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Abstract

Data analysed in medical and biomedical research are often found
to have skewed distributions, so transformations are applied to the data
in order to render them more tractable by ordinary normal theory
analysis. The power-normal distribution, proposed by Goto, Uesaka
and Inoue [4], is a distribution which specifies original observations
before Box-Cox transformation. In this paper, we mention the maxi-
mum likelihood method to estimate the parameters of the power-normal
distribution, and consider the sampling behaviours of the maximum
likelihood estimates. And we show, through simulation experiment,
that biases of the transforming parameter, resulted from neglecting
the probability proportional constant term, do not seem to cause any
troubles in case the aim is to attain approximate normality of the
transformed observations, but they do have considerable infuluences on
the estimates of the parmeters of near-normal distribution after the
tranformation.

1. Introduction

The power-normal transformation of a positive random variable Y is defined as

,Yffi; 120
Z={ 4 (L.1)
logY ; A=0,

where 4 is called the transforming parameter [2]. The power-normal distribution (PND)
is defined as the distribution having the probability density function (p.d.f.)

. _ yir (e H—w?
832 g 0= pe—exp {— G S (1.2)

where 4, ¢ and ¢ are parameters of the PND, and A(k) is the probability proportional
constant term of the PND given by

(D) : A>0
A(k)=41 . A=0
D(—k): 2<0,
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where @(k) is cumulative distribution function (c.d.f.) of standard normal distribution [47.

The original object of the power-normal transformation is to transform the distribu-
tion of the observed data into normal distribution with mean g and variance ¢®. How-
ever, strictly speaking, the transformed distribution becomes near-normal distribution
truncated at right hand side or left hand side depending on the sign of the transforming
parameter [5]. Then, & becomes a standardized truncation point of the near-normal
distribution, given by a function of 4, # and o. And the term 1-A(k) is truncated pro-
bability. Thus, to estimate the parameters of the PND, namely 4, ¢ and ¢% evaluation
of the magnitude of A(k) plays very important role.

In ordinary power-normal transformation, 2 was estimated by maximum likelihood
(ML) method assuming A(k)=1 implicitly, and performances of the transformation only
were evaluated from aspects of simplicity of structure for the assumed model, constancy
of error variance, near-normality and independence of the transformed observations.
Thus, there occur no trouble when the aim of the transformation is to attain approximate
normality. However, if the aim is to identify the PND on the original scale of the
observations, there occur some troubles. In other words, in order to obtain the con-
sistent estimators of 4, ¢ and ¢® by ML method, it is necessary to solve the ML equa-
tions taking the magnitude of A(k) into account.

The object of this study is to apply ML method to the estimation of parameters of the
PND, and to evaluate, through simulation experiment, the influences of A(k) on the
ML estimates of parameters when the magnitude of A(k) is counted for and not.

In our simulation, we fixed 3 different magnitude of A(k), 6 values of transforming
parameter 4 and 3 values of ¢ (that coincides with coefficient of variation after the trans-
formation), then generated 50 samples corresponding to prefixed each sample size, 10,
20, 50, 100 and 200, and examined the sampling behaviours of the ML estimates for
these samples.

In Section 2, we indicate some difficult points for ordinary ML method when the
magnitude of A(k) is counted for, and propose conditional ML method to get rid of these
difficulties. The design of simulation experiment to be examined and the way to evaluate
the results of the examination are described in Section 3, and the results are summarized in
Section 4. Interpretation and discussion of the results are given in Section 5. In
Section 6, we investigate some relative performances of other estimation methods, in-
cluding Jackknifing methods, in relation to the discussion of Section 5. In Section 7,
we conclude the study and note some remained problems.

2. Parameter Estimation by ML Method

If n observations y;, ¥,, -, ¥, have the PND with parameters 4, ¢ and ¢? in-
dependently, the log likelihood function is given by

n n

1 =z . )
log L(y; 4, p, 6)=— 2 log 27:—~—2— log aQ—Wig(zi(A)—y%

+(2—1) :21 log y:—n log A(k). @2.1)
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The procedure to estimate the parameters 4, ¢ and o?, setting A(k)=1, by ordinary
ML method is referred to M;-method. In other words, this M;-method is one which has
been proposed by Box and Cox [2]. On the other hand, the procedure to estimate
those parameters allowing for magnitude of A(k) is called M,-method for which an
algorithm is proposed later in this section.

Since the asummption of A(k)=1 in M,-method means that {z;} given by (1.1) have
exact normal distribution, the estimates of g and ¢® are given as mean and variance of
{z:} (G=1, 2, ---, n). However, {z;} have in fact near-normal distribution. Thus, denot-
ing estimates of ¢ and ¢ in M);-method by p* and ¢*, p* and o* are not consistent
estimators of g and o, respectively. On the other hand, M,-method is an estimation
procedure for which the transformed data is assumed to have exactly truncated-normal
distribution. For M,-method, the estimates of x and ¢ are obtained conditionally on the
truncation point (%) not independent of y and ¢. The estimation procedures for M,-
method are based on Newton-Raphson iteration method accompanied by a grid approach.
Defining the estimates of 4, ¢ and ¢ in the /-th iteration by i,, 4, and &, respectively,
the algorithm is as follows:

Step 1. Set a,=0.5 and a,=1.0.
Step 2. Divide the interval [a,, a,] by m-+1 knots A, A, -+, Ans; where A; are
calculated by

Ai:A1+ Am+1"‘A1
m

(=1,

Ai=a, and A,.,=a,.

Step 3. Select A, for initial value of 4.
Step 4. Putting A(k)=A;, and obtain 2, by solving equation

{@“(Ai); A>0

k =

Tleoay; a<o.
Step 5. Estimate g, and ¢, by

_ 2o _ 1 R
——\Zz.+=); A4>0
= ] (- i-z> :
=
_ Zo _ 1 f
— —(z.+—=); 4.<0
z Zo_kl< )~l> “
and
s (§.+7L)2; 2,>0
pe zot+k; A
?2—
2o - 1\2 a
s$t— —z.+—=); 4,<0,
20+k1 ( v Xl ) !

respectively, where z,=®@(k)/A,, s2= _712;(21»——2,)2, zZ.= i}zi/n, and z;=(y?—1)/A.
i= =1

Further, 1, is the estimate of A in the [-th iteration.
Step 6. Estimate i,., using 4, i, 4, and %, by equation

humice [ 2L /(- PR L)

~ ~ Ay

=1y, p=py 0=0y, k=ky
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where
dlog L 2 of(y)) =2 n  0A(k)
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k) . <0 _ 229 gy, a<o.
Ao Ao

Step 7. If |4,4,—4,]>¢, replace [ by /41 and return to step 4, where ¢ is a constant
to judge convergence. In our simulation experiment ¢ is set at 0.01.

Step 8. Calculate the log-likelihood from (2.1) using Ai+1, fz+1, 8141 and Bros

Step 9. If i<m, replace i by 7+1 and return to Step 3.

Step 10. Choose A; that gives the maximum log likelihood in knots Aj, =+, Am+1.

Step 11. If |ao—a;| >0, replace a,=A;-, and a;=A;,, and return to Step 2, where 0
is a constant to judge convergence and A;-, and Aj,, are lower and upper

adjacent knots of A; (j=2, 3, ---, m), respectively.
Step 12. Stop the iteration, and denote 2;41,j, fi+1,; and du41,; by 4, 2 and &, respec-
tively.

3. Design of Simulation Experiment and the Way to Evaluate the Results

The log likelihood functions of M;-method and M,-method are non-linear with respect
to the parameter A, so the estimate of A can not be presented explicitly. And the per-
formances of the transformation can not be evaluated without observations.

Thus, we performed some simulation experiments in which main aims were;

(1) to confirm the transformed data, using A* estimated by M;method, satisfy normality
regardless the magnitude of truncation or sample size,

(2) to evaluate how larger the biases of A* p* and ¢* estimated by M,-method in fact
are than those of i, z# and & estimated by M;-method, and

(3) to check how 1, 2 and & are influenced by the magnitude of truncation for M,-
method.

In the simulation, we first fixed the value of 2, 2 and z, where 7 is defined o/p
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and coincides with coefficient of variation after the transformation. Three levels of %
(k=1, 2 and 3) were defined corresponding to the values of 1— A(k)=15.87, 2.88 and 0.14%.
The values of 2 were determined in 6 ways corresponding to the 6 typical shapes of the
PND (Fig. 1), namely A>1 (J-shaped distribution), 2=1 (truncated normal distribution),
c¢<A<1, A=c (exponential distribution), 0<A<¢ (exponential distribution) and 1<0 (L-
shaped distribution), where c¢=4/(k*+4). And 3 values of 7 (r=2, 4 and 16) were
selected. The selected values of k£, 2 and z are shown in Tab. 1 and Tab. 2.

Table 1. The truncation point (k) and truncated probability

truncation truncated c
point probability 2 T
k 1-A(K) 4/0e+4)
1 0.1587 0.8 2
2 0.0288 0.5 4
3 0.0014 0.3077 16

Table 2. Selected truncation points (k) and the transforming parameters (1)

k A>1 A=l c< <1 A=c 0<1<c A<0
1 2.0 1.0 0.90 0.80 0.40 — 1.0
2 2.0 1.0 0.75 0.50 0.25 —1.0
3 2.0 1.0 0.60 0.3077 0.20 —1.0

Incidentally, once the values of k, 2 and 7 are given, ¢ and o are given by

1

B =1y °
o T

O Akr=1) °

respectively.
Then, we specified sample size in 5 ways, namely n=10, 20, 50, 100 and 200, and
generated 50 samples, using c.d.f. of the PND for all combinations of , 2, = and .
To evaluate the influences of 2 and » on the estimates of A, 1 and o® for M,;-method
and M,-method, we calculated mean bias (MB);

1 50 . . . .
T Z0P—0v,  j=1,23

and mean squared error (MSE);

based on 50 samples, where § V=2, 6=y and 6 =o.

Then, considering {k}, {4}, and {c} as factors of variation on the MB and the MSE,
we evaluated the effect of those factors by 3-way ANOVA.

For M;-methd, transforming 50 samples for all combinations of {£}, {4}, {r}, and {n}
using the estimated 2*, we calculated skewness and kurtosis to check normality of
these sample distributions after the transformation. Then, the number of samples.
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which were declared to be significant at level 0.05 by the normality tests on skewness
and kurtosis in the 50 samples were counted. And we applied 3-way ANOVA with
factors k£, 4 and = to the number.

4. Results of the Simulation Experiment

4.1 The case of M,-method

Results of the normality test on the skewness for the original and the transformed data
are shown in Tab. 3. It was seen from the table that normality after the transforma-
tion was rejected for a few samples in the cases n=10 and n=20, but no sample was
rejected in the cases n=>50, 100 and 200.

The ANOVA based on the number of samples which were declared to be significant
in each 50 samples, showed that the effects of {£} and {n} were significant at level 0.05
except for the range 0<A<c. For ranges A<0, A=c¢ and ¢<A<1, the proportions of
variation explained (PVE) by {n} were from 80 to 90% and by {k} were from 10 to
20%. On the contrary, for ranges A=1 and 1< the PVE by {n} were from 11 to 4325
and by {k} were from 35 to 55%.

Normality test on the Kkurtosis of the transformed data did not show uniform
tendencies on the counts of samples which were declared to be significant at level 0.05
in each 50 samples, depending on the ranges of 4. Normality was rejected about 5 to
10 times for ranges A=1 and A>1. The ANOVA on the counts showed that the effects
of {k} and {n} were significant at level 0.05 for ranges A=1 and A>1. For other
ranges only variation of {n} was significant at level 0.05.

The behaviors of the estimates A*, p* and o* showed similar tendencies for n=10,
20, 50, 100 and 200. Namely, the MB of A* were relatively large for all the values of
{n} in the case k=1 and A2>1 (the maximum MB was —1.1376 for n=10 and ==16),
and were relatively small in the case £=3 and 0<A<¢ (the minimum MB was —0.0080
for n=200 and z=2).

On the other hand, the MB of p* and o* were relatively large in the case k=1
and 0<1<c¢ and were small in the cases k=3, A>1 and k=3, 2<0. The maximum MB
of p* and o* were 0.5131 (k=1, n=10, v=16) and —2.2872 (k=1, n=10, 7=2), and
the minimum MB were —0.0015 (=3, n=200, z=4)and —0.0044 (k=3, n=200, z=16).
Particularly, the MB of the estimates 4*, y* and ¢* are shown in Tab. 4 for n==200.

The ANOVA based of the MB of A* showed that the effects of {#} and {n} were
significant at level 0.05 for all the ranges of 2, and the interaction effect between {k}
and {n} also was significant except for the range ¢<4A<1. The PVE by sources {k},
{n} and their interaction {kXn} for each range of 1 were 56.4%, 14.5%, 11.6%, for
A>1, 65.1%, 11.3%, 5.9%, for A=1, 79.7%, 4.2%, 1.8%, for 0<4<]1, 80.3%, 7.7%,
7.7%, for A=c, 80.5%, 7.2%, 2.4%, for 0<A<c¢, and 65.9%, 13.6%, 5.4%, for 2<0,
respectively. :
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Table 3. The number of samples in 50 which were declared significant by the normality test on
skewness at level 0.05 (B; Before the transformation, A ; After the transformation).

1 K z n=10 n=20 n=50 n=100 n=200
B. A. B. A. B. A B. A. B. A
2 13 0 9 0 4 0 6 0 14 0
1 4 12 1 9 0 5 0 6 0 11 0
16 11 1 8 0 6 0 8 0 17 0
2 14 4 13 0 28 0 37 0 44 0
A>1 2 4 14 1 17 0 21 0 37 0 47 0
16 16 1 16 0 17 0 39 0 48 0
2 6 0 20 0 19 0 29 0 47 0
3 4 14 1 16 0 18 0 35 0 47 0
16 11 0 14 0 24 0 37 0 47 0
2 14 1 21 0 23 0 41 0 49 0
1 4 15 1 21 0 26 0 37 0 49 0
16 22 0 7 0 27 0 40 0 50 0
2 16 1 4 0 4 0 9 0 21 0
A=1 2 4 10 1 4 0 6 0 17 0 9 0
16 14 3 6 0 6 0 8 0 18 0
2 4 1 9 0 4 0 3 0 2 0
3 4 1 0 1 0 2 0 3 0 3 0
16 14 0 9 0 7 0 3 0 6 0
2 25 0 23 0 35 0 49 0 50 0
1 4 22 0 18 0 34 0 44 0 50 0
16 17 1 18 0 33 0 46 0 50 0
2 7 0 " 0 23 0 39 0 50 0
c< A<1] 2 4 12 1 16 0 31 0 1 0 50 0
16 7 0 21 0 27 0 43 0 48 0
2 17 0 17 0 30 0 44 0 50 0
3 4 14 0 24 0 23 0 45 0 50 0
16 8 0 17 0 26 0 42 0 48 0
2 18 0 21 0 45 0 50 0 50 0
1 4 20 0 28 0 40 0 49 0 50 0
16 28 1 27 0 44 0 49 0 50 0
2 23 1 38 0 46 0 50 0 50 0
A=c 2 4 29 1 28 0 50 0 50 0 50 0
16 29 0 32 0 46 0 50 0 50 0
2 36 2 42 0 50 0 50 0 50 0
3 4 33 0 45 0 50 0 50 0 50 0
16 30 1 43 0 50 0 50 0 50 0
2 45 0 47 0 50 0 50 0 50 0
1 4 44 0 47 0 50 0 50 0 50 0
16 45 2 46 0 50 0 50 0 50 0
2 45 0 50 1 50 0 50 0 50 0
0<A<c 2 4 44 0 48 1 50 0 50 0 50 0
16 44 1 49 0 50 0 50 0 50 0
2 44 0 49 0 50 0 50 0 50 0
3 4 42 1 49 0 50 0 50 0 50 0
16 45 0 50 1 50 0 50 0 50 0
2 48 1 49 0 50 0 50 0 50 0
1 4 46 0 49 0 50 0 50 0 50 0
16 40 0 49 0 50 0 50 0 50 0
2 40 1 47 0 50 0 50 0 50 0
A<0 2 4 40 1 46 0 50 0 50 0 50 0
16 44 1 48 0 50 0 50 0 50 0
2 32 0 43 0 49 0 50 0 50 0
3 4 33 0 43 0 49 0 50 0 50 0
16 36 0 44 0 50 0 50 0 50 0
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of & were especially large for the range 1<0.

The MSE of 1, 2 and & showed similar tendencies as we can see from Tab. 5.
The MSE of £ decreased with ~ increased. They were relatively small for range
0<4<c¢. Those of 2 and & were almost invariant with the changes of 2. However,
they varied with the changes of A and they were especially large for the range A<0.

For M,-method, as described above, in the case n=200 only all the estimates A, )
and & could be obtained. So we evaluate the effects of {£} and {r} on the MB and the
MSE of 1, # and & by two-way ANOVA.

The ANOVA on the MB of i showed the effect of {k} was significant at level 0.05
and its PVE was more than 90%, while the effect of {r} was not significant. No effects
of {k} and {r} were significant by the ANOVA on the MB of 4 and 4.

The ANOVA on the MSE of 4, 2 and &, showed the same tendencies as on the MB.

5. Interpretation of the Results

Satisfactory fulfillment of normality of the transformed data were confirmed by
normality test on skweness and kurtosis, even when the data had been power-normally
transformed using A* having biases. Skewness were particulaly improved by the trans-
formation, while kurtosis were not always improved depending on the distribution shapes
of the original data. These results suggest that even when the i* has bias, the trans-
formed data satisfy at least symmetry for most cases.

From the results for M;-method, it was seen that most influencing factors on the
MB and the MSE of estimates 2%, y* and o* were £ and n. Especially, the influencies
of & on the MB and the MSE were remakable. For small , the estimates A*, #* and
o* had large biases and the degree decreased with % increased. We think the results
confirm, as was expected, that consistent estimators can not be obtained by M,-method.
The influences of = on the MB and the MSE of y#* and ¢* were small, and on applying
M,;-method, it may be possible not to allow for .

It was seen that the MB and the MSE of A* and Z both increased with % increased,
and for small %, the differences of them between A* and 1 were remarkable. These
results were found for all ranges of 2. On the other hand, the MB and the MSE of
and & were smaller than those of u* and ¢* regardless the values of 7 except for range
A<0. Further, influences of 2 on the MB and the MSE of ¢* and o* were significant
at level 0.05, while those of 2 and & were not. These results suggest that effect of
bias reduction of M,-method are witnessed except for 1<0.

The fact that for 4<0 the MB and the MSE of 4 and & were larger than those of
p#* and ¢* is very interesting, reflecting the dependence of the performances of M,-
method on the distributional shapes.

For M;-method the estimates of parameters could not be obtained in some cases
especially for small n. Main reason of this fact is considered that for M,-method the
magnitude of A(k) is counted for and consequently, correlations among parameters become
higher, so the information matrix becomes unstable.
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6. Discussion

It is considered that in case the aim of transformation is to attain near-normality of
the transformed data, estimation of A by M;-method is of enough use for n considerably
large. Even for small n, the distribution of the transformed data seems to be symmetric
for most cases (See [6] for symmetry-oriented transformation). However, on discussing
behaviours of the estimates p* and o¢* (for small %), it is necessary to diagnose the
magnitude of k, since p* and ¢* have biases dependent on k. For large n, the value
of k estimated using 2%, p* and o* satisfies approximately A(k)=1.

Inoue and Goto [7] have tried to obtain jackknife estimate of 4 in AM;-method to
avoid these troubles. The aim of jackknifing was to reduce the biases of A*, y* and o*.
The results were as follows; namely for k=2 and k=3 bias reduction was remarkable,
but for £=1 the reduction was not so, compared to estimates of ordinary M,-method.
Although the influence of = on the estimate of A was not so large for ordinary M-
method, the effect of bias reduction by jackknifing A* increased with ¢ increased.
These results suggest that it is better to apply jackknifing of A* in M;-method in order
to obtain stable estimates of 2, ¢ and ¢ for small n, on the reason that some effect of
bias reduction can at least be expected (Also see [3]).

Further, in case the aim is to identify the PND, namely to obtain consistent estima-
tors of the parameters 4, ¢ and ¢% it is recommended to apply M,-method. For M,-
method, requirement of a prior specification of A(k) raises some difficulties in actual
application, since it’s almost impossible to predict the magnitude of A(k) in advance.
Thus, we set up A(k) in an appropriate range and then must find the magnitude of
A(k) by trials and errors iteration. Further, for M,method the correlations among
parameters become higher than for M;-method. Consequently, the second derivative of
information matrix may be unstable particularly for small n, and in some cases, con-
vergence can not be attained in the iteration procedure. To avert these troubles, it is
necessary to stabilize the information matrix by some devices, including ridge adjustment,
or to apply some data-adaptive procedures, including jackknife, cross-validation and
Bootstrap (See also [1] and [8] for analytical investigation of sampling behaviours of the
estimate of 2).

7. Concluding Remarks

The conclusions of this paper are summurized as follows :

(1) Near-normality was attained by transforming the original data using A* for
large n. For small n, smmetry at least was attained by the transformation for
most cases.

(2) The MB and MSE of 2*, p* and ¢* were most influenced by 4.

(3) The MB and the MSE of A* were relatively small for range 0<A<¢, and rela-
tively large for range A>1, while those of p* and o* were relatively small for
range A>1 and relatively large for range 0<2A<c.

(4) The MB and the MSE of 1 were influenced by %, namely, they decreased with
k increased, while those of # and & were almost invariant with the changes of %.
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(5) The MB and the MSE of 4, 2z and & were smaller than those of A%, z* and ¢*,
especially for small %, except for A<0. In the case 1<0, the MB and the MSE of
£ and & were larger than those of u* and o*.

The remained ploblems are;

(1) evaluation of the influences of distributional shapes on the biases of estimates
of paremeters,

(2) consideration of the result that the MB and the MSE of the estimates were larger
for M,-method than for M;-method for 1<0,

(3) stabilization of the information matrix for small n in M,-method, and

(4) close examination of the influences of %2 on estimates for M,-method.
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