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ON THE LEARNING ALGORITHM OF 2-PERSON
ZERO-SUM MARKOV GAME WITH EXPECTED
AVERAGE REWARD CRITERION

By
Kensuke TANAKA*

Abstract

We develop a method for learning the optimal strategies of 2-person
zero-sum Markov game with expected average reward criterion. To
do this, at each stage the players play a modified matrix game with
relation to each state, and then receive an information about the result
of the game from a teacher. Using the information, the players
generate a pair of mixed strategies with relation to each state used
at next stage. Then, such a pair of mixed strategies generated by
the players converges with probability one and in mean square to a
pair of the optimal stationary strategies. Further, when the learning
is stopped at some stage by the teacher, the probability of error is
estimated.

1. Introduction

This paper is a continuation of our paper [5] with the title “On the learning algo-
rithm of 2-person zero-sum Markov game” and is concerned with a learning algorithm.
In [5], we showed that a sequence of the mixed strategies generated by some learning
algorithm converges to a pair of the optimal stationary strategies of the Markov game
with a discount factor under an assumption of incomplete information relating to reward
functions and transition probabilities of a system.

However, in some practical problems, it is necessary that we make use of such an
algorithm to 2-person zero-sum Markov game with expected average reward criterion.
For this reason, it is tried to apply the learning algorithm to such a game under an
absence of complete information relating to reward functions and transition probabilities
of the system. To construct the learning algorithm under this situation, at each stage
two players play the modified matrix game corresponding to all states of the game
system and make use of the information about the games in the form of realization of
the random variables given by a teacher. Then, we can show that, under some assump-
tion, a pair of the mixed strategies of the players generated by the learning algorithm
utilized efficiently the given information converges with probability one and in mean
square to a pair of the optimal stationary strategies of the original Markov game.
Further, when the teacher makes the players to stop learning at some stage, the pro-
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2 K. TAaNAKA

bability, such that the difference of the mixed strategies at this stage from the optimal
strategies of the Markov game is greater than ¢>0, is estimated. In the proof of such
convergence, the idea of regularization for supplying the lack of the strict convexity
of the payoff functions in the modified matrix game and an assumption for ensuring
the convergence of an approximate game value generated sequentially by the teacher
play important roles.

This paper consists of four sections. In section 2, we shall give the knowledge
about a 2-person zero-sum Markov game with expected average reward criterion neces-
sary in the paper. In section 3, we shall state the regularization of the modified matrix
game and show the properties of optimal mixed strategies by form of the lemmas. In
section 4, we shall give the formulation of learning system and show that a pair of the
mixed strategies generated by the learning algorithm converges with probability one and
in mean square to a pair of the optimal stationary strategies under some conditions.
Further, when learning is stopped at some stage, the probability of error is estimated.

2. Preliminaries

In this section, we consider a 2-person zero-sum Markov game with the expected
average reward criterion defined by a set of five objects (S, A, B, P, r). Here, S is a

finite set labeled {1, 2, ---, s}, called the state space of the game system; A= ZC_) A, is
=1

called the action space for player I and A, is a finite set {a}, a3}, -+, a;*t}, from which

player I will choose his action when the state of the game system is [€S; B= L_\SJIBL

is called the action space for player Il and B, is a finite set labeled {b}, b3, ---, br'l},
from which player II will choose his action at state /S, P is a transition probability
which governs the law of the motion of the system, that is, for each triple (I, a;, b))

8 $
eSx l_UlALX LUlB” corresponds to a probability on S; », a reward function of player I,
is a function #(/, a;, b)) on SX le A X ICJ B, and —r is a reward function of player IL
=1 =1

In such a game, player I and II observe the state of the system at each stage and
classify it to one of the possible states /€S and then, player I and II choose independently
actions a,€ A4, and b, B, by the mixed strategies, respectively, without any collabora-
tion with any others. Then, as a consequence of the present state /S and the actions
a,€ A, and b, B, chosen by the players, player II pays player I reward »(/, a;, ;) and
the game system moves to a new state [’eS according to the transition probability
P\, ay, by).

A strategy = for player I is a sequence of =, 7, ---, in which each =z, specifies a
probability 7,(-|h,) on A, under the given history h,=(,, aq, bs, ***, @n-1, ba-1, ) Of
the system, where [, a, and b, are the i-th state, the ¢-th action chosen by player I
and f-th action chosen by player II, respectively. Especially, if each element z, of
w=(m,, @1, 72, +--) depends only on the n-th state of the system, the strategy = is said to
be Markov strategy. Moreover, if each element z, of Markov strategy m=(m,, 71, **")

’

is independent of n, the strategy = is said to be stationary. In this case, there is a
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map f from S into P(A) such that n,=f for all n=0, 1, 2, --- and = is denoted by f,
where P(A):pP(AL) and P(A,) is the set of all probailities on A;. II denotes the
=1

class of all strategies for player I. Strategies, Markov strategies and stationary stra-
tegies for player II are defined analogously. [ denotes the class of all strategies for
player IL

Now, we define the expected average gain for player I. When the game system
starts from a state /,S and a pair of the strategies (x, ¢) is used, then the total ex-
pected gain for player I up to the n-th transition is defined to be

Iz, )=E+,| B r, a, b)lxo=1s),

where E. ,[‘]|x,=[,] denotes the conditional expectation given x,=/, related to a pair
of strategies (z, ¢). Then, player I wants to maximize

= Ia(m, a)(lo)
ngle n+1

and player II wants to minimize
I
lim n(m, o)) )
n— n+1
From a point of view of this criterion, an optimal strategy =* for player I can be

defined as follows: for all strategies ¢’ for player II and all [,S,
= Ia(m, o)y I(z*, "))

inf sup lim li
agl‘ zlelg n-00 n+1 n-co n+l

lIA

3

Similarly, for all strategies =’ for player I and all /,=S, an optimal strategy o¢* for
player II can be defined as
e Aalm, 0)lo) = In(w’, a®)()
sup inf lim 2 S22t O A0
releerns  ntl  —am ntl
Further, we shall say that the Markov game has a value if for all initial state /,€S

. = I (m, o)l e Il o))
infsuplim——"7  —sup inflim—="7=".

This common quantity as a function on S is called the value function of the game.

Let X° be an s-dimensional vector space. For each p,=(p.(1), p:.(2), ---, p(m))<
P(A;) and ¢,=(q.(1), ¢:(2), -, qi(n,)))=P(B,), we define an operator L(p,, ¢;): X*—X*
as follows: for each /=S and u="(uy, u,, -+, u;) X",

L(ps, gdu=r(l, o, g+ 3 ue PULL b, 00),
where
m, n, ) ] ) )
r{, pi, g)= «21 j2=17’(1, ai, b%)pi(i)g.(7)

and

m n

)
PV, pu, f]z):igl JEJP(Z/”; at, b%)p.(0)g.(7)
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Then, since for each /€S and u=X’® L(p;, g)u, is continuous on P(A,)xP(B;) and
P(A)XP(B;) is compact, there exist the probabilities pF=P(A,) and ¢f=P(B,) such
that, for each u= X¢,

min L(p¥, ¢))u,=maxmin L(p,, q;)u,
9 Py

= minmaxL(pl, (]L)uz
L)

=max L(p,, ¢Hu
7

:L(]ylk) Qf)ut .
we can prove the following theorem.
THEOREM 2.1. If there exist a vector v¥*< X® and a constant d such that, for all [ S,
d+v¥=maxmin L(p;, q)v¥, (2.2)
P4
then, the Markov game has a value d, i.e., for all I,€S,

_ P I.(z, o),) R — I.(x, o))
d=maxminlim == "7 = minmaxlim ="

and there exist the optimal stationary strategies p¥ and q¢¥ of the players satisfving (2.1)
with v¥€ X® instead of us X®.
The proof of the theorem is given in [2].

Under the following assumption, a solution to (2.2) is determined by the method of
successive approximations.

AssSUMPTION. There exist an integer ¥=0, a constant a(0<a=1) and a state [*&S
such that, for all (u-+1)-step Markov strategies zn**'=(f,, fi, -, fu) and %=
(g, &1, -, gu) of the players and all initial states /,=S,

Pu+l(1*|lo, ﬂ'u+l, 0.u+1)
= 3 Pllillo, folle), gollo) -+ 3 PUullucs, fumsllu-s),
1= u=

Gu-1lu- P U* |y, fullh), gullu))
=a>0.

THEOREM 2.2. Under the assumption, make a sequence {(d™, v™)} 1,5, according
to the following algorithm :

Vim=maxmin {(, pi, g+ 30 P i, g0}
l -

P, 4
dm=y®
W=V —gm, n=1,

then {(d™, v™)} converges uniformly and exponentially fast to a solution (d, v*) of (2.2),
where v € X® and [* is given in the assumption.

This theorem is proved by a similar argument in [3].

We state more detailed results for the learning algorithm used in this paper. Let
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Y™ ()= min[v{*" —v{™]
LES
A(n)(v>:maX[vl(n+1) _UL(TL)]
les
D(ﬂ)(v):A(n)(U>_v(n)<U)
and

L](ﬂ](v):maxlvl(n+l) __vL(TL) l .
les
For any n=Nu-+m (1=m=u),

U (NZUP=DPW)S1—aV DW= (1—a) 4, n=1,
where
A=max{D® ), D®{), ---, D®()}.

Then, from the above facts, it follows that

max|v{® —vf|= T UC )
es t=n

<(1—av A
[44
=(1—a)*B, (2.3)

where n=Nu+m, 1=m=u, and B=uA/«a.

As mentioned in Theorem 2.1 and Theorem 2.2, it is important to consider a 2-
person zero-sum game, which may be called a modified matrix game at each state /€S
with the following payoff function: for all ate A, and b€ B,,

VHal, b)=r(, af, b+ SoEPU 1L, af, b,

where v*=(v¥%, v¥, -+, v¥) is the vector given in Theorem 2.1. The optimal strategies
p¥ and ¢f for player I and II in this modified game at each state /&S correspond to
them for the players in the original Markov game with the expected average reward
criterion. And the constant d given in Theorem 2.1 is the value of the original Mar-
kov game.

3. Regularization of the Modified Matrix Game

From the fact mentioned in section 2, it is important that the players search for
the optimal stationary strategies at each state ! of the modified matrix game. Here,
under an absence of complete information about reward functions and transition proba-
bilities of the game system, the players have to search for the optimal stationary stra-
tegies by a teacher’s guidance. Then, the teacher gives the players the information
related to the optimal strategies by making them play the modified matrix game at each
state /=S. To do this, the gradient method is used as the learning algorithm for solv-
ing such an optimization problem. But, there exist several difficulties that are connected
with the lack of strict convexity of the payoff functions. One method of avoiding these
difficulties is to introduce an idea of regularization in this modified matrix game.
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Suppose that, in the regularized game at each state /=S, when the strategies a?
and b’ for the players are chosen by the mixed strategies p,=(p;(1), p.(2), -+, p.(m;))
and q,;=(q,(1), q.(2). ---, q:(ny)), the payoff functions of the players are

VEal, b= 2o~

and
N . .
—Vai, bz>—7(41(]>_]7t(l>)y
respectively, /=1, 2, ---, my, j=1, 2, ---, n,, where §,>0 is a regularization parameter at
state / and

Vilal, b)=r(, af, b+ SvEPW 1L al, b).
=1
Then, the expected gain of the regularized game for player I at each state /[ is given by
0
Vb ad=V¥pu =5 UIp:lP=la.l®)

and, similarly, the expected gain for player Il is given by
—=V¥apn a1,
where ||| is Euclidean norm and
Vb, ¢)=L(ps, quve.

Moreover, we assume that the mixed strategies available to the players at each
state [ are in ¢-simplices. i.e., p,€S;t and ¢,=S7}, where

ST={X=(xy, Xg, =+, Xm), X3=2¢, 1=1,2, -, m,
3=l <0§5§%)}.

In view of this point, V¥;,(p., ¢o) is strictly convex for any fixed 6,>0. Thus, the
game has a unique saddle point (p¥(e;, 6)), ¢¥(es, 61)) for any fixed &,<[0, &, e,=
min {1/m,, 1/n,}, such that for all p,€S7% and ¢q,&S¥}

Fa,(p*(e, 00, q)Z=V¥s,(p*(er, 01), g*(er, 01))
2V¥s, (b, q*er, 01) .

p¥(ey, 0:) and ¢¥(e;, 6;) are the optimal strategies for the players in the game at state
{e S restricted by ¢,>0 and 4,>0.
The following two lemmas play an important role in our learning algorithm.
LEMMA 1. [If, for each state [, the sequence {e,(n)} and {0.(n)} saiisfy

« R . 1 1
e (n)e(0, &), aL:mln{ P -TlT}

0.(n)>0, mine;(n)=mind,(n)=0

and
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. &n)
W 3u(n)
then, at state {, the sequence {p¥(ei(n), 6.(n)), gF(ei(n), 6,(n))} converges to a saddle point
(p¥, q¥) of the modified matrix game (depending, generally, on u,).
LEMMA 2. For each state I, there exists 6;<(0, o) and constants K, K® and K®
such that

:‘ule [0: OO) »

| p¥(es, 6.)— p¥(es, 52)“‘1‘“(]?(5‘h 51)_q>lk(52, 3)|

SKPerme FK P |00, + K | 22— 22
0. 0,
for any e, &,<[0, &1 and d,, 6,€(0, 8;), where ||-| is Euclidean norm.

The proofs of these lemmas are given in [1].

4. Formulation and Convergence of the Learning Algorithm

In this section, the teacher does not know the value of the original Markov game
and the players do not know the reward functions and the transition probabilities of
the system. As the method of learning, at each stage, the teacher makes the appro-
ximate value of the original game by the successive method in Theorem 2.2 and the
players receive the information about the reward functions in the form of realization
of some random variables. And the players construct the mixed strategies used at next
stage by a pseudogradient method.

For our aim, we describe the learning algorithms in detail.

At the first stage, the teacher chooses any initial vector v@=(v{®, v®, -, v®)
€X*® Player I and II play a game at each state /€S using any mixed strategies P
and ¢{®, respectively.

Now, let v™ =™, v{®, -+, vi™)=X® be an s-dimensional vector constructed by
the teacher at the n-th stage. Let p{™ and ¢{™ be the mixed strategies of each state
{ constructed by the players at the n-th stage, respectively. Then, at the (n--1)-th
stage, the players play the modified matrix game at each state /=S using the mixed
strategies p{™ and ¢{” and suppose that at this game, the players choose the pure
strategies x{"*» and y{*", respectively. So the teacher gives the players the informa-
tion about the payoff function in the form of realization of the random variables V {**+(1)
and V{**?(2) such that

E[Vl(n+l)(1)|xl(n+l), yl(n+l)]:Vl(n+l)(xl(n+1)’ yl(ﬂ+1)),

SV D] 50,y 0 I=RE (), yim)<oo,

(4.1a)

and
E[V;("+1)(2)|xl("“), yl(n+l):|:_Vl(n+l)(xl(n+1)’ yl(n+1))

02[V{n+l)(2)]x1(n+l), yl(nﬂ)]:Rl(z)(xl(rH»l), yl(n+1))<oo R

(4.1b)

where for v{® given in Theorem 2.2,
Vl(n+1)(xl(n+l)’ y£n+l)):7’(l, xl(n+“; yl(n+1)>

+ l,zi)lvl(,n)P(l/l Z, X[“Hl), yl(n+1)) N
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Using this information given by the teacher and a projection operator IT-{-} on a closed
bounded set F, player I and II construct the mixed strategies used in each state /S at
the next stage as follows:

ﬁfn+n:HS7§§(n+1>[:p§n)+rl(n)A(nH'l)(xt(n+l), yl(nﬂ)):] (423)
and
ql(nﬂ):Hsréé(nﬂ)[q;n)+rl(n)B(n+1,l)(xl(nﬂ), yl(nﬂ))] (_12b)

where {e,(n)}, {0,(n)} and {r.(n)} are the sequences of numbers and for aj€ A, and b}
€B,, i=1,2, -, my, j=1, 2, -, n;, A™P(a}, b)) is an m,-dimensional vector whose
k-th element is

Vi (1)) pim @) —adu(n), k=a}

AP D, bjz):{ (n+1) (n)(;
_ VW @=6dn) L o

ml—l

and B®*:Y(gi b)) is an n,-dimensional vector whose k-th element is

Vi 2)/gf () —dum), k=b}
Bmﬂ:”(ai,ba):{ . m(f

S VUG
=

the projection operator I7x{-} has the following property represented by the Euclidean
norm :

Hp{x}eF and |x—y| = r{x}—yl for all x 4.3)

and all yeF.
Next, the teacher constructs an s-dimensional vector v™*® used at the next stage
as follows: at each state /€S,

Vl<n+1):mz?xr£ﬁn {rd, pu, (]L)'f‘lilvf,”)P(l’”, pu, gt
4 -

dY =V D

v{n+1)___Vl(n+1)_d(n+1)

Moreover, the learning of the players is, sequentially, continued by the guidance of the
teacher.

Then, the following theorems assure the purpose of learning, because a pair of the
mixed strategies generated by the above algorithm converges with probability one and
in mean square to a saddle point (p¥, ¢f) at each state /€S of the original Markov
game. For simplicity, we use the notations p{»*=p*(e,(n), d:(n)) and ¢{™*=g*(e,(n), d:(n)).

Now, throughout the paper, we assume the assumption.

THEOREM 4.1. Suppose that the sequences {e(n)}, {0:.(n)} and {r.(n)} satisfy the
following conditions: for each state |&S,

(@ 7(m)>0, 3(n)>0, en)e@, &), n=0,1, -,

gn)y—>0 and 0,(n)—>0 as n—>co,
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where sl(n)_mm{—nt—[ %}

®  lim-=tm =p, &[0, o)
nm 0un)

©  Zrmam=co,

@ Britn)/en <o,

8

(e) 2 lei(n)—en—1)| <co,

n=1

()

||M8

l5t(n) oi(n—1)| <oo,

® i |edn)/0u(m)—eu(n—1)/0,(n—1)] <eo.

Then, at each state IS the sequence (pi™, qi™) generated by the learning algorithm (4.2)
converges with propability one as n — oo to a pair of optimal stationary strategies (p¥, ¢¥)
of the Markov game for a pair of any initiall mixed strategies (p{”, gi”)E Sy X Syy.

REMARK 1. Since ngurl(n)/sl(n)<oo and &/ (n)—0 as n-—oo, né)r%(n)<oo. So
S rimim <eo.
Proor. By (4.2a) the (4.3), we get for n=0,
upéﬂn—pfﬂn*nzgnp;">+n<n>Am+l-wcx;n“n $)— pireo
=[P — PR 2 a(m) PR — TR, ACTD(x(, y(rn))
HrHm) | AP (xm Y, yf"“’)llz, (4.4)

where <-, -> denotes inner product and |-| denotes Euclidean norm.
Further, it follows that

“pl(n)__pi‘ﬂ-fl)*H?: ]]pin)_ l(n)*+pl(n)*_pl(n+1)*”2

<<H (n) __ ")*”_*_Hpin)* (n+1)*’i)2

S e VI IS T
and
27’:(?1)<Pf")—pz("+1’*, A(n+1,t)(xl(n+1)’ yl(n+1))>
—“ZTL(HKP(M p(n)*, A(nﬂ.l)(xl(nﬂ)’ yl(n+1))>
+27L(ﬂ)<17(")*_;01("+1)*, A(n+1,l)<x1(n+1)’ yl(n+l))>
ézh(nxpl(n)_pyn)*, A(n+1,l)(x;n+1)’ yf"“’))
+v2 llp‘”’**,bz(”“’*ll+7’?(n)HA‘”“ l)(x(n+1) yl<n+1))”2' (4.6)
By inserting (4.5) the (4.6) into (4.4), we can obtain

”p{n+1)_p§n+1)*“2§”pl(n) n)*” _{_4\/ 2 Hp(ﬂ+l)*_p§n+l)*”
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F2ri(n)pim —pimF, ATHD(x [ yfreny,
27 )| AL D (g frrn yirrn)|e, 4.7
Taking conditional expectation of (4.7) for given p{® and ¢{™, we get
EQ|pim+? — g™ ** p{™, ¢f™]
Spi™ —pi™* P4/ 2 | piW* — pfr 0|
F2RELCHD —pi%, AT D(x{r0, 30y | pf, ]
F2PAMELI AT (220, 3" D)|*] pf®, i1 *.8
Here, from the definition of A®*L0(x{"*D, yir+D) it follows that
E[CpI™ —piw%, AT (et y(r)y [ p(m, gf)]
=ELE[PI —pim*, ATHLD(x[r, yma0)y | x(reh y(med ]| pim | g{m]

= 2 S {(I O NV at, B/ bV )il

1 . .
+ 2 B R = )~ (VIR al, 0/ 5V D=0} et )
=y ien (o, gpr)— L(") D8 pem e fgim )
0
_Vl(nﬂ)(pl(n)* (n))+ 5(71) (”p(n)*nz ”qlm)”z) ‘_(n) ”p(n)llﬁ
S| g sl amcpi, pim)
= mj’ﬁl (Vs (o, g =V (o, gi)— 280 ypm — ppme)
= VR, 9=V Eaym (587, 1)
(VB (%, g —VE s, (D55, g™))
+(Vik5t(n)(pl(n); qln))——v ﬁl(n)(p(n)*’ 95")))
5(") (pi™— o9}, 4.9)
where
Vim0, gim)= g ]21 PGV (al, bR ()
5
2 s =l 1o
and

VEna(, gf)=VHi, gm)— 2 (1 ppm s —gim ).
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Moreover, by (2.3) we can obtain the following inequalities :
T?éig(]vz(,"ﬁﬂ)m@(n), i) —=VEs,m(pi™, gi™)|

=max| Vit (pi”, ¢i") =V, ¢i")]

33 pim ) (2 o =t [PWLL, ab, bl ()

=(1—a)¥B, 4.10)
where n=Nu-+m, 1<m=u, for u given in the assumption, and by similar argument,
mginVz(,"rs*,l(’m(ﬁ(”’* i) —=VEs (iM%, qi™)|

<maxlv("’;vl |
=(1—a)¥B. (4.11)

Also, since p{™* and ¢{™* are the optimal mixed strategies in S":g(mxs’:g(m of the
regularized matrix game with payoff matrix

{(V¥s,m(ai, b%): aie A, and b B},

it follows that
VE sy M, gim)—=VE¥ 5l<n>(1>("’* gi™)=0. (4.12)

Hence, inserting (4.9), (4.10) and (4.12) in (4.8), we arrive at the following inequality :

ELIp{+>—pi*17] pi, "]
g@—m

4m; AN R_L9y2
Ee— 7i(n)(1—a)¥ B+2ri(n)

P30 [ D7 — b *P 43/ 2| bV *— pir |

CEL A D™,y ) o™, ¢i™]. (4.13)

Next, we need to get an estimate of E[|A®F:D(x{*+D y{+D)|2pi™ ¢{™], that is,
from (2.3) and (4.1)

E[“A(n+l l)(x(n+1)’ yl(TH»l))Hprl(n)’ ql(‘n,)]
:E[E[HA(TL+1,Z)(xl(n+1)’ y£n+1)>H2| x[(n«}—l) (n+1)] I p(n)’ L(n)]

__E[E[ i(Aén«H,l)(xlfﬂmH)’ yl(n+1)))2l xl(n+1) (n+1):|lp(7z) (n)]
k=1

— E[E[(V(nﬂ)(l /pl(n)(,cl(wrl)) OL(Tl )le(n+l) L(n+1):”pl(n)’ ql(n)]

my—

mln

- 2—1 {1:1,

~

R{¥(a}, b))+(Vi"*(at, b1))*

n)(l) (n)(])*a (n)}

JI
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(1) () ¥ 4 M)
< 2m; { R{V+(max|v{® —v¥ |+ M) +5%(n)}
m;—1 &i(n)
2m; ( RV+2B+2M*
< 2
= { o +51(n)} 4.14)

where
= 3 SR )
and M, is a constant such that, for all af€ A, and bie B,,
[v¥(ai, b)) | E=M,.
Hence, from (4.14), (4.13) can be written as the following :

E[”pl(ni-l)_pl(n+l)*“21 ﬁl(n): ql(n):]

é(l_ l Tl(n)a (n)) lp(ﬂ) ﬂ)*“ +4)\/Z ”p(?’l)*,__pfn-f—l)*”
(1) 2 2
i 4m¢B )’z(n)(l— T 2m(R{V+2B-+2M?) % ri(n)
m m—1 ei(n)
) @.15)
m—1

Similarly, we get

E[“q(n+1) q(n+1)*” Ip(ﬂ) l(n)]

(-

S7mam)1gf” =g HIF 4y T g *—gfr ¥

(2) 2 2
—1 nl—l s;(n)
47’1; 2 2
+ o rimm), (4.16)
where
R®=3 3 R(al, b))
i=1 j=1

Now, putting that

c[n+1]= Z(IIP‘"*“—p‘”“’*H Flgi™? — gm0
and
dint1)= 3 (L g — oo ML g gpneney),
there are the constants L, and L, such that, for each n,

Ld[n+1]=c[n+1]= L.d[n+1]. 4.17)

From Lemma 2, (4.15) and (4.16), there exist a positive integer n, and positive constants
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K <o, i=1, 2, 3, for each /S such that, for all n=n,,

ELd[n+1][p1™, ¢i®, I€S]

Sé{oﬁ my Tz(") L(n))(ml I pim — pm*|2 + \Qf") ql(m*“z‘)

= my

+4\/< ‘( m,— i|p(n)*—p("+l)*ll+ —1 ” (n)*_ql(ni-n*”)

+8Brun)(1—a)¥ +2(R{" -+ R{® -+4M*+4B%) X ”E"i Harmain}

SU—7NdIn1+ 2 {K P len D= en) |+ K 15n+1)—d,n)|

an+l)  eln)

R gy | F8BrmL—a)®
2R+ R +AM-+4B%) % T’E"; Azt 4.18)

where r(n):m‘in(r,(n)él(n)) and n=Nu-+r, 1<r<u, for u given in the assumption.

Now, (4.18) can be rewritten as follows:

E[d[n+111p{™, ¢i™, l€S]1=d[n]+pn+1], (4.19)
where

BIn+11= S {K |etntD—es(m) | +K 2 |0,(n+1)—5:(n)]

e(n+1)  e(n)

P i) | B mA—T
AR+ RO +AM*+4BY) 7§”§ 7B (4.20)

Introducing the notation D[nJ=d[n]+ 3 Blk], (4.19) implies that

E[D[n+111p{"™, ¢i”, I€S1=D[n].

Since D[n]=0, there is a ramdom variable D=0 such that D[n]—D w.p.l as n—oo.
Hence, it holds that

dfn]— D w.p.las n—>co,
because ki}ﬂ,@[kjao as n—oo by the conditions of the sequences {r;(n)}, {e,(n)} and

{6.(n)} in the theorem and the remark. Taking the expectation of the both sides of
(4.18) and summing the obtained inequalities with respect to n from #n, to oo, if follows
that

niortn]EEdEn]]@o. 4.21)

Here, since r(n)-:mlin(n(n)&(n)), by using the conditions (a) and (b) in the theorem,

we can prove that
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>0,  n=0,1, -, (4.22)

and

Then, from (4.21) and (4.22), there exists a subsequence {n,} of {n} such that
lim E[d[n:1]=0,

from which, by Fatou’s lemma, we can conclude that d[n,]—0 w.p.las k—co. There-
fore, D=0 w.p.}, hence also

c[n]—0 w.p.las n—co.

Thus, the theorem is proved.

Next, when the teacher makes the players to stop learning at (n-+1)-th stage, the
estimate of probability, such that the difference of p{**» and ¢{** from the optimal
mixed strategies p¥ and ¢F of the Markov game is greater than ¢>0, is given in the
following theorem under the conditions in Theorem 4.1.

THEOREM 4.2. For any positive number ¢>0 and all n=n,

P B Upimr= pl+ gt —arDze |
<2(7) Z{ L, AT s RIEL o — piro

ntl n
+gi"0 —gi"* 1+ 2 };H (l—rz(k)dl(k))Pl(x)-{—Q%(n—{—1)}, (4.23)
r=ng k=1
where, by using N such that x=Nu-+r, 1=r=u,

Pi(x)=4+/2 (Kf” lei(x)—ei(x =D+ K [0:(x)—du(x—1)]

r® &;(x) _51(X~1) N 4m,B 4n,B . N
SR la,m Bix—1) ) <ml—l n—1 Jritx=D1—e)
+( 2m (R +2M2+2B%) X 2n, (R{®-+2M*+2B%) )
m;—1 n;—1
7ix—1) 2my o 2m N, s
a e(x—1) +<mlf1 " on—1 )Tl(x Do(x—1) (4.24)
and
: , < ‘ ei(n+1) |
Qun+D=K Pen+ D+ K Pon+ DK | — |
z(n—rl)

ProoF. By using Chebyshev’s inequality, we get

P[?;l(”pl‘"“"1’7‘“+Hf12"“’—q?ilzJJ
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3

2 PP —pfil+llgi" P —gFl =e/s]

=1

lIA

/\

I

m[fn

<(2)' 2 EQpir— ptl+lgf+0—gt )]

=1

[IA

2( ) E {F[(Hp(n+l)_p§ﬂ+l)*“+Hq(n+l) q(n+1)*“>2]

TELUpm 0% = p¥l - llgf 0% —g¥ID2} . (4.25)
Here, using a similar argument as the proof of Theorem 4.1, it follows that
E[(I]pl(n+1)_pl(n+1)*”_‘L_”ql(n+l)kql(ﬂ+l)*”)2]
<2E[{p(n+l)__p<n+l)*H +||q(n+1)__ql(n+1)*“2]
=2{=7in)0: (M) EL| pi™ — pf™* |2+ llgf™ —gf™*| 2]+ Pu(n+1)}

=2{ 3 (=R RVEL o0 — pi"*|+ i —gi*]]

+ 3 L a—rma)Pl, (4.26)

r=ng k=

where
T 7®ak)=1 i x=n+1,

Further, by taking m—oo in Lemma 2 with ¢,=¢,(n+1), 6,=0,(n-+1) and e,=¢,(m),
0,=0,(m), it follows that

EL(Ipi»2*—pEll+llgi™+* —g¥I)*]
=Qin+1), (4.27)

where Q,(n+1) is given in the theorem.
Thus, from (4.25), (4.26) and (4.27), the results of the theorem is obtained and the
proof is completed.
REMARK 2. Under the conditions of Theorem 4.1, it is easy to show that the right-
hand side of (4.23) goes to zero as n—soo.
To mention the convergence in the mean square, the following lemma is important.
LEMMA 3. If {u,} is a sequence of nonnegative numbers which satisfies the following
conditions: for all n=n,,

u(n)=u(n—D{1—2An)+6(n),

Am=0,15, 3 Am=co and lim fg”;

._0’
then, the sequence {u(n)} converges to zero as n—co.
The proof of this lemma is shown in [1].
THEOREM 4.3. If the conditions (d)~(h) in Theorem 4.1 are replaced by the follow-

ing conditions: for ‘{(n):mlin(n(n)él(n)) and each state [ S,
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P () O R

as mn—> oo,

r(n)
S O N .
(e ) 0 as n 0,
4 ﬂ@ﬁ_ —a)¥ — = <r< —> 0
£ ) (1—a) 0 (n=Nu-+tr, 1=r=u) as n ,

, 1 _ . .
(g Tmflw("‘i‘b ei(n)] 0 as n o0,

4 —1— — — — > o
(") ) [0u(n+1)—0du(n)] 0 as n )

1 e{n+1) . Sz(nL
7(n) 1 di(n+1) di(n)
then, at each state I€S, the sequence {(pi™, qi™)} constructed by the learning algorithm
(4.2) converges in mean square to a pair (p¥, ¢F) of the optimal stationary strategies of
the Markov game.

ProOF. From a similar argument in the proof of Theorem 4.1, it holds that, for
n=uN+r, 1=5r=u,

—>0 as n—> o0,

@)

ELd[n-+111=0—7()ELALnT]+ 5 (K [etnt-D—eu(m)]

an+l)  en)
ou(n-+1)  8un)
+8Br:(n)(1—a)¥ +2(R{P +R{” +4M2+4Bz)7_l(".)_

ei(n)

+K P [0(n+1)—du(n)| +K ¥

+4r3moim), 4.28)

where 7(”):-1111111(71(")51(")).

Then, making use of Lemma 3 and the conditions of the theorem in (4.28), the
theorem is proved.

Now, we consider in detail a case when the sequences in learning algorithm (4.2)
are such that, for all states [&€S, 7i(n)~1/n%, e (n)~1/nk, 6,(n)~1/n°, (e,(n)/d,(n)— )
~1/n* for f=¢ and ~1/nf-« for B>¢, where the egivalence of two sequences means
that the ratio of their terms converges to a nonzero constant as n—co., From the
conditions of Thorem 4.1 and the theorem, it follows that for the convergence of the
learning algorithm with probability one, it is sufficient to choose

0<a<l, B=ao>0, v>0

1/2<a+0=1,  2a—B>0
and for the mean square convergence

0<a<l, B=ae>0, v>0

at+a<l, a—p—0c>0.
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