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Abstract

Our purpose in this paper is to construct a practical algorithm to
inductively infer context-free languages. A basic procedure is first
introduced to take out the self-embedding structure from given strings.
Secondly, based on this procedure an algorithm to infer linear gram-
mars from given finite sample sets is presented and its completeness
is proved. Finally, by using a method to compose linear grammars,
we propose an algorithm which is also complete for context-free
languages.

1. Introduction

For a language L over an alphabet X, a finite subset of I(L)={+w;weL}\V
{—w;weX*—L} is said a sample of L. Given a family of languages .£, an algorithm
f is called a complete grammatical inference algorithm for .£ if for any Le.l there
exist some infinite sequence x,, x, - €I(L) and integer n, such that n=n, implies L=L
[f(x1, X4 =+, Xx,)]. We may find such an algorithm by enumerating all grammars even
for the whole of phrase structure languages [3]. However, we concern with an effec-
tive algorithm which enumerates only qualified grammars using structural information
belonging to samples. Biermann [5] introduced such an interesting algorithm for re-
gular languages and Tanatsugu [7] proposed for harmonic linear languages which is a
superclass of regular languages. These method are based on the fact that, each variable
in grammar to be inferred, may be characterized by a finite subset of the language
generated from it.

In the present paper we construct an practical inference procedure for the family
of context-free languages. We consider that the main structural feature of context-free
languages is the self-embedding. So, we first give the procedure to take out redunduncy
parts in both sides of strings by using the notion of derivative mapping [2], in section 3.
Based on this procedure, we present an inference algorithm for linear languages. Then
it is shown that this algorithm is complete for the family of linear languages in sec-
tion 4. Futhermore, by adding a composition method of linear grammars, we propose
an algorithm which is also complete for the family of context-free languages in sec-
tion b.

* Department of mathematics, Kitakyushu University, Kitakyushu 802, Japan.
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2. Preliminaries

We shall give some basic notions and lemmas for the subsequent sections.

Let X be an alphabet, then the set of all strings over X is denoted by X*. The
empty string of zero symbols is denoted by e.

A context-free grammar (CFG for short) is defined by a quadruple G=(I", X, P, S)
where I" is a finite set of variable symbols, = called an alphabet is a finite set of
terminal symbols, P is a finite set of production rules of the form A—x with AT’
and x=(I"U3)* and Sl is the start symbol. We write x=y if there exist Aerl,
X1, X2, 2€([7U2)* such that x==x,Ax, y=x,zx, and the rule A—zisin P. The transi-
tive cleksure of = is written ; The language L, generated from A<l is denoted by
{w; ASw, wel*}. Especially Lg is also represented as L(G) and it is said the con-
text-free language (CFL for short) generated by the grammar G. Now we add the
following restrictions for every CFG G=", 3, P, S):

1. For each variable A=

(1) There is a derivation S:*>uAv for some u, ve(l"UI)*.

2) Ly#9¢.

3) (A-A)&P.

4) If A+S, then there is at least one production rule of the form A—aAB where
a, Be("UZ)*,

2. Ly#Lpg for any A, Bel such that A+ B.

In spite of the above restrictions, for any CFL LCJX* there exists a grammar G
such that L=L(G). A CFG G is called linear if every production rule is the form of
A—uBv or A—»w with A, Bel" and u, v, weX*, then L(G) is said a linear language.

- DEFINITION 1. Let L be a language over X, then we denote a derivative language
of 'L by
alo={x;uxveL}.

Then (u, v) is called a cover of L for #Lp. Futhermore, L is said to be embedding
with respect to (u, v) if L is a subset of #L7.

The following is immediately obtained from the above definition.

LEMMA 1. 1. Let L,, L,, L be languages over X and u, u,, us, v, vy, V.= 3%, then
the following relations hold :

(1) ﬁz(ﬁlLﬁl)ﬁzzrusz-

(2) If L,CL, then aL,oC@L,b.

3) a(L,\JL)o=aL,p\JulL,D.

@) a(L.NLyo=aL,pNaL,b. , ,

2. Let G=(I",2,P,S) be a CFG. If A=uBv then LyCalL & where A, BEI and
u, vel*,

We now introduce an order relation on 3*x 3* based on the lexicographical order
on X* as follows:

(uy, v1) <(us, vs)

if and only if
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(Jug | <l ugve )V (10| = ugvs | A w0y <uovy) V (U101 = UV AV <D3) .

For example, for X =/{a, b}

(e, )< (a, &)< (e, a)<(b, &)< (¢, b)<(aa, e)<(a, a)<(e, aa)<(ab, e)<(a, b)< ---.
We represent the successor of (u, v) as (u, v)’.

DEFINITION 2. Let X, YCJX* and a, fe2*.

1) &xla, P={X'+¢; X'CaX'B, X'CX}.

(2) Mx(a, Bi)=Uéx(a, B).

@) ex={Mxla, B); (a, B)#(s, &)}.

@) Myxyla, )=XNMy(a, §). We simply write Mx(a, 8) in the case that ¥ is
evident.

The following facts are easily derived from the above definition :

LEMMA 2. For any Xe2X* and a, pel*:

(1) Mx(a, B)CX. Particularly, Mx(e, e)=X.

(2) Myla, p)CTaMx(a, B)B.

3) €x=¢ if X is finite.

EXAMPLE 1. Let X={a™b™;m=0}\U{a"b*"; n=0}, then
Ex(a, by={{a™b™;m=0}, {a™b™;mz=1}, -},
€x(a, bb)={{a"0*" ; n=0}, {a"b*";nzl}, -},
Mx(a, ))=Mx(a?, b*)= - ={a™b™; mz0},
Mx(a, bb)=Mx(a? b*)= --- ={a™b*" ; n=0},

Ex={{a™b™; m=0}, {a™b*"; n=0}}.
LEMMA 3. Let G=(I",2,P,S) be a CFG and AcI'. If S:**)uAv and A;)aAﬁ, then

L,.CMiresla, B)
where (u, v), (a, e T*x I*,
ProoF. By Lemma 1, L,Cal(G)p, L,CaL,B. Hence
Li€€arwsla, B).
Since

Mirwla, B)=U€srwms(a, B),
we obtain

L,.CMaipesa, B). O
LEMMA 4. Let G=(I, 2, P, S) be a CFG and L=L(G). If

SSudv, A>u'By, ASaAB and B—a’BB,
then
LsCat'Mysla, By NMgzsa’, §)

where (u, v), (W', v"), (a, B), (a’, fHEJ*¥XI*,
Proor. By Lemma 3

L,CMyisa, .B); LsC Mz 155’ ﬂ/)
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And LzC#’'L 0’ since A:;u’Bv’. Therefore,
ﬁ’MﬁLg(a, ﬁ)ﬁlmA{WLﬁ(a,, B/)DTZ,LAlj,mLBZLB. d

We now denote X,(a, 8) by fk\&"XE" where XC2X*, a, B 3*, accordingly, Xu(a, 8)
1=0
indicates Qo‘ziXBi.
LEMMA 5. [f XCaXf, then My(a, B)=Xuo(a, B) where XCX*, a, f=2*.

PROOF. Let x&My(a, ), then there exists X’ such that X’CX, X'CaX’B and
x=X’. Therefore, for any integer ¢

reXcaX ficatXp? i.e, rx=Xsla, B).
Inversely let x = X.(a, B), then

xeX, aXp, a*Xp?, -
that is,
x, axf3, a’xp?, - €X.

Now let X'={a'xB';7=0}, then X’CX and X'CaX’5, hence it follows that xX'C
Mg(a, B). O

3. Inference Algorithm

3.1. Generation of Variables

Let L be a CFL and any grammar generating L be unknown. Giving a sample /
of L, we shall consider the method to infer a grammar G=(I", X, P, S) (if L. We
start with the specification of variables /™ corresponding to I” in G. Since S=uAv and
(A—aAB)eP imyly

LACMﬁLﬁ(OI, IS)C?ZLT7 s

it is natural that we select a (u, v) satisfying the above precondition for A=l" and
regard Mzzs(e, B) as the corresponding variable to A. However, since M;isa, B is
generally infinite set, we take the following finite set instead of it as a variable in I:

Mﬂuﬁ;ﬁw(a, By=ual.oNMzs(a, B)
So, first, we shall show an algorithm to construct the finite set XN\W ,(a, B) (XCWc E*)
by Procedure DER in Fig. 1.

Notice that the operation Y Na@*Wg* in Procedure DER may be surely excuted
because Y is finite even though @*Wj§* is infinite, under the actual assumption that we
can always know whether x&W or not for every xe3'*,

PROPOSITION 1. Procedure DER terminates in finite steps and its final output is
Y=X"W(a, B).

Proor. First we shall prove that X'=X"\W,(a, B) in arbitrary step k.

This holds in the case of £=0 since XCW=Wa, B). Suppose that this holds in stage
k—1(kz=1) and consider the case of stage 2 As Y in stage k is X’ in stage k—1,
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Input: Finite set XCX*, (a, BeT*x2*
Output: Y=XNWy(a, B).
Procedure DER(X, (a, B)):
begin
k:=0; X :=X,;Y:=¢;
while X’+Y do

begin
Y:=X";
ki=k+1;
X :=YNnatwp*
end;
return Y
end
Fig. 1. Procedure DER.
X'=YNa*wp*
=(XN\W s, BYNEW B
=XNW (a, B)

Therefore X'=XNW,(ea, B) for any stage k.

Thus if X’=Y in stage %k, then Procedure DER stops and Y=X"W,(a, B). If
X’CY in stage k, then X’ get to YV in the next stage. Since Y strictly decreases as
stage k increases, X'=Y is resulted in finite steps. [

Now we shall show that the output of Procedure DER coincides to M wia, B) for
an appropriate input XCW. Such a X is obtained by extending some finite set X,CW
for a given (a,, B,)E2*x3* as follows:

Procedure EXT.

Step 1. X<X,.

Step 2. (a, B)—(e, €).

Step 3. (a, B)—(a, B), k1.

Step 4. If XN\W,-,(a, B)CMu(a, B), then go to step 7.

Step 5. If XN\W,_i(a, B)#=XNWy(a, B), then add 1 to 2 and go to step 4.

Step 6. There is an integer p such that x, axB, --- a?SPcW and a?*'xSP*'¢&W for
each member x of XN\W,_(a, B)—Mw(ea, B). Let p, be the minimal integer
of them and x, designate one of the strings corresponding to the intger p,.
Add {ax.B, -+, aPo-F+ix,BP0-#%1} to X, and go to step 2.

Step 7. If (@, B)<(ay, Bo) then go to step 3.

Step 8. Stop.

We have the below propositions related to Procedure EXT.

PROPOSITION 2. Integer p, is always well defined in step 6 and po=k.

ProOF. First we show that there exists certainly integer p, in step 6. If thereis
no integer p such that x, axf, ---, a?’xB?€W and aP*ixfP*1&W, then, since xeW,
{a"xB™; n=0} is a subset of W, i.e., of My(a, B). This contradicts x&EMw(a, B).

Secondly we show that p,=k. If xe€XNW,_4(a, §), then p,=k—1 because
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x, axB, -, a*'xB**eW. In the case of po=k—1, x, is in X\W,_y(@, B) but not
Wi(a, B), in other words,

XO\Wi_ila, B)=XNWi(a, B).

This derives a contradiction. Thus po>k—1. O

PROPOSITION 3. Procedure EXT stops in finite steps.

PROOF. Notice that for any (e, ) there is % such that XN\W,_,(a, B)=XN"W (a, B).
Let us set &, X to k,, X,, respectively, at the time that step 6 has been excuted for
(a, B), and set k, X to k,, X, respectively, at some later time that step 6 has been
again excuted for (a, 8). Then we shall show that k,<k,.

XinWi-i(a, B)&Mw(a, B) (k=ky),

XinWiila, By#=X.:nWila, B)  (k<ky)
and

XinWeila, B)=X.nWila, B) (k=k).
Since X,CX,,

szWk—l(a’ ﬂ)¢MW(a, ,B) (k=ky).

Since X1CX2 and Wk—l(a; ﬁ):)Wk(al ﬁ))

XoWiila, B)#=XonWela, B)  (k=ky).
When k=Fk,, since
aPomkHly Bro-kile X, qPox,BPocW, aPotix,BPottEW,
Xngk_1<(1, ﬂ)3ap"‘k+1xoﬁp°_k+l$szWk(a, ﬁ)

That is,
XoNWi_i(a, ,B)inka(ay /9) (k=k).

Thus we obtain %,<k,.

Let us set the maximal number of p,’s for every (@, ) no larger than (a,, Bo), as
b*, then p*=p,=k by Proposition 3. Therefore, it turns out that the step 6 is never
excuted for any (a, B) after some stage. That is, for any (@, 8), an integer % is found
such that XN\W,_(a, )T Mw(a, B). Thus Procedure EXT stops. O

THEOREM 1. Let (@, Bo)€2*X2*. In Procedure DER, for any (a, B)=(a,, Bo);
there exists a finite subset X of W such that:

(1) If My(a, B)=¢, then the output DER(X, (a, B)) is ¢.

() If My(a, B)#@, then the output DER (X, (@, B)) is nonempty set My.w(a, B).

PrROOF. We may consider a finite subset X, of W such that My(a, B)NX,#¢ for
any (a, B)=(a,, B satisfying Mw(a, B)#¢. For example, such a X, is easily obtained
by taking out, one by one, a element from every nonempty My(a, §). Let X be the
set obtained extending X, by Procedure EXT. Then for any (@, B)<(a, B.) there is
an integer k, such that

XOWisla, B)EXNWila, B) if k<ke,

Xka—l(a’ ﬁ)CMW(a, ‘s) lf k:ko.
Now if
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Input: (u, v), (@, B EZ*x 3*, YCTI*, n,, r, roN, linear grammar G=(I}, X, P, A)).
Output: New variable A if possible and all production rules related to A.
Voriables:
¢ : Finite set corresponding to i-th variable Al
I(u, v)CI': Set of vriables generated under (u, v).
SUBCY*x X*XxXN: Construct the rule A,—u’Ap" if ((u’, v")x)=SUB.
SUBICN: Construct the rule A,—A, if x=SUBI.
SUB2CN: Construct the rule A,— A, if x=SUB2.
ro: Number of variable generated at first under (u, v).
check: 0 if no variable is generated; 1 if one variable is generated; 2 if two
variables or more is generated under (u, v).
procedure LG(Y, (u, v), (a, B), no, 7, 7o, G):
begin
check :=0;
if Y+¢ then
begin
if »<r, then check:=1
else if Y#p@) for all 7(r,<i=<r) then check:=2;
if check+0 then

begin
SUB:=¢; SUBL:=¢; SUB2:=¢;
if »#1 then

for ;=1 until »,—1 do
if YNa'p@)?v'+¢ for some (u/, v) such that
(u, v)=(u"u’, v'v") and A;=l'(u”, v”) then
SUB:=SUBU{/, v"), 1)} ;
if check=2 then
for i=r, until » do
if YCp@) then SUBI:=SUBI1\U {:}
else if Y Dp(z) then SUB2:=SUB2U/{i} ;
ri=r-+1;
p(r):=Y; I'u, v):=Cu, v)Ji{4,}; [:=I"U{A,};
P=PU{A,—aA.B}
U{A—»u' A" ; (w, v'), x)eSUB}
U{A,—A,; x=SUBl1}U{A,—A,; x=SUB2}
U{A—w; wl=no, wep(n)}
end
else if there is no derivation such that Ai;mA,-ﬁ then P:=PU{Ai—>aAi/9}
end;
return G
end
Fig. 2. Procedure LG.
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XMW -ila, BICMu(a, §),
then

XMW, -ila, BICTXNMy(a, 8).
On the other hand

XMW, y-ila, B)DXNMu(a, B)
because

Wiy, BDWeala, B=Myla, B).
Thus

Xkao-l(ay ,B):XQMW((I, ,B)ZMx;W(a, ‘3)

Since Wila, B)ICW,,-1(a, B) we have similarly

XMW, (a, B)=Mz.w(a, B).
In Procedure DER,

Y=XNW,.i(a, B) and X'=X"W(a, B).

Input: Finite set I.CC2*, (uy, vo), (@s, Bo)EX*XZ*, nyeN.
Output: Linear grammar G=(I, X, P, A)).

procedure LG_INF(I., (u,, vo), (o, Bo), o) :

begin

Ii={A}; I, &) :={A}; P:={A—>w;lw|=n, wel*};
(u, v):=(¢, &); r:=1; ry:=1; p(l): =1,;

while (u, v)=(u,, v,) do
if I.¢ L(G) then
begin
X:=ual,v;
if X+#¢ then
begin /% construction of production rules under (u, v) %/
(a, B):=(e, €)’;
while (a, B)<(a,, B,) do
hegin
Y :=DER(X, (a, 8));
G :=LGY, (4, v), (@, B), 7o, 7, 7o, G);
(a, B):=(a, B)

end
end;
(u, v):=(u, v)’;
roi=r+1
end
else (u, v):=(u,, vo)’; /3% this algorithm stops when [,CL(G) sk/
return G

end
Fig. 3. Procedure LG_INF.
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Hence Y# X" if k<k,; Y:X’:MX;W(a, B) and Procedure DER stops if k=k,. There-
fore if My(a, B)=¢, then Y=Myw(a, f)=¢; if Mw(a, B)#¢, then Y =My w(a, f)DX,
NMw(a, B)+¢. O
EXAMPLE 2. Let W={a™b™;m=0}U{a™b*;n=0} and X={e, ab, abb)CW, then
the output of Procedure DER is as follows:
1) If (a, B)=(a, b), then
Y ={e, ab}=X"Mp(a, b).
2) If (a, B)=(a, bb), then
Y ={e, abb} =X"\My(a, bb).
(3) Otherwise, Y =¢.

3.2. Construction of Production Rules

The output of Procedure DER may be Y =My w(a, B) for some input XCW. So
our next interests is how to indicate new variables and construct new production rules
from these outputs. If Myrs(a, B) is nonempty and we can not find any old variable
corresponding to it, then we produce a new variable and construct all production rules
related to its variable. Such an Algorithm is given by Procedure LG in Fig. 2.

Table 1. Inference process in Procedure LG.INF for /,={aaa, ababa}.

W | @p Y T P L@ |
(e, 6) | (o) | I A é ¢
(e, 8)  (a,¢) o) |

(e, @) ¢ ; ?

} | (b, ¢) ] | J

(@9 | (@9 ¢ |
&, a) é J

| (b, &) {aa, baba} Ay ! Ay ads, As—bA, |

] (e, b ¢ | K

; (e, @) | (a, &) ] { |

| (e, @) ¢ !
(b, ¢) ¢ [
(e, 0) | {aa, abab} | A, A,—Asa, As—Asb | ¢
. | 1 L
(@) @ j ¢ I
(e, @) | ¢ ( !
} (b, &) i {a, bab} LA, } A—aAa, A—bA, A—a
| (&0 | {a, bab) | | A Ab L
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3.3. Inference of Linear Grammars

In this subsection, we propose the algorithm to construct a linear grammar from a
positive sample I, of L where (u,, v,) is the upper limit on covers for generations of
variables, (a,, B,) is the upper limit on covers for constructions of self-embedding rules
and n, is the upper limit on lengths of right-side strings in the case of generating
production rules of which the right-side consists of only terminals. Such an algorithm
is given by Procedure LG.INF in Fig. 3.

EXAMPLE 3. Let L={ab™ab a;m,n=0}, I,={aaa, ababa}, (u, ve)=(a, a), (as, Bo)
=(e, b) and n,=1, then we can infer a linear grammar G=(I" X, P, A,) such that
L=L(G) by using Procedure LG_INF as shown in Table 1.

4. Completeness for Linear Languages

In this section we show that for any linear language L, a grammar generating L
can be inferred by using Procedure LG_INF.

LEMMA 6. Let L be an arbitrary language over X and G=(I", X, P,[L]) be a linear
grammar satisfying the following conditions. then L(G)CL :
(1) TI' is a set added the element [L] to some finite subset of {[X]; there is (u, v)<
2*x3* such that XCalv and X+ ¢}.
(2) X.CaXpif ((Xi)—u[X,v)eP; weX if [(X]-w)EP.

ProOOF. There is the following derivation for x& L(G):

[Xol=u [ X Jvi=uu[ X, Jvev, = -

Uy U XnUm - ViU - U W Dy =X
where
Xo=L, ([(XI-uu[Xivi)eP @=0, -, m—1).

Since ([Xnl—-w)eP, weX,, that is, x€u; - upXnpvnp v, Futhermore X,..C
#i1 XiDiy: bY ([ Xi]>uin[Xiv1Jvi) € P, accordingly

i1 X1V CUinr (B3 XiDi4 05 C X (=0, -, m—1)
Hence
XEU - UnXpUp - 0iCU; - U1 Xp-1VUmer - 1 C - Cuy XovuC L. O

LEMMA 7. In Procedure LG_INF, if Mi(a, B)E&s1s and al, o#¢ (u, v)=(u,, v),
(a, B)=(a, Bo)), then there is an integer m such that ,u(m)=1l7!,—,,+,-,(a, B).

PrROOF. Consider the case of Y =~M;; (@, B). If there is i (1<i<r) such that Y=
¢(3), this lemma holds. Otherwise, we have pu(r+1)=Y =My, 5(a, B). [

COROLLARY. Let G=(", 2, P, S) be a CFG and I,CL(G). In Procedure LG_INF
under some (o, vo), (@, B)EX*XZ*, for any variable AT there isinteger m such that
pm)Cal,oNL4 and A, elu, v).

PROOF. leen large enough (u,, vo), (@, Bo,) there exist derivations such that
Sz)uAv and Az}aAﬂ ((u, v)=(uo, vo), (@, BY=(ao, Bo), (@, B)#(e,¢)). By Lemma 1, L,C

Mirs(a, B). By Lemma 7, there is an integer m such that pm)=al, 0N M;(a, B).

Hence p(m)Dal.sNL, 0O

The above Corollary shows that each variable A in CFG G corresponds to a variable
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(written as A) in the grammar G inferred from [,CL(G) using Procedure LG.INF.
Futhermore, the following Lemma asserts that the language generated from A includes
the language generated from A if G is linear:

LEmMMA 8. Let G=(",2,P,S) be a linear grammer and L=L(G). Then for some
I.CL, (uo vy), (@ Bo)EX*xZ* and integer n, Procedure LG_INF infer the linear
grammer G=(I, X, P, A,) such that for any A<I there is A= satisfying L, L.

PrOOF. Let

(1o, vo)=max{(u, v); S%xﬁ,uyv and each variable in I’ occurs at most once
in the derivation process to x where x, ye(["U2)*},

(@, Bo)=max{(a, B); (A—»aAB)eP, AT},
ne=max{|w|; (A-w)eP, wel* Acl},
Ii={x; x=Suoa,Bwo, x&L}.
Then for any A<, there exists a derivation such that
S:)uAv ((u, V)= (1o, vo)).
Now we consider the three forms of production rules from the variable
A: A—-aAB, A—-u'Bv (A+B) and A-w (wel*).

(1) the case of form A—aAf
L CMzis(a, B) by Lemma 1 and p(m)=My,,+(a, B) by Lemma 7. Since p(1)=I,,
pWNMy (e, B)+#¢. We now write A, as A, then

(A,—udv), (ﬁﬁaﬁﬁ) epP.

(2) the case of form A—u’Bv’
Consider the case of Y =Mzz, 7s(a’, f'), where

(B—a’BBYEP, (uu', v'v)<(uo, v,) and (a’, B)=(a, Bo).
Then
' u(m)p’' =a’ (@, oNMyra, B8))0

:Whv—'vﬁﬁ’Mﬁm—,(a, [8)17’.
Futhermore, YN’ p(m)o’+¢ by Lemma 4. Thus
(A—u'Bv", (B—»a’Bﬁ/)ep
where we write, as B, A, in functional procedure LG.
(3) the case of form A—w
Since we may assume that |w|[=<n, and we u(m), (A-w)eP. By the above
analysis, we can understand that each production rule in G has its corresonding rule

in G. Let w be one of the minimal length words in L, ALy for Be [ distinct with A4,
such as we L,—Lp, then there exist (uy, vy), (s, v2)<(u,, v,) such that

K *
S=2u AviSuwr,,  S=u.Br, R uw,.
Thus
wEMr 5, B)—Mzgr 5@, B7)
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where (A—aAB), (B—a’Bf’)eP. Namely A+B.

Innversely, L, # Ly if A+ B, here A+ B by the predescrived restriction on grammar.
Therefore L,C L; by application of the induction. [J

THEOREM 2. For any linear language there are some sample 1.C L, (u,, vo), (@, Bo)
eX*Xx 2* and integer n, such that we can infer linear grammar G of L by using Pro-

Input: x, ye(UX)*, G=(" 3, P, A,).
Output: Set of all strings composed from x and y; H.
Variables:
m: Serial number of string analyzing currently.
n: Maximal number of string in the middle of composition.
z(m): Composition string in the current.
procedure COMPO (x, y):
begin
m:=1; n:=1; z(1):=¢; x(V):=x; y():=y; Hi=¢;
while m<n do
begin
delete the maximal length common prefix of x(m) and y(m);
if x(m)=Ax’ for some A=l and x’=(/U3)*, and there exist weI* and
y’e(IM"UX)* such that A;w andy(m)=wy’ then
begin
let A;wl, o, ADw, and Ym)=wiyi= - wayh;
for j=n+1 until n+4 do
begin
x(7)=x"; y(J):=3}; 2(j) :=z(m) A
end;
n:=n+h
end
else

if y(m)=By’ for some Bl and x’(I"UX)* then .
if there exist weX* and x’(I"UX)* such that A=w and x(m)=wx’ then

begin « .
let Bsw,, -, BSw, and x(m)=w,x{= - =wyx};
for j=n+1 until n+ 4 do
begin
x():i=x5; y(N)i=y"; 2(j) :=z(m)B
end
end
else if x(m)=y(m)=e¢ then H:=HU{z(m)};
m:=m+1
end
return H

end
Fig. 4. Procedure COMPO.
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cedure LG_INF.

PrROOF. Taking that A=S in Lemma 8, LCL(G). On the other hand, if we
interpret A, obtained when p(r):Mi r,5(e, B) in Procedure LG-INF, as [Myys(a, B)],
then the inferred grammar G satisfies the condition of Lemma 6 and thus L(G)CL.

Input: Finite set 1,CX*, (uo, vo), (@0, Bo)EZ* X Z*, neeN.
Output: CFG G=(" X, P, A).
Variables:
check: 0 if it is impossible to compose the given strings for every variables;
1 otherwise.

¢@): 0 if production rule from A; is not composed at all; 1 otherwise.
procedupe CFG_INF (1., (uq, vo), (o, Bo), Mo);
begin
check :=1;

G :=LG.INF I+, (1o, Vo), (o, ,80), M) ;
for all /(1=/<7) do ¢(d):=1;
while I.¢ L(G) do
if check+0 then
begin
check :=0;
for ;=1 until » do
if ¢(Z)=1 then
begin
check :=1; ¢@@):=0;
let n(z) be the number of production rules from A and x;, =+, x4 be
right-side strings of these rules;
for p=1 until n() do
for ¢g=p until n(;) do
if COMPO (x,, x.)#¢ then
begin
let COMPO (x,, x9=1{y1, -+, i}
for ;=1 until ¢ do
begin
Pi:PU{Ai‘*)’j};
if I_.N\L(G)#¢ then P:=P—{A;—y;}
else c(?):=1
end
end
end
end
else return ¢ ;
return G /% G is compatible to given sample (I, I-) %/
end
Fig. 5. Procedure CFG_INF.
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Hence L=L(G). O

5. Grammatical Inference for CFL’s

We first give Procedure COMPO in Fig. 4 to compose production rules of linear
grammars obtained by Procedure LG_INF. Then given a positive sample I.C L and a
negative sample J].CX*—L for a CFL L, we consider a method to adopt only com-
posed rule compatible with these samples. In final, we propose Procedure CFG_INF to
identify a CFG G such that L=L(G) in Fig. 5.

THEOREM 3. For any CFL, there are some sample (I, 1.), (uo, vo), (@, Bo)EZ*X I*
and integer n, such that we can infer a CFG G=(I, 3, P, A) satisfying L=L(G) in
Procedure CFG_INF.

ProoOF. Let L=L(G) and G=(I", 2, P, S). Let A—u,Aju; - up_,Anun be a pro-
duction rule of G, then by the similar method to Theorem 2, there are (A—u,w,u, -
Uiy Aty - Wtm) in P@=1, 2, -+, m) for some [.CL, (1, vo), (s, Bo)EZ*x Z* and n,
€N, where w; is a minimal length string in L,(j=1, -, m). By the composition
method of rules in Procedure COMPO, we have (A—uoA u; - um-1Anun)=P. We can
check whether these composed rules are compatible for L, by giving a large enough
negative sample I.. [J

EXAMPLE 4. Let L={ab™a™ba™b"a; m, n=0} be unknown. We apply Procedure
CFG.INF for I.={aba, ababa, abababa}C L, I-={abaabbaba}¢ L, (u, v)=(a, ba).
(ay, Bo)=(b, a) and n,=0. First, by the function procedure LG_INF, a linear grammar
G=({A,, As, A}, {a, b}, P, A) is obtained as shown in Table 2, where P={A,—
abA;a/aAsba, A;—aAsb/e, As—bAsa/s}.

Composing these production rules in ordering from A4,,

(1) COMPO (abA.a, abAs,a)={abA,Aa}:
If we add (4,—abA,A.a) to P, then it derives a contradiction because abaabbaba

Table 2. Inference process in Procedure CFG_INF for [,={aba, ababa, abababa}.

wv) | @B | Y r p L(G)
(e, 8) | (&9 I, A ¢ ¢
(ab, a) . B

(a, b) {e, ab} A, A—abA,a, Ay—aAsb, Ay—e

. abababa

. & L(G)
(a, ba) .

. abababa

b, a) {e, ba} A, Ai—aAsba, Ay—bAsa, Ay—e | EL(G)
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eI_ is generated only by applying this rule.
(2) COMPO(abA.a, aAsba)={aAbA.a} :

If we add (A—aA;bAsa) to P, then Procedure CFG_INF terminates because [,C

L(G) and I_.NL(G)=¢. Indeed, L=L(G).

(1]
£2]
£3]
[4]

[5]
[6]
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