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STATIC CHARACTERISTICS OF TRIANGULAR LOOP 

 WITH NONIDENTICAL JOSEPHSON JUNCTIONS

                      By 

Takafumi  AOMINE*, Mutsuo HIDAKA**, Kazuhiro MATSUO*** 

                and Tosio KITAGAWA***

                    Abstract 

   Static characteristics of the circuit with three nonidentical Josephson 

junctions at the centre of triangular sides have been studied exper
imentally and theoretically. Here as the Josephson junctions Dayem 
bridges have been used. The measured maximum currents of the 
circuit under zero voltage are in fairly good agreement with the 
envelope of the calculated state diagram expressing the thresholds 
inside which the fluxoid state is stable.

   1. Introduction 

   The Josephson effect is a fundamental effect of superconductivity, which occurs be

tween two weakly connected superconductors [1, 2]. Currents can flow depending on 

a phase difference of wave functions of electrons in two superconductors ; in bulky 
superconductors the phases of wave functions of a great number of electrons are same. 

The phase difference is controlled by a magnetic field and current. A device having 

the Josephson effect is called to be a Josephson junction. If it is used as a switching 

element, it is expected that information bits are processed with ultrahigh switching 
speed, very low power consumption and signals free from distortion. Many studies of 

application of Josephson junctions to computer are presently being given. 

   There are two ways for the Josephson junction to be used as the switching element. 

One is that the Josephson junction in circuits is changed between zero and nonzero 
voltage state by applying and reducing a magnetic field or current ; the Josephson junc

tion acts as steerage of current path. Another is in the following : Fluxoidsl' are put 

in and out the closed superconducting loop containing Josephson junctions, i. e. the
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fluxoid is employed as information bits. If the fluxoids pass the junction, the phase 

difference across it changes by 2'r from that of an initial state. Information processing 

per unit time in the latter way is about 102 times as fast as in the former way. Fur
thermore power consumption in the latter is 10-2 times as low as in the former. Recently 
semiconducting devices with the switching time comparable with the Josephson junctions 

appear. However, the power dissipated by switching for the semiconducting devices is 

104~105 times as large as the way using the fluxoids. The power is emitted as heat. 

Then this small power consumption in the Josephson junctions makes dense packing 

possible. Also, the Josephson junctions have characteristics that signals can be trans
mitted without distortion. This characteristics cannot be attained in the semiconducting 

devices. 
   In order to realize the computer using the Josephson junctions, there are unsolved 

problems which have not so far been experienced in the computer with the semiconduct
ing devices. These problems are the choice of materials, in particular, mechanically 

robust material, reproducibility of the junction characteristics from batch to batch, circuit 

design, package of junctions and etc. 

   We have studied to clarify the properties of several networks containing the Josephson 

junctions and to apply to new information processing. Some results of measurement 
and analysis have been reported for the networks with two, three, five and nine junc

tions [3, 4, 5]. In these circuits two currents which work respectively as a gate and 

control current flow. The circuit containing the junctions J2 (1=1, 2, 3) being located 

at the centre of each side of a triangle is shown in Fig. 1.

Fig. 1. Circuit with three Josephson junctions.

The experimental currentvoltage characteristics of the circuit [5], even if the critical 
currents of three junctions were almost equal, had voltage appearance of two steps. 

At the first step two junctions became nonzero from zero voltage state, while at the 

second step three junctions including the junction, which had remained zero voltage 

state at the first step, became to have voltage. The first step corresponded to a maxi

mum (critical) current at which the voltage of the circuit was zero ; the first step in

dicated a behaviour of static characteristics. The measured critical current for the first 
step was in fairly good agreement with that calculated from the equivalent circuit model. 

Considering from the agreement, the circuit below the critical current for the first step 

was considered to have fluxoid states. 
   In this paper, extending the above work about the three identical junctions in the tri

angular loop to the case of the nonidentical junctions, we report on some further results.
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   2. Experiment 

   The Josephson junctions used in this work are constant thickness bridges, i. e. Dayem 

bridges made from tin. Their thickness and length are 0.2 and 1 pm, respectively. 

Their widths of three bridges composing a loop are different from one another and 

about  1  pm. The thin films 10 pm wide and 0.2 pm thick connecting the bridges are 
shown in Fig. 2. For the fablication of triangular loop containing the bridges, photo

Fig. 2. Schematic representation of circuit pattern in the experiment.

Fig. 3. Currentvoltage characteristics of three Dayem bridges. Inset 
      indicates the measurement of the voltages V1 (i=1, 2, 3) across 

      the bridges Jt and the passing of the gate current Ig. The 
      temperature T is 3.87 K.
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lithography, vacuum evaporation and lift-off were used. 

   Next we describe a method of measurement of currentvoltage characteristics. Two 
d. c. currents were supplied from independent batteries ; one is the gate current and 

another the control current. The voltage was measured using a standard four terminal 

method and it was plotted against the gate current on an X—Y recorder. A typical 

example of the measured currentvoltage characteristics of the three junctions is shown 

in Fig. 3. Here the gate current was supplied as in inset and the control current was 
zero. It is seen from the figure that there exist clearly the first and the second step. 

   The specimen was immersed in liquid helium. A dewar was surrounded by threefold 

is-metal shield which reduced a stray magnetic field. The temperature of specimen was 
controlled by keeping helium vapour pressure constant and was determined using a 

carbon resistance thermometer.

   3. Calculation of State Diagram 

   A configuration of a set of regions, where the fluxoid states are stable for the gate 

and control current, is expressed by a state diagram. An equivalent circuit used is 

shown in Fig. 4.

Fig. 4. Equivalent circuit.

Each side of the triangle has a Josephson junction Ji (i=1, 2, 3) with critical current 

Ioti (1=1, 2, 3) and inductance Li (1=1, 2, 3). The currents entering the circuit are denoted 

by Ii (i=1, 2, 3). The phases of the wave functions at each point in Fig. 4, a, b, c, d, 
e, f are taken as cDM, 5)1, 0, cp2, cpN, co3+cpN, respectively. The Gibbs free energy G for 

the equivalent circuit of Fig. 4 becomes [6] 

(3.1) G= 27r----[Io1(1—cos ci)+102(1—coscp2)+103(1—coscp3)}-IicpM-+I3cpN 
+( 4 L1 )co1coM+(------4~2 )co2coN+(------2L3 )coM_co3_coN_2n)2], 

                                                                    where 00 is a flux quantum and n is a fluxoid number. A maximum current of the 
circuit under the zero voltage corresponds to Li at which the free energy becomes 
minimum. The condition for an extremum is 

(3.2)aG =0 0/C 0i
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where 

co i— 0 i, W3, cp M, j V • 

Eliminating cpM, cp v in the equations obtained from (3.2), 

I1=I01 sin cpl—I03 sin cp3 , 

I2=—I01 sin col+Io2 sin W2, 
(3.3) 

I3=—IO2 sin go2+I03 sin cp3 , 

tp1+c02+cp3+a1 sin co1+a2 sin {rr2+a3 sin co3=2zrn , 
where 

                             27rLiloi  
                  ai(i=1, 2, 3) . 

The condition necessary for the solution to be minimum is the following ; 

(3.4) g—p1 cos S01p2 cos So2+p2 cos co2p3 cos (c3+p3 cos cp3plcos so, 

+(a1+a2+a3)p1 cOS c01p2 cos cp2p3 cos cp3 >_0 , 

where 

                            I°i(i =1 , 2, 3) pi= I
0 

and 

3 

                             I0=— Ioi•                                        3 
i=i 

   We solve (3.3) under (3.4). The solutions obtained by numerical calculation are ex

pressed by means of the maximum of It (i=1, 2, 3) for the control current. We indicate 
two examples of the calculation in Figs. 5 and 6, where I3 is taken to be —(I1+12) and 

the states for the fluxoid numbers n ranging from 0 to ±5 are indicated.

Fig. 5. State diagram for currents Il and I2 with three nonidentical junc
      tions. The values of ai and pi are shown in the figure. The 
      numbers indicated near the envelope are the fluxoid number.
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Fig. 6. State diagram for currents  Il and I2 with three nonidentical 

      junctions. The values of ai and pi are different from those 
      in Fig. 5. The numbers indicated near the envelope are the 

       fluxoid number.

In the figures the lines express the threshold for each fluxoid state ; the region sur

rounded by the lines has a stable fluxoid state corresponding to each n.

   4. Comparison of Experiment and Calculation 

   It has been found from our work [4, 5] that the critical current corresponding to 

the first step shows an envelope of state diagram. However, in the former work, all 

the junctions in the circuit were identical. In order to see whether this is also attained 

in this work about the nonidentical junctions, let us try to compare the experimental 
critical currents for the first step with envelopes of the calculated state diagram. The 

results are shown in Figs. 7 and 8, where the experiment and calculation are expressed 

by open circles and solid lines, respectively.

Fig. 7 Comparison of experimental values (open circles) of the critical 
      current for the first step with the calculated envelope (solid 

      line) of the state diagram. The values of ai and pi are same 
      as in Fig. 5.
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Fig. 8. Comparison of experimental values (open circles) of the critical 
      current for the first step with the calculated envelope (solid 

      line) of the state diagram. The values of  ai and pi are same 
      as in Fig. 6.

As seen from the figures, there is fairly good agreement between the experiment and 

calculation. This fact means, although we used Dayem bridges as Josephson junctions, 
that the current-phase relation in these bridges follows in such a way as in (3.2) and 

that the equivalent circuit is reasonable.

   5. Difference in the State Diagrams between Three Identical and Nonidentical 
Josephson Junctions in the Triangular Loop 

   According to the calculated state diagram of the circuit with the three identical 

junctions [5], the region of state with the fluxoid number n =0 has a shape near a 
hexagon and with increase of n the shape of the region of state becomes a triangle and 

its centres shrink toward the origin of coordinates. On the other hand in the calculated 
state diagram of the circuit with the three nonidentical junctions (see Figs. 5 the 6), the 

shape of the region of state with n=0 is almost a tetragon and as n increases, it be

comes triangular. In this case the centres of regions with positive sign of n separate 

from those with negative sign of n. 

   In our experiment a whole structure of the state diagram was not detected but only 

its envelope was observed. However, considering from the above agreement between 

the experiment and calculation, even if the thresholds of all the states with each number 

of fluxoids are measured, the calculated state diagram is expected to be realized.
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