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HIGHER-ORDER VARIATIONAL SETS, VARIATIONAL
DERIVATIVES AND HIGHER-ORDER NECESSARY
CONDITIONS IN ABSTRACT MATHEMATICAL
PROGRAMMING

By
Nagata FURUKAWA* and Yuji YOSHINAGA™*

Abstract

We consider the problem of minimizing the value of a functional
f(x) under the constraints g(x) = B, x<@, where g is a mapping
from a Banach space to a Banach space. We assume neither the
differentiability in usual sense nor the convexity on f and g. The
set B is an arbitrary subset of a Banach space which has a nonempty
interior. A higher-order variational theory for the optimization
problem is developed. Several kinds of concepts of higher-order
variational sets are introduced in a Banach space, and concepts of
higher-order variational derivatives of mappings are introduced too.
We study fundamental properties of those variational sets and vari-
ational derivatives. We also give higher-order necessary optimality
conditions for the problem in terms of the variational sets and
derivatives. We apply the results of optimality condition to derive
a second-order criterion of an optimal solution in a nonlinear
Tchebycheff approximation problem.

1. Introduction

In a standard theory of non-linear programming, key theorem to derive the first-
order necessary conditions for a local optimal solution is the separation of infinitesimal
cones describing some geometrical features of the solution. A separation theorem of
such infinitesimal cones has been initially given by Dubovitskii and Milyutin [3].

In order that the same discussion as above may possibly derive higher-order
necessary conditions, we need to introduce the concepts of higher-order variational sets
and higher-order variational derivatives. In this paper three kinds of concepts of
higher-order variational sets are defined. Two kinds of those concepts are the same
that Hoffmann and Kornstaedt originally introduced in [6]. We first study systemati-
cally the variational sets and prove fundamental properties. And then we introduce
three kinds of concepts of variational derivatives of functionals. In [10] Neustadt
introduced a certain concept of first-order variational derivative. We extend his deri-
vative to the higher-order derivatives, which we call higher-order Neustadt derivatives.
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10 N. Furtkawa and Y. YosHINAGA

Let X and Y be real Banach spaces, @ an arbitrary subset of X, and B a subset
of ¥ with nonempty interior int B. Let f: X—R, the set of real numbers, and g: X—Y.
Then the mathematical programming problem with which we are concerned is expressed
by the following form:
minimize f(x)
subject to (LD
glx)eB, x€Q.

In a usual mathematical programming problem, the set B assumes a convex cone. On
the contrary, in our paper B is arbitrary as far as int B#@. Moreover we assume
neither differentiability nor convexity on the functionals involved in the optimization
problem. Assuming the existence of higher-order Neustadt derivatives of the func-
tionals, we derive higher-order necessary optimality conditions in a general abstract
form using variational sets and Neustadt derivatives.

An important problem to which our theorem of higher-order necessary conditions
can be applied is the problem of the best approximation, especially the nonlinear
Tchebycheff approximation problem. In that problem the set B in (1.1) is usually taken
as the unit sphere in the space of continuous functions. In this paper nonlinear
Tchebycheff approximation problem is discussed as an application of the necessary
condition and then the second-order criteria for the problem are given.

2. Higher-order Variational Sets

The concepts which play key roles in developing a higher-order theory of optimi-
zation are variational sets and variational derivatives of higher-order. In this section
we give the definitions of three Jkinds of variational sets of order n and investigate
some fundamental properties of them.

Let X be a real Banach space, and let ¢ an arbitrary nonempty subset of X.

DEerinITION 2.1. For x,ebd@ and for xi, x, -+, x,.,X, three kinds of vari-
tional sets of @ at x, (with respect to the points xj, x,, ---, x,-,) are defined by the
following :

Idnbd V' of A, Jt,>0

F(@Q; %o, x5, . xa-p={he x| Such that @.1)
! > tx PV CQ for Vi (0, 1]
1=0 »

such that

f 3t,>0, Ir: (0, t,]—X
V(Q; xo, x4, -, xn_lzlheX n-

1 2.2)
tixi " h+rt)eQ for Vis(0, ¢,]

=0

Hr@f/t"—0 as 10 ,

{3{yk}CQ, FHat L0 )

T(Q; xo, 21, -+, p-)={he X SUCh that 2.3)
[ (yk‘ > lim)/i};ﬁh as k—oo
1=0

7
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For x,=intQ we define
F(Q; xo, x1, -+, X0-)=V(Q 5 X0, Xy, v, x00)=T(Q; X0, X5y -, Xn-1)=X,
and for x,&clQ we define

FQ; xo, x1, o, X0-0=VI(Q 5 xo, x4y o, 2po)=T(Q; o, X1, -, Xn)=0.

In the case n=1, the variational sets defined above coincide with the well-known
infinitesimal cones: F(Q; x,) is the cone of feasible directions ([5]), V(Q; x,) the cone
of tangent directions ([5]), and T(Q ; x,) is the cone of adherent displacements ([18]).
Hence the variational sets in the case n>=2 can be considered as the higher-order
extension of the infinitesimal cones we have used in the first-order theory. Hoffman
and Kornstaedt [6] has defined two kinds of variational sets of higher-order in a
topological vector space. Two of our variational sets are essentially same as theirs,
that is, in a normed vector space F(Q; x,, xi, -+, X,-) iS same as the variational set
K(Q; xo, x4, , Xn-1) and T(Q ; x4, xy, ==+, Xn-,) same as the set K[Q; x,, X1, ==+, Xn-1]
in their notation. Ben-Tal and Zowe [2] has defined a second-order tangent direction
of a continuous mapping &. The set of the second-order tangent directions of & in
their sence coincides with V(N[£]; x,, x,) in our notation, where N[&] is the kernel
of the mapping &.

PROPOSITION 2.1. Let x,=bd@. Then

(1) F(@; xo), V(Q; xo0) and T(Q; x,) are all cones with vertices at the origin.

(ii) F(Q; %0, 0,0, -, O=F(Q; x0), V(Q; x5, 0,0, -+, 0)=V(Q; x0) and T(Q; x,,
0,0, -, 0=T(Q; x,).

(i) F(Q; xo, X1, =+, Xp-y) 1S 0pen, and T(Q; xo, Xy, =+, Xp-1) 1S closed.

{iv) V(Q; xo, X1, -+, Xpn-1) 1S closed.

ProOOF. (i) and (ii) are obvious. The former half of (iii) is also obvious. The
latter of (iii) is easily proved: in this connection we can refer to the proof of Krabs [7]
in the case n=1. Concerning (iv), a direct proof by the definition of the variational
set may be possible. But we will prove (iv) by another approach using a represen-
tation theorem of the variational set in Section 4. 0

PROPOSITION 2.2. Let xo,=bd Q. Then

(1) If heF@Q; xo, x1, -+, Xn-1), then there exists a number t,>0 suchk that

E)ltixi—f—t”}zeintQ for all (0, t,].
1=0

(il) F(Q; xoy X1, =+, Xn-)TV(Q 5 X0, X5, 0, Xmy)
CT(Q, KXoy X1, 'ty Xpei)-
(i) If x,€F(Q; xo, X1, =+, Xn-1), then F(Q; xo, X1, =+, Xn-1, Xn)=X.
(V) If xa€EV(Q; %o, X1, 5 Xp-y), then F(Q; %o, X1, 1, Xpoy, X2)=V(Q5 2o, X1, o,
Xn-1, X2)=0.
(V) If 2.&T(Q; X0, X1, 5 Xn=), then T(Q; xo, X1, 5 Xpmt, X2) =0
PrROOF. (i) is obvious.
(ii) Let heF(Q; x4, x1, ***, Xn-1). By (i) then we have a positive number ¢,

-1
such that "Z,‘t"xi+t"heintQ for all t=(0, ¢]. Hence it can be shown that
1=0
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heV(Q: xo, xi, -+, Xa-1) by putting »=0 in the definition of V(Q; xo, Xy, ==, X¥n-1)
Next let h€V(Q; xo, *1, -+, Xzoy). Then from the definition there exist #,>0 and

r:(0, t,]—X such that

[CAal g 75 .

S ttx+t"h+rt)EQ Visi0, t,], 2.4)
i=0

lr)i /1t —0 as ¢+10. (2.5)

Choose a positive integer N>1/t,, and put

il 1 1 .
V= go—k_ixi-*-ﬁh_‘-r(?) for #=N.

Then (2.4) implies that {v,]CQ. By taking 2,=1/k, we get from (2.5) that
(J’k“‘ g%m)/lgﬂh as k—oo.

Thus we have heT(@Q; x¢, X1, =+ Xn-1)-
(iii) The proof is given in Section 4.
(iv) Let x,&V(Q; xo, X1, -+, Xn-y). Suppose that there exists a point he F(Q;

noo
Xo, X1, ***, Xn-1, Xn). By (1) then we have a positive number ¢, such that Sttxi+itth
1=0

eintQ for all 1=(0, ¢,]. Hence, putting »(#)=t"*'h, we have
BixtreQ Vs, 4],
lrwil/t"—0 as t]0,

which imply that x,€V(Q; x,, X1, =+, Xn-1). This is a contradiction.
Next suppose that there exists a point heV(Q; x,, Xy, =, Xn-1, X5). Then there
exist #,>0 and r: (0, {,]—X such that

i‘ozfxi+t"+1h+r<¢>eQ Vie(0, &, (2.6)
IO/ —0  as 110, 2.7)

Putting #(t)=t"*'h+r(t), we get from (2.6) and (2.7) that
StrtrneQ Ve, 1,
7)) /t"—0  as ¢ ]0.
Thus we have x,2V(Q; xo, x1, -+, Xa-1), Which is a contradiction.
(v) Let x,&T(Q; xo, X1, *+, Xn-1). Suppose that there exists heT(Q; x4, X1, -,

Xn-1, Xn). Then from the definition we have a sequence {y,} of points of @ and a
sequence {A,} of pointive numbers such that

2. 10 as k—oo, 2.8)
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(3= Baiw) /ar—n as koo, 2.9
(2.9) together with (2.8) implies that

(J’k_iézléxi)/i;*‘@ as k—oo,
which is equivalent to that

n-1 / .
(yk— P Z;xi) S A%y as kR—co,
i=0 /
Thus x,€T(Q; xo, X1, ***, Xn-y), Which is a contradiction. 0
In the case when Q is convex, especially we have the following
PROPOSITION 2.3. Let Q be a convex subset of X. Let xocQ and y=@Q. Then

Q—yCT(Q; x4 y—x0).

PROOF. Let h be an arbitrary point of Q. Let

1 1 1 1 -
xanh+;<1A;~>y+(l—;>,xo for n=1.
Since x, is a convex combination of points of @, by the convexity of Q we have
x,€@Q for all n. A simple calculation leads to

nz[xn—x,,—%(y—xo)]-—-h——y for n=1,

which shows trivially that h—yeT(Q; x,, y—x,). Since the point h of Q is arbitrary,
the desired inclusion relation follows. O

3. Higher-order Variational Derivatives

In the preceding section we have introduced the concept of higher-order vari-
ational sets. In this section we shall give several kinds of higher-order variational
derivatives of mappings. Among these derivatives higher-order directional derivatives
and Dini derivatives are included and some useful properties of later one are shown.

Let X, Y be real Banach spaces. Let U be an open subset of X. Then we begin
with the following definition.

DerFINITION 3.1. Let f:U—Y be a mapping, let x,&l/ and let x,, x,, ---, X, be
points of X. If there exists a point f’(x,; x,) of ¥ such that

.1
S(xo; x1>=1A_1p017[f(xo-%-lxl)—f(xo)], 3.0
then we call the point f’(x,; x,) the first-order directional derivative of f in the

direction x, at x,. If the mapping f has the derivative in every direction at x,, then
we call the mapping f'(x,; ) the first-order directional derivative of f at x,. If there
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exists the directional derivative f’(x,; x,) and, if there exists a point f”(x,, x,; &) of
Y such that

) .1 s , o
F7(x0, x5 xg>:11151017[fon+2x1+A‘xz)—f'\xo>—Af (x5 %07, (3.2)

then we call the point the second-order directional derivative of f in the direction x,
at x, (with respect to x,). If f has the derivative f”(x,, x,; x,) for every x,X,
then we call the mapping f”(x,, x;;-) the second-order directional derivative of f at
xo (with respect to x,). Inductively, the n-th order directional derivative of fat x,
is defined by the following formula:

n

F7 Ky X1y ey Xners Xn)
1 L n-1
:lim*[f( 2 'zlxi)“f(xo)_' Z Af" (%0, xy, - y Xi-1; xi>:| .
Ao A™ i=o =1

The directional derivatives defined above do not operate directly on the derivation
of higher-order optimality conditions in general theory of this paper, but they are
necessary for calculating variational sets in concrete problems as will be seen in
Section 7. For the purpose of the derivation of our optimality conditions the following
is inevitable.

DEFINITION 3.2. Let f:U-Y, and let x,€U. If for every point x, of X there
exists a point f‘“(x,; x,) of ¥ such that

Fxo; x=lim 2L f (ot 49— (el @.3)
e

then we call the mapping f“(x,;-) the first-order Neustadt derivative of f at x,. Let
x; be a point of X. If f has the first-order Neustadt derivative f™(x,;-) at x, and
if for every point x, of X there exists a point f®(x,, x,; x,) of ¥ such that

Pty 33 x0=lim = L f ot At D)= )= Pxo; 291, 3.4)
200%

then we call the mapping f®(x,, x;; ) the second-order Neustadt derivative of f at
xo (with respect to x,). Inductively, if f has the derivatives f®(x,;-), f®(xo, x:; 9,
oy JP(Xo, X1yt Xn-z; +) Up to the (n—1)-th order, and if for every point x, of X
there exists a point f™(x,, %, =+, Xn-1; o) Of ¥ such that

FP(xo, X1, -, Xpoa; Xp)

.1 no1 n=1
:Jilzl 7[f< iz:zlx-,_*’zny)“f(fﬁ))—' Zjllf”)<x0y Xyy vty Xi-1; xi)}, (35)
200" - =

then we call the mapping f™(x,, x1, ***, Xn-1; +) the n-th order Neustadt derivative of
f at x, (with respect to xi, x5, =+, x,-1). When f has the Neustadt derivative of
order n at x, with respect to (xi, xs, -+, Xn-1), f iS said to be n-times Neustadt
differentiable at x, with respect to (x,, x,, -, Xn-,). When f is n-times Neustadt
differentiable at x, w.r.t. (xj, x,, ==+, x,-y) for every points x,, x,, -+, xp-; Of X, fis
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said to be n-times Neustadt differentiable at x,.

The following concepts of derivatives are necessary for the representation of the
variational sets.

DEerinNITION 3.3. Let f:U—~R, x,cU and let x,, x,, -+, x, be points of X. We
define for each n=1

F® Ut w0, ey Xaess w)=lim sup= [f(;o,{ix,—>—f(xo)], (3.6)
f(")(Xo, X1y, 0y Xp-1; n/—’hm mf‘*[f( g ) f(xo)}, 3.7

where the limit supremum and the limit infimum are allowed to take the values —+co
and —oo. We call f™(x,, x3, -+, Xn-1; -) the n-th order upper Dini derivative of f at
%, (With respect to x,, Xo, ==+, x5-1), and call f™(x,, x4, ==+, xp-y; -) the n-th order
lower Dini derivative of f at x, (with respect to x,, x5, -, Xp-1).

PRrOPOSITION 3.1. [t holds that

,_f(n)<x0) X1, "ty Xp-1) >:—|:<:7)(n)<x0; X1, "ty Xp-1; ')]) (3'8>

where (— f)™(xo, X1, -+, Xn-1} ) means the n-th order upper Dini derivative of the
Sfunction (—f) at x,.

PROPOSITION 3.2. Let f:U—R be locally Lipschitz. Then

(i) Both f®(x,;-) and FP(x0; ) are real-valued Lipschitz functions.

(ii) For each n=2, either one and only one of the following necessarily occurs:

@) F™(xo, X3, ) Xner:)=—400.
(b) .f_(n)(x()v X1y, 0y xn_l;-)E—oo,
(©) F™(xo, X1, -+, X1 +) iS a veal-valued Lipschitz function.

(iii) For f™{xe, x1, -+, Xn-1; *), the same thing that for F™(xg, Xuy oy Xpoy)v) int
(ii) holds.

PrROOF. (i) By the assumption that f is locally Lipschitz, there exist a neigh-
borhood V of x, and a constant K>0 such that | f(x)—f(MIZK||x—y]| for all x, yeV.
Hence

- |
[fP(xo; A :llm Sup— [f(ro+Ah> Fx)]| =K | A
for Yhe X,

which implies that 7%(x,;-) is real-valued. The relation,
= . 1
| (%05 J—f“’(xO;hz)léhn}gw;if(xo+2h1)—f(xo+2h2)1
=K|h,—hs| Vh, Vh,e X,

implies that 7F®(x,;-) is of Lipschitz.
The assertion for f(x,;-) follows from Proposition 3.1 and the results for

F®xas ).
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(ii) First prepare the trivial relation

F(xo, 21y 0y Xness Xn)
=tim sup [ £ #x )~ F(E wn )+ [ A 2w)-ron]h @9

i=0

The local Lipschitz property of f yields that for sufficiently small 1>0

1 no n-1 . ‘ .

ot Ta ) Ty Vi << i

| F(Z ates) = (5 W) | S Ko, (3.10)
where K is a local Lipschitz coefficient of f at x,.

Let
. 1 n-1 i
a—hrgljup ya [f( i:ZO A xi)*—f(,xo)]

In the case when a=-+oc, from (3.9) and (3.10), for any x,=X we have
F™ (X0, X1y ) Xt} Xn)
3 ’ 1 nol i
ghrg_ljup{—KHan*rF [f( I xi)‘fU%):l}
:+OO,

which implies that (a) occurs. Similarly, if a=—co then (b) occurs. In the case when
a is finite, by (3.9) and (3.10) the function F™(x,, x1, ==+, Xn_1; +) is real-valued and
the following relation holds:

|]7("’(x0, X1, s Xn-1; hl)——f”‘)(xc, X1, 0, Kooy ho)l

. 1 A 7 n 55 G n
gllr?lﬁupj;‘f(g%,t xi+2 h1)~f(§0,{ xi+A hg)
SK|h—h|.

Hence f™(x,, X1, =+, %Xn-1; -) is of Lipschitz. Thus (c) occurs.
(iii) Obvious from Proposition 3.1 and (ii). O
PROPOSITION 3.3. Let f:U—R be locally Lipschitz. Then
(i) If O<KFPD(xy, x4, =) Xno} Xn) S 400, then F™(xy, X1, -, Xno1} -)=4o00.
(i) If 0> FTD(xy, X1, ), Xnes} Xno1)2—00, then F™(xy, X1, ) Xpot) - )=—00.
(i) If 0<f(n_1)(xo, X1, v, Xnoo Xn-))=+00, then f<m<xo: X1yttt Xpoy; )= +00,
(iv) If 0>7"P(xy, X1, 1, Xnoz; Xn-)Z—00, then [™(xg, %1, ©+, Xpoy; - )=—00.
PrOOF. (i) Suppose that 0<<f ™ O(x,, Xy, -+, Xnoo] Xn)<-+co. From the defini-
tion there exists a sequence {¢,} of positive numbers such that {¢,} {0 and

tim e [ (8 thee) = 0 |27, 1, s 200, @3.11)

Bow 1271

Since the right-hand side of (3.11) is positive or possibly positive infinity, we may
assume
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Z—gl.—l[f(gtzxi)—ﬂxo)]m = (3.12)

Hence, by (3.11) and (3.12) we have
iy (5 1)
zlin’}ﬁsow;xp%[fcll ) f(Xo)}

1 no1 L1
>11m sup R [f( = t,zxi>—f(xo)] lim mf—t—

=400,
Namely,

hm sup T [f( Z P x) f(xo)} +o0.
From the proof of Proposition 3.2 (ii) then we have Ff™(x,, x1, =, Xno1; )= +o00.

(ii) Suppose that 0>7F"-(x,, X1, -, Xn-2] Xn-1)=—00. Then we may assume
that for sufficiently small 1>0,

(8 atxe)— fn <0

Therefore,
zlim mf [f(xo) f( Z 4 x‘)] lir§1¢ionf~,11—
=-—1iII}¢SoUD77,l_T‘ [f(glix > f(JCo):! II’IUI%
=+4-co,

and so

llmsupz [f(z,v )- f(x(,)}:—

The proof of Proposition 3.2 (ii) indicates that F™(x,, Xy, ==, Xpoy} -)=—00.
The assertion (iii) follows from Proposition 3.1 and (ii), and (iv) follows from
Proposition 3.1 and (i). O
PROPOSITION 3.4. Let f:U—Y and let x,cU. Then
(i) If f is Fréchet differentiable at x,, then it holds that

f(xo; x)=fP(xo; x)=Df(x)x,  for x,€X,

where Df(x,) denotes the Fréchet derivative of f at x,.
(i) If f is twice Fréchet differentiable at x,, then it holds that
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1
S (xe, X135 x2)=f P (x4, 113 xz)ZDf(xo)szrgDZf(Xo)(xl, x)

for x,, x,€X,

where D*f(x,) denotes the second-order Fréchet derivative of f at x..

The results of this proposition can be derived by simple calculations, so the proofs
are omitted.

4. Representation Formulae of Higher-order Variational Sets

In Section 2 we have defined the three kinds of higher-order variational sets. In
applications to concrete optimization problems, e.g., optimal control, best approximation
problems and so on, it is required to calculate the variational sets. But it is not easy
to calculate directly from their definitions the variational sets of a given set.

In this section we shall give certain representation formulae of the variational sets,
which are equivalent to their definitions. Those formulae will be effectively used to
calculate the variational sets in Section 7 dealing with the problem of best approxi-
mation.

For a nonempty arbitrary subset S of a real Banach space X, let dg be the
distance function of S defined by

ds(x)=inf{||x—y[l | y&S} for xe X.

If S is empty, we define dg(-)=-+oo. It is easy to prove that dg is a Lipschitz
function with the Lipschitz constant 1, if S is nonempty. For a given set @ in X,
let 4, be the function defined by

dolx)=do(x)—dge(x) for x= X.

If Q is a nonempty proper subset, 44 is a Lipschitz function.
Throughout the remainder of this section we assume that @ is a nonempty proper
subset of X.

DEFINITION 4.1. Let xo, x;, -*-, x,-; be points of X. Define three kinds of sets
by the following :

F(Q; Xy X1, 5 Xn-)=1hEX | I (x0, X1, -, Xu-1; B)<O}.
Q5 x4, X1y, Xno)={hEX ] jé"’(xo, Xy vy Xa-r; R)Z0}.

T(Q; xop X3, =+, Xpo)={hEX | A (%0, X1, ++, Xpor; WZ0}.

PROPOSITION 4.1. The sets V(Q; xo, X1, =+, Xu-1) and T(Q; Xo, X1, ==+, Xp-1) are
closed, and the set F(Q; xoy X1, "+, Xn-1) IS Open.

Proor. We state the proof for the set V(Q; x,, xi, -+, X,-1) only, because the
other sets are proved similarly.

(i) The case n=1.

Since 4, is a Lipschitz function, 4§’ is real-valued Lipschitz continuous. Therefore
a(Q; x,) is closed by its definition.
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(ii) The case n=2.
By Proposition 3.2 (ii), either one and only one of the following occurs:

(a) Z‘(?m(xﬂy X1y, 7ty Xn-1 >Z+OO

(b) Zé">(xo, X1, "ty Xpopj t)=—00,
(¢) d§(xq, %3, =+, Xa-1; ) is real-valued Lipschitzian.

(a) implies V(Q; xo, X1, **, Xn-1)=@, (b) implies V(Q ; xo, X1, =, xn-1)=2X, and (c)
implies V(Q; xo, X3, ***, Xn-y) is closed. Thus in any case of (a), (b), (¢), the set
V(Q; xo, X1, =+, Xn-1) 1S closed. 0

THEOREM 4.1. Let x,=bd Q. Then

(1) F@Q; xo, X1, =+, Xn-0)=F(Q; X0, X1, =+, Xpn-1).

(i) CV(Q; Xoy X1y Xn-1)=V(Q5 Xo, X1, =+, Xnoy).

(i) T(Q; xop X1, =, Xn-)=T(Q; o, Xy, =+, Xnoy).

Proor. (i) First note that F(Q; x,, x1, -, Xn-1) can be expressed by the follow-
ing, from its definition,

1 31,>0, 3a>0

P(Q; %0y 23y, xam)={ he X, SUCH that (4.1)
oS xirrh)za for Ve, 4]
Since x,ebd Q, on the other hand, it holds that A€ F(Q ; xo, x1, ***, xa-,) if and only if
H l [ b3 n o= 13 n
hrrllﬁ)upﬁ[dq( S it ath)—doo B Axiti h>]<0. (4.2)

Now let heF(Q; xo, X1, =+, Xr-1)» Then, by (4.2),

H 1 (= i n
]1rrxl$soup[—7 dQc( 2 Axi+4 h)]

A,ln [dg( S i) —doe( 5 xfxi+,1nh)]<0,

<lim sup
A0
which implies that
.1 d nol on
lim inf — dee( 33 2xi+37h)>0.

Hence there exists a number A,>>0 such that a>0 if we let

a= inf idQc(gzmH"h),

0<isig A®

and so

doe( %:Zixi«}-)t"h);ai" for Yae(0, A,].

Thus, from (4.1), we get heF(Q; xo, X3, =+, Xp-1)
Conversely, let he F(Q; xo, x1, =, Xn-1). By (4.1) then we have
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R T B
nr%lonfx—ndw( A 4h) >0, (4.3)
Since

E:Z"xﬁ—l"heint() for sufficiently small A>0
by Proposition 2.2 (i), we have

1 1 ) i n (= 21 n

lums(’upﬁ[dg(%x st 2 h)—doe( 'S Hxeta h)}

_1 1 d = T mn
= m}isoupﬁ[— Qc( gﬂl xi+4 h)}<0,

where the last inequality follows from (4.3). By appealing to the relation (4.2) we
have heF(Q; xo, X1, =+, Xp-1).
(i) First we prove the following relation :

WQ; xoy X1, =, Xn-)={hEX| 5&“(’%; X1, 0, Xaor; R)=0}. (4.4)
Let heW(Q; xo, X1, =, Xn-1). Suppose that d§ (x,, xi, =, Xn-1; A)>0. From the
definition, then, there exists a sequence {4,} of positive numbers such that {1,} | 0 and

1 n-1 _

7[d@( > 22x1+2£h>]—>dé”’(xo, Xi oy Xneis b)) (>0) (4.5)

lk =0

as k—co,

Therefore we can conclude that

§2£x1+22h$0 for sufficiently large k. (4.6)

Noting that dy(x,)=0, from (4.5) and (4.6) we have
0<dP(xo, X1, s Xnors h)

—lim—~ [ jZ:}_:,Z};xi—)—l};h)—dQc<gl};xi+lz’h>]

koo AR

—tim [ 4o( ' atr ot 21 R) — Aotz

koo AR
<lim supin[dg("z" R+ 20h) — Az
20 A i=o
=4 (%0, X1, -+, Xnors B),
which contradicts that heV(Q; x,, x5, -+, Xn-1). Thus we have
d§(xe, X1, ) Znoy; W0, 4.7

But, since it holds that
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dé")(x(], X1, s Xp-1; h)

H 1 = 1 “n
#llrr}l%upﬁ-{dg(gl xit4 h>~dQ(xo)]

: 1 o
_lmksoupﬁ [dQ(EOX xitA h)]ZO,

(4.7) implies that d§°(xe, X5, =, Xn_1; h)=0.
Conversely, let A be such that dg”(x,, x;, =+, Xn-1; £)=0. Then it holds that

A§(xey X1y vy Xp=1; h)

=lim foup—'zl—n [dQ( ”gs Hxr ) —doo( S ,Zixi+2"h)]

. 17,
glln%soupﬁ-{dg( IR h)——dQ(xo)]
=d§(xo, X1, 5 Xpo1; B)=0,

which leads us to he@W(Q; xo, x1, =+, Xn-1). Thus (4.4) has been proved.
Next we prove the relation:

{he X | J(ﬁ}")(xm X1y vy Xnor; B)=01=V(Q ;5 x6, X1, 05 Xpea). (4.8)

Let h be such that d§”(xo, x5, =+, Xn-1; #)=0. Then it follows that

. L (% )0 0
lim sup—- dq(guzxmuz h)=0. (4.9)

On the other hand, from the definition of dg(-), for every A>0 there exists a point
y(A)e @ such that

lyo—(Z axirarn)| s do( S 2xitarn) a0,

i=0
Hence, if we let
. n-1
ru):y(z)—( > )fxﬁ—l"h),
=0
we have
1 < 1 K= i n
7“7/(2”[;7@3(1‘2:}02 XA h)+z. (4.10)
From (4.9) and (4.10), it follows that
lim ()| =0
lim = I (D] =0.
Rewriting the relation that y(2)eQ yields
Té:iixi%—l”h—i—r(i)eQ V2>0.

The last two results together imply that heV(Q; xo, X1, ==*, Xn-1)-
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Conversely, let h€V(Q; x4, X1, -+, Xz-,). Then there exist a number 1,0 and a
mapping 7:(0, 4,]— X such that

gli,ri+l”h+r(l)ec2 for Yie(0, 4],

F(D]—0 as A10.

171
Hence
dé")oco; X1y v, Xa-1y h)

n-1
(2 Xxi+ah)
izo
ghmsup l" (E,{L i+A"h ) (gzixi+2"}1+r(l)>4i
—hm supA lr(D))=0,

which implies d§’(xo, x1, -, xn-1; £)<0. But, this result is equivalent to dg’(xo, x,,
“*, Xn-1; h)=0, as seen in the proof of (4.4). Thus the relation (4.8) has been proved.
Finally, combining (4.4) and (4.8) yields the assertion of (ii).
(iii) First we show the relation:

T(Q; X0, X0, X1, =, Xn-)={hEX | d(x0, X1, =+, Xp-y; B)=0}. 4.11)

Let hed(Q; xo, X1, =+, xn-1). Then 4§(xo, xy, -+, Xaor; A0 from the definition.
Suppose that d§’(x,, xi, -+, Xn-1; B)>0. Then there exists 4,>>0 such that

inf [dQ( 2 Axi+A"h )}

1<a<io A"
and so

glixi+2"h$Q for Yie(0, 4,].
Hence,

0< int —L'dQ("",zfxiH"h)]

0<a<ig A L

. 1
—0<lln<f10 7—"— _dQ

(
= 1nf “L_AQ(n—I).ixi+l"h:|
(

0<i<iy A" L i=o )
. 1 n-1 "
=, inf, 7| 4G At 1) =t

1 nr
glu?fonf}n—[dg(g}o,t xi+A h)——AQ(xO)J

— An)y .
Qn Koy X1, "y Xp-1, h);
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which is a contradiction. Therefore we have d§’(x,, xi, -+, xq-r; £)S0, which is
equivalent to d§®(xo, X1, -+, Xp-1; A)=0.
Conversely let d&¥(x,, x1, =+, Xn-1; 1)=0. Then we have

A5 (x4, X1, vy Xnoy )

—Zl;L—[dQ(glixH—X"h)}

<lim inf
A0
=lim inf - [dQ( IPERY h)~dQ(xo)]

=déﬂ)(x0, Xy oty Xn-1; h>=0’
which implies A€ 9(Q ; xo, X1, -, xn-1). This proves (4.11).
The next step is to prove

{hEXI dén)(x(); Xy "ty Xp-15 h>:0}:T(Q; KXoy X1y, =7 xn—l)- <4~12)

Let h be such that d§”(xo, x1, =+, x»-1; h)=0. Then there exists a sequence {1,} of
positive numbers such that {4,} | 0 and

1

AR

[dQ('_'g':z;;xngh)}—»o as k—oo. (4.13)
For each positive integer %, on the other hand, there exists a point y,=@ such that

e (5 atwer2n)| <do( S abxi+apn)+a5. (4.14)

From (4.13) and (4.14) it follows that

. 1 n-1 ;
h—-han—(yk— ;_.‘:O,zkxk). (4.15)

k—co k

Hence heT(Q; xo, X1, ***, Xpn-1)-
Conversely, let heT(Q; xo, x1, -+, Xa-1). Then there exist a sequence {y,}CQ

and a sequence {A,} of positive numbers such that {1,} |0 and the relation (4.15)
holds. Let us put

Zszlg(}’k— j;-:lixi);

then (4.15) implies z,—h as k—oo. By using the fact that the distance function is a
Lipschitz function of the Lipschitz constant 1, hence, we have

do( S atxetaph)—do( S Hxi+Aizs)

1
A
=|lh—2z,|—0 as k—co,

From this and {y,}CQ it follows that
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n-—l .
d&P(Xe, X1, ) Xnor h)_hmmfﬁ[dQ Ax ]

=0

:)

<lim 1nf—~— de Z—l

[2(

Alx +2k ]

-

=lim mfin dQ Z ka1+2k2k>]
k

k—oo

—hm lnf—Ld o(yr)=0.

;in
Again from the equivalency we get d{”(xo, xi, -, xn-1; £)=0. This proves (4.12).
Combining (4.11) and (4.12) yields the assertion of (iii). This completes the proof
of the theorem. |

We close this section by proving some parts of propositions in Section 2, which
still remain to be proved.
[Proof of Proposition 2.1 (iv)]

If xo€int@ or x,&clQ, the closedness of the variational set is obvious from the
definition. Let x,bd Q. Then we have V(Q; x,, x;, -, Xn-)=V(Q; xo, X1, ", Xpey)
by Theorem 4.1 (ii). But, since V(Q; x,, xi, -, x4-,) is closed by Proposition 4.1,

V(Q; xo, X1, =+, Xnoy) is closed. O
[Proof of Proposition 2.2 (iii)] '
If xocint @, then obvious. In the case when x,eclQ, F(Q; xo, X1, -, Xn-y) iS

empty by the definition. Hence this case can be deleted in the proposition now. Let
xo€bd @, and suppose that x,=F(Q; xo, xy, -, Xn-y). Then, by Theorem 4.1 (i),

Xn€F(Q; xo, Xy, Xpor), namely AG(xo, x4, -, Xnoy; x2)<0. Hence, from Prop-
osition 3.3 (ii), 4§*(xo, %1, **, Xn-1, Xn; -)=—o00, which implies F(Q; xo, X1, -, Xz)=
X. Again from Theorem 4.1 (i) we get F(Q; x,, xi, e x)=X O

5. Higher-order Necessary Optimality Conditions

In this section we study higher-order necessary conditions for local minimum solu-
tions of a general nonlinear programming problem. The necessary conditions will be
given in an abstract form by the use of higher-order variational sets and variational
derivatives.

Let both X and Y be real Banach spaces, () an arbitrary nonempty subset of X,
and Q an open subset of X such that QcQ. Let B be an arbitrary subset of ¥ such
that int B# @, where int B denotes the interior of B. Let f a real-valued functional
defined on @, and g a map from O into Y.

Then the optimization problem to be considered is

minimize f(x)
subject to ()
gx)eB, xeQ

In many cases in the literature the set B is assumed to be a convex cone. We should
note that, in this paper, nothing about B is assumed except that int B# @.
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The following theorem is, of course, included as a special case in the theorem of
higher-order necessary conditions which we shall give later. However we consciously
present the proof of it, because the theorem is new as far as the first-order criterion
concerns.

THEOREM b5.1. (First-order necessary condition). Let x, be a local minimum solution
of (@). Suppose that both [ and g be Neustadt differentiable at x,. Then the system
of h:

fP(xo; KO (5.1)
gP(xo; WEF(B; glxy) 5.2)
heT(@Q; x,) (5.3)

18 inconsistent.

PROOF. Suppose that there exist a point 2 satisfying (5.1), (5.2), (5.3). From (5.3)
then there exist a sequence {x,}CQ and a sequence {4,} of positive numbers such
that 2, {0 and

Z—ln(xnﬂxo)—m as n—oo, (5.4)
Since we have
lim [k )= (o d=lim [ £ (xot ne i 20) = Fx0)
=fP(x05 M)<K0
by (5.1), there exists a positive integer n, such that
Slxa)<Sf(x0) Yn>n,.

By birtue of (5.2) there exist a neighborhood V of g(x; h) and a positive
number #,>0 such that
glx)+tVCB for Vi=(0, t,]. (5.5)
Let
1 \
ln=7[g(xn/—g(xo>],

then we have
L8P (xe; h) as n—»oo (5.6)

considering (5.4) and the formula

=y [8(et hu s (k20— g0

Since V is a neighborhood of g™(x,; h), it follows from (5.6) that there exists a
positive integer n, such that /,€V for all n>>n,. Choose a positive integer n, such
that n,=2n, and 4,,<t,. Then, (5.5) implies that if n>n, then

g(xo)+tl, =B for Vte(0, 2,].
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Hence, in particular we have
gx)+Aud=g(x,)EB for n>n,.

Letting n,=max{n,, n,}, we have f(x,)<f(x,) and g(x, B for all n>n,;. Since (5.4)
implies that x,—x, as n—oo, this is a contradiction. O
Let R-.={reR | r<0}.
THEOREM 5.2 (Higher-order necessary condition). Let x, be a local minimum solution
of (P). Suppose that both f and g be n-times Neustadt differentiable at x,. Then the
system of h:

S0, X4y 0y Xp-1; )

eF(f(xo)+R-; flxy), fP(xe; x0), -, [P xg, 2y, =+, Xpeas X2-1))  B.7)

g™ (xo, Xy, vy Xpors h)
EF(B; g(x,), g(xo; x1), 5 g7 P(x0, X1, 5 Xpoz} Xa-1)) (5.8)
heT(@; xo, X1, 5 Xn-1) (5.9)
is inconsistent for all xi, xq -+, %1€ X.

PROOF. Let x,, x,, -*-, Xn—; be arbitrary but fixed points of X. Suppose that
there exist a point A satisfying (5.7), (5.8), (5.9). From (5.9) we have a sequence {y,}
of points of Q and a sequence {4,} of positive numbers such that 4, | 0 and

—ZIT(yk—E}:Z,’;xi)-»h as k—co. (5.10)
k i=

Note that (5.10) with 4, | 0 implies vy,—x, as k—oo.
Next from (5.7) we have a neighborhood V of f™(x,, xy, -+, Xxn-1; A) and a
number ¢,>0 such that

:g:tif‘i)(xo, X, vy Xier X)FVCf(xo)+ R
for Yt=(0, t,], (5.11)
where f(x,)=/f(x,). Let

1 n-1 . .
b= [Fo0= B A0, 5, s xies 20)
% i=

Since [, can be written as

1

L= S ari S xn))— 3 e ;
k*‘};,‘[f(izo r X1 k'“ﬁ(}’k— = kxi>>_' Eol(kf (X0, X1y =y Xi-1; xi)];

by (5.10) and the assumption of the n-times Neustadt differentiability of f we have
lk’—)f(n)(x()» X1, 'y Xp-1 h) as k—oco,

Hence there exists a positive integer k£, such that /,€V for all 2>k, because V is a
neighborhood of f®(x,, xi, -, Xn-1; A). Choose an integer %, so that k,=k, and
2¢,=t,. Then it follows that /,eV and 4,<t, for all #>%,. Therefore we have from
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(5.11) that
n-1 .
Ejlif‘”(xo, X, 0y Xi-ny Xi>+lglk<f(xo) Ve>k,.

Substituting the definition formula of /, into the above inequality, we have f(v,)<f(x,)

for all >k,
Moreover from (5.8) we have a neighborhood U of g‘™(x,, x,, -+, x,-1; h) and a

number s,>0 such that
n-1
Z})ﬂg“%xo, X oy Xeegs x)HUCB Yie(0, s,].
&=

If we let
1 n-1
vk=l—n[g(yk>— 2 Akg i (xo, X1y oy Ximy xz-)]
k 1
we can get
Ne—>8(Xo, X1, 0, Xp-15 A) @S ko0
by the same manner as in the case of f. Hence there exists a positive integer k,
satisfying z,=U for all >k, Choose an integer k, so that k,=k, and 1,,<s,.
Then we have g(y,)=B for all £>k,.
Putting k,=max{k,, k,}, finally, above results can be summarized as follows:

{ye1C@,

Ye—Xo as k—oo,
Fy<flxy)  Vk>k,,
gy EB  VE>k,.

This contradicts that x, is a local minimum solution to (&), which proves the theo-

rem. O
As assured by the above theorem, the inconsistency of the system (5.7)~(5.9) is
true for all points xi, x,, -, x,- of X. But for some particular points x,, x5, «=-, Xz-1

the inconsistency of the system is trivially true. The following proposition clarifies

this fact.
PROPOSITION 5.1. Theorem 5.2 is meaningful, only if the points xi, Xg -, Xn-y

satisfy simultaneously the following three conditions.

<R1> f(nA])(xO: X1y "ty Xn-2, xn-l)

eV(f(x)+R-; f(xe), [Pxo; x1), ) [OP(x0, X1y -, Xnog; Xn=2)),

(R2) g P(xo, X4, **5 Xno2} Xn-1)

eV(B; glxo), 8P (xo; x40, =+, 877X, X1y =+ Xn-s; Xn-2)),
(R x,€T(Q; x4, X1, Xp-g)-

PrROOF. We prove the contraposition of the assertion of this proposition. Suppose
that the condition (R1) is violated. Then it follows from Proposition 2.2 (iv) that
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F(f(xo)+R-; f(xo), [P(xe; x1), -, FPP(xe, X1, =, Xnozs Xpo1))=0.

So the relation (5.7) is meaningless.
The case when (R2) is violated follows the same line the case of (R1). Finally
suppose the condition (R3) be violated. Then by Proposition 2.2 (v) we have

T(Q; xo, X1y, Xp-))=@.

Thus the relation (5.9) is meaningless. O
REMARK 5.1. In the case n=2, the condition (R1) is equivalent to that f(x,; x,)
<0. This is obvious from the relation that for any a< R,

V(a+R-; a)=clR.={reR | r<0}. (5.12)
REMARK 5.2. For every points x;, x,, -+, x,-, satisfying that
FPxe; x0)=J P (%o, X1} X)= - =F""Bxq, X1, ***, Xn-g; Xn-2)=0, (5.13)
the condition (R1) is equivalent to that f™-(x,, xi, *=*, Xnos; Xn-1)=0.

PrROOF. Suppose (5.12) be satisfied. Then by virtue of Proposition 2.1 (ii) and
(5.12) it follows that the condition (R1) holds if and only if

f(n—1)<x0; Xuy oty Xaces Xn-)E€V(f(x)+Ro; f(x0), 0,0, -+, 0)
if and only if
SO (Ko, X1, 05 Ko Xp-)EV(f(xo)+R-; f(x0)

if and only if f™* V(xe, x1, ==, Xp-z; Xn-1)=0. 0

6. Second-order Directional Derivatives of Maximum Type Functionals

As we have proved in Section 4, higher-order variational sets of a given set @ are
represented by using the higher-order Dini derivatives of the functional 4y. On the
basis of this result, we need to calculate the Dini derivatives of the functional 4, in
order to obtain the explicit form of the variational sets. In the case when the under-
lying space X is the space of continuous functions, we may expect that the functional
dy is of maximum type. In reality, we find that 4, is expressed by a form of
maximum type when Q is, for example, the unit sphere in the space of continuous
functions. In general, on the other hand, the Dini derivative of a maximum type
functional coincides with the directional derivative of it under certain mild conditions.

For these reasons, in this section we shall study the directional derivative of a
maximum type functional, especially the second-order directional derivative.

Let X be a normed (real) vector space, £ an open set in X. Let T be a compact
set in a metric space (M, d). Let g(t, x) be a real-valued continuous function defined
on TXE. We use the notation g,(-) as the function of x defined by g.(-)=g(, -) for
each t€T. For a nonempty subset 2CM and a positive number 8, B(Q;d) is
defined by

B@; d)=cl| ] {be M| d(a, b)<3} .

=$9]



Higher-order variational sets, variational derivatives 29

Theorem 6.1 has been proved by Furukawa [4] in the case when X=R" In the
case of a normed vector space the proof is identical with that of the theorem in [4]
except only a slight modification.

THEOREM 6.1. Define G: E—~R by

G(x):ngaTx glt, x)  for xek. 6.1)
€

Let ze E be arbitrary but fixed, and let I(z) be the subset of T defined by

I)={teT | g, 2)=G(2)}. (6.2)
Suppose that
(i) for each t=T, the directional derivative gi(z; ) of g.(-) at z does exist,
(i) for each x X, there exists a positive number 8 such that

8zt A0)—g.(z)

1 >gi(z; x) uniformly in te BU(z); o)NT as A10.

Then we have
G'(z; x):tmlax) gilz; x) for xeX. 6.3)
eIz

THEOREM 6.2. Let G be defined by (6.1). Let z be an arbitrary point of E. For
each x= X define I(x) by

Ix)={teT | g, x)=G(x)}.

Suppose the hypotheses (i), (ii) in Theorem 6.1 be satisfied. Let d=X be such that
G'(z; d)=0, and let J(z; d) be given by

J(z; d={tel(z) | gi(z; d)=0}. (6.4)
Suppose that

(ili) for each t=T, the second-order directional derivative gi(z, d;-) of g:(-) at z
(with respect to d) does exist,
(iv) for each he X, there exists a positive number 8, snch that

1
7[gt(z—}-,ld+12h)—gc(z)—2gi(z; d)l—giz, d; h)
nniformly in t€ BU(z); 0)NT as A10. (6.5)

Moreover we suppose the following regularity condition:
(Qq) there exist a positive number A, and a neighborhood N of d such that
giz; 0 Yie U \J {Hz+2d)}.
0s2<4y dEN
Then we have
G”(z, d; h)= max g{(z, d; h) for heX. (6.6)
teJ(z;d)

[Remark] Under the assumptions of the theorem, by Theorem 6.1 the first-order
directional directional derivative of G at z is given by (6.3). Hence for d=X such
that G’(z; d)=0, it holds that gi(z; d)<0 for all t€I(z) and J(z; d)+ Q.
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PROOF. We may assume that J(z)# T, because the assertion of this theorem is
trivial if otherwise.

Case 1: J(z; d)+#1(z).

Let he X be arbitrary but fixed. By virtue of (iv) there exists §,>0 satisfying
(6.5). Let e>0 be arbitrary. Letting W,=B((z); ,)NT, from (6.5) there exists a
positive number A, such that

A

|g(z+Ad+2h)—g2)—Agi(z; d)— A gl(z, d; )| <
for V2€(0, 4,), VieW,. 6.7)

Since I(z)&W,CT, by the continuity of g,(z) in ¢ we have a positive number a satis-

fying
sup g(z)=G(z)—a. (6.8)

teT\W
We now prove that there exist a neighborhood U of z such that
lg(t, v)—g, z)]<%— for VieT, VyeU. (6.9)

By the uniform continuity of g(t, z) in ¢ on T, there exist a y>0 such that if ¢, e T
and d(t, t')<y then |g(t, z2)—g(t’, z)|<%. And also by the continuity of g(f, x) in
(¢, x), for each teT there exist a neighborhood V(¢) of ¢t and a neighborhood U(z) of
z depending on ¢ such that

lg(s, )—g(t, 2)| <é‘4‘— for (s, )eVEXUY2).

Without loss of generality we may assume that diam V(i)<y for all teT. Since
{V(t);t€T} is an open convering of the compact set T, we can select a finite set
{t;; i=1,2, .-, m} so that {V(,); i=1,2, -, m} becomes a convering of 7. Let

U= [Lf\lU‘i(z). Then U is trivially a neighborhood of z. It is easily verified that the

neighborhood U defined above satisfies (6.9).
From (6.9) is follows that

G(z)gG(y)—}—-;i for YyeU. (6.10)
We obtain for any t€ 7T W, and yeU
a a
&, »<g@, 2>+7§8 sup 1g(s, Aty (by (6.9))
a
:G(z)—é— (by (6.8))
=Gy, (by (6.10))
therefore
g, »<G(y) VieT\W,, VyeU. (6.11)

Choose a positive number 4, so that
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d+2heN, z+INCU Vie(0, 4,),

where N is given in (Q,). This is possible because N is a neighborhood of ¢ and U
a neighborhood of z. Then we have that z+Ad+A*heU for all A=(0, 2,). Therefore
from (6.11) it follows that for any A<(0, 4,)

G(z+Ad+2*h)=sup g,(z+Ad+A*h). (6.12)

tew,

Now we put A,=Min{4,, 4;, 4;}, and put

Az, )= \J U {Iz+id)}.

0sislg deN
Then one can easily prove that for any 2<(0, 4,)
G(z+Ad+12h)> g (z+Ad+2%h) Vie(T\A(z, d)). (6.13)

Define
Z=W ,NA(z, d).

So the set Z is not empty, because both of W, and A(z, d) include the set I(z).
If 2€(0, 4,), then it holds that

G(z42d+22h)=sup g,(z+Ad+22h) (by (6.12), (6.13))
tezZ
2
ésu;) [gz)+Agi(z; d)+2°gl(z, d; h)]+ '128 (by (6.7))
e
2
<G+ Asuplaiiz; d+Aghtz, d; 1+,
teZ
which implies
2
Gla+2d+1°h)— G(2)S AsupLei(z; d)+AgH(z, d W1+ 0 6.14)
teZ

From the continnuity of g/(z, d;h) in t=W,, which is an immediate consequence
of (iv), and from that J(z;d)$I(z)CZ, one can choose 0,>0 so small that
ZN[B(J(z; d); 00NTJ# @ and

s, SR 8U AW sup gl(z, d; b+ % (6.15)
Let us put

W,=B(J(z;d); 3,)"T, W=Z W,,
and let

clz, d; h)= sup g{(z, d; h)= max g/(z, d; h).
ted(z;d) ted(z;d)

Here we should note that J(z; d) is compact. By choice of J, we have W+@. By
the notation defined above, (6.15) is as follows.

sup g/(z, d; h)=clz, d; h)+ (6.16)
tEW

£
5
We let
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ﬁ:sup giz; d).

tew

Remembering the condition of Case 1, we may assume that 8<0 (take in advance g,
so small, if necessary). Then one has

sup gi(z; d)= sup gi(z; d)=0>8=sup gi(z; d).

tew, teJ(z;d) tew
By this strict inequality one can choose 4,>0 such that

sup [gi(z; d)+4g!(z, d; h)1=sup [gi(z; d)+Agi(z, d; h)]

tew, tew
Yis(, A,).
Let 2;=Min{2,, 4,}. Then for any 1=(0, A;)

sup [gilz; d)+Agi(z, d; h)1= sup [gi(z; d)+Agi(z, d;h)]
te

teZnWy
<sup gi(z; d)+Asup g¥(z, d; h). (6.17)
teZ tewy
From the condition (Q,) it follows that
sup gi(z; d)<0. (6.18)

tez

Substituting (6.16), (6.18) into (6.17) we obtain
sup [gi(z; d)+Agi(z, d; h)I=Ac(z, d; h)+£2€— Vi, 45),
teZ

which is devoted to (6.14) to yield

712—[G(z+ld+lzh)—G(z)]§c(z, d; h)+e Yaie(0, ;). (6.19)

On the other hand, for sufficiently small A>0

G(z+2d+22h):tsél,:&3 g(z+Ad+A%h) (by (6.12))
1

) A
2 sup|Caa)+agitz; D+ 2glz di—"55] by €.7)
tew,

2
=G(2)+ sup [Agi(z; d)+Agi(z, d; h)]— 2
tel(z) 2
- , A%
=2G(z)+4 sup [gi(z; d)+agllz, d; h)]—
ted(z;d) 2
_ 2 ) A
=G(2)+A* sup gilz, d; h)——.
ted(z;dd 2
The last equality follows from the definition of J(z; d). Hence
%[G(z+ld+22h)—6(z)]§c(z, d; h)—ce (6.20)

for sufficiently small 2>0. As &¢>0 is arbitrary, together (6.19), (6.20) imply



Higher-order variational sets, variational derivatives 33
.1
£1m—x—;[G(z+2d+22h)—G(z)]:c(z, d;h),
Lo

which is identical with the relation
G"(z, d; h=clz, d;h),

since d satisfies G'(z; d)=0.

Case 2: J(z; d)y=I(z).

It is obvious from the proof of Case 1 that (6.14) is valid also in Case 2. Hence
from (6.14) and (Q,;) we have that for sufficiently small A>0

22
Glz+Ad+2h)—G(z2)x2 sup Lgilz; d)+Agilz, d; h)]+ —25
te.

22
<Asup gi(z; d)+A%sup gilz, d; h)+ f;-

tez teWy

2 " A
=" sup g7(z, d;h>+7.
teW;
Since we may assume that J, is so small that
sup g¥(z, d; )< sup gi(z, d; )+~

tewy tel(z) ?
(the continuity of g/(z, d; h) in t is a consequence of (iv)), we get
G(z+2d+-2h)—G(2)<A* sup gi(z, d; h)+ 2%
tel(z

=A¢c(z, d; h)+ A%

for sufficiently small 2>0. Here we should not that [(z)=J(z;d). Thus we have
proved that (6.19) holds also in the case under consideration. It is also obvious that
(6.20) is valid in this case. This completes the proof. O

REMARK 6.1. In [1] Ben-Tal, Teboulle and Zowe have studied the second order
directional derivative of a maximum type functional, and given a formula similar to
our result (6.6) under some conditions. They assumed, in our notation, that gz, x) is
defined on TXR", where T is a compact set, and that for each t, g.(x) is twice
differentiable in usual sense and both Fg,(x) and P2?g,(x) are continuous in (¢, x). On
the contrary, in our paper g(¢, x) is only assumed to have the first and second-order
directional derivatives w.r.t. x for each ¢, and satisfy the uniformity conditions (ii),
(iv). The regularity condition (Q,) is essentially same as the condition P(d) in their
paper [1].

REMARK 6.2. If T is a finite set, the conditions (ii), (iv) and (Q4) in Theorem 6.2
are necessarily satisfied without any other restriction. Therefore, in that case, the
conditions (ii), (iv) and (Q,) are all deleted from the assumption in Theorem 6.2.

7. Nonlinear Tchebycheff Approximation

The theorem of higher-order necessary conditions we have given in Section 5 can
be applied to optimization problems of various types. In this section we study an



34 N. Ftrukawa and Y. YOSHINAGA

application of the theorem to some problem of nonlinear Tchebycheff approximation.
Although we can show general higher-order necessary conditions in the Tchebycheff
approximation problem, we shall restrict ourselves to the case of second-order condition
for the sake of simplicity of descriptions.

Let X be a real Banach space, Q an arbitrary nonempty subset of X, and Q an
open set in X such that QcQ. Let T be a compact set in a metric space (M, d). Let
C(T) be the normed vector space of real-valued continuous functions defined on T
equipped with the norm

Ifl=max|f(®)  for feC(T).

Let ¢ be a given map from @ into C(7). We assume that ¢ is continuous and
twice Neustadt differentiable on Q. A fixed element b= C(T) being given, consider
the following problem

minimize ||@¢(x)—b])
subject to } (7.1)
x=Q.
Let B, be the unit sphere in C(T), i.e.,
Bi={y=C(T) | |yi=1}
={yeCT) | |yt =1 VteT},
and let R.={r=R|»>0}. Consider another problem
minimize »
subject to
1 (7.2
7(¢(x)—b)€BOI (7.2)
(x, VEQXR,.

If x, is a feasible solution to (7.1), then we may assume that lo(x0)—bl|>0. For, if
otherwise, the problem (7.1) is trivial. Keeping this convention in mind, we see that
the problem (7.1) is equivalent to the problem (7.2) in the sense that x, is a local
minimum solution to (7.1) if and only if (x,, ,) with ro=|l¢(x,)—b|| is a local minimum
solution to (7.2). For this reason we shall be concerned with the problem (7.2) here-
after. Define f: QXR.,—R and g: Q XxR,—C(T) by

flx, r)=r,

1 for (x, r)eQXR,, (7.3)
g(x, r>=7(¢(x>~b>

respectively. Then the problem (7.2) is expressed in the following canonical form.

minimize f(x, »)
subject to

g(x, r)eB,

(x, »EQXR,.

(7.4)
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First we shall calculate Neustadt derivatives of the objective functional and con-
straint functional in (7.2). Let (x,, #,) be arbitrary but fixed feasible solution to (7.2).
Let (x,, ,) be any point of XX R. Then it is easily verified that

1 . N
FPUxo, 7o) (x40, P1))=11,

(7.5)

) . 1 . .
gV (x4, 7o) ;5 (x4, m):7[ro¢“’(xo ;X —(@(xg)—b)r].
0

As we shall see later, it suffices to obtain the second-order Neustadt derivatives of the
functionals with respect to (x,, ;) with »,=0. Let (x,, 7,) be any point of XXR. It
is clear that

FOUxy, 7o)y (x1, 0); (X, Fo))=Fs.

An easy calculation shows that for any point (x, ) XX R and for any A>0,
1 ,
7[g(xo+2x1+xzxy robA2r)—g(xq, 79)— A8V ((x0, 70); (x5, 0))]

¥ 1 i ,
= R — A x N— (@ .
ro(ro+/lzr)b+ e [P(xot+Ax+222)—d(x0)— 20 (x0; x1)]

___r n 2
7o(ro-+A%r) $lxot Az, +4x). (7.6)
Taking limit as x—x,;, #¥—7, 410 on both sides of (7.6), we have

) 1 \
ZP((x0, 7o), (1, 0)5 (2o, rz)>=—r;[ro¢‘”<xo, X135 Xo)—7o(@(x0)—b)] 7.7
4]

since ¢ is continuous and twice Neustadt differentiable by assumption.
Next we shall calculate the variational sets to the unit sphere B, by the help of
Theorem 4.1. Let vy be a point of C(T). It is easily seen that if y= B§ then

M= ¢ —1—mi 3
dpy(¥) maX{rglg}J\t) 1, -1 min y(t)},
and if ye B, then

gl )=—max{max y(t)~1, —1—min y(®)}.
From this results we get

ABO(y)zr?Eagly(t>}—1=lin—1 for ye C(T). (7.8)

Let y, be any fixed point of C(T). For any ye C(T) we define

I)=1{teT | {y®I =y} (7.9
J o y)={teT | y&)=0}NI(y,). (7.10)
Define “sgn” by
[ +1 if a>0

sgna=4 —1 if a<0
1 0 if a=0.
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PROPOSITION 7.1. Let y, be a point of C(T) such that |v,]>0. Then

(1) A8 (vo; =48 (yo; »)=d5,¥0; ¥
= max y(t)sgn v,(t) Yye C(T). (7.1D)
teI(yod

(i) Let vy, be a point of C(T) such that

max y,(t)sgn y,(t)=0. (7.12)

telyy

Assume that there exist a positive number A, and a neighborhood N of v, in C(T) such
that

yitysgn v(H<0 Vie U U T(ye+iy). (7.13)

011y yeEN

Then it holds that
A (ve, ¥15 M=AE (o, ¥1; =AE (Yo, Y15 )
= max y()sgn v, VyeC(T). (7.14)
)

ted(yoivy

Proor. First we note that the constant term (—1) in (7.8) can be omitted in
order to calculate the derivatives of 4g,

(i) The last equality in (7.11) is easily derived from Theorem 6.1 with letting
g(t, v)=|3@)| for (¢, YT XC(T). The first two equalities in (7.11) are obvious, since
the directional derivative 45 (y,; y) does exist.

(ii) The last equality in (7.14) is derived from Theorem 6.2 with g(f, y) being the
same as above. The first two equalities in (7.14) are obvious from the existence of

A%.(3o, ¥1; ¥) with y, satisfying (7.12). In this connection, note that (7.12) is identical
with the relation

Ap (305 ¥y1)=0. |
PROPOSITION 7.2. Let v, be a point of C(T) such that ||v.|=1. Then
(i) F(Bo; yo={ysC(T) | ¥y, )<O Vt=I(30)}.
(ii) V(By; ¥o)=T(By; ¥s)
={yeCM) | yOr =0 Visi(yy)}.
PROOF. (i) is immediate from the combination of Proposition 7.1 (i) and Theorem
4.1 (i) with n=1, and (ii) from the combination of Proposition 7.1 (i) and Theorem
4.1 (ii), (iii) with n=1. O

PROPOSITION 7.3. Let v, be a point of C(T) such that |y,|=1, and let y, be a
point of C(T). Then we have the following.

(1) if max 3.()ye(t)>0, then F(Bo; 3o, 0=V (Bo; 3o, 30=T(By; Yo, y)=0.
0
(i) eof tergl?f)yl(t)yo(t><0, then F(By; yo, y)=V(Bo; yo, y)=T(Bo; 3o, y)=C(T).
[
(i) of max Vi) y,($)=0, and if there exists a positive number A, and a neighbor-
tel(yp

hood N of v, with respect to the maximum norm in C(T) for which (7.13) holds, then
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F(Bo; yo, y0=1{y=C(T) | y0)3.)<0 Vi< [(yo; ¥}, (7.15)
V(By; Yo, y1)=T(Bq; Yo, ¥1)
={y=C(T) | yt)y =0 Vi=J(ye; y0}. (7.16)

Proor. (i) From the assumption and Proposition 7.1 (i), it follows that
380505 y1)=48)(30; y)>0. Hence, by Proposition 3.3, JI8(3e, ¥1; - )=48 (e, 315 ")
=+c0. From Theorem 4.1 we have F(By; ve, y1)=V(Bo; Vo, ¥1)=T(B¢; ¥, y1)=0.
The proof of (ii) is similar to that of (i).

(iii) Obvious form Proposition 7.1 and Theorem 4.1. O
We now return to the approximation problem (7.1). For any x,=Q, we let
E(xg)={teT; |§lx)t)—bt)| =iig(x)—0bll}, (7.17)
and
0. (xo)=sgn(P(xo)(t)—b(1)), teT. ; (7.18)

The following gives a first-order necessary condition for a solution of (7.1).
THEOREM 7.1. Let x, be a local minimum solution of the problem (7.1). Then it
holds that

max 0 ,(x,)¢pP(x,; x)t)=0 Vx&T(Q; x¢). (7.19)

teE(zg)

PROOF. Put r,=|¢(x,)—bll. For the mapping g defined by (7.3), from Proposition
7.2 (i) and (7.5) we have

g1 (x4, 70)5 (x, ¥)EF(By; g(x0y 70))
&g (x4, 70); (x, ¥))(t)- (X0, 7))<O0 Vi€ E(x)
{1 V(x5 X)) —(B(x)O)—bM)r} - (fx)H)—b)<0 Vi€ E(x,)

mtmax 0 (x0)pP(xo; XU .

Hence, by applying Theorem 5.1 to the problem (7.2) which is equivalent to (7.1), we
have that the system of (x, ):

max (?tuo)gb(”(xo s x)()<r<o0,

tEE(T

x€T(Q; x0),

is inconsistent. The inconsistency of this system is equivalent to (7.19). |

As a preparation for the second-order theorem, we shall examine the conditions
(R1)~(R3) in Section 5 more closely for the problem (7.2). Naturally we are concerned
with those conditions in the case that n=2. By Remark 5.1 we have

(RD)er,<0.
From (7.5) and Proposition 7.2 (ii),

(R2)& max 6z(xo)¢(l)(xo ;XD
teE(z o)

Since #,>0, T(QX R, ; (xo, 7o))=T(Q; x,) X R. Hence
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(R3)=x,=T(Q; xo.
Thus we have
maX (%)@ (x,; x )= =0

(Rl)wf‘R?))(:{ LBz t
xleT\Q ; Xo) J

By the help of Theorem 7.1, finally we get

=0
‘RD~(R3);  max Wr YO (x5 x)()=0 ] (7.20)

4=

.xlcT(Q ; Xo)

Now we define

elyl==T; 1yl =yl for ye(T).
Obviously &[¢(xy)—b]=E(x,). We define moreover

K(xo; x)=1t=T ; ¢P(x,; x)(t)=0} for x,= X.

Then we have the following
THEOREM 7.2. Let x, be a local minimum solution of the problem (7.1). Then for
every x,=T(Q; x,) satisfying the condition
max ,(x)9P(xy; x,)(6)=0 (7.21)
teE(zy)

and the condition

( there exist a nnmber A4,>0 and a neighborhood V
(Dy: < of ¢<”(x0; xy) in C(T) such that
0(x0)pP(xo; x )OS0 Vie U \UJelélxg)—b+ay], (7.22)

052<iy yev
it holds that
max 0.(x0)0{(x0, x1; x)1)=0 VxeT(Q; xo xq). (7.23)
tEECrgdnK (20; 1)

PrRoOOF. The assertions can be derived from Theorem 5.2 with n=2. It can be
seen from Proposition 5.1 that we may restrict the points (x,, 7,) to those satisfying
(7.20). So we may put r;=0.

Put ro=}@(x,)—bll. For the function f defined by (7.3), an easy calculation shows
that

F(f(xo, ro)+R_; [(x0, 7o), f(l)Kxoy ro); (x1, 0))
=F(ro+R_; 7y 0)
(by Proposition 2.1 (ii))
=F(ro+R_;ro=FR_.
Hence, for the problem (7.2) the formula (5.7) with n=2 can be written as »<0.
Next, for the mapping g defined by (7.3) we shall calculate the variational set
F(By; g(xy, 7o), 8P (x4, 79); (x4, 0))). From (7.5) we have

o, 1.
gP(xy, 7o) (x5, 0))= - 95\1)(«\'0; x1).
0
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Therefore, if we put y,=g(x,, #o,) and y;=g"((x,, #,); (x4, 0)) in Proposition 7.3, it is
easily seen that all assumptions in (iii) of the proposition are satisfied by virtue of
(7.21) and (D). Thus the relation (7.15) immediately leads us to

F(By; glx,, 7o), §(xq, 70); (x4, 0))
={yeC(T) | yO)- (@lx)H)—btN<O VieE(x)NA(x,; x)}. (7.24)

From (7.7) and (7.24) we obtain the following relation:
&¥((xo, 7o), (x1;0); (x, NS F(Bo; glxo, ¥o), gVxe, 70)5 (X1, 0)))

= max 0.(x0)@®(xq, x5 X))<7.
teEE(xpInK(xpixy)

Viewing the above results, we apply Theorem 5.2 together with Proposition 5.1 to
the problem (7.2) to yield that for every x,=T(Q;x,) satisfying (7.21) and (D) the
system of (x, »)

r<<0

max G (x)P®(xo, x1; 2N
teECxpIn K (xgp;71)

x&T(Q; xo, x1)

is inconsistent. From this inconsistency we get the desired result (7.23). This com-

pletes the proof. O

COROLLARY 7.1. Let x, be a local minimum solution of the problem (7.1). Suppose

that ¢ is twice Fréchet differentiable at x,. Then for every x,=T(Q; x,) satisfying that
[;nEE(izi)ﬁt(xo)(Dgﬁ(xo)xl)(ﬂ=0

and the condition

there exist a number A4,>0 and a neighborhood V
(Dy): 4 of Dg(xy)x, such that
0t<xo>(D¢<xo>X1>(f>;:0 Vie U U C’/’[QS("Co)_b“FRy],

05 i<y yeV
it holds that

1 ., .
D2 (x)(xs, mxz)}zo

max 0, {(Dglxo) D+ 5 (

tEE(TgINK ((xgi )
VxeT(Q; xo, x1), (7.25)
where K\(x,; x))={tT ; (Dd(x,)x,)(t)=0}.

REMARK 7.1. In the case when ¢ is Fréchet differentiable, the inequality (7.19)
coincides with the so-called local Kolmogoroff condition. Therefore (7.19) in the
original form is a nondifferentiable extension of the local Kolmogoroff condition. On
the other hand, the inequalities (7.23) and (7.25) have not appeared in the literatures
of approximation theory treating first-order criteria. We can consider them the second-
order versions of the local Kolmogoroff condition.

COROLLARY 7.2. Suppose that in the problem (7.1) T is a finite set. Let x, be a
local minimum solution of the problem. Then

(i) for every x,=T(Q; xo) satisfying (7.21), the relation (7.23) holds,

(ily if Q is a convex set, then for every y<Q satisfying that
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X 0,(x)dP(x0; y—x,)=0,
zgﬁlj?xo)ﬁz(’fo)ﬂj (%05 y—x0) )

it holds taht

max Ox)p®(xo, y—x0;x—3)=0  VxeQ.
LeECxINK (zg5y-T9)

Proor. The assertion (i) follows from the proof of Theorem 7.2 considering

Remark 6.2, and (ii) follows from (i) and Proposition 2.3. O

(8]
Lol

[10]
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