
九州大学学術情報リポジトリ
Kyushu University Institutional Repository

ON SAMPLES FROM DISTRIBUTIONS CHOSEN FROM A
DIRICHLET INVARIANT PROCESS

Yamato, Hajime
Department of Mathematics, Faculty of Science, Kagoshima University

https://doi.org/10.5109/13387

出版情報：Bulletin of informatics and cybernetics. 22 (3/4), pp.199-207, 1987-03. Research
Association of Statistical Sciences
バージョン：
権利関係：



Bulletin of Informatics and Cybernetics Vol. 22, No.  3-.4, 1987

ON SAMPLES FROM DISTRIBUTIONS CHOSEN FROM 

     A DIRICHLET INVARIANT PROCESS

      By 

Hajime YAMATO*

                     Abstract 

   For a sample from a distribution chosen from a Dirichlet G-in
variant process with nonatomic parameter, we present their joint 
distribution, and conditional distributions given the matching among 
the observations and given the number of the distinct observations. 
We evaluate the expectation of function of the sample by using the 
conditional distribution.

   1. Introduction 

   The Dirichlet process was introduced by Ferguson [1] for Bayesian nonparametric 

inference. Ferguson [1] and Yamato [8], [9] used the Dirichlet process to estimate 

estimable parameter. It is well-known that a distribution chosen from a Dirichlet pro

cess is discrete with probability one. Therefore there is a possibility of duplication in 

the sample from a distribution chosen from a Dirichlet process. For a sample from a 

distribution chosen from a Dirichlet process, Yamato [10] obtained their joint distribution, 
and conditional distributions given the matching among the observations and given the 

number of the distinct observations. 
   Dalal [2] introduced the Dirichlet Ginvariant process, which permits us to include 

additional beliefs in a prior distribution. When a symmetry about zero of the underly

ing distribution is known, a distribution chosen from the Dirichlet invariant process is 

symmetric about zero with probability one by taking parameter symmetric about zero. 

When a symmetry about the line y = x on R2 is known for the underlying distribution 
on the 2dimensional Euclidean space R5, a distribution chosen from the Dirichlet in

variant process is symmetric about the line y = x with probability one by taking param
eter symmetric about the line y=x on R2. At this point, the Dirichlet invariant pro

cess differs from the Dirichlet process. Dalal [2], [3], [4] used the Dirichlet invariant 

process to estimate the symmetric distribution and the unknown center of symmetry. 
Yamato [11] utilized the Dirichlet invariant process to estimate estimable parameter of 

degree 2 for the underlying distribution which is invariant under a group of tranforma

tions. 

   Similarly to the Dirichlet process, a distribution chosen from a Dirichlet invariant 

process is discrete with probability one. Therefore there is a possibility of duplication 
in the sample from a distribution chosen from a Dirichlet invariant process. So we 
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shall investigate properties of the sample from a distribution chosen from a  Dirichlet 

invariant process. 

   The purpose of this paper is to obtain, for a sample from a distribution chosen 

from a Dirichlet Ginvariant process, their joint distribution and conditional distributions 

given the matching among the observations and given the number of the distinct ob
servations. Furthermore we shall evaluate the expectation of function of the sample. 

   For the Dirichlet process with nonatomic parameter, Yamato [10] obtained the 

simple evaluation of the joint distribution of a sample by viewing the sample sequen

tially. Similarly, we shall evaluate the joint distribution of a sample from a distribu

tion chosen from a Dirichlet Ginvariant process with nonatomic parameter, by viewing 
the sample sequentially. Another evaluations of the joint distribution are given by 

Corollary 2.10 of Hannum [5] and Proposition 3.4.1 of Tiwari [7]. But, our evaluation 
is simple. Furthermore it yields that the distinct observations are independent and 

identically distributed given the matching among the observations. Also the distinct 

observations are independent and identically distributed given the number of distinct 

observations. We present these properties in Section 3. 
   In Section 4, we evaluate the expectation of function of the sample from a distribu

tion chosen from a Dirichlet invariant process. 
   For preparation, we shall state the definition of the Dirichlet Ginvariant process 

and quote its properties in Section 2.

   2. Dirichlet Ginvariant processes 

   We consider the Dirichlet Ginvariant process on (X, A), where X is the ddimen
sional Euclidean space and A is the v-field of Borel sets of X. 

   Let G= { g1, g2, • • • , g} be any finite group of measurable transformations X-*X. 

A measure p is said to be invariant under the group of transformations G if p(B)= 

p(giB) for any BE A and i=1, 2, • • • , k. A measurable partition B1i • • • , B. of X is 
said to be Ginvariant if B;=giB; for j=1, • • • ,m and i=1, • • • , k. 

   DEFINITION 1 (Dalal [2]). Let a be a finite, nonnegative measure on (X, A) and 

be invariant under G. P is a Dirichlet Ginvariant process on (X, A) with parameter 

a, if P is invariant under G a. s. and if for any Ginvariant measurable partition 

(B1i • • • , B.) of X, the joint distribution of (P(B1), • • • , P(B,.)) is Dirichlet with param
eter (a(B1), • • • , a(Bm)). We then write Pc DG(a). 

   DEFINITION 2 (Dalal [2]). Let PE DG(a). We say X1i • • • , X. is a sample of size 

n from P if for any m=1, 2, and measurable sets Al i • • • , A., Cl, • • • , C.., 

P{X1EC1i ••• , Xn~C~ .1 P(A1), ... , P(A,,,,), P(C1), ... , P(Cn.))} =MY (Ci) a. s. 

   PROPOSITION 3 (Hannum [5] ). Let PE DG(a) and let X1, • • • , X be a sample from 

P. The joint distribution of (X1, ••• , X.) is exchangeable in the coordinate. 
   PROPOSITION 4 (Dalal [2]). Let PE DG(a) and X be a sample of size 1 from P . 

Then for any g in G, X and gX have the same distribution Q, where Q(•)=a(• )/M and 

M=a(X). 
   PROPOSITION 5 (Dalal [2]). Let PE DG(a), and X1, • • • , X. be a sample of size n
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from P. Then the conditional distribution of P given  X1i • • • , Xn is a Dirichlet Ginvariant 
process with parameter a+E 10 , where OXi= 2, i1g;xi/k (i=, ••• , n) and 8., is a 
measure degenerate at x. 

   Let X1i • • • , X. be a sample of size n from P with PE DG(a). Then, from Proposi
tion 5, the sample X1, X2, • • , X. can be regarded to be obtained sequentially such that 
at first a sample of size 1, X1, is obtained from P with PE DG(a), secondly X2 is ob
tained from P with PE DG(a+3 1), thirdly X3 is obtained from P with PE DG(a-{-oxi 

+5X2), ••• , and at last Xn is obtained from P with PEDG(a--+o 1+ ••• bin_1). Thus 
from Proposition 4 we have the following 

   LEMMA 6. Let PE DG(a) and X1i • • • , Xn be a sample of size n from P. Then we 
can view as follows: X1 has the distribution Q and for j=1, ••• , n-1, the conditional 
distribution of X;+1 given X1, ••• , X; is the distribution (MQ(•)+Ei=10 i(•))/(M±j).

   3. Properties of Samples 

   Let G=-- {g1i • • , g k} be any finite group of measurable transformations X--÷X. For 

any x E X, G(x) denotes the set { g1 x, • • • , gk x } . Let X1i • • • , X. be a sample of size n 
from a distribution P chosen from a Dirichlet Ginvariant process on (X, A) with 

parameter a, where a is a finite, nonnegative measure on (X, A) and invariant under 
G. We assume that a is nonatomic. We denote a(X) by M and a(•)/M by Q(.). 

We can consider that the sample X1, ••• , Xn is obtained sequentially, as stated in Sec
tion 2. We regard that two observations Xi, X; are equivalent if there exists a gE G 

such that Xi=gX; and denote it by Xi=X;. Otherwise, we regard the two observa

tions are distinct. 
   For n nonnegative integers m(1), ••• , m(n) with E 1im(i)=n, let (X1, ••• , Xn)E 

Cg(m(1), • • • , m(n)) be the event that there are m(1) distinct values of X that occur only 

once, m(2) distinct values that occur exactly twice, • • • , m(n) distinct values that occur 

exactly n times, where "distict" is taken as stated in the above. Note that m(n) can 

take only 0 or 1 and if m(n)=1 then m(1)= ••• =m(n-1)=0. 
   For the sample X1, • • • , X. with (X1, • • • , X n) E Cg(m(1), • • • , m(n)), we denote the 

distinct observations by X11, , X1„tc1,, X21, X22, ••• , X2m(2), • , Xn1, where for 

i=1, 2, • • • , n and j=1, • • • , m(i) Xi;, including its Gtransformation, appears exactly 

i-times in the sample. If m(j)=m (1<j<n) and X8(1)=•X1(1), X8(2)=Xt(2), ••• 

XS(m) •••-Xt(m) (the number of each equal X's is j) with s(1)<s(2)<<s(m) and 

s(i)=min (s(i), ••• , t(i)) (i=1, ••• , m), then X;1=X8(1), XJ2=Xs(2), ••• , X;m(j)=Xs(m)• 
    For n nonnegative integers m(1), ••• , m(n) with E;im(i)=n, let (Xn, X.-1, ••• , X1) 

E Cg, o(m(1), • • • , m(n)) be the event that X., • • • , X.-7.0)+1  occur only once in the sample 

and their Gtransformations do not occutr; that Xn_m(1), Xn_m(1,_1i , Xn(m(1)+2m(2)-1) 

occur twice each in the order Xn_mc1)Xn_m(1)_1, ••• , Xn-(m(1)+2m(2)2)=Xn(m(1)+2m(2)-1) 

and so on. Note that we regard two observations Xi, X; are equivalent if there exists 
a gEG such that Xi=gX;. For (Xn, Xn_1i ••• , X1)ECg,o(m(1), ••• , m(n)), we denote 

Xn, Xn-1, •••, Xnm(1)+1, Xn-m(1), Xnm(1)-2, •••, Xn(m(1)+2m(2)-2), Xn(m(1)+2m(2)), ••• by Y11, 

Y12, ••• , Y1m(1), Y21, Y22, ••• , Y27Th(2), Y31, ..• • 

   For example, we consider the case of n=2. Two nonnegative integers (m(1), m(2))
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with m(1)+2m(2)=2 are (2, 0) and  (0,  1). 

   For (X2, X,)ECg,o(2, 0) we have Y11=X2i Y12=X1. Then from Lemma 6 we have, 

for A1i A2 E A, 

                   p1=P(Y11EA2, Y12EA1, (X2, Xl)ECg,o(2, 0)) 

=P(X2EAz, X1EA1, X1EG(X1)) 

                  = c P(X2E A2-G(x1) I x1)dQ(x1) 

                               A Since from Lemma 6, given X1= x1i X2 has the distribution (MQ(• )+b f 1(• ))/(M+1) and 

a is nonatomic, 

Pi-.0[MQ(A2)/(M+1)]dQ(x1) 
=MQ(A1)Q(A2)/(M+1) 

=Mm"1'Q(A1)Q(A2)/M°n' with n=2, m(1)=2 and m(2)=0. 

   For (X2, Xi) E Cg, o(0, 1), we have Y21=X2 and X1-X2. Then from Proposition 3 and 

Lemma 6 we have, for any AEA, 

                          p2=P(X2EA, X1EG(X2)) 

=P(X1EA, X2EG(X1)) 

              P(X2EG(x1)1 x1)dQ(x1) 

A 

           =L[(MQ+3§1)(G(xi))/(M+1)] d Q(xi) 

              A[1/(M+1)]dQ(x1) 

=Q(A)/(M+1) 

=Mm(2'Q(A)/M(n) with n=2, m(1)=0 and m(2)=1. 

   In general we have the following 
   LEMMA 7. Let X1, • • • , X. be a sample of size n from a distribution chosen from a 

Dirichlet Ginvariant process on (X, A) with nonatomic parameter a. Then for n non
negative integers m(1), ••• , m(n) with Ei 1im(i)=n and any Ai;EA (i=1, ••• , n, j=1, ••• , 
m(i)), we have 

P{Yi;EAi; (i=1, ••• n, j=1, ••• , m(i)), (Xn, ••• , Xl)ECg ,o(m(1), •.• , m(n))} 

=~ 1((i-1) ! M)m(ti)11 117=7)Q(AiiVAT" 

   PROOF. We saw above that Lemma 7 holds for n=2. Then we assume that 
Lemma 7 holds for n(>2) and show that it holds for n+1. The method of proof is 
similar to the proof of Lemma 4 of Yamato [10], except that the matching of the 
observations is considered under the group of transformations G. 

   We denote the sample Xn+1, X., • • • , X1 with (Xn+1, Xn, • • • , X1) E Cg o(m'(1), • • • , 
m'(n+1)) and Ei+l im'(i)=n+1 by r1, • • • , Yim' (1), Y21, Y21, • • • , Yim' (2), Y2m' (2), • • • •
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   For the sample of size n+1 we have two cases : The one is that Xn+1 and its 
Gtransformation do not occur in the observations Xn, • • • , X1 and the other is that X.n+1 
and/or its Gtransformation occur in the observations Xn, • • • , X1. 

   For the first case, we have m'(1)>_1, m'(n+1)=0 and for Ai;EA (i=1, ••• , n, j= 
1, •.• , m(i)) 

g=
(P{Yi;EAi (i=1, ... , n, j=1, ••• , m'(i)), (Xn+1, ••• , Xi)Cg,o(m'(1), ••• , m'(n+1))} 

=t
DP{Xn+lEAii-U iG(x,)Ixi, ••• , xn}dH(x1i ... , xn), 

where H(x1i • • • , x n) is the joint distribution of X1,

'• • • , Xn and                D= {(x1, ••• , xn) 1 (xn, xn-1, •••,xi)ECg,o(m(1), •.• , m(n)), 

m(1)=m'(1)-1, m(i)=-m/(i) (i=2, ••• , n), 

y1, ~-1 E A15 (j=2, ••• , m'(1)) , 

yi;EAi; (i=2, ••• , n, j=1,••• , m'(i))}. 

Now (x n, x n-1s • • • , x1) Cg, o(m(1), • • • , m(n)) denotes that each x n, •  • , x n m(1)+1 appear 
only once in Xn, ••• , x1 and their Gtransformations do not appear; x.--m(i), xnm(1)-1, 
••., xnm(1)2m(2)+1 appear exactly twice in the order xnm(1)=Xnm(1)-1, •••, xnm(1)2m(2)+2 

xnm(1)2m(2)+1 and so on, where similarly to the sample we regard that two co
ordinates xi, x; are equivalant if there exists a gE G such that xi=g(x;) and otherwise 
thay are distinct. For (x n, • • • , x 1) E Cg, o(m(1), • • • , m(n)) , we denote 

~rx n, x.-1, • • • xnm(1)+1, xn-m(1), xnm(1)-2,,xnm(1)2m(2)+2, xnm(1)2m(2), •• by yii,y12, ••• , yim(1), 
Y21, Y22, • • • , y2m(2), y31, • 

   Since from Lemma 6, given X1, ••• , Xn, Xn+1 has the distribution (MQ+E 1VXi)/ 

(M± n) and a is nonatomic, 

4=D[MQ(A11)1 (M+n)idH(xi, ••• , x.) 

=MQ(A11)P{(X1, •.• , Xn)ED} 

=[MQ(A11)/(M+n)]P{Y1 ,;-1EAl; (j=2, ••• , m'(1)), 

Yi;EAi; (i=2, ••• , n, j=1, ••• , m'(i)), 

(Xn, ••• , Xi)ECg.o(m'(1)-1, m'(2), ••• , ni'(n))} 

Since we assume that thelemma holds for n and m'(n+1)=0, 

  Q=[[-I
TMQ(A1i)/(Mn)]Mm' (1)-111 2((i-1) ! Mff (n)TTjn'2(1)Q(Ai;)11i=211j1(i)Q(Ai;)M(n)    =11i1((i-1)!M)m'(i)HJTm'1(i)Q(Ai;)/(M+n)(nl+1) 

   Similarly, we can prove the case that Xn+1 and/or its Gtransformation occur in 
the previous observations, by the method of the proof of Lemma 4 of Yamato [10] ex
cept that the matching of observations is taken under the transformation G. So we 
omit the proof for the case that Xn+1 and/or its Gtransformation occur in the previous 
observations. Thus we know that Lemma 7 holds for n+1 and proved it by induction. 

   By Proposition 3, Lemma 7 holds also for (X~1, • • • , Xin) ECg, o(m(1), • • • , m(n)) with
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any permutation  (i1, • • • , in) of (1, • • • , n). The number of ways that n observations 

X1, • • • , Xn are permuted differently with (X1, • • • , Xn) ECg(m(1), • • • , m(n)) and Ez 1im(i) 
=n is n !/H 1[m(i) ! (i !)m(1)]. To multiply the righthand side of the equation of Lemma 

7 by this value yields the following. 

   PROPOSITION 8. Let X1, • • • , X. be a sample of size n from a distribution chosen from 

a Dirichlet Ginvariant process on (X, A) with nonatomic parameter a. Then for n non

negative integers m(1), ••• , m(n) with 1im(i)=n and any Ai;EA (i=1, , n, j=1, , 
m(i)), 

P{Xi;EA11 (i=1, ••• , n, j=1, ••• ,,m(i))

7,~(X1,,••• , X//n)EC,(m(1), ••• ,m(n))} n ! MEm(i)1111TT17=(ii)Q(Ai;~                                                   )I("11(m(i) ! im(i)) 

   The above evaluation is similar to the one for the Dirichlet process, which is given 

by Lemma 4 of Yamato [10]. Thus we have the followings similar to Lemma 5 and 
Theorem 1 of Yamato [10]. 

   PROPOSITION 9. Let X1, ••• , X. be a sample of size n from a distribution chosen 

from a Dirichlet Ginvariant process on (X, A) with nonatomic parameter a. Then for n 
nonnegative integers m(1), •-• , m(n) with E 1im(i)=n, 

P{(X1i ••• , Xn)ECg(m(1), ••• , m(n))} =n ! ME1m(i)/M(n)IIZ 1(m(i) ! ir(i)) • 

   THEOREM 10. Let X1i ••• , Xn be a sample of size n from a distribution chosen from 

a Dirichlet Ginvariant process on (X, A) with nonatomic parameter a. Let m(1), ••• , m(n) 
be n nonnegative integers satisfying Ei 1im(i)=n. Then given (X1, ••• , Xn)ECg(m(1), 
••• , m(n)), X11, X12, ••• , Xlm(1), X21, X22, ••• , X2m(2), ••• , X,1 are independent and identically 
distributed with the distribution Q. That is, for any Ai; A (i=1, • • • , n, j=1, • • • , m(i)) 

P{Xi;E Ai; (i=1, ••• , n, j =1, ••• , m(i)) I (X1, ••• , Xn)ECg(m(1), ••• , m(n))} 

=r 1lij=(,a)Q(Ai;) • 

   When 1m(i)=u, i. e., the number of the distinct observations in the sample of 

size n is u, we denote the distinct observations by W1, • • • , W„, where we consider two 

observations are distinct if the one can not be obtained from the other by the trans

formation G. For example, in case of n=4 and u=2, we have W1, W2=X11, X21 for 

(m(1), m(2), m(3), m(4))=(1, 0, 1, 0) and W1, W2=X21i X22 for (m(1), m(2), m(3), m(4))= 

(0, 2, 0, 0). 
    Given (X1, , Xn)ECg(m(1), •-• , m(n)), W1, ••• ,Wu are equal to X11, X12, ••• , X1m(1), 

XS1i X22i ••• , X,1i respectively, where u=n 1m(i). From Proposition 10 we have for 

any AiEA (i=1, ••• , u) with u=r 1m(i), 

P{W1 Al (i=1, •.• , u)) (X1, ••• , Xn)ECg(m(1), ••• , m(n))} =fl1Q(Ai) • 

   The above conditional probability depends on only u and does not depend on each 

sequence m(1), ••• , m(n) satisfying Ez 1m(i)=u. Thus we have 

P{W1 Al (i=1, ••• , u)1 U*[(X1, ... , Xn)ECg(m(1), •••, m(n))]}=11?---1Q(Ai) , 

where U* is the union over all n nonnegative integers m(1), ••• , m(n) satisfying 

E 1im(i)=n and E 1m(i)=u with fixed n, u. The event U*[(X1i •• , Xn)ECg(m(1), •••
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m(n))] is equal to that the number of distinct observations in the sample  X1i ••• , Xn 

is u. Therefore we have the following proposition, which is similar to case of the 

Dirichlet process by Korwar and Hollander [6]. 
   THEOREM 11. For a sample from a distribution chosen from a Dirichlet Ginvariant 

process on (X, A) with nonatomic parameter a, given the number of the distinct observa
tions in the sample, u, the distinct observations W1i • • • , W. are independent and identically 

distributed with the distribution Q, where two observations are considered distinct if the 

one can not be obtained from the other by the transformation G.

   4. Expectations of Functions of Samples 

   For n nonnegative integers m(1), ••• , m(n) with Eiim(i)=n and transformations 

f1, f2, ••• , fn-Emci) (EG), let (Xn, Xn_1i ••• , X1)ECf,o(m(1), , m(n)) be the event that 
Xn, ••• Xn_m(1)t1 occur only once in the sample and their ftransformations do not occur; 
that Xn_77/(1), Xn_m(1)-1, ••• , Xn(m(1)+2m(2)-1) occur twice each in the manner Xnm(1)_1 

  f1Xn-mCl), •-• , Xn(m(1)+m(2)-1)= 2m(2)1Xn-(m(1)+2m(2)-2) and so on. For the above event, 
we denote X., Xn-1, •, Xnm(1)+1, Xn-m(1), Xnm(1)-2, Xn(m(1)+277/(2)-2), Xn-(m(1)+2m(2)), ••• 
by U11, U12, • , U1m(1), U21, U22, • • • , U2m(2), U31i • • • , respectively. Then similar to Lemma 

7, we have the following. 

   LEMMA 12. Let X1i ••• , X. be a sample of size n from P with PEDG(a), where a 

is nonatomic. Then for n nonnegative integers m(1), ••• , m(n) with }J 1im(i)=n, trans

formations f1i f2, ••• , fn_Em(i) (EG) and any Ai;EA (i=1, ••• , n, j=1, ••• , m(i)), we have 

P{Ui;EAi; (i=1, ••• , n, j=1,m(i)),(Xn,,••• ,,

~Xl)ECf.o(m(1),..., m(n))}                         =1TT11((i-1) ! M)m(i)1T11111j=(1)Q(A1 )/[M(n)knEm(i)] 

   For n nonnegative integers m(1), •• , m(n) with Eiim(i)=n and transformations 

fl, ••• , fn-Em(i) (EG), let (X1i ••• , Xn)ECf(m(1), ••• , m(n)) be the event that there are 
m(1) distinct values of X that occur only once and their ftransformations do not occur 
in the sample, m(2) distinct values of X that occur only once and their each f„ • • • , 

f m(2) transformations occur only once, respectively, m(3) distinct values that occur only 
once and their each f,p,(2)+1, fm(2)+2 ; fm(2)+3, fm(2)+4 ; • • • ; fm(2)+2m(3)-1, f m(2)+2m(3) trans

formations occur only once and so on. For the above event, we denote the sample 

X2,       • ,, Xn

V32, V11, •..,Vim(1), V21, f1TVT21, V22, f2 V22,•'•,V2V277/(2), fm,(2) V277/(2), V31,J{m(2)+1V31, f m(2)+2y31,~"32, f m(2)+3YT32, fm(2)+4y32,V33,Then the following proposition holds 

similarly to Proposition 8. 
   PROPOSITION 13. Let X1i ••• , X. be a sample from P with PEDG(a), where a is 

nonatomic. Then for n nonnegative integers m(1), ••• , m(n) with iim(i)=n, trans

formations f1i f2, ••• , f.-Em(i) (EG) and any Ai;EA (1=1, ••• , n, j=1, ••• , m(i)), we have 

P{Vi;EAi; (i=1, ••• , n, j=1, ... , m(i)), (X1, •••, Xn)ECf(m(1), •.• , m(n))} 

=n ! MEm(i)11 1IIjn=PQ(Ai;)/CM(n)11 1(m(i) ! im(i))knEm(i)] . 

   Thus we have the following. 

   PROPOSITION 14. Let X1i • • • , X. be a sample from P with PE DG(a), where a is 

nonatomic. Then for n nonnegative integers m(1), ••• , m(n) with . 1im(i)=n and trans
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formations fi, ••• , .fn-Em(i) (E G), 

P{(X1, •• , Xn)eCf(m(1), ,m(n))} 

=n ! MEm(i)/[M(n)TTTTi1(m(i) ! Zm(i))kn-Em(i)l. 

   Futhermore, for any AA (i=1, • • • , n, j=1, • • • , m(i )) 

P{VQEAi; (i=1, ••• , n, j=1, ••• , m(i))I (X1, ••• , Xn)EC

TTTf(m(1), •••,m(n))}                                               ll111,Vii)Q(A1) • 

   THEOREM 15. Let PEDG(a) with nonatomic parameter a and let h(x 1i • • , x n) be a 

measurable realvalued function defined on (Xn, An) and symmetric in x1, ••• , xn. (X n, An) 

denotes the product of measurable space (X, A). Then for a samle of size n from P, 
X1, • • • , Xn, we have 

n! 
7M-1£,m(i)                      ~' Eh(X1j ••• , Xn)=*Ef knEm(i)M(n)TT 1(m(Z) ! im(i)) 

                           X yEm(i)Jh(x11, ••., Xim(1),x21,1x21, x22,J 2x22, 
                                                          7T~Tnm(i)                                         X711,,fnEm(i)xnl)11i=111j=1 UQ(xij), 

provided all integrals of the right-hand side exist, where E* denotes the summation over 
all n nonnegatibe integers m(1), ••• , m(n) satisfying Eiim(i)=n and Ef denotes the sum
mation over all n-Em(i) transformations f1 ••• , fn-Emci) which belong to G. 

   PROOF. From Proposition 14 and symmetry of h, we have 

E[h(X1, ••• , X.)1 (Xi, •.

T•,Xnn) E C fT(m(1),, •• • , m(n))1                                         7 =E[h(V11 , •.., Vim(1),V21, .{J                                   1V21,~"22, f 21722, •••)I (Xi, ••• , Xn,)ECf(m(1), .•• , m(n))1 

                /G(x11,                           ••• , x1mC1), x21, J 1x21, x22, J 2x22, • .)11i=111 (1)dQ(xii) • 
gEm(i) 

By proposition 9 and 14, we have 

P{(X1i •.• , Xn)ECf(m(1), ... , m(n)) I (X1, ... , Xn)ECg(m(1), ... , m(n))} =1/kn-Em(i) 

for transformations fi, • • • , fn-Em(i) (E G). Therefore, we have 

E[h(X1, ... , Xn) I (X1, ... , Xn)ECg(m(1), ... , m(n))1 

=E[E[h(X1, ••• , Xn) I (X1, ••• , Xn)~Cf(m(1), ... , m(n))] 

(X1, ••• , Xn)ECg(m(1), •  , nz(n))] 

=Ef n-Em(i) xE74(i)h(x11, •••,x1m11i                                                 C1), x21, J1x21, x22, f2x22, •.•)=111j-(1)dQ(xij)• 

Applying Proposition 9 to the above equation, we have the desired evaluation.
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