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Abstract

A meta-model for database models called an abstract relational
model which is obtained by a categorical abstraction of a relational
model is proposed. This meta-model represents various database
models, e.g. relational, network, hierarchical models as special cases.
It is proved that a natural join is the right adjoint of a decomposition
in the relational model. On the other hand, in our abstract relational
model a natural join is defined as the right adjoint of a decomposition.
A sufficient condition is shown for a database model to have natural
joins.

1. Introduction

Several database models such as relational, network and hierarchical models have
been investigated [2, 3, 4]. And also there are some investigations for unifications and
conversions among these database models, e.g. [1]. However, these studies still adhere
to actual database models and have not unified perspectives of various database models.

Category theory can be expected to give a comprehensive perspective for various
theories. In fact, it has been applied to automata theory, system theory and computation
theory etc. [8].

The purpose of this paper is to propose a meta-model, an abstract relational model,
which is obtined by generalizing the relational database model in terms of category
theory®. This abstract represents various database models, e. g. relational, network and
hierarchical models as special cases. Furthermore, it gives a framework which allows
to discuss database models without going into details of concrete database models.
Particularly, a natural join is defined as the right adjoint of a decomposition in our
abstract relational model while a natural join is defined by going into details of tuples
of relations in Codd’s relational model. Furthermore, our definition of natural joins
shows clearly a relationship between natural joins and decompositions, which are not
always the inverses of natural joins.

As an application of the abstract relational models, a sufficient condition is shown
for a database model to have natural joins.

* International Institute for Advanced Study of Social Information Science, Fujitsu Limited,
Numazu, 410-03 Japan.
1) There are other studies which attempt to apply category theory to relational databases
[7,9,11].
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96 A. KaTo

For the above purpose, we take an approach that we reformalize the relational
model by the category of sets and then we define an abstract relational model by
generalizing such a categorical formalization.

In Section 2, we define categories of relations by introducing morphisms between
relations using the category of sets to reformalize a relational database model. Projec-
tions, decompositions and naturl joins are defined to be functors and it is proved that a
natural join is the right adjoint of a decomposition. In Section 3, an abstract relational
model is defined by generalizing the relational model of Section 2. A natural join is
defined as the right adjoint of a decomposition functor, As an important application, it
is proved that an abstract relational model has natural joins if each functor included as
a constituent of this model has the right adjoint and each category of occurrences has
pullbacks. Finally, we exemplify formulations of relational, network and hierarchical
madels as abstract relational models.

2. Relation Data Model on the Category of Sets

In this section, we formalize the category of relation on each attribute set and show
that a natural join is regarded as the right adjoint of a decomposition by projections.

2.1 Category of relations and projection functors

We define the category of relations by introducing morphisms between relations.

DEFINITION 2.1. (Relation R) Let A be a set. We call A a set of attributes or an
attribute set. A relation on A is a triple R=(A, D, B), where D={D;};c4 is a family
of sets called domains, and B is a subset (called a body in this paper) of the Cartesian
Product igDi which is the set {¢: A—»igDil(Vz' e At)eD,;}. An element ¢ of ig!Di is

called a tuple and is described by (¢())ica.
We introduce operators D4 and - to take out the family of domains D and the body
B of a given relation R:

R=(A, D*R, R).

Furthermore, for an attribute 7 (€ A), the domain D, is denoted by D#R with the
operator DZ.

The operator D4 will be extended to a functor later in this section.

DEFINITION 2.2. (morphism f) Let Q and R are relations on the same attribute
set A, A morphism f from Q to R is a family {f;: D{Q—D#R},ca of functions
indexed by A such that

(II f(Q)C(R).
icAd
-1.;[.4 fq: 1;[AD§‘Q—> ng‘R is the Cartesian product which assigns t IIAD?Q to (f:(t(2))ica-
k2 2 K e
We write f: Q—R or Q-5R to indicate that the morphism f is from Q to R.
DEFINITION 2.3. (category R4) Let A be a set of attributes. R4 denotes the
category of all the relations on A and all the morphisms among these relations. The
composition gef: P—R of morphisms g: @Q—R and f:P—Q in R* is defined as
{giofi}ica
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It is easy to see that R4 is a well-defined category.
The operator D* becomes a funcor

D4: RA ——> Sett

Q D4Q
Vi s
R D4R

where Set is the category of sets and functions and Set4 is the functor category from
A (regarded as a discrete category) to Set. Set? can be regarded as the category of
A-indexed families of sets and A-indexed families of functions.

DEFINITION 24. Let A and B be attribute sets and a: A—B be a function. Two
functor a*: Set®?—Set* (the projection functor of domains on a) and a™ : RE—>R“ (the
projection functor of relations on a) is defined as?®

(i) for D={D,};ep=0b Set®, a*D is defined as the family {Dac} ica.

(ii) for g={g;};en: D—D'eMor Set®, a*g is defined as the family {gsc>}:ca,

(iii) for R€0b R%, a®R=(A, a*D*R, {{{(a®)))icslt€R}),

(iv) for h: Q—ReMor R? a“h is equal to a*h as a family of functions.

It is easy to see the followings:
for an attribute set A, id¥=Ids.:, (indentity functor) and id$®=1Idg4, for a function
a: A—B between attribute sets, a*-DP=D4.q™, and for attribute sets 4, B, C and
functions a: A—B, b: B—C, (bea)*=a*-b* and (hea)® =g po»,

Fig. 2.1, shows the diagrams for understanding these statements.

1dsP id¥
o D4 n
RA———>Set* A
a® 1\ 5 1\“* ‘L a
RB———>>Set? f
pow ’r T b* b
RC Set® C
Fig. 2.1

2.2 Decomposition and natural join

A natural join composes a relation of two “compatible” (or ¢ joinable ”) relations.
On the other hand, two projections decompose a relation into two relations which are
always “ compatible.”

We introduce categories of compatible relations and define decomposition functors

2) In this paper, for category C, Ob C denotes the class of all the objects and Mor € denotes
the class of all the morphisms of C. Moreover, for objects X and Y of C, C(X,Y)
denotes the set of all the morphisms from X to Y.
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and natural join functors. Finally, we show the adjointness theorem between natural
joins and decompositions.

Throughout the following three definitions and a theorem. Let us suppose the
diagram Fig. 2.2. for convenience, where A, B and C are attribute sets and b, ¢ are
functions.

B C
N ,/c (in Set)

A

Fig. 2.2.

DEFINITION 2.5. ((b, c)-compatible) For the diagram Fig. 2.2, the category R>° of
(b, c)-compatible relations is defined as follows.

An object is a triple (D, P, Q) where DeOb Set?, P=0b R? Q<0b R°, D*P=
b*D and D°Q=c*D, i.e., the family of domains of P is the projection of D on b and
the family of domains of @ is the projection of D on c.

A morphism is a triple

(g, h, B): (D, P, Q) — (D', P, Q")

where g: D—D’ in Set4, h: PP’ in R5 k:Q—Q’ in R°, D2h=b*D and D°k=c*D.
DEFINITION 2.6. ({b, c¢)-decomposition functor) The (b, c)-decomposition functor Dec ¢
which decomposes a relation on A into (b, ¢)-compatible relations is a functor defined by

Dechi¢ ; RA—=R"*
R (DAR, b(*)R’ c(*)R) .
lf > \L (DAf, BBf, c®f)
R’ (DAR!, b R!, ¢PR').

On the other hand, natural join functors are defined in the following.
DEFINITION 2.7. ((b, c¢)-natural join functor) The (b, ¢)-natural join functor Join%°®
is defined by

Join%¢: R¥— = R4
(D, P, Q) PxQ
l/ (g, h, k)— \Lh*k
(D', P, Q) Pr*Q’

where DA(P«Q)=D, PxQ={t= gDaI(/zitb(z'))ieBEF and (kitc()eceQ (P'*Q’ is defined

similar to PxQ) and hxk=g.
Fig. 2.3 shows an example of (b, ¢)-natural join.
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B={i,, 15, 75} C={ju, o}
b\\;\x %
A:{lll lz; l‘%}

P 2-1 2‘2 '1.3 Q j]_ jz
Xy Y1 2t Z1 Uy
X1 X1 2p Zo Ug
X2 Vo Z3 22 Usg

P+xQ I, 1 I
X1 2y Uz
X1 22 Ug
Fig. 2.3,

THEOREM 1. (Adjoininess theorem between decompositions and natural joins) The
natural join functor Join%° is the right adjoint of the decomposition functor Dec°.

D bie B
Re=———s R .

Join®e /67

PrRoOOF. Let R€Ob R4, (D, P, Q)sObR>°. We will show there is a bijective
correspondence between RY (D4R, bR, ¢*®R), (D, P, Q)) and R4 R, PxQ).

Let (g, h, £): (D4R, bR, ¢*R)—(D, P, Q) be in R%¢ and teR. We have
(hiib(i))ieB:(ighi)(tb(z’))iegep since D R = (th(1));ep. Similarly, (k;tc())),cc=Q. There-

fore, t=Px(Q, i.e, g is a morphism R—PxQ in R4
We can conversely show that (g, b*g, cxg) is a morphism (D4R, bR, ¢*¥R)—
(D, P, Q) for any g: R—P=*Q. (g.e.d.)

3. Abstract relational model

The purpose of this section is to propose an abstract relational model which is a
meta-model of various database models such as relational, network and hierarchical
model.

Theorem 1 holds when we change each Set4 to a functor category D4 where D
is a category with direct products.

Furthermore, we can generalize the relational model of Section 2 to generate an
abstract relational model.

3.1 Definition of abstract relational model
DEFINITION 3.1. An abstract relational model is a quadruple M=(S, T, O, T) where

(i) S is a category called the category of schemata.
{ii) for each A=O0b S, there are a category T* of types (or of domains), a caregory
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04 of occurrences on A and a functor T4: O4—TH4,
(iii) for each a: A—Be& Mor S, there are the projection functor of types a*: TE—T4
and the projection functor of occurrences a*® : O08—04, subject to the following conditions
(1) idi=Idra, id§®=1doa (AcOb S),
(2) (DeaY*z=a*eb* (boa)®=a™®<h™ (if boa is defined in S),
(3) a*TBx=T4a™ (qa: A>BcMorS),
(4) a* has the right adjoint ax (a&Mor S).

We can say 7 and O are S-indexed categories and 7 : O—7T is a S-indexed functor
except that S may not have finite limits [5].

3.2 Decomposition and natural join in abstract relational models

Let M=(S, T, 0, T) be an abstract relational model. We suppose the diagram
Fig. 3.1. of S similarly to Section 2.2.

B C
b\*A'/c(in S)
Fig. 3.1.

DEFINITION 3.2. ((b, ¢)-compatible occurrence) The category 0% ¢ of (b, c)-compatible
occurrences is defined as follows.

(i) an object is a triple (D, P, Q) where De0b T4, P=0ObO0? and Q<=0b O° such
that TBP=b*D and T°Q=c*D,

(i) a morphism f: (D, P, Q)—(D’, P/, Q') is a triple f=(g, h, k) where g: D—D’
e Mor T4, h: P-P’'cMor 0% and k: Q—Q’< Mor O° such that the following diagrams
are commutative

B o4
pep_Ph _ pipr DcQ_l_)__{’;_)Do_Q,

b‘L% peg N LS
*J)

b*D’ c*D————==c*D’

Decomposition functors are defined similarly to Definition 2.6.
DEFINITION 3.3. ((b, ¢)-decomposition functor) The (b, ¢)-decomposition functor Dec® ¢
is a functor defined by the following diagram,

Dec¥e ; QA —— Qe

(0] (D40, b0, ¢®0)
f‘L o \L(DAf’ bOOf, o0 £y
o’ (DAO’, b‘*’O', c(*)O’),

Natural join functors is defined using Theorem 1.
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DEFINITION 34. ((b, ¢)-natural join functor) If the (b, ¢)-decomposition functor
Dec®¢: 04—0%° has the right adjoint, then we call this right adjoint functor (b, c¢)-
national join functor and write as

Join¥ ¢ Q% -0,

Join® <D, P, Q)(D, P, @ €0b 0%°) and Join® (g, h, k)(g, h, k)= Mor 0% ¢) are writ-
ten as P+Q and hxk respectively for short.

We prove a lemma before Theorem 2 which shows a sufficient condition for an
abstract relational model to have natural joins.

LEMMA 3.1. Let b*, c*, b, ¢, T4, T2 and T° have the right adjoints bs, cx, b,
Coo, Fill4, Fill® and Fill® respectively, i.e.,

b* ok
TB-—--_e. T“<______T"'
b* Cxk

T2\ Fi® T4\ Fit TC| |\ Fine

H A
B ——me—— 0.4—~'>0‘C'
b(*) Cop

Then, for any (D, P, Q)€ 0b 0%°¢, we have

(1) b FillBTEP = Fill4by«b*D
(2) ¢ Fill°TQ=Fillcyc*D.

ProoF. We prove only (1). (2) is proved similarly.

Let natural transformations %%:Idos8—Fill’T® and e°: Idr4—bib* be units of
adjoint pairs T2—Fill® and b*—b respectively. From the properties of adjoint functors,
b*T4 is the left adjoint of Fill‘by and TZb™ is the left adjoint of b, Fill5. However,
b*T4=T5p™ is assumed in Definition 3.1. Therefor, we have Fill4b.22b s Fill® from
the uniqueness of a rigt adjoint. (1) is satisfied since TB2P=b*D. (g.e.d.)

THEOREM 2. An abstract relational model M has natural joins if

(1) for each S€0b S, TS:05-T5 has the right adjoint Fill®: TS—05 and O° has
pullbacks, and

(2) for each s: S—S'eMor S, s : 05 —0% has the right adjoint S : 05—05',

To prove this theorem, we use a property about adjoint functors that if F, F’:
D—C are functors with the right adjoint functors G, G’: C—D respectively and

p: F'—F is a natural transformation, then there is a natural transformation z: G—G’
such that

T

FY g

commutes if and only if
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/
Y X
Sl

commutes where f and g are corresponding morphisms of / and g by adjoint pairs
F~G and F’—G’. Specially, if p is isomorphic, then 7 is also isomorphic (e.g. [10, See
16.4.37).

ProOF of Theorem 2. Let (D, P, Q) be an object of 0%°. We define P*Q by Fig.
3.2 using isomorphisms in Lemma 3.1.

p,,:Q _______ >1If___-—-——————f—>6<*>Q
‘i( pullback i' pullback Cng
)'f —————— '>Fl.llADm>FZ'HAC*C*D§C(*)FZ‘HCTCQ
t
i pullback Fill4e5,
1
i Fill4bb*D
", 1
b(*)Pﬁb(*)FillBTBP
b e
Fig. 3.2.

in Fig. 3.2, 5%, 7, ¢® and e° are units of adjoint pairs T®—Fill®, TC—Fill®, b*—by
and c*—icy respectively.

Let W be the subdiagram of the diagram in Fig. 3.2. which is represented by solid
arrows.

Pullbacks in Fig. 3.2 make P*Q the limit of W. Notice that there is a bijective
correspondence between a morphism f: R—P+*Q and a triple (/: R—FillAD, m: R—bwP,
n: R—cwoR) such that the diagram of Fig. 3.3 commutes since P*Q=limW. We
define Z as -

R n ce@Q
! — C(*)ﬂg
m  FilAD—L7€b o pyypc, c* D= ¢ o FillCTCQ
\Fintey
Fill4byb*D
R
b(*)P—_‘> b(*)FillBTBP
boonp
Fig. 3.3.

the set of all the triples (/, m, n) such that Fig. 3.3 commutes.
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It is sufficient for proving this theorem to show Z=R® (Dec”°R, (D, P, Q)).
Let (g, h, k): (TAR, bR, ¢ R)—(D, P, Q) be in R%¢. We define [: R—>Fill4D,
m: R—buP and n: R—cwQ by

b

74 ez
.R_—>FZ'HATAR R———)b(*)b(*)R
) le‘ll"g ,N ‘L beh

FillAD bRp
R'——£> C(*)C(*)R
n Cenk
cn@

where ¢%: [dpd—bub™ and e’: Idoa—curc™ are units of adjoint pairs b —b 4, and
¢ —c gy respectively.
First, we prove that the following diagram commutes:

R———t  — FinAD
FillAetD
m FillAb b*D
I

bc*JP’_'b‘c*T'a' b FiUBTEP.

Let s: T2 R—b*D be a morphism in TZ such that

TRy R— = L p*TAR

TN

TBp— =™ = b*D
commutes.
From properties of adjoint functors, the diagrams of Fig. 3.4 are all commutative.
In Fig. 3.4, operators “A” and “~” are the adjunction isomorphisms of Fi{[4—T4 (or
FilI®—TE2) and b*—b, respectively.
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TEYPR—= =B*T4R

Ak

T3P —— > b*D

R - (b*g)™"
@) 7
b FillPTPP=-b oy FillPb*D < Fill4byb*D

TEOR AR Y€ pxp
T2 T2h lidb*p
. b*g
T3p_tdrer_T8p b*D
(*)
B A
e e
(b*g)“'
P——>Fill’T?P b*byD
77?
l
- R——t = Fill4D
T*}
(n S | Filtte
basP — b FilrT2p 08 S pipaganp
baond
Fig. 3.4.

Therefore, we have

l
R FillAD
W \L FZ.HAe?)
Fill4bb*D
(T2h)™™

by P———— = b FillBTEP
banp

Similarly, the following diagram commutes:

R " @
ll l C(*ﬁ]q
FleA.D FZIIAC*C*D<——-—-C(*)FZHCTCQ,

that is, (/, m, n)eZ.

Obviously, this correspondence (g, h, k)—(l, m, n) is naturally bijective.

(g.e.d.)
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3.3 Examples of abstract reational models

(1) Relational Data Model

We have the relational model when S is Set and for each (attribute) set A, Set,
T4, 0* and T4 are Set4, R* and D* of Section 2 respectively. For a function a: A—B
between attribute sets and D={D.};c,=0b Set4, a4D is the family {a(l;[szi}jeg.

(2) Network Model

We define a simple network model M=(S, T, O, T) as an abstract relational model.

(i) S is the category of multigraphs, i.e., Bachman’s diagrams G=(S, R, 4: S—
RXR) where S is a set of set-types, R is a set of record-types and 4 assigns a set-type
s to a pair (own(s), mem(s)) of owner and member record-types. A morphism
[:(S, R, &)~(S", R, 4') is a pair f=(f5:S5—S’, fB: R>R’) such that

N
% “

R R'XR’

XRﬁ—-—>fRXfR

commutes.

(ii) For G=(S, R, /)=0b S, TS is the category Set® whose object {V,},cr is the
family of value sets of record-types.

(iii) The occurrence category O (G=(S, R, )= 0b S) is defined as follows:

(@) an object is N={V,}rea, {X}rer, {vr: Xo—=Vibier {051 Xmemr = Xowneo} ses)
where {V.},er€0b T, {X,},er is a family of record sets, v,: X,—V, assigns a record
x to its value and 0;: Xnemcor— Xowncs assigns a member record to its owner record,

(b) a morphism g: N—>N' (N=({V},er, {X}rer 0r}rer {0s}ses)y N =UViren
(X2 rer, {vr}rer, {03}ses)) is a pair g=({gf: V,~>Vi}ren {g¥: X,—>Xl},cr) such that
grovr=v7og¥ (rER) and gZ.mes°0s=04°g&nce>-

(iv) Let f: G—G’ (G=(S, R, 4), G'=(S’, R’, 4") be in S. f*: T9>TC is equal
to (fF)*: Set™ —Set® defined as in Section 2. fs: TS—TY is equal to (fE)s: Setf—
Set® defined as in the above example (1). f®:0% —>0° assigns N={V,}rer,
{Xotrer, vr}rer, {05} 95 )E0b 0% to {V sBn}rery {X R} rer, {VsRG} rers {0550} ses)
and assigns g={gr}rer, {g¥}rer)EMor T? to ({g%2w} rers {gF2w}ren).

(v) T¢:0°-T¢ (G=(S, R, 4)) assigns ({V,},er, X, v, 0)€0b0° to {Vi}rer and
assigns ({g7}rer, {g¥}rer) to {g¥},en.

(3) Hierarchical Model

The hierarchical model can be obtained restricting S of the network model in (2)
to the category of trees.

The above examples all satisfy the condition of Theorem 2, that is, they have
natural joins. We omit its proof. In the examples (2) and (3), notice that each category
0° of occurrences is equivalent to a certain Set-valued functor category Set®.
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4. Conclusion

We have proposed an abstract relational model which is a meta-model for database
models such as relational, network and hierarchical models.

A natural join functor has been defined as the right adjoint of a decompositon
functor. This definition has been obtained by the result that a natural join is the right
adjoint of a decomposition in a relational database model on the category of sets.

As an application, a sufficient condition has been proved for a database model to
have natural joins.

We can expect that concepts of the relational database models such as dependencies,
normal forms, algebras are disscussed independently of database models in our approach.

Another topic that requires further research is semantics of an astract relational
model.
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