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Abstract

For a sample from a distribution chosen from a Dirichlet G-in-
variant process with non-atomic parameter, we present their joint
distribution, and conditional distributions given the matching among
the observations and given the number of the distinct observations.
We evaluate the expectation of function of the sample by using the
conditional distribution.

1. Introduction

The Dirichlet process was introduced by Ferguson [1] for Bayesian nonparametric
inference. Ferguson [1] and Yamato [8], [9] used the Dirichlet process to estimate
estimable parameter. It is well-known that a distribution chosen from a Dirichlet pro-
cess is discrete with probability one. Therefore there is a possibility of duplication in
the sample from a distribution chosen from a Dirichlet process. For a sample from a
distribution chosen from a Dirichlet process, Yamato [107] obtained their joint distribution,
and conditional distributions given the matching among the observations and given the
number of the distinct observations.

Dalal [2] introduced the Dirichlet G-invariant process, which permits us to include
additional beliefs in a prior distribution. When a symmetry about zero of the underly-
ing distribution is known, a distribution chosen from the Dirichlet invariant process is
symmetric about zero with probability one by taking parameter symmetric about zero.
When a symmetry about the line y=x on R? is known for the underlying distribution
on the 2-dimensional Euclidean space R? a distribution chosen from the Dirichlet in-
variant process is symmetric about the line y=x with probability one by taking param-
eter symmetric about the line y=x on R2 At this point, the Dirichlet invariant pro-
cess differs from the Dirichlet process. Dalal [2], [3], [4] used the Dirichlet invariant
process to estimate the symmetric distribution and the unknown center of symmetry.
Yamato [11] utilized the Dirichlet invariant process to estimate estimable parameter of
degree 2 for the underlying distribution which is invariant under a group of tranforma-
tions.

Similarly to the Dirichlet process, a distribution chosen from a Dirichlet invariant
process is discrete with probability one. Therefore there is a possibility of duplication
in the sample from a distribution chosen from a Dirichlet invariant process. So we
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shall investigate properties of the sample from a distribution chosen from a Dirichlet
invariant process.

The purpose of this paper is to obtain, for a sample from a distribution chosen
from a Dirichlet G-invariant process, their joint distribution and conditional distributions
given the matching among the observations and given the number of the distinct ob-
servations. Furthermore we shall evaluate the expectation of function of the sample.

For the Dirichlet process with non-atomic parameter, Yamato [10] obtained the
simple evaluation of the joint distribution of a sample by viewing the sample sequen-
tially. Similarly, we shall evaluate the joint distribution of a sample from a distribu-
tion chosen from a Dirichlet G-invariant process with non-atomic parameter, by viewing
the sample sequentially. Another evaluations of the joint distribution are given by
Corollary 2.10 of Hannum [5] and Proposition 3.4.1 of Tiwari [7]. But, our evaluation
is simple. Furthermore it yields that the distinct observations are independent and
identically distributed given the matching among the observations. Also the distinct
observations are independent and identically distributed given the number of distinct
observations. We present these properties in Section 3.

In Section 4, we evaluate the expectation of function of the sample from a distribu-
tion chosen from a Dirichlet invariant process.

For preparation, we shall state the definition of the Dirichlet G-invariant process
and quote its properties in Section 2.

2. Dirichlet G-invariant processes

We consider the Dirichlet G-invariant process on (X, A), where X is the d-dimen-
sional Euclidean space and A4 is the o-field of Borel sets of X.

Let G={gy, g., -, g2} be any finite group of measurable transformations X—.X.
A measure p is said to be invariant under the group of transformations G if p(B)=
p(g:B) for any Be€ A4 and /=1, 2, ---, k. A measurable partition By, ---, B, of X is
said to be G-invariant if B;=g;B; for j=1, ---, m and /=1, ---, k.

DEFINITION 1 (Dalal [2]). Let @ be a finite, non-negative measure on (X, 4) and
be invariant under G. P is a Dirichlet G-invariant process on (X, A) with parameter
a, if P is invariant under G a.s. and if for any G-invariant measurable partition
(By, -+, Bp) of X, the joint distribution of (P(B,), -+, P(By)) is Dirichlet with param-
eter (a(By), -, a(Bp)). We then write P=DG(a).

DEFINITION 2 (Dalal [2]). Let P=DG(a). We say X, ---, X, is a sample of size
n from P if for any m=1, 2, --- and measurable sets A;, ---, An, Cy, -+, Cp,

PIX,€Cy, -, Xu€Chl P(AY), -+, P(An), P(Cy), -, PC =TI P(C:) a.s.

PROPOSITION 3 (Hannum [5]). Let P<DG(a) and let X, ---, X, be a sample from
P. The joint distribution of (Xi, -+, Xu) is exchangeable in the coordinate.

PROPOSITION 4 (Dalal [2]). Let P=DG(a) and X be a sample of size 1 from P.
Then for any g in G, X and gX have the same distribution Q, where Q(-)=a(-)/M and
M=a(X).

PROPOSITION 5 (Dalal [2]). Let P DG(a), and X,, ---, X, be a sample of size n
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from P. Then the conditional distribution of P given X,, -+, Xy is a Dirichlet G-invariant

process with parameter a+37,0%, where 0%,=35-10;;x,/k (=, -, n) and 0, is a
measure degenerate at x.
Let X,, -+, X. be a sample of size n from P with P DG(a). Then, from Proposi-

tion 5, the sample X,, X,, ---, X, can be regarded to be obtained sequentially such that
at first a sample of size 1, X,, is obtained from P with PeDG(a), secondly X, is ob-
tained from P with P<DG(a+0%)), thirdly X, is obtained from P with Pe DG(a+0%,
+0%,), -+, and at last X, is obtained from P with P DG(a+0%,+ - +0%,.,). Thus
from Proposition 4 we have the following

LEMMA 6. Let P=DG(a) and X,, -, Xn be a sample of size n from P. Then we
can view as follows: X, has the distribution Q and for j=I1, -, n—1, the conditional
distribution of X+, given X, -+, X, is the distribution (MQ()+24-10%,(-N/(M+7).

3. Properties of Samples

Let G={g,, ---, g»} be any finite group of measurable transformations X—X. For
any xr< X, G(x) denotes the set {g,x, -, gzx}. Let X,, -, X, be a sample of size n
from a distribution P chosen from a Dirichlet G-invariant process on (X, A) with
parameter a, where « is a finite, non-negative measure on (X, A) and invariant under
G. We assume that a is non-atomic. We denote a(X) by M and a(-)/M by Q(-).
We can consider that the sample X,, ---, X, is obtained sequentially, as stated in Sec-
tion 2. We regard that two observations X;, X; are equivalent if there exists a g€G
such that X;=gX, and denote it by X;=X, Otherwise, we regard the two observa-
tions are distinct.

For n non-negative integers m(l), -+, m(n) with XZm@)=n, let (X, -, Xa)E
Cg(m(1), ---, m(n)) be the event that there are m(1) distinct values of X that occur only
once, m(2) distinct values that occur exactly twice, ---, m(n) distinct values that occur
exactly n times, where “distict” is taken as stated in the above. Note that m(n) can

take only 0 or 1 and if m(n)=1 then m(l)= - =m(n—1)=0.

For the sample X, -+, X» with (Xi, -, Xp)€Co(m(l), -+, m(n)), we denote the
distinct observations by X1, -, Ximw, Xa1, Xez, o5 Xomey, =+, Xn1, Where for
i=1,2, -, n and j=1, ---, m@@) X;; including its G-transformation, appears exactly
i-times in the sample. If m())=m (1<j<n) and X;,= =Xy, Xs = =Xim,
Xeom= -+ =X, (the number of each equal X’s is j) with s(1)<s2)< - <s(m) and
s(@)=min (s@), -, () ¢=1, -+, m), then X;=X;qy, Xp=Xs@, ") Xjmn=Xsm-

For n non-negative integers m(l), ---, m(n) with XHm@)=n, let (X, Xp-y, =+, Xi)
eC,.o(m(l), -+, m(n)) be the event that Xy, -+, Xp_mm+1 OCcur only once in the sample
and their G-transformations do not occutr; that X, nay, Xn-mm-1, = » Xa-(m@+2m@-1

occur twice each in the order Xp-nw=Xn-mw-1 = » Xn-mw+em@-5=Xn-ma+am@ -1
and so on. Note that we regard two observations X;, X, are equivalent if there exists
a g=G such that X;=gX;. For (Xa, Xn-y, -+, X))EC, o(m(1), -+, m(n)), we denote
Xn: Xn—l; ) Xn—m(1)+1y Xn—m(l), X’n—m(l)—Z; ) Xn—(m(1)+2m(2)~2); X‘n—(m(l)+2m(2))’ by Yu;
Y12, Ty Yl'm.(l); sz, Yzz, R Y2m(2); Y:n,

For example, we consider the case of n=2. Two non-negative integers (m(1), m(2))
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with m(1)+2m(2)=2 are (2,0) and (0, 1).
For (X,, X,)&eC, 42,0) we have YV,,=X,, V,»=X,. Then from Lemma 6 we have,
for A, A, A4,
=P 4, YA, (Xs, XDEC,,0(2,0)

=P(X,€ A,, XiE Ay, X,&G(X)))
= P& A= Glx) | £)dQ(x)

Since from Lemma 6, given X,=x,, X, has the distribution (MQ(-)+6£,(-))/(M~+1) and
a is non-atomic,

pi={, IMQUA)/(M+1)1d Q)
=MQUA)Q(A)/(M+1)
=M™V Q(ANQ(A)/M™  with n=2, m(1)=2 and m(2)=0.

For (X,, X,)€C,,,0,1), we have Y,,=X, and X,=X,. Then from Proposition 3 and
Lemma 6 we have, for any A€ A,

p.=P(X.€ A, X,€G(X>)
=P(X,€ A, X.eG(Xy)

SRS ICEMEALITED
={ mQ+or )G/ 1IdQ)

| [/M+D1dQ)

=Q(A)/(M+1)
=M"®DQ(A)/M™ with n=2, m(1)=0 and m(2)=1.

In general we have the following

LEMMA 7. Let Xy, -+, Xn be a sample of size n from a distribution chosen from a
Dirichlet G-invariant process on (X, A) with non-atomic parameter a. Then for n non-
negative integers m(l), -+, m(n) with Ligm@)=n and any A ;€A (i=1, -, n, j=1, ---,
m(1)), we have

P{Y € Ay (=1, - n, j=1, -, m(@), (Xa, -+, XDECy,o(m(1), -, m(n))}
=T (G=D M) OIS Q(Au)/ M™ .

PrROOF. We saw above that Lemma 7 holds for n=2. Then we assume that
Lemma 7 holds for n(=2) and show that it holds for n-+1. The method of proof is
similar to the proof of Lemma 4 of Yamato [10], except that the matching of the
observations is considered under the group of transformations G.

We denote the sample X,.,, X,, -+, X; with (Xp41, Xa, -+, XD)EC, o(m’(1), -,
m/(n+1)) and Zm’@)=n+1 by Y1, -, Yinw, Yo, Yo, -, Yimw, Yinrc, =
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For the sample of size n+1 we have two cases: The one is that X,;; and its
G-transformation do not occur in the observations X, ---, X; and the other is that X, .,
and/or its G-transformation occur in the observations X,, ---, X,.

For the first case, we have m/(1)=1, m/(n+1)=0 and for A;;€A (=1, -+, n, j=
1, -, m&))

g=P{Y{;€4s; (=1, -, n, j=1, -, D), Xass, -+, XDEC,o(m(1), -+, m'(n+1)}
= | PUXan€ AUl 51, =, ¥t dHx, -, 24),

where H(x,, -+, x,) is the joint distribution of X, ---, X, and

D=A{(xy, -+, x| (xn, Xn-y, ==, X)ECy o(m(l), -+, m(n)),
m(D)=m’(1)—1, m@)=m'G) =2, -+, n),
V1,-1€ Ay (G=2, -, m'(1)),
v €Ay (=2, -, n, j=1, -, m')}.
NOW (X, Xn-3, ==, X)) EC, o(m(l), -, m(n)) denotes that each xg, -+, Xn-m+1 appear
only once in x,, ---, x; and their G-transformations do not appear; Xz-mc, Xr-mcr-1s
vy Xp-mcn-2mezy+1 appear exactly twice in the order X -mw=Xn-mw-1 """ Ln-m@-2mcer+2
=Xp-m-2mns: and so on, where similarly to the sample we regard that two co-
ordinates x;, x; are equivalant if there exists a g€ G such that x;=g(x;) and otherwise
thay are distinct. For (x,, -, x1)€C,z (), ---, m(n)), we denote xg, Xq-1, ">,

Xp-med+1, Xn-m1ds Xnomd-25 s Ln-mD-2m@+2 Ln-m@-2me2), DY Vi1, Y1z, =5 Vimawds

y?l; Yoz, 00y y21n(2)7 ySIy .
Since from Lemma 6, given X, -, X,, X, has the distribution (MQ-+X7:0%,)/

(M-+n) and a is non-atomic,

o=, MQuA M+ md s, - 5

=MQ(A)P{(Xy, -, Xa)=D}/(M+n)
=[MQ(A1)/(M+n)]P{Y, ;. € A (=2, -+, m' (1)),
Y€ A4 (=2, -, n, j=1, -, m'@),
(Xa, =+, XDECy o' (1)—1, m'(2), -, m'(n))}
Since we assume that the lemma holds for n and m/(n+1)=0,
g=[MQUAL) /(M- n)IM™ D= TTy((—1) | MY™ PTEE QA ) TTELTIE® QA ) M™
=TI~ 1) | M)™ CTRHTIR Q(AL)/ (M4 my .

Similarly, we can prove the case that X,,, and/or its G-transformation occur in
the previous observations, by the method of the proof of Lemma 4 of Yamato [10] ex-
cept that the matching of observations is taken under the transformation G. So we
omit the proof for the case that X,,, and/or its G-transformation occur in the previous
observations. Thus we know that Lemma 7 holds for n-+1 and proved it by induction.

By Proposition 3, Lemma 7 holds also for (X;, ---, X;,)€C, o(m(1), ---, m(n)) with
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any permutation (7, ---, ¢,) of (1, ---, n). The number of ways that »n observations
X,, -+, X, are permuted differently with (X, -+, X,)eC,(mQ), ---, m(n)) and 2%,im(7)
=nis nl/TI2,[m@E) 1@ H)™D], To multiply the righthand side of the equation of Lemma
7 by this value yields the following.

PROPOSITION 8. Let X, -+, X, be a sample of size n from a distribution chosen from
a Dirichlet G-invariant process on (X, A) with nonatomic parameter a. Then for n non-
negative integers m(l), -, m(n) with X gm(@)=n and any A, ;€A =1, -, n, j=1, -,

m(2)),
P{XUEAZ] (Z.:l) e, N, j:ly Ty m(l.))s (le Tty Xﬂ)Ecg(m(l); T m(”))}
=n | MEIm T TP Q(Asy)/ M T ey (m(G) 1im D)

The above evaluation is similar to the one for the Dirichlet process, which is given
by Lemma 4 of Yamato [10]. Thus we have the followings similar to Lemma 5 and
Theorem 1 of Yamato [10].

PROPOSITION 9. Let X,, ---, X, be a sample of size n from a distribution chosen
from a Dirichlet G-invariant process on (X, A) with nonatomic parameter a. Then for n
non-negative integers m(l), ---, m(n) with 2t gm@)=n,

P{(X,, -, Xo)€C,(m(L), -, m(n)}=n ! MEI™®/ ML, (m() 1 im™®).

THEOREM 10. Let X,, ---, X, be a sample of size n from a distribution chosen from
a Dirichiet G-invariant process on (X, A) with nonatomic parameter a. Let m(l), -, m(n)
be n non-negative integers satisfying >i.um(i)=n. Then given (X,, -, Xa)eC (m(l),
e, m(n)), X Xag oy Ximas Xony Xogy o 5 Xomeay, - » Xun are independent and identically
distributed with the distribution Q. That is, for any A;;€ A (=1, -, n, j=1, -, m@))

P{Xiye Ay G=1, -, n, j=1, -, m)(X,, -, Xp)eCml), -, m(n)}
:H?=1H§n=(1i) Q(AIJ) .

When 32 ,m()=u, i.e., the number of the distinct observations in the sample of
size n is u, we denote the distinct observations by Wi, ---, W,, where we consider two
observations are distinct if the one can not be obtained from the other by the trans-
formation G. For example, in case of n=4 and u=2, we have W, W,=X,;, X,, for
(m(1), m2), m(3), m(4))=(1,0,1,0 and W,, W,=X,,, X,. for (m(l), m(2), m(3), m(d))=
0, 2,0, 0.

Given (Xi, -+, Xa)eC,(m(1), -, m(n)), Wy, ---, W, are equal to X1, Xy, -+, Ximcrs
Xo1, Xog, -+, X,1, respectively, where u=>7,m(). From Proposition 10 we have for
any A;€A (=1, -, u) with u=>2,m(),

PIW, e A; =1, -, (X, -+, X2)ECm(1), -, m(n)} =11 Q(As).

The above conditional probability depends on only u and does not depend on each
sequence m(l), .-, m(n) satisfying > ,m{)=u. Thus we have
PiW.eA; (=1, -, )|\ U (Xy, -, Xp)€Cpelm(1), -, m(n))]} =11, Q(AY),

where U* is the union over all » non-negative integers m(l), ---, m(n) satisfying
Dram(@)=n and X%,m(Z)=u with fixed n, u. The event \U*[(X,, ---, Xp)eC(m(), -,
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m(n))] is equal to that the number of distinct observations in the sample X, ---, X,
is u. Therefore we have !the following proposition, which is similar to case of the
Dirichlet process by Korwar and Hollander [6].

THEOREM 11. For a sample from a distribution chosen from a Dirichlet G-invariant
process on (X, A) with nonatomic parameter «, given the number of the distinct observa-
tions in the sample, u, the distinct observations W, ---, W, are independent and identically
distributed with the distribution Q, where two observations are considered distinct if the
one can not be obtained from the other by the transformation G.

4. Expectations of Functions of Samples

For n non-negative integers m(l), ---, m(n) with X%m(E)=n and transformations
fi, for s fr-smeny (€G), let (Xn, Xpoy, -, XDECs o(m(l), ---, m(n)) be the event that
Xa, -+ Xuomeny1 0ccur only once in the sample and their f-transformations do not occur;
that Xp-ncs, Xa-mar-1, ' » Xa-cmp+eme—-p OCCUr twice each in the manner X,. -1
=f1Xn-may, y Xn-tmwem@-0=Somr-1Xn-(m+em-2 and so on. For the above event,
we denote Xn, Xn-1, -, Xncmay+n Xn-m.(l): Ka-mwr-2 s Xa-cm+emr-25 Xn—(m(1)+2m(2))r
by Uy, Uss, -+, Urmss Usyy Use, +++ , Usmcayy Usy, +++, respectively. Then similar to Lemma
7, we have the following.

LEMMA 12. Let Xy, -+, X, be a sample of size n from P with P= DG(a), where a
is nonatomic. Then for n non-negative integers m(l), ---, m(n) with X2 um{i)=n, trans-
formations fi, fo, -, frn-zmay (€G) and any A ;€A (=1, -, n, j=1, -+, m(7)), we have

P{UijEAij (121, e, N, ]:l) Tty m(i))) (Xn; Tty Xl)ecf,l)(m(l)y tty 7”("))}
=TT (G~ 1) | MY OTT TP QAL LM r-3meh],

For n non-negative integers m(l), ---, m(n) with >%m@G)=n and transformations
fu o faczmay (€G), let (X, -+, Xa)€Cr(m(l), -+, m(n)) be the event that there are
m(l) distinct values of X that occur only once and their f-transformations do not occur
in the sample, m(2) distinct values of X that occur only once and their each fi, -,
fme transformations occur only once, respectively, m(3) distinct values that occur only
once and their each freyis, fm@+e; fm@+s fmeeas 5 fmaremes-1, Fm+emen trans-
formations occur only once and so on. For the above event, we denote the sample
Xl; Ty, Xn by Vu; U, Vlm(l); Vzh f1V21; sz; f2V22; Tt V2m(2)zfm(2) V2m(2): Vﬂl;fm(2)+lv31;
Fme+2 Va1, Vie, fme+sVae, fme+aVss, Vis, . Then the following proposition holds
similarly to Proposition 8.

PROPOSITION 13. Let Xy, -, X, be a sample from P with P= DG(a), where a is
non-atomic. Then for n non-negative integers m(l), -, m(n) with X%m@)=n, trans-
formations fi, fa, -+, frn-smuy (€G) and any A ;€A (=1, -, n, j=1, .-+, m(?)), we have

PVy€ Ay G=1, -, n, j=1, -, m@), (X, -+, Xn)ECs(m(D), -, m(n))}
=n| MO TS Q(A; )/ LM™ T (m(i) | im D) pr-Emid]

Thus we have the following.
PROPOSITION 14. Let Xi, ---, X» be a sample from P with P DG(a), where a is
nonatomic. Then for n non-negative integers m(l), ---, m(n) with X% im@)=n and trans-



206 H. YamaTo

formations fi, ~, fn-sme (EG),
P{Xy, -, Xa)eCr0m(1), -+, m{n))}
=pl M’:m‘”/[MWHZ‘:l(m(i) ! Z‘m(i)>kn—2m(i)]_
Futhermore, for any A;;€4 (=1, -, n, j=1, -, m())
P{Vij644ij (221: e, N, ]:la B Wl(l))KXl; Y Xn)ECf(?ﬂ(l), B m(n))}
:H?=1].—.[,177L=(li) Q(Aij) .

THEOREM 15. Let P=DG(a) with nonatomic parameter « and let h(x,, -+, x,) be a

measurable real-valued function defined on (X", A™) and symmeltric in x,, -+, Xn. (X", A®)

denotes the product of measurable space (X, A). Then for a samle of size n from P,
Xy, -+, X, we have

n | MERD
O MO, (m@) 1 i™D)

E/'L(Xl, ey Xn)zz*zf kn—Em(

h{x11, * ) Ximay, Xory J1%o1, Xos, foXoo, =,
Xp1y **°y fn—zmu')xn1)H§'=1H§"=(1”dQ(xij),

provided all integrals of the vight-hand side exist, where 2% denotes the summation over
all n non-negatibe integers m(l), ---, m(n) satisfying 2 %im(?)=n and 3, denotes the sum-
mation over all n—2m(@) transformations fy, -+, [n-smey Which belong to G.

Proor. From Proposition 14 and symmetry of s, we have

szmm

E[h(Xl’ T Xn)I(XIy ) Xn>€Cf(77’L(1), Ty 7”(”))]
=E[h(Vi, =, Vina, Ve, fiVe, Vs, f2V22, (X, e, Xn)ECfOn(l), e, mn)]

h(X11, =y Ximcry, Koty f1X21, Xag, [oXas, "')H7=1H?=(1i)dQ(xii)-

SXEm(i)
By proposition 9 and 14, we have
PUX;, o+, X2)ECm(L), -+, m(n)|[(Xy, -, Xo)EC(m(), -, m(n))} =1/k"=mD,
for transformations fi, -, fa-smy (EG). Therefore, we have
E[h(Xy, -, X)Xy, -+, Xo)EC(m(), -+, m(n))]
=E[E[h(Xy, -, Xo) (X, -+, Xp)eCrim(l), -+, m(n))]

[(Xy, -, Xn)eC(m(l), -, m(n))]
1

=23 Tpr-EmD szm(i)h(xn, ey Ximens Xat, S1X21, Xog, f2X 0, "')H?:xﬂ?:‘zﬂdQ(xw)~

Applying Proposition 9 to the above equation, we have the desired evaluation.
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