If xnEF(Q ; x0, x1, ••• , xn-1), then F(Q ; x0, x1, ••• , xn-1, xn)=X. 

    (iv) If
~7(xnEEV(Q; xo, x1, •.• , xn-1), then F(Q; xo, x1,...,xn-1, xn.)=V(Q; x0,xl,••• xn-1,xn)=. 

(v) IJ{0x„ T(Q; x0, x1, •••,xnx.--1),1), then T(Q; x0, x1, ••• , xn-1, x.)=0. 
   PROOF. (i) is obvious. 

(ii) Let h E F(Q ; xo, xi, • • • , x7,-1).  By (i) then we have a positive number to 
n  i 

such that E tix1+tnhEint Q for all tE(0, to]. Hence it can be shown that 
i=o
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hE_V(Q; xo, x1i ••• , xn-1) by putting rmO in the definition of V(Q; xo, x1i ••• 
   Next let h E V (Q ; x o, x 1, .....s1). Then from the definition there exist to> 0 and 

r : (0, to]—*X such that 

n-i 

E t1xi±tnhf-r(t)E Q dtE (0, to] , (2.4) 
i=o 

1!r(t)`,'tn--0 as t 0.(2.5) 

Choose a positive integer N>1/to, and put 

n-1 1 11 
                  yk E ----ixi-f -----nh-I-r(—)for i=o kkk 

Then (2.4) implies that { yk]EQ. By taking Ak=1/k, we get from (2.5) that 

                   n11 

                    (Yk—2Akxil,Zk—>h as k—“x) . i=0 

Thus we have hET(Q; xo, x1i ••• 

   (iii) The proof is given in Section 4. 

   (iv) Let x n EE V (Q ; x o, x 1f • • • , x n-1). Suppose that there exists a point h E F(Q ; 

                                                                                                n xo,x1i••• , xn_0, xn). By (i) then we have a positive number to such that~; t°xid-tn+1h 
i=o 

EintQ for all tE(0, to]. Hence, putting r(t)=to±1h, we have 

tixi+r(t)EQ VtE(0, to], 
i=o 

Iir(t)(/tn--0 as t 0, 

which imply that x n E V (Q ; xo, x 1, • • • , x n-1). This is a contradiction. 
   Next suppose that there exists a point h E V (Q ; xo, x 1, • • • , x n_1, x n). Then there 

exist to>0 and r: (0, to]-->X such that 

i t1xi+tn+lh+r(t)EQ VtE(0, to] ,(2.6) 
i=o 

lr(t)1;/tn+1--0 as t 0.(2.7) 

Putting Y(t)=t71+1 h+r(t), we get from (2.6) and (2.7) that 

tixi+Y(t)E Q VtE(0, to] , 
i=o 

II(t)/t—*0 as t 0. 

Thus we have xnEV(Q ; xo, x1, , x72-1), which is a contradiction. 

   (v) Let xnET(Q; xo, x1i , xn_1). Suppose that there exists hET(Q; xo, x1, ••• 
x n _ 1f x n). Then from the definition we have a sequence { y o } of points of Qand a 

sequence {2k1 of pointive numbers such that 

2k 10 as(2.8)
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              (Yk ~ti) i2V-1-->h as k-,c_,.(2.9)                =0 / 

(2.9) together with (2.8) implies that 

 (Yk  — Akxi) as k-,=, i=0 

which is equivalent to that 

1ry (yk'xi)/xn as k cr. i=0 

Thus x T(Q; xo, x1, ••• , xn_1), which is a contradiction.^ 

   In the case when Q is convex, especially we have the following 

   PROPOSITION 2.3. Let Q be a convex subset of X. Let x, E Q and v E Q. Then 

Q—yT(Q; x0, y—x0). 

   PROOF. Let h be an arbitrary point of Q. Let 

                 xn= 1h-l-1(1—1)y-{-(1—1)xo for n>1. 
n n 

Since x n is a convex combination of points of Q, by theconvexity of Q we have 

x n Q for all n. A simple calculation leads to 

                       1                    n2[xn—xo-n(y—x0)]=h—y for n>1, 
which shows trivially that h — y E T (Q ; x0, y — x0). Since the point h of Q is arbitrary, 

the desired inclusion relation follows.^

   3. Higher-order Variational Derivatives 

   In the preceding section we have introduced the concept of higher-order vari
ational sets. In this section we shall give several kinds of higher-order variational 
derivatives of mappings. Among these derivatives higher-order directional derivatives 
and Dini derivatives are included and some useful properties of later one are shown. 

   Let X, Y be real Banach spaces. Let U be an open subset of X. Then we begin 
with the following definition. 

   DEFINITION 3.1. Let f: U--Y be a mapping, let x o E U and let x1, x2, • • • , x n be 
points of X. If there exists a point f'(x0 ; x1) of Y such that 

                 .f'(x0; xi)=lim?[f(x0+2x1)—f(x0)], (3.1) 

then we call the point f'(xo ; x1) the first-order directional derivative of f in the 
direction x1 at xo. If the mapping f has the derivative in every direction at xo, then 
we call the mapping f'(xo; •) the first-order directional derivative of f at xo. If there
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exists the directional derivative f'(x0 ; x1) and , if there exists a point f"(xo, x1; x2) of 
Y such that 

f"(xo, xi; x2)=lim~2Cf(xo+Axl+A2x2)—f(x0)—Af'(x0; xi)1,(3.2) 
then we call the point the second-order directional derivative of f in the direction x2 
at xo (with respect to xi). If f has the derivative f "(x o, xi;  x 2) for every x 2 E X, 
then we call the mapping f "(x o, xi; •) the second-order directional derivative of f at 
xo (with respect to xi). Inductively, the n-th order directional derivative of f at xo 
is defined by the following formula : 

f (x0, x1, •.• , xn-1, xn) 

              1    n1               =lim Anf(~A1xi)—f (x0)—n1Ai{".....-.'(x0, x1) ....Xi-1 ; xi)]•        ~101=0i=1J 

   The directional derivatives defined above do not operate directly on the derivation 
of higher-order optimality conditions in general theory of this paper, but they are 
necessary for calculating variational sets in concrete problems as will be seen in 
Section 7. For the purpose of the derivation of our optimality conditions the following 
is inevitable. 

DEFINITION 3.2. Let f: U—>Y, and let x0 U. If for every point x1 of X there 
exists a point f"1'(x0 ; xi) of Y such that 

f`1'(xo; x1)=lim1Cf(x0+Ay)—f(x0)1,(3.3) 
                               yi101 

then we call the mapping f (1)(x0 ; •) the first-order Neustadt derivative of f at x o. Let 
x1 be a point of X. If f has the first-order Neustadt derivative f c1>(xo ; •) at xo, and 
if for every point x2 of X there exists a point f 12'(xo, x1; x2) of Y such that 

f ̀ 2'(xo, xi;x2)=lim'2 Cf(x0+Ax1+22y)—f(x0)—f `1'(x0 ; xi)1 , (3.4) 
210 

then we call the mapping f (2)(xo, x1; •) the second-order Neustadt derivative of f at 

xo (with respect to x1). Inductively, if f has the derivatives f (1)(xo ; • ), f (2)(xo, xi; • ), 
••• , f(n1'(xo, x1i ••• , xn--2; •) up to the (n-1)-th order, and if for every point xn of X 
there exists a point f (n'(xo, x1, • , x.-1; xn) of Y such that 

J `n'(x0, xi, •.• , xn-1; xn) 

              1  
      CEn-1 =urn~n[ f(EAixi+AnY)—f (xo)—Y2if`i'(xo, x1, ••• , x1-1; xi)J, (3.5) 

.210 

then we call the mapping f(n'(xo, xi, ••• , xn-1; •) the n-th order Neustadt derivative of 

f at xo (with respect to x 1, x2, • • • , xn-1). When f has the Neustadt derivative of 
order n at xo with respect to (x1, x2, ••• , xn-1), f is said to be n-times Neustadt 

differentiable at xo with respect to (x1, x2, ••• , xn-1). When f is n-times Neustadt 

differentiable at xo w. r. t. (x1i x2, ••• , xn-1) for every points x1i x2, ••• , xn_1 of X, f is
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said to be n-times Neustadt differentiable at x0. 

   The following concepts of derivatives are necessary for the representation of the 

variational sets. 

 DEFINITION 3.3. Let f: U--. R, x o e U and let x1,  x 2, • • • , x n be points of X. We 
define for each n�1 

1  rn{/ 
             f (n)(xo, x1, •.•,xn-1; xn)=llm supAnLfAixi/—J(xo)J,(3.6) 

                             A1=o                                

1    f ("(x„x1, . ••, x n-1; x n)=1imlonfAn [f(i21xi)—f (xo)J,(3.7) 
                                                                                   1=0 

where the limit supremum and the limit infimum are allowed to take the values +oo 
and —00. We call Pn'(xo, x1, ••• , xn_1; •) the n-th order upper Dini derivative of f at 
xo (with respect to x1, x2, ••• , xn_i), and call f (n'(xo, x1,••• , x_1; •) the n-th order 
lower Dini derivative of f at x, (with respect to x1, x2, • • • , x_1). 

   PROPOSITION 3.1. It holds that 

f'(xo, x1, ••• , xn-1; •)=—[(—f)(n)(xo, x1, •.• , xn-1; •)1,(3.8) 

where (—f)(n'(xo, x1i ••• , xn_1; •) means the n-th order upper Dini derivativeof the 

function (—f) at xo. 
   PROPOSITION 3.2. Let f: U—R be locally Lipschitz. Then 

( i ) Both f(1)(xo; •) and f (1'(xo ; •) are realvalued Lipschitz functions. 
   (ii) For each n>2, either one and only one of the following necessarily occurs: 

               (a) f("(xo, x1, ••• , xn-1; 
    (n)0

.               (b)f(x0, x1,...,xn-1 ;•)=— 

             (c) Pn'(xo, x1i ••• , xn-1; •) is a realvalued Lipschitz function. 

    (iii) For f (n'(xo, x1i ••• , xn_1i •), the same thing that for Pn'(xo, x1, ••• , xn_1; •) in 
(ii) holds. 

   PROOF. (i) By the assumption that f is locally Lipschitz, there exist a neigh
borhood V of x o and a constant K> 0 such that I f (x)— f(y) I <_ K Il x — y ll for all x, y e V. 
Hence 

                        1          If`1)(
xo; h)I=11im suKh 

;lop~Cf(xo+%~h)—f(xo)~IIII 
                                              for dhEX, 

which implies that 1(1)(x0 ; •) is realvalued. The relation, 

           

11(1)(x.;  h1)—f `1'(xo ; h2) I <limisup,I f (xo+Ah1)—f (xo+Ah2) IA 
�KIIh1—h211dh1, Vh2EX, 

implies that f (1)(xo ; •) is of Lipschitz. 
   The assertion for f (1'(xo; •) follows from Proposition 3.1 and the results for 

_1("(x0;.).
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   (ii) First prepare the trivial relation 

f(n'(xo, x1, ••. , xn-1; xn) 

        =limyoup{----~n [f(±x)_7(EtAixi)±Am----[f (E2ixi)—.l(xo)]I. (3.9) 
The local Lipschitz property of f yields that for sufficiently small 2>0 

           1 { n2 x )n 1 21 x K(3.10) 

where K is a local Lipschitz coefficient of f at xo. 
   Let 

               1                   a=lim~sup----An[fn1 Axi)—f(xo)] 1=0 

   In the case when a=+co, from (3.9) and (3.10), for any x„E X we have 

.7(n)(Xo, x1, ••• , xn-1 ; xn) 

                                                                     n 

              >lim~Soup{—Kllxnll+-----~n[f(E121xi)—f(xo)]~ 
=+co , 

which implies that (a) occurs. Similarly, if a=—co then (b) occurs. In the case when 
a is finite, by (3.9) and (3.10) the function f (n'(xo, xi, • • • , x n-1i •) is realvalued and 
the following relation holds: 

If (n)(xo, x1, • xn-1; hl)—J (n'(xo, x1, ... , xn-1; h2)I 

<<—lim sup  1 f (E :cixiF2nh1)—f (212ixi+2nh2) 
24.o  Ai=oi=o 

<_KIIh1—h211• 

Hence Pn'(xo, x1i • • • , xn_1i •) is of Lipschitz. Thus (c) occurs. 

  (iii) Obvious from Proposition 3.1 and (ii).^ 
   PROPOSITION3.3.

/Let f :U—q?be locally Lipschitz. Then     ( i ) If 0< J{(n1)(xo, x1, •.• , xn-2; xn1)5_+CO, then f(n)(xo, xl, ••• , xn-1; •)m+°°. 
(ii) If 0>f <n1'(xo, x1, ••• , xn-2; xn1)-00, then f(n'(xo, x1, ••• , xn-1; •)m—co. 

    (iii) If 0<f <n1'(xo, x1, •.• , xn-2; xni)_+cO, then f (n)(xo, x1, ••• , xn-i ; •)=+00. 
    (iv) If 0>f `n_1'(xo, xl, ••• , xn_2; xn1)?—cc, then f (n'(xo, xl, ••• , xn-1; )_—~• 
   PROOF. (i) Suppose that 0<f (n-1'(xo, x1, , xn_2 ; xn_1)+oc. From the defini

tion there exists a sequence {tk} of positive numbers such that {tk} J 0 and 

           1n-1            lim------1 [f(txi)—f(xo)1— f(n)(xo, xi, •.• , xn-2; xn-1).(3.11) 
              k-=oo tk1=0 

Since the right-hand side of (3.11) is positive or possibly positive infinity, we may 
assume
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               toi[f(70tkxi)—f(xo)]>0 k>_1.(3.12) 
Hence, by (3.11) and (3.12) we have 

          1   lim sup----~ [f(IAx1)_fx0] 
i=o 

          1 -1]                   sup—[f (n:tkxi)—f (x0) 
                           k--•oo tki=0 

                                                 ni               >hmsup-----tk [f( tkxi)—f (x0)] lim inf----     rtk             k+ooi=0k~oo 

=_ + co • 

Namely, 

                         1 lim sup-----,l,„[.~txi)—f(x0)]=~-00 • 
210i-0 

From the proof of Proposition 3.2 (ii) then we have f (n'(xo, xi, • • • , x0-1;  •)-1oo. 

   (ii) Suppose that 0> f (71)(xx• •x;x.-1)�-00.   Then wemayassume                                    o,i,,n-z,Y 
that for sufficiently small 2>0, 

                f (n-1                   EAixi)—f(xo)<0. 
Therefore, 

                                                          n lim inf -----„in [f(x0)_f(x)] 
        210i=0 

                       1CE-120 xi)] lionf---------An_i[f(xo)—flimlionf 
                       11                                        =—limsup[f(A2x)_f(x)]uimii_o 

                 =+0, 

and so 

limsup~1n [f(:A0X)_fXO]=_00. 
                                                             =o 

The proof of Proposition 3.2 (ii) indicates that f(n'(x0, xi, •••, xn-1; 

   The assertion (iii) follows from Proposition 3.1 and (ii), and (iv) follows from 

Proposition 3.1 and (i).^ 
PROPOSITION 3.4. Let f: U-->Y and let x 0 E U. Then 

   (i) If f is Frechet differentiable at x0i then it holds that 

f '(x0 ; xi)= f (1 (xo ; xi)=Df(x0)xi for XiE X , 

where Df(x0) denotes the Frechet derivative of f at x0. 

   (ii) If f is twice Frechet differentiable at x0i then it holds that
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           f"(xo,  xi; x2)= f ")(xo, xi; x2)=Df(x0)x2+ 2 D2f(xo)(xl, xi) 

                                                         for x1, x2EX, 

where D2f(xo) denotes the second-order Frechet derivative of f at xo. 
   The results of this proposition can be derived by simple calculations, so the proofs 

are omitted.

   4. Representation Formulae of Higher-order Variational Sets 

   In Section 2 we have defined the three kinds of higher-order variational sets. In 
applications to concrete optimization problems, e. g., optimal control, best approximation 
problems and so on, it is required to calculate the variational sets. But it is not easy 
to calculate directly from their definitions the variational sets of a given set. 

   In this section we shall give certain representation formulae of the variational sets, 
which are equivalent to their definitions. Those formulae will be effectively used to 
calculate the variational sets in Section 7 dealing with the problem of best approxi
mation. 
   For a nonempty arbitrary subset S of a real Banach space X, let ds be the 
distance function of S defined by 

ds(x)=inf{Ilx—yI f yES} for xEX. 

If S is empty, we define ds(•) + oo. It is easy to prove that ds is a Lipschitz 
function with the Lipschitz constant 1, if S is nonempty. For a given set Q in X, 
let dQ be the function defined by 

219(x)=-4(x)-4c(x) for x E X. 

If Q is a nonempty proper subset, 49 is a Lipschitz function. 
   Throughout the remainder of this section we assume that Q is a nonempty proper 

subset of X. 
    DEFINITION 4.1. Let x 0, x„ • • • , xi,  be points of X. Define three kinds of sets 

by the following : 

g(Q; xo, x1, •.• , xn1)={hGX I 'Q'(x0, xl, ••• , x,-1; h)<0} . 

c (Q ; x0, xl, ••• , xn-1)= { h E X ')(x0, xl, ••• , xn-1 ; h)=.<__01. 

¶(Q ; xo, x1, ••• , xn-1)= {h E X I JQ'(xo, x1, ••• , x.-1; h)<0} . 

    PROPOSITION 4.1. The sets cV(Q; xo, xi, ••• , xn_1) and T(Q; xo, x1, ••• , xn_1) are 
closed, and the set F(Q ; xo, x1, , xn_1) is open. 

    PROOF. We state the proof for the set cV(Q ; x 0, xi, • • • , x n-1) only, because the 
other sets are proved similarly. 

(i) The case n=1. 
    Since 49 is a Lipschitz function, 4) is realvalued Lipschitz continuous. Therefore 

cV(Q ; xo) is closed by its definition.
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   (ii) The case  n>_2. 
   By Proposition 3.2 (ii), either one and only one of the following occurs: 

               (a) dq )(x0, x1, .•• , xn-1; •)=+00• 

                 (b) -,q )(x0, x1, ••• , xn-1 ; •)=—c0 

(c) 2(x0, x 1i • • • , x.-1;  •) is realvalued Lipschitzian. 

(a) implies CV(Q; xo, x1, ••• , xn-1)=0, (b) implies CV(Q ; xo, x1, ••• , xn-1)=X, and (c) 
implies cV(Q; xo, x1i •••, xn_1) is closed. Thus in any case of (a), (b), (c), the set 
cV(Q; xo, x1, ••• , xn_1) is closed.^ 

   THEOREM 4.1. Let x, E bd Q. Then 

(i) F(Q; xo, x1, ••• , xni)=F(Q; xo, x1, ••• , xn-1). 
    (ii) cV(Q; xo, x1, ••• , xn1)=V(Q; xo, x1, ••• , xn-1). 
    (iii) r(Q; x0, x1, ••• , xn1)=T(Q; x0, x1, ••• , xn-1). 

   PROOF. (i) First note that F(Q; xo, x 1, • • • , x71) can be expressed by the follow
ing, from its definition, 

2to>0, 2a>0 

                             such that    F'(Q; xo,.X„...,.X7,_1)--={h~X~(4.1)                         dQc(Etixi-l-tnh)atn for dtE(0, to]}. 
Since x o E bd Q, on the other hand, it holds that h E F(Q ; x,, x„ • • • , x1) if and only if 

lim sup1 [dQ( (4.2) 
        i=0=o 

   Now let hEF(Q; xo, x1, ••• , xn_1). Then, by (4.2), 

         n11           limsoup[—,1,----dQc(E-1ilixi-I-Anh)] 
lim sup  1 [doCE-1 Aixi-I-:(nh)—dQc(El;tixi+2nh)]<0, 

      210=0i=o 

which implies that 

                 lirn inf  ,1ndQc(n-12ixi+Anh)>0. 
                  240,ti=o 

Hence there exists a number 20>0 such that a>0 if we let 

                   1n-1                a=o~nfz,ndQc(i2ixi+Anh), 
                                     0 and so 

                dQc(ElAixi+2nh)>aAT for V2E(0, 201 . 
                                       i=o 

Thus, from (4.1), we get hEF(Q; x0, x1, ••• , xn_1). 

   Conversely, let h E F(Q ; xo, x 1i • • • , x1). By (4.1) then we have
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                   lim~ionf-----~1dnQc(niAixi+Anh)>0. (4.3) 
Since 

n—i 

E 2txi+AnhEint Q for sufficiently small A>0 
i=o 

by Proposition 2.2 (i), we have 

             lim sup----[[dQ( Axi+Ah)— dQc(i=oi=0 
=limsoup----~n [_dQc(X+mh)]<o, i=0 

where the last inequality follows from (4.3). By appealing to the relation (4.2) we 
have hE '(Q; x0, xi, ••• , xn—i)• 

   (ii) First we prove the following relation: 

cV(Q; x0, x1, '•• , xn—i)={hEX dQ)(xo, xi, •-• , xn-1; h)=0} . (4.4) 

Let hEcV(Q; xo, x1, ••• , xn—i). Suppose that dQ'(xo, xi, ••• , xn-1; h)>0. From the 
definition, then, there exists a sequence IA/el of positive numbers such that {Ak} 0 and 

        1 n-1 
          ~k[dQ(Akxi+Akh)j~dQ'(xo,•xi,... , xn-i;h) (>0)(4.5)            J

as k—*oo . 

Therefore we can conclude that 

                                 n—i 

               E 2kxi+27k' h Q for sufficiently large k .(4.6) 
i=0 

Noting that JQ(x0)=0, from (4.5) and (4.6) we have 

                Q)(...           OGdxo,Xi,h)                                          ,xn—i ;h 

           =lim----[dQ(-i 2ixi+Akh)— dQc(Ei Akxi+Akh)] 
           k-'oo27k,i=0i=0 

                1            =klm ~k----[JQ(Ax+Ah)_4Q(xO)] 
            <limsoup~1 [4Q(Aix.+Anh)_4Q(x)] 

                          (n)(                     =4Qx0 , Xi,,xn-1 ,h) 

which contradicts that h cV(Q; xo, xi, ••• , xn-1). Thus we have 

dQ)(xo, xi, ••• , x„_1; h)0.(4.7) 

But, since it holds that
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         dQ)(...)                        xo, xl,, xn-1  ; h 

1              =limsoupn [dQ( 12ixi-}-;inh)—dQ(xo)] 
             =limsoup~n[2ixiF2nh)]>_0, 

(4.7) implies that dQ'(xo, x1i ••• , xn_1; h)=0. 
   Conversely, let h be such that 7(x0, x1, ••• , xn_1 j h)=0. Then it holds that 

               )(...                  ::~x o, xl,x_1;)h 

=lim sup -n[dQ(Eo2ixi+Anh)—dQc(Eo ~ixi+Anh)] 
                sup1[dQ(:12ixi+,inh)—dQ(xo)] 

                                 24.0i=0 

=dQ'(xo, x1, ••• , xn-1 ; h)=0, 

which leads us to h E cV(Q ; xo, x 1, • • • , x n-1). Thus (4.4) has been proved. 
   Next we prove the relation: 

{hEX I JQ'(xo, x1, ••, xn-1; h)=0}=V(Q; xo, x1, •••, xn-1). (4.8) 

Let h be such that 7'(x0, x1, ••• , xn_1 i h)=0. Then it follows that 

                   lim sup1dQ(21 Aixi-FAnh)=0.(4.9) 
                 1.0i=o 

On the other hand, from the definition of dQ(• ), for every 2>0 there exists a point 

y(2) E Q such that 

             .Y(2)—(El2ixi+2nh)<dQ(21Aixi+Anh)--An+l 
Hence, if we let 

                  r(2)=y(2)—CE-1                   (2) =y(2)—(E12ixi+Anh), 
                                                            i=o 

we have 

-n Ilr(A)II�-----dQ(ti-'o2ixi+Anh)+A.(4.10) 
From (4.9) and (4.10), it follows that 

lim1  itr(2)11=0• )40 A 

Rewriting the relation that y(2)E Q yields 

n-1 

E A1xi+A71.h+r(A)EQ VA>0. 
i=o 

The last two results together imply that h E V (Q ; x„ x„ • • • , x n_ 1).
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    Conversely, let hV(Q; xo, x1, ••• , xn_1). Then there exist a number Ao>0 and a 
mapping r : (0, A01--jX such that 

n-1 

E 2ixi+nh+r(A)cQ for V2G(0, A01, 
i=o 

                ~7211r(2)11-0 asAy0. 
Hence 

                 (n)(...                   dQx 0, xl,, xn-1;)h 

                  1 n-i              =lim supndQ(E Aixi+Anh) 
                                                   rt              <lim sup 1 (ElAixi+Anh)—(ElAixi+dnh+r(A)) 

0A 1=01=0 

            =lim sup ~n11r(2)11=0, 
which implies (4'(x0, x1, ••• , xn_1; h)_0. But, this result is equivalent to dQ'(x0, x1, 
••• , xn_1i h)=0, as seen in the proof of (4.4). Thus the relation (4.8) has been proved. 

   Finally, combining (4.4) and (4.8) yields the assertion of (ii). 
   (iii) First we show the relation: 

g(Q; xo, xo, x1, ••• , xn1)={hEX i dQ'(xo, x1, ••• , xn_i; h)=0}. (4.11) 

Let hEr(Q; xo, x1, ••• , xn_1). Then dV(x0i x1, ••• , xn_1; h)<0 from the definition. 
Suppose that dQ'(x0i x1, ••• , xn_1 i h)>0. Then there exists A0>0 such that 

                     1  
 1`nfAO----An [dQ('Axl+Ah)]>o, 

and so 

n-i 

E Aixi+AnhEEQ for VAE(0, 201. 
                                         1=0 

Hence, 

                10`
OcnfAO----~n [dQ(]A0Xl+Anh)] 

                 1n1=0cn~o~n[d41'21Aixi+Anh)—dQc(Aixi+inh)] 
             „1„            0<nfAO-----[(ni)] 
                      11Ai x •+2nh)—J             =of 0 ~n[zi(n-EQ(xo)] 

                  1  

 <lim inf n [4Q:Axl+Amh_4Qxo1 
                                              —Q (x0, Xi, •••, xn-1; h),
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which is a contradiction. Therefore we have  d  e  '  (x  o, x1, • • • , x1; h)�.0, which is 
equivalent to de'(xo, x1i ••• , xn_1i h)=0. 

   Conversely let de'(xo, x1i ••• , xn-1 i h)=0. Then we have 

                             (n)                            —Q(x0, Xi, •••,xn-1 ; h) 

             ~_limyonf----~" [dQ(,zxI+Anh)] 

                                                        n 

               =limyonfj"[dQ(:12ixi+~"h)dQ(xo)] 
                 =dQn'                                   xo, xl, •.• , xn-1 , h)=0, 

which implies hEg(Q; xo, x1i ••• , xn_1). This proves (4.11). 
   The next step is to prove 

{hEX I cll21>(x0, x1, •.• , xn-1; h)=0}=T(Q; xo, x1, ••• , xn-1). (4.12) 

Let h be such that d,r(x0, x1i ••• , xn_1 i h)=0. Then there exists a sequence {Ak} of 

positive numbers such that {Ak} I. 0 and 

jCE-1
27k,-----[dQ(AxI+Ah)]-o ask-*co.(4.13) 

For each positive integer k, on the other hand, there exists a point y k E Q such that 

Akxi+Ak h) <_ dQ( E1 i+2kh)+2k }1. (4.14) 
i=oi=o 

From (4.13) and (4.14) it follows that 

1 n-1                h=lim—(yk Aix k)(4.15) k Ak z=o 

Hence hET(Q•xxx                    ,0,1,•••,n-1)• 

    Conversely, let hET(Q; xo, x1f ••• , xn_1). Then there exist a sequence {yk}CQ 
and a sequence {Ak} of positive numbers such that {21,1 0 and the relation (4.15) 

holds. Let us put 

                   j n-1 

                                                                           z 

                               Zk= ,,k----(y kAkxi,                                                                      i=o 

then (4.15) implies zk +h as k-+oo. By using the fact that the distance function is a 

Lipschitz function of the Lipschitz constant 1, hence, we have 

                                        1             1 
,---- dQ( nE-121xXi+Alk'h)— dQ( E12kxi+Akzk)27:IIAkh-2kzk II 

                                                        =IIhzkIl-*0 as k-->oo. 

From this and { yk } CQ it follows that
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                                                                   n
E,-1             dQn)(xo,  x1, •••,xn-1 ; h)=1im inf An [dQ(xI+Ah)]Ai=0 

1n-1                        lim inf----n [dQ(Axt+Ih)]                                     k-•oo~ki=p 

             1                          =liminf~k [dQ((nE-1/Zkxi_'f-/~kzk)] 
=lim inf1

k dQ(yk)=0.                                                                         k~oo 

Again from the equivalency we get d;,n)(xo, x1, , xn_1 ; h)=0. This proves (4.12). 
   Combining (4.11) and (4.12) yields the assertion of (iii). This completes the proof 

of the theorem.^ 
   We close this section by proving some parts of propositions in Section 2, which 

still remain to be proved. 

[Proof of Proposition 2.1 (iv)] 
   If xo E int Q or xo€EclQ, the closedness of the variational set is obvious from the 

definition. Let x0EbdQ. Then we have V(Q; xo, x1, ••• , xn_1)=CV(Q; xo, x1, ••• , xn-1) 
by Theorem 4.1 (ii). But, since cV(Q; xo, x1i ••• , xn_1) is closed by Proposition 4.1, 
V(Q; x0, x1, ••• , xn_1) is closed.^ 
[Proof of Proposition 2.2 (iii)] 

   If x0EintQ, then obvious. In the case when xo clQ , F(Q; xo, x1, , xn-1) is 
empty by the definition. Hence this case can be deleted in the proposition now. Let 
xo E bd Q, and suppose that x n E F(Q ; xo, x 1, • • • , x.1). Then, by Theorem 4.1 (i), 
xnEF(Q; x0, x1i ••• , x71-1), namely dQn)(xo, x1, ••• , xn-1; xn)<0. Hence, from Prop
osition 3.3 (ii), i'+1> x xl, x xc) which implies g(Q ; xo, x 1, • • • , x n)= 
X. Again from Theorem 4.1 (i) we get F(Q; xo, x1, • • • , xn)=X. ^

   5. Higher-order Necessary Optimality Conditions 

   In this section we study higher-order necessary conditions for local minimum solu

tions of a general nonlinear programming problem . The necessary conditions will be 
given in an abstract form by the use of higher-order variational sets and variational 
derivatives. 

   Let both X and Y be real Banach spaces , Q an arbitrary nonempty subset of X, 
and Q an open subset of X such that QCQ . Let B be an arbitrary subset of Y such 
that int B# 0, where int B denotes the interior of B . Let f a realvalued functional 
defined on Q, and g a map from Q into Y. 

   Then the optimization problem to be considered is 

                         minimize f(x) 

          subject to(g) 

                            g(x)EB, xEQ . 

In many cases in the literature the set B is assumed to be a convex cone . We should 
note that, in this paper, nothing about B is assumed except that int B�0 .
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   The following theorem is, of course, included as a special case in the theorem of 

higher-order necessary conditions which we shall give later. However we consciously 

present the proof of it, because the theorem is new as far as the first-order criterion 
concerns. 

   THEOREM 5.1. (First-order necessary condition). Let  xo be a local minimum solution 

of (i?). Suppose that both f and g be Neustadt differentiable at xo. Then the system 

of h: 

f `"(xo ; h)<0(5.1) 

g`"(xo ; h)E F(B ; g(xo))(5.2) 

hET(Q; xo)(5.3) 

is inconsistent. 
   PROOF. Suppose that there exist a point h satisfying (5.1), (5.2), (5.3). From (5.3) 

then there exist a sequence {xn}CQ and a sequence {An} of positive numbers such 

that An j 0 and 

-n (xn—xo)--h as n-->oo.(5.4) 
Since we have 

lim n[f(xn)—f(xo)]=1im----~n [f(xo+A.(xn—xo))—f(xo)] 
= f c1>(xo ; h)<0 

by (5.1), there exists a positive integer no such that 

f(xn)<f(xo)V n> no. 

   By birtue of (5.2) there exist a neighborhood V of g"'(x ; h) and a positive 

number to>0 such that 

g(xo)+tV C B for dtE (0, to] .(5.5) 
Let 

                     1  l
n= 2

n[g(xn)—g(xo)] , 

then we have 

In-g" (xo ; h) as n-*oo(5.6) 

considering (5.4) and the formula 

                ln=An[g(xn+An•An----(xn—xo))—g(xo)] • 
Since V is a neighborhood of g(1'(xo ; h), it follows from (5.6) that there exists a 

positive integer nl such that for all n> n1. Choose a positive integer n2 such 
that n2> n1 and An,<_to. Then, (5.5) implies that if n> n2 then 

g(xo)+tlnEB for `dtE(0, An]•



26N. FURUKAWA and Y. YOSHINAGA

Hence, in particular we have 

 g(x0)+Anln=g(x7i)EB for n>n2. 

Letting n3=max{no, n2}, we have f(xn)<f(xo) and g(xn)EB for all n>n3. Since (5.4) 

implies that xn--*xo as n-*co, this is a contradiction.^ 
   Let R_={rER I r<0}. 

   THEOREM 5.2 (Higher-order necessary condition). Let xo be a local minimum solution 

of (2'). Suppose that both f and g be n-times Neustadt differentiable at xo. Then the 

system of h: 

f(n)(xo, x1, ••• , xn-1 ; h) 

F(f (x0)+R ; f(x0), f(1)(xo ; x1), ••• , f(711)(x0, x1, ••• , x.-2; xn-1)) (5.7) 

g(n)(xo, x1, ••• , xn-1 ; h) 

E F(B ; g(x0), g(1)(x0 ; x1), .•• , g(41)(x0, x1, ••• , xn-2 ; x n-1))(5.8) 

hET(Q; x0, x1, ••, xn-1)(5.9) 

is inconsistent for all x1i x2, ••• , xn_1EX. 

   PROOF. Let x 1, x2, • • • , x n-1 be arbitrary but fixed points of X. Suppose that 

there exist a point h satisfying (5. 7), (5.8), (5.9). From (5.9) we have a sequence { y k} 
of points of Q and a sequence {2k1 of positive numbers such that 2k J. 0 and 

              1 n-1 
~k---(y—n~,2kxi)->has k ,00. (5.10) 

Note that (5.10) with 2k 0 implies yk-oxo as k--ocx . 

   Next from (5.7) we have a neighborhood V of f (n)(xo, x1, ••• , xn-1 ; h) and a 

number to>0 such that 

                          n
~-1    !
J1i1                     t1f (t)(xo, xi, •• ,xi1;xi)+tnVC f (x0)+R 

                            1=0 

                                         for VtE(0, to],(5.11) 

where f ")(x0)= f (x0). Let 

1 rn-1                                          a(i) 
                  lk—~nf(yk)-~Akf(xo, xi, ••• , xi-1, xi)• 

          kz=0 

Since l k can be written as 

  1n-1n-1      k—jkCf~n-1+~kxit~k'----                               (yo—  ~kxi~)—EA41-((xo, x1,..,xi1,i=0 / i=o 
by (5.10) and the assumption of the n-times Neustadt differentiability of f we have 

                         (...h)lk'~f(n)xo, x1,, xn-1;has k-->oo. 

Hence there exists a positive integer k o such that l k V for all k> k 0, because V is a 
neighborhood of f(n)(xo, x1, ••• , xn_1; h). Choose an integer k1 so that k1>ko and 

Ak 1 < to. Then it follows that l k E V and d k __ to for all k > k 1. Therefore we have from
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(5.11) that 
 n-i 

E 2kf`i)(xo, x1, ••• , xi-1; xi)+Aklk<f(xo)V~J                                                            k>k1. 
1=0 

Substituting the definition formula of 1k into the above inequality, we have f(yk)< f(xo) 
for all k>k1. 

    Moreover from (5.8) we have a neighborhood U of g(n)(x0i x1, ••• , xn_1 ; h) and a 

number so>0 such that 

n-1~/ 

E t1g(1)(xo,x1,••• , xi-1 ; xi)+tnUCBVtE(0, s0]. 
                              1=0 

If we let 

             y 1 IIrOnt                    k—~n[g(yk)—Akg(1)(x0, x1, ••• , xi-1; x1)1, 
          ki=0 

we can get 

yk—g`n)(xo, x1, ••• , xn-1 ; h) as k—>oo 

by the same manner as in the case of f. Hence there exists a positive integer k2 
satisfying 7kEU for all k>k2. Choose an integer k3 so that k3>k2 and Ak3<_s0. 

Then we have g(yk)eB for all k>k3. 

   Putting k4=max{k1f k2}, finally, above results can be summarized as follows: 

{yk}CQ, 

yk—'xo as k—,00, 

                      f(Yk)<f(xo) dk>k4i 

g(yk)EB Vk>k4. 

This contradicts that xo is a local minimum solution to (a)), which proves the theo

rem.^ 

   As assured by the above theorem, the inconsistency of the system (5.7)'—(5.9) is 

true for all points xi, x2, ••• , xn_1 of X. But for some particular points x1, x2, ••• , xn-1 

the inconsistency of the system is trivially true. The following proposition clarifies 
this fact. 

   PROPOSITION 5.1. Theorem 5.2 is meaningful, only if the points x1, x2, •-• , xn-1 

satisfy simultaneously the following three conditions. 

                 (n-i) (R1)l(xo,xi,

{... , xn-2 ; xn-1)                     T~                V(1{(x0)+R-;J(xo), f(1)(x0; x1), ••• , {(n2)(X0, x1, •••,xn-3; xn-2)), 

  rr(n-1)J     (R2)g(x0, xi, ••• , xn-2; xn-1) 

E V (B ; g(x0), g(1)(x0 ; x1), ••• , en2)(xo, xi, ••• , xn-3 ; xn-2)), 

    (R3)xn-1E_T(Q; xo, x1, •.• , xn-2). 

   PROOF. We prove the contraposition of the assertion of this proposition. Suppose 

that the condition (R1) is violated. Then it follows from Proposition 2.2 (iv) that
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F(J (x0)+R— ; f(x0), J "'(xo ; x1), ••• , J `n1'(x0, xi, •• • , xn-2 ; xn-1))= J . 

So the relation (5.7) is meaningless. 
   The case when (R2) is violated follows the same line the case of (R1). Finally 

suppose the condition (R3) be violated. Then by Proposition 2.2 (v) we have 

                              T(Q; xo, x1, • , xn-1)=0. 

Thus the relation (5.9) is meaningless.^ 

   REMARK 5.1. In the case n=2, the condition (R1) is equivalent to that f (1'(x0 ; x1) 
<_ 0. This is obvious from the relation that for any a E R, 

V(a+R_; a)=cl R_= {rE R I r<0} .(5.12) 

   REMARK 5.2. For every points x1, x2, ••• , xn_2 satisfying that 

f (1)(x0 ; x1)=f (2j(xo, x1 ; x2)= •.• = f Cn2)(xo, x1, ••• , xn_3 ; xn-2)=0, (5.13) 

the condition (R1) is equivalent to that f(n-1'(xx••x;                                                 o,1,,n-z, 

   PROOF. Suppose (5.12) be satisfied. Then by virtue of Proposition 2.1 (ii) and 

(5.12) it follows that the condition (R1) holds if and only if 

f`n-1'(x0, x1j ..., xn-2; xn—i)EV(f(x0)+R—; f(x0), 0, 0, •.• , 0) 

if and only if 

f (1b1)(xo, x1, ••• , x72-2; xn1)EV(f(x0)+R—; f(x0)) 

if and only if f(n-1'(xxx;x)0.^                             o,1,•••,n-z, n-1

   6. Second-order Directional Derivatives of Maximum Type Functionals 

   As we have proved in Section 4, higher-order variational sets of a given set Q are 

represented by using the higher-order Dini derivatives of the functional 4Q. On the 

basis of this result, we need to calculate the Dini derivatives of the functional .dQ in 

order to obtain the explicit form of the variational sets. In the case when the under
lying space X is the space of continuous functions, we may expect that the functional 

4Q is of maximum type. In reality, we find that dQ is expressed by a form of 

maximum type when Q is, for example, the unit sphere in the space of continuous 

functions. In general, on the other hand, the Dini derivative of a maximum type 

functional coincides with the directional derivative of it under certain mild conditions. 

   For these reasons, in this section we shall study the directional derivative of a 
maximum type functional, especially the second-order directional derivative. 

   Let X be a normed (real) vector space, E an open set in X. Let T be a compact 

set in a metric space (M, d). Let g(t, x) be a realvalued continuous function defined 

on T X E. We use the notation gt(.) as the function of x defined by gt(•)=g(t, •) for 

each tET. For a nonempty subset S2CM and a positive number a, B(12; (3) is 

defined by 

B(S2; 5)=c1 (J OEM I d(a, b)<6} . 
                                              aeQ
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   Theorem 6.1 has been proved by Furukawa [4] in the case when  X=RT. In the 

case of a normed vector space the proof is identical with that of the theorem in [4] 

except only a slight modification. 

   THEOREM 6.1. Define G: E--R by 

G(x)=max g(t, x) for x E E .(6.1) 
                                         tET 

Let z E E be arbitrary but fixed, and let 1(z) be the subset of T defined by 

I(z)= {tET g(t, z)=G(z)} .(6.2) 

Suppose that 

( i ) for each t E T, the directional derivative gt(z ; •) of g1(•) at z does exist, 

   (ii) for each x E X, there exists a positive number 5 such that 

gt(z 2x)—gt(z)  gi(z ; x) uniformly in tE B(I(z) ; 5)(1T as 2 0 . A 

   Then we have 

G'(z ; x)= max gt(z ; x) for x E X . (6.3) 
tEI (z) 

   THEOREM 6.2. Let G be defined by (6.1). Let z be an arbitrary point of E. For 

each x E X define I(x) by 

I(x)={tET I g(t, x)=G(x)} . 

Suppose the hypotheses (i), (ii) in Theorem 6.1 be satisfied. Let d E X be such that 

G'(z; d)=0, and let J(z; d) be given by 

J(z ; d)= {tEI(z) I gt(z ; d)=0} .(6.4) 

Suppose that 

   (iii) for each t E T, the second-order directional derivative g'T(z, d; •) of gt(•) at z 

(with respect to d) does exist, 

   (iv) for each hEX, there exists a positive number 51 snch that 

              ~2----[gt(z+Ad+22h)—gt(z)-2g~(z ; d)]--*gr(z, d; h) 
                       nniformly in tEB(I(z); o1)nT as 2..0. (6.5) 

Moreover we suppose the following regularity condition: 

   (Qd) there exist a positive number 20 and a neighborhood N of d such that 

gt(z; d)<0 VtE U U {I(z+Ad)} 
0<_A<A0 dEN 

   Then we have 

                 G"(z, d; h)= max gi (z, d; h) for h E X. (6.6) 
tEJ(z;d) 

[Remark] Under the assumptions of the theorem, by Theorem 6.1 the first-order 
directional directional derivative of G at z is given by (6.3). Hence for d E X such 

that G'(z ; d)=0, it holds that gt(z ; d)<0 for all t E I(z) and J(z ; d)� 95.



30N.  FURUKAWA and Y . YOSHINAGA

    PROOF. We may assume that I(z)T, because the assertion of this theorem is 

 trivial if otherwise. 

   Case 1: J(z; d)�I(z). 
    Let h E X be arbitrary but fixed. By virtue of (iv) there exists 31>0 satisfying 

(6.5). Let s>0 be arbitrary. Letting W1=B(I(z); 51)nT, from (6.5) there exists a 

positive number Al such that 

                                                                                 2 

            gt(z+Ad+22h)—gt(z)—Agt(z ; d)-22g1/(z, d; h)12~ 
                                       for VAE(0, A1), dtEW1. (6.7) 

Since I(z)W1CT, by the continuity of gt(z) in t we have a positive number a satis

fying 

               sup gt(z)=G(z)—a.(6.8) 
tET\W 1 

   We now prove that there exist a neighborhood U of z such that 

I g(t, y)—g(t, z) I<  for dt E T, d y E U.(6.9) 

By the uniform continuity of g(t, z) in t on T, there exist a r>0 such that if t, t'ET 

and d(t, t')<7 then I g(t, z)—g(t', z) I <-4-6  . And also by the continuity of g(t , x) in 

(t, x), for each tET there exist a neighborhood V(t) of t and a neighborhood Ut(z) of 
z depending on t such that 

Ig(s, y)—g(t, z)I <4for V(s, y)EV(t)xUt(z). 
Without loss of generality we may assume that diam V(t)<7  for all tET .  Since 
{V(t); tET} is an open convering of the compact set T, we can select a finite set 

{ti; 1=1, 2, ••• , m} so that {V(ti); i=1, 2, ••• , in} becomes a convering of T. Let 

U= (l Uti(z). Then U is trivially a neighborhood of z. It is easily verified that the 
      i=1 

neighborhood U defined above satisfies (6.9). 

   From (6.9) is follows that 

G(z)<<G(y)+ 2 for dyEU.(6.10) 
We obtain for any t E T \W 1 and y E U 

                  g(t, y)<g(t, z)+2<sETp1g(s, z)+2(by (6.9)) 
                       =G(z)— 2(by (6.8)) 

                                                  (by (6.10)) 
therefore 

                 g(t, y)<G(y) dtET\WI, dyEU.(6.11) 

Choose a positive number 22 so that
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                   d+AhEN,  z+ANEU VAE(0, 22), 

where N is given in (Qd). This is possible because N is a neighborhood of d and U 

a neighborhood of z. Then we have that z+2d+A2hEU for all 2E(O, 22). Therefore 

from (6.11) it follows that for any 2E(0,  22) 

                   G(z+Ad+22h)= sup gt(z+2d+A2h).(6.12) 
t EW, 

   Now we put 23=Min{20, 21, 22}, and put 

                   A(z, d)= U U {I(z-!-23)} . 
O.(•6.13 dEN 

Then one can easily prove that for any 2E(0,  23) 

G(z+2d+22h)>gt(z+Ad+22h) dtE(T\A(z, d)).(6.13) 

Define 

Z=W1fA(z, d). 

So the set Z is not empty, because both of W, and A(z, d) include the set 1(z). 

   If 2E(0,  23), then it holds that 

          G(z+Ad+22h)=sup gt(z+Ad+22h)(by (6.12), (6.13)) 
tEZ 

                                                           22s 
                    _sup [gt(z)+2gt(z ; d)+22gi(z,d; h)]+-----(by (6.7))2 

            tEz

<G(z)+2suAc                      _(z)
tEp [gt(z ; d)+~gi (z, d ; h)]+ 2 , 

which implies 

2 

          G(z+2d+A2h)—G(z)<2 sup[gt(z ; d)+Ag' (z,d ; h)1(6.14) 
      tEZ2 

From the continnuity of g',/(z, d; h) in tEWI, which is an immediate consequence 

of (iv), and from that J(z; d) I(z)CZ, one can choose 32>0 so small that 
Z\[B(J(z; d); (32)nT]#VS and 

s 

             tEacJsupgt                     ,a2)nT(z, d; h)<tEsupa)ga(z, d ; h)+ 2(6.15) 

      . Let us put 

W2=B(J(z ; d) ; 32)nT , W=Z\W2, 

and let 

              c(z, d; h)= sup g''(z, d; h)= max gi(z, d; h). 
tEJ(z;d) tEJ(z;d) 

Here we should note that J(z; d) is compact. By choice of 32 we have W� 0. By 

the notation defined above, (6.15) is as follows. 

                    sup g',/(z,  d ; h)<c(z, d; h)+  .(6.16) 
tEW22 

We let
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19=sup g(z ; d). 
tEW 

Remembering the condition of Case 1, we may assume that /9<0 (take in advance 81 
so small, if necessary). Then one has 

           sup gt(z ; d)> sup gt(z ; d)=0> t3 =sup gt(z ; d) . 
       tEW2tEJ(z;d)tEW 

By this strict inequality one can choose 24>0 such that 

          sup [gt(z ; d)+Ag'i (z, d; h)]>—sup [gaz ; d)+Agt (z, d; h)] 
   tEW2SEW 

V 2 (0, 24) . 

Let 25=Min{23, 24}. Then for any A (0, 25) 

          sup [gt(z ; d)+Ag't'(z, d; h)] = sup [g't(z ; d)+Agt (z, d; h)] 
tEZtEZnW2 

sup gt(z ; d)+2 sup g-',/(z, d; h). (6.17) 
tEZtEW2 

From the condition (Qd) it follows that 

                 sup gt(z ; d)<0.(6.18) 
tEZ 

Substituting (6.16), (6.18) into (6.17) we obtain 

          sup [gt(z; d)+Ag't(z, d;h)]~Ac(z,d; h)+                                          2VAE(0, 25), 
 tEZ 

which is devoted to (6.14) to yield 

1 
            2[G(z+2d}22h)—G(z)]~c(z, d ; h)+s YAE(0, 25).(6.19) 

   On the other hand, for sufficiently small 2>0 

G(z}Ad+22h)= sup gt(z+Ad+22h)(by (6.12)) 
tEWl 

                       l[[gt(z)+2g(z; sup d)+2Zgi'(z, d; h)— 2226(by (6.7)) 
22s                        G(z)+

t)                           sup[Agt(z ; d)+A2g~(z,d; h)]— 2 

                                                                                          2 

                     G(z)+AtEsupa)[gt(z ; d)I-Ag'i(z,d; h)]—2~ 
                                                                    2£                    =G(z)+22tEs(lpd)gt(z,d; h)— 2  

The last equality follows from the definition of J(z; d). Hence 

1----[G(
z+2d-22h)—G(z)]> c(z, d; h)—s(6.20) 22 

for sufficiently small 2>0. As s>0 is arbitrary, together (6.19), (6.20) imply
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                 2.m ~2 [G(z+2d±22h)—G(z)1=c(z, d; h), 
which is identical with the relation 

                         G"(z, d;h)=c(z, d;h), 

since d satisfies G'(z ; d)=0. 

   Case 2: J(z; d)=I(z). 

   It is obvious from the proof of Case 1 that (6.14) is valid also in Case 2. Hence 

from (6.14) and (Qd) we have that for sufficiently small A>0 

                                                                                         2 

          G(z+Ad+22h)—G(z)2 sup [g't(z ; d)+2gi(z, d ; h)1+.Zs 
t=Z2 

                          <2 sup g't(z ; d)+A2 sup gt'(z, d; h)+----- 22s 
           tEZtEW12 

                             =22 sup g''(z ,d; h)-+ .~s tEJVI2 • 

Since we may assume that 81 is so small that 

                  sup g'(z, d; h)<supgt(z, d; h)±s 
           tell,'tEI (z)2 

(the continuity of g',/(z, d; h) in t is a consequence of (iv)), we get 

G(zF2d+22h)—G(z)<22 sup ga (z, d; h)-1-22s 
tEI (z) 

=22c(z, d; h)+A2s 

for sufficiently small A>0. Here we should not that I(z)=J(z; d). Thus we have 

proved that (6.19) holds also in the case under consideration. It is also obvious that 

(6.20) is valid in this case. This completes the proof.^ 
   REMARK 6.1. In [1] Ben-Tal, Teboulle and Zowe have studied the second order 

directional derivative of a maximum type functional, and given a formula similar to 

our result (6.6) under some conditions. They assumed, in our notation, that g(t, x) is 

defined on T X R0, where T is a compact set, and that for each t, gt(x) is twice 
differentiable in usual sense and both Pgt(x) and V2gt(x) are continuous in (t, x). On 
the contrary, in our paper g(t, x) is only assumed to have the first and second-order 

directional derivatives w. r. t. x for each t, and satisfy the uniformity conditions (ii), 

(iv). The regularity condition (Qd) is essentially same as the condition P(d) in their 

paper [1]. 
   REMARK 6.2. If T is a finite set, the conditions (ii), (iv) and (Qd) in Theorem 6.2 

are necessarily satisfied without any other restriction. Therefore , in that case, the 
conditions (ii), (iv) and (Qd) are all deleted from the assumption in Theorem 6.2.

   7. Nonlinear Tchebycheff Approximation 

   The theorem of higher-order necessary conditions we have given in Section 5 can 

be applied to optimization problems of various types . In this section we study an
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application of the theorem to some problem of nonlinear Tchebycheff approximation. 
Although we can show general higher-order necessary conditions in the Tchebycheff 
approximation problem, we shall restrict ourselves to the case of second-order condition 
for the sake of simplicity of descriptions. 

    Let X be a real Banach space, Q an arbitrary nonempty subset of X, and Q an 
open set in X such that QCQ. Let T be a compact set in a metric space (M, d). Let 
C(T) be the normed vector space of realvalued continuous functions defined on T 
equipped with the norm 

                 Il f 11=max I f (t) I for f C(T) . 
                                        tET 

   Let 0 be a given map from Q into C(T). We assume that 0 is continuous and 
twice Neustadt differentiable on Q. A fixed element bE C(T) being given, consider 
the following problem 

                       minimize 110(x)—M' 
         subject to(7.1) 

xEQ. 

Let Bo be the unit sphere in C(T), i. e., 

Bo={ yE C(T) I Ily) 1} 

={yEC(T) I Iy(t)I<1 dtET}, 

and let R+={rER I r>0}. Consider another problem 

                          minimize r 

                        subject to 

           r(¢(x)—b)EBo(7.2) 
(x, r) E Q X R+ . 

If xo is a feasible solution to (7.1), then we may assume that 1195(x0)—b11 >O. For, if 
otherwise, the problem (7.1) is trivial. Keeping this convention in mind, we see that 
the problem (7.1) is equivalent to the problem (7.2) in the sense that xo is a local 
minimum solution to (7.1) if and only if (xo, ro) with ro=110(x0)—bII is a local minimum 
solution to (7.2). For this reason we shall be concerned with the problem (7.2) here
after. Define f: Q X R+—>R and g: Q X R,-->C(T) by 

                   f(x, r)=r, 

1for (x, r) E Q X R+,(7.3) 
                 g(x, r)=-77(0(x)—b) 

respectively. Then the problem (7.2) is expressed in the following canonical form . 

                       minimize f(x, r) 
                        subject to 

          g(x, r)E Bo(7.4) 
                         (x, r)EQXR+.
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   First we shall calculate Neustadt derivatives of the objective functional and con

straint functional in (7.2). Let (x0,  ro) be arbitrary but fixed feasible solution to (7.2). 

Let (x1i r1) be any point of XXR. Then it is easily verified that 

                      {(1)                  J((x0, ro); (x1, r1))—r1, 

      1(7.5) 
g(1)((xo, r0) ; (x1, r1))=-----9 Cro¢`1'(x0 ; x1)—(0(x0)—b)ri1 ro 

As we shall see later, it suffices to obtain the second-order Neustadt derivatives of the 
functionals with respect to (x1, r1) with r1=0. Let (x2i 12) be any point of XXR. It 
is clear that 

f22>((xo, 10), (x1, 0) ; (x2, r2))=r2. 

An easy calculation shows that for any point (x, r) E X >; R and for any 2> 0, 

----Cg(x0+2x1±22x, ro+22r)—g(xo, ro)2g(1)((x0, re) ; (x1, 0))1 

ro(r0±22r)b+r-----22C¢(xof2x1+22x)—¢(x0)2¢"'(x0 ; x1)] 

r  

          ro(ro}-2Zr) ¢(x0;2x1+22x).(7.6) 

Taking limit as x-4x2i r--*r2, 210 on both sides of (7.6), we have 

g(2)((x0, r0), (x1, 0) ; (x2, r2))=-----2Cr°0(2)(x°, x1; x2)—r2(0(xo)—b)1 (7.7) 
ro 

since ¢ is continuous and twice Neustadt differentiable by assumption. 
   Next we shall calculate the variational sets to the unit sphere Bo by the help of 

Theorem 4.1. Let y be a point of C(T). It is easily seen that if yEBo then 

               dB0())=max{max y(t)-1, —1—min y(t)} , 
and if y E Bo then 

               dBO(y)=—max{max y(t)-1, —1—min y(t)} .              tETtET 

From this results we get 

               4B0(y)=ma Txl-y(t)i1=11y11-1for y~C(T). (7.8)                                    OE 

Let yo be any fixed point of C(T). For any y E C(T) we define 

I(y)={tET I I y(t)I =11y1I}(7.9) 

.J(yo; y)={tET 1 y(t)=0}11I(y0)•(7.10) 

Define "sgn" by 

                           +1 if a>0 

sgn a= —1 if a<0 

                                  0 if a=0.
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  PROPOSITION 7.1. Let  yo be a point of C(T) such that Y011 >O. Then 

  (i)11 (yo ; Y)=411(;(310; Y)=483(yo ; y) 

                      = max y(t) sgn yo(t) d y E C(T) .(7.11) 
tEI (yo) 

(ii) Let y, be a point of C(T) such that 

                  max y1(t)sgn yo(t)-0.(7.12) 
tEI(yo) 

Assume that there exist a positive number 20 and a neighborhood N of y, in C(T) such 

that 

yl(t)sgn yo(t)U0 dte U U {I(yo+Ay)} • (7.13) 
1)I510 YEN 

Then it holds that 

48~ (yo, yi ; Y)=4_4 (Yo, yl ; y)=40(yo, Yi ; y) 

                          max y(t) sgn yo(t) d y E C (T) . (7.14) 
tEJ(y0;y1) 

   PROOF. First we note that the constant term (-1) in (7.8) can be omitted in 

order to calculate the derivatives of 4B0. 

   (i) The last equality in (7.11) is easily derived from Theorem 6.1 with letting 

g(t, y)= I y(t) I for (t, y)ET X C(T). The first two equalities in (7.11) are obvious, since 
the directional derivative 4B0(yo ; y) does exist. 

   (ii) The last equality in (7.14) is derived from Theorem 6.2 with g(t, y) being the 
same as above. The first two equalities in (7.14) are obvious from the existence of 

4'B'o(yo, Yi; y) with yl satisfying (7.12). In this connection, note that (7.12) is identical 

with the relation 
4Bo(yo ; yl)=o.^ 

   PROPOSITION 7.2. Let yo be a point of C(T) such that llyo11=1. Then 

   (i) F(Bo ; yo)= LYE C(T) I y(t)yo(t)<0 VteI(yo)} 

   (ii) V (Bo ; yo)=T (Bo , yo) 

_ { yE C(T) I y(t)yo(t)<0 dtEI(yo)} . 

   PROOF. (i) is immediate from the combination of Proposition 7.1 (i) and Theorem 

4.1 (i) with n=1, and (ii) from the combination of Proposition 7.1 (i) and Theorem 
4.1 (ii), (iii) with n=1.^ 

   PROPOSITION 7.3. Let yo be a point of C(T) such that Ilyoll =1, and let yl be a 

point of C(T). Then we have the following. 
   (i) if max yl(t)yo(t)>O, then F(Bo ; Yo, yl)=V (Bo ; Yo, y1)=T (Bo ; Yo, Yi)= 0. 

tEl (yo) 

   (ii) if max y1(t)y0(t)<O, then F(B0; Yo, y1)=V(Bo ; Yo, yl)=T(Bo ; yo, yl)=C(T). 
tEl (yo) 

   (iii) if max yl(t)y0(t)=0, and if there exists a positive number 20 and a neighbor
               tEI(yo) 

hood N of y, with respect to the maximum norm in C(T) for which (7.13) holds, then



Higher-order variational sets, variational derivatives37

 F(130; yo, Yi)= { yE C(T) I y(t)yo(t)<0 Vtc=_ J(yo ; y,)} ,(7.15) 

V(Bo ; Yo, Yi)=T (Bo ; yo, Yi) 

={yEC(T) I y(t)yo(t)<0 dtEJ(yo; yl)} .(7.16) 

   PROOF.(i) From the assumption and Proposition 7.1 (i ), it follows that 
`1 (yo ; y1)=4Ba (yo ; y1)>0. Hence, by Proposition 3.3, 2BO (yo, Yi; •)=44 (Yo, y'i ; •) 

       From Theorem 4.1 we have F(Bo ; Yo, y1)=V (Bo ; Yo, y1)=T(Bo ; yo, yl)=Q . 
The proof of (ii) is similar to that of (i). 

  (iii) Obvious form Proposition 7.1 and Theorem 4.1.^ 
   We now return to the approximation problem (7.1). For any x oe Q, we let 

E(xo)= {t~T ; I ¢(xo)(t)—b(t) I = i¢(x0)—b(} , (7.17) 
and 

8t(x0)=sgn(¢(xo)(t)—b(t)),(7.18) 

The following gives a first-order necessary condition for a solution of (7.1). 
   THEOREM 7.1. Let xo be a local minimum solution of the problem (7.1). Then it 

holds that 
                 max 8t(x0)¢(1)(x0 ; x)(t)>0 V xE-T (Q ; x0) .(7.19) 

tEE(x0) 

   PROOF. Put ro=ll¢(xo)—b. For the mapping g defined by (7.3), from Proposition 
7.2 (i) and (7.5) we have 

g(1)((xo, r0); (x, r))`F(Bo; g(xo, ro)) 

<=>g(1)((xo, r0) ; (x, r))(t) • g(xo, ro)(t)<0 E(x0) 

{r0¢(1)(x0; x)(t)—(¢(xo)(t)—b(t))r} •(¢(xo)(t)—b(t))<0 VtEE(xo) 

                max 8t(x0)¢(1)(x0 ; x)(t)<r. . 
tEE(X0) 

Hence, by applying Theorem 5.1 to the problem (7.2) which is equivalent to (7.1), we 
have that the system of (x, r) : 

                       max 8t(xo)¢(1)(xo; x)(t)<r<O, 
teE(x0) 

xET(Q; x0), 

is inconsistent. The inconsistency of this system is equivalent to (7.19). ^ 
   As a preparation for the second-order theorem, we shall examine the conditions 

(R1)--,(R3) in Section 5 more closely for the problem (7.2). Naturally we are concerned 
with those conditions in the case that 11=2. By Remark 5.1 we have 

(R1)=r1 <0. 

From (7.5) and Proposition 7.2 (ii), 

(R2)<=> max 8t(x0)¢(1)(x0 ; x1)(t)<r1 . 
tEE(X0) 

Since ro>0, T(QX R+ ; (x0, ro))=T(Q ; x0)X R. Hence
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(R3)x1ET(Q; x0). 

Thus we have 
                            max Bt(xo)¢`1)(xo; x1)(t)cr1<0' 

                 (R1)---(R3)<=>tEE(x0) 
x1ET(Q; xo) 

By the help of Theorem 7.1, finally we get 

r1=0 

'R1)--(R3) max Bt(x0)0(1)(x0 ; x1)(t)=0 l(7.20) tEE(xo) 

x1ET(Q; x0)I. 
Now we define 

e[y]={t=T ; 1 y(t)1=11)1} for _v-C(T). 

                                                Obviously e[cb(xo)—b]=E(xo). We define moreover 

h(xo ; x1)= {tET ; ci(1)(x0 ; x1)(t)=0} for x1E X . 

Then we have the following 
   THEOREM 7.2. Let xo be a local minimum solution of the problem (7.1). Then for 

every x1T(Q; x0) satisfying the condition 

                     max 0t(x0)¢(1)(x0 ; x1)(t)=0(7.21) 
tEE(xo) 

and the condition 

                 there exist a nnmber ;;0>0 and a neighborhood V 

(D) : of ')(xo ; xi) in C(T) such that 
60t(x0)0(1)(x0 ; x1)(t)0 V tc U U e[O(xo)—b-FAY] , (7.22) 

(I=).<;io yEV 

it holds that 

               max Ot(xo)ch(2)(xo, x1; x)(t)_>0 VxeT(Q; xo, x1). (7.23) 
tEE(xo)nK (xo; x1) 

   PROOF. The assertions can be derived from Theorem 5.2 with n=2. It can be 
seen from Proposition 5.1 that we may restrict the points (x1, r1) to those satisfying 

(7.20). So we may put r1=0. 
   Put ro=(10(x0)—bll. For the function f defined by (7.3), an easy calculation shows 

that 
F(f(xo, ro)+R ; f (xo, ro), .f (1)((xo, r0) ; (x1, 0))) 
=F(ro+R ; ro, 0) 

                                              (by Proposition 2.1 (ii)) 
                    =F(roH-R_ ; ro)=R_ . 

Hence, for the problem (7.2) the formula (5.7) with n=2 can be written as r<0. 
Next, for the mapping g defined by (7.3) we shall calculate the variational set 
F(Bo; g(xo, ro), g(1)((x0, r0); (x1, 0))). From (7.5) we have 

         (1)~1(~)1                    g((xo , r0); (x1,0))=r¢(x0; x1). 

                                                             0
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Therefore, if we put  y0=g(x0i  r0) and y1=g(1)((x0, r0) ; (x1, 0)) in Proposition 7.3, it is 
easily seen that all assumptions in (iii) of the proposition are satisfied by virtue of 

(7.21) and (D). Thus the relation (7.15) immediately leads us to 

F(Bo ; g(x0, ro), g(i'((xo, r0) ; (x1, 0)) 

= { yE C(T) I y(t) • (¢(x0)(t)—b(t))G0 `dt~ E(x0)nK(x0 ; x1)} . (7.24) 

From (7.7) and (7.24) we obtain the following relation : 

g(2'((x0, r0), (x1; 0) ; (x, r))E,F(B0 ; g(xo, ro), g(1)((xo, 1'0); (x1, 0))) 

                   max 0t(x0)¢(2)(xo, x1; x)(t)Gr. 
tEE(xo)nK(x0;xi) 

   Viewing the above results, we apply Theorem 5.2 together with Proposition 5.1 to 
the problem (7.2) to yield that for every x1~T(Q; x0) satisfying (7.21) and (D) the 
system of (x, r) 

r<0 
                        max 6t(xo)0(')(xo, xl ; x)(t)Gr 
tEE(x0)nK(x0;x1) 

xET(Q; x0, x1) 

is inconsistent. From this inconsistency we get the desired result (7.23). This com

pletes the proof.^ 
   COROLLARY 7.1. Let x0 be a local minimum solution of the problem (7.1). Suppose 

that ¢ is twice Frechet differentiable at x0. Then for every x1_T(Q; x0) satisfying that 

                        max 0t(x0)(D¢(x0)x1)(t)=0 
tEE(x0) 

and the condition 

                 there exist a number A0>0 and a neighborhood V 

(D1) : of D¢(xo)x1 such that 
Ot(xo)(D¢(xo)xi)(t)0 dtE U U e[¢(x0)—b-Hly], 

0_<A0 y`Y 

it holds that 

            max Ot(xo){(D¢(xo)x)(t)+i2(D2(xo)(xi, x1))(t)}.%0 
     tEE(x0)nK1(x0;x1) 

dxc T(Q; x0, x1), (7.25) 
where K1(x0 ; xl)= it T ; (D¢(xo)x1)(t)=0}. 

   REMARK 7.1. In the case when ¢ is Frechet differentiable, the inequality (7.19) 
coincides with the socalled local Kolmogoroff condition. Therefore (7.19) in the 
original form is a nondifferentiable extension of the local Kolmogoroff condition. On 
the other hand, the inequalities (7.23) and (7.25) have not appeared in the literatures 
of approximation theory treating first-order criteria. We can consider them the second
order versions of the local Kolmogoroff condition. 

   COROLLARY 7.2. Suppose that in the problem (7.1) T is a .,finite set. Let xo be a 
local minimum solution of the problem. Then 

   (i) for every x1ET(Q ; x0) satisfying (7.21), the relation (7.23) holds, 
   (ii) if Q is a convex set, then for every y Q satisfying that
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                          max 0 (xo)cb(1)(xo ; y—x0)=0, 
tEE(xo) 

it holds taht 
                   max Bt(x0)¢`2)(xo, y—xo; x—y)>0 VxEQ. 

                            1,-x0) 

   PROOF. The assertion (i) follows from the proof of Theorem 7.2 considering 

Remark 6.2, and (ii) follows from (i) and Proposition 2.3. ^
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