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Abstract

This paper studies an inversion of functional equation for Bell-
man’s infinite-stage allocation process. Obtaining a sufficient condition
under which Bellman’s (main) functional equation has a unique
invertible solution, we propose additive- and recursive-inverse func-
tional equations which have a common solution. It is proved that
the additive-inverse functional equation has a unique solution in a
moderate class of functions. The solution is obtained from two
successive approximation methods.

1. Introduction

One of the most interesting features of dynamic programming is found in the

functional equation

f(x)=Max[g(y)+h(x—y)+flay+blx—yN] 220
(1)

F(0)=0
which was introduced by Bellman [1, Chap. 1]. The equation (1) seems to involve all
the essences of dynamic programming. Bellman proved among many others that under
some moderate assumptions the equation (1) has a unique solution which is continuous
at 0.

This paper continues Bellman’s work [1, Chap. 1] with three purposes of develop-
ing his functional equation treatment to a kind of dual theory. The first purpose is to
prove under the additional assumption “invertibility of g, A ” the existence of a unique
“invertible ” solution f of (1). The existence in turn enables us to propose two inverse
functional equations

u(z)= Min  [(1-D)x+0b—a)y+ulz—g(y)—h(x—y)] =z=0
(5) osysz=r"1(
u(0)=0

and
v(z)= Min l[(b—a)y+v(2—g(y>—h(x—y))] z=0
D§y§r=f"1(z) b

(6)
v(0)=0
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58 S. IwamoTo

where 0=<b<1 for (5) and for 0<b<1 for (6), respectively. The equation (5) does not

admit the trivial solution. But, (6) admits. The former will turn out to be more

attractive than the latter. If we formally weaken the condition x=f"%(z) to x<co in

(5), then the resulting equation becomes an infinite-version of the recursive formula
u(z2)=  Min  [(1—a)y,+-(1—0b)y.]

g(ypthiyg) =z
y1l,y220

Unei(2)= Min [(1—a)y,+(1—=0)ys+unlz—g(y)—h(y:))]

Y1, Y220
for Bellman’s finite-stage process [1, p. 45, No. 20]. However, both in problem setting
and in its analysis, imposing the constraint x=f"!(z) will play a crucial role in this
paper.

The second purpose is to show that both equations (5) and (6) have a common
solution f-!. The proof justifies the introduction of (5) and (6). The third purpose is
to prove the uniqueness of the solution of (5) in the class of functions which are non-
negative and continuous at 0.

The inverse theory of finite-stage dynamic programming which escapes the func-
tional equation treatment has been extensively studied by the author [2-97.

2. Bellman’s Basic Functional Equation

In this section we shall prepare Bellman’s basic functional equation for an infinite-
stage allocation process [1, Chap. 1].
Under the following assumptions

a. g, h: [0, 00)—[0, o) are continuous and g(0)=~h(0)=0.
a’. g, h are strictly increasing and g(co)=Hh(co)=co,

b. If m(x)zolg/lasx Max(g(y), h(»)) and ¢=Max(a, b), then i‘bm(c”x)<oo for all x=0.
Y=z n=

c. 0=a<l, 06«1,

we consider the functional equation

f(x)=(}\S/IyaggEg(y)Jrh(x—y)+f(ay+b(x—y))] x=0

f(0)=0.

This is called main functional equation. Let f(x), if it exists, be the maximum value

(1)

of g}o Cg(ya)+h(xa,—y,)] over the infinite-stage resource-allocation process x,.1=ay,+

b(xn—ys), 0=vy,=x,, n=0 with an initial resource x,==x, then the maximum total
reward function f satisfies the main functional equation (1). However, every solution
of (1) does not represent the maximum value of this allocation process. This fact leads
us to the mathematical problem of existence and uniqueness. The following basic result
is due to Bellman.

THEOREM 1 (Bellman [1, p. 12]) Under Assumptions a, b and c, there exists a unique
solution of (1) which is continuous at 0. Moreover, this function is continuous on [0, co).

The proof is based upon the successive approximation method. Let us define the
sequence {f,} as follows.
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(2) fl(x)roMax Ca(y)+ilx—y)] x=0
SYsT
(3) fm(X):Ol!{jagi Le()+h(x—y)+fulay+blx—y))]

Then it converges to the unique solution of (1).

3. Invertible Functional Equation

Our first aim is to obtain an invertible solution of (1).
assumption a’, this will be the case.

x=0, n=1.

Under the additional

LEMMA 1. Under Assumptions a, a’, b and ¢, the sequence {f,} enjoys the following

properties.

(1) fa:[0, )0, 00) is continuous strictly increasing and fn(0)=0, fn(c0)==0o for

n=1.

(i) falx)=frulx) on [0, ) for n=1. Moreover, if a>0 and b>0, then f,(x)<

S nai(x) on (0, o).

(ili) {fa} converges uniformly on any finite interval of [0, c0). The convergence is

monotone increasing.

(iv) The limit function f:[0, c0)—=[0, c0) is continuous strictly increasing and f(0)=0,

f(o0)=0c0, Moreover, it is a solution of (1).

PrRoOOF. Bellman’s proof is fundamental [1, p. 12-16]. It suffices to prove only the

following additional results not claimed in his proof.
A. Strict increasingness of f,.

Let x,<x,. Let y,(x) be a maximizer of (2). Then we have

f;(xl)Zg(yl(xl))-f-h(xl—yl(xl))

<g(y1(x))+h(x:—yi(x1) (strict increasingness of k)

éols\/ggz[g(y)—kh(x—y)] 0=y, (x)=x:<x5)

=f1(x2) .

Further let f, be strictly increasing and Ya{x) be a maximizer of (3). Then we have
fn+1(x1):g(yn(xl))—i—h(xl—yn(xl))+fn(ayn<x1)+b(X1—yn(x1)))
<g(yn(xl))+h(Xz*yn(xl))-}-fn(ayn(x1)+b(x2—yn(x1)))

(strict increasingness of A and f,)

éolg\{lugg[g(yHh(xz—y)Jrfn(ay+b(x2—y))]

(Oéyn(x1)§x1< Xs)

:fn+1(x2) .
B. fi(co)=oco.

For any large M>0, there exists an x>0 such that g(x/2)=M and h(x/2)=M.
Hence, for any y in [0, x], it holds that either gy)=M or h(x—y)=M. Thus we

obtain
fl(x)=01¥1195>§[g(y)+h(x—y)]

M.

IV
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(Similarly, f.(c0)=co is inductively proved).

C- fn(x)<fn+l<x)-
Let 0<a, b<1. Then for x>0 we have

F1(x0)=g(@(x)+h(x—y.(x))
< g +h(x—y:(x))+ filay()+b(x—y(x)))
(f1(x)>0 for x>0)

é(}\g/lfggtg(y)whh(x—y)+f1(ay+b(x—y>)]

=fo(x).
Assuming that f, ;(x)<f.(x) on (0, o), we further obtain
Fa(0)=g(yn-1(x)FA(x—yn1(x)+ f2-1(ay n-1(x)+b(x—yr-1(x)))
<En-1()N+h(x—yr- )+ fr(@yr-1{x)F+b(x—y7-1(x)))
(fn(x)>0 for x>0)
=Max[g(y)+h(x—y)+ falay+blx—y))]

0sy=sx

:fn+1(x) .
D. fn(oo)=o0 for n=2 and f(co)=o00.
This (strict) monotonicity together with f,(co)=co implies f,(co)=co for n=2 and
S(o0)=00,
E. f(0)=0.
This is a direct consequence of f,(0)=0 for n=1.

F. Strict increasingness of f.
Let 0=<x,<x, and y(x) be a maximizer of (1). Then we have

Fle)=g(y(x))+h(x1—y(x )+ flay(x)+b(x:1—y(x1)))
<g(y(x )+ h(xs—y(x))+ flay(x)+b(xz—y(x1)
golg\gagz[g(ywrh(xa—y%rf(ay +b(x,—y))]

O=y(x)=x:<x0)
=/f(x5).

This completes the proof of Lemma 1.

Thus, Lemma 1 leads us to show

THEOREM 2. Under Assumptions a, a’, b and ¢, there exists a unique solution of (1)
which is continuous at 0. Moreover, this function is strictly increasing continuous and

goes to infinity as so does x.

4. Two Inverse Functional Equations

Throughout the remainder of the paper we always assume a, a’, b and ¢. Then
Theorem 2 shows us that the unique solution f of (1) which is continuous at 0 is
invertible. The inverse function f~! satisfles f~(0)=0, f~*(c0)=co and strict increasing-

ness like as g, A and f.
The next lemma will take an important part in the remainder of the paper.
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LEMMA 2. The condition 0=y=x=f"Y(2) implies

(4) z—g(y)—h(x—y)=flay+blx—y))
=f(df(2)
=0

where d=Min(a, b).
PrROOF. Let 0=y<x=f"'(z). Then we have

z=f(x)
:olg/lyagx[g(y’)-kh(x—y’)+f(ay’+b(x~y’))]
Zg(y)+h(x—y)+ flay+blx—y)).
Since f(x)=0 for x=0, this leads to
z—g(y)—h(x—y)=flay+blx—y))

= f(dx)

=fdf42)
0,

%

which completes the proof.
Lemma 2 enables us to consider the functional equation

u(z= Min [(I-b)x+b—a)y+tulz—gly)—h(x—y)] 220

csysg=sr-1
(5) 0sysx=1""(2)

u(0)=0
rather than the equation

wz)= Min [1-bx+b—a)y+uz—gy)—h(x—yN] 220
( 5 /) Oé();gly_)i;tiz—(;))ﬁz

u(0)=0.

That is, the constraint 0=<g(y)+h{x—y)=z is redundant for treating functional equations
involving optimization under the condition 0=y=<x=/f"Y(z). We call (5) additive-inverse
Sfunctional equation of (1). We always keep our mind on the equality
(1=b)x+(b—a)y=1—a)y+(1—b)}x—y)
=x—(ax+blx—y)).

It is considered that u(z), if it exists, represents the minimum value of
EO [A=b)xn+(b—a)yn]

over the infinite-stage total-reward-decrease process z,,1=2z,—g(ya)—hA(xn—yn), 0=y,
=x,=f"z,), n=0 with a preassigned total reward z,—z. We see that any total cost
is roughly evaluated as follows.

oo oo

2 [A=b)xnt(b—a)yz]=(1—c) 2 xx

n=0 n=0

=(1—-c)f(2).
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Thus, the minimum value is larger than or equal to (1—c¢)f '(z). This lower bound
makes the additive-inverse functional equation more attractive. This equation does not
admit the trivial solution.

On the other hand, another inverse functional equation is introduced as follows.
For 0<b<1 we consider

W= Min  L[—a)y+vie—g)—h(x—3)] 220
osysz=f"1(2 b

(6)

v(0)=0.
This is called recursive-inverse functional equation of (1). It is considered that w»(z), if
. . . = (b—a
it exists, represents the minimum value of 3] ( bnﬂ) ¥y over the total-reward-decrease
n=0

process stated above. Any path with y,=0 yields zero value. Thus, the minimum
value attains zero for b=a. The recursive-inverse functional equation admits the trivial
solution for b=a. This triviality escapes a further discussion of the equation (6).

For N-stage main dynamic program (DP), the recursive-inverse DP is introduced in
[2-5, 7] and the additive-inverse DP in [8]. For infinite-stage DP, the recursive inver-
sion is applied in [6]. The author [9] has investigated the additive inversion of
continuous-time DP.

The derivation of equations (5) and (6) will be justified in the proof of Theorem 3.

5. Common Solution

THEOREM 3. Both equations (5) and (6) have a common solution f~*.
Proor. Let f be the unique solution of (1) which is continuous at 0. Then for
any z=0 there exists a unique x=0 with

(7) z:f(x):‘};/lgEg(y)+h(x—y)+f(ay+b(x—y))].

From (7) we have

(8) zzg(y)+h(x—y)+flay+blx—y)) for 0=y=x=/"%2)

which is equivalent to
[ z—g)—hx—yN=zay+blx—y) for 0=y=x=f"'(2)

That is, (7) implies

(10) (b—a)y+f Y (z—gy)—h(x—y)=bx  for 0=y=x=f"Y2).

First, adding (1—b)x to both-hand sides of (10), we obtain

(1-b)x+(b—a)y+fUz—g(y)—h(x—yN=x  for 0=sy=x=f"Y2).

This leads to

an Inf  [A-b)x+b—a)y+fz—gy)—h(x—yN]=f2).

0§y§x=f"1(z)

Second, dividing both-hand sides of (10) by b (0<b<1), we have

%[(b—a)y+f'1(z—g(y)—h(x—y))]§x for 0=Sy=x=f"%2).
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This in turn yields

(12) Inf —l—[(b—a)y+f'1(2—g(y)~h(x—y))].Z_f'l(Z) .

osysz=f"1() b

Furthermore, (7) together with its maximizer y(x) implies

(13) z=g(y(xN+h(x—y(x)+ flay(x)+blx—y(x)))  for x=f""(2).
Accordingly we see that (13) yields both

(11 A=b)x+b—a)y(x)+ [N z—gly(x)—h(x—y(x))=F"2)

and

(127 —1b~[(b—a)y(x)+f‘1(z—g(y(x»—h(x—y(x>))]=f‘l(2)

where x=f"%z). From (11), (11"), (12) and (12"), we have a common solution f~! of (5)
and (6). This completes the proof.

6. Maximality and Minimality

Our second aim is to obtain a uniqueness theorem. This will be done after discus-
sion on maximal and minimal solutions. Each solution will be obtained through the
usual approach for uniqueness of solution to dynamic programming functional equation
[1, p. 15, 16].

THEOREM 4. The f~' is the largest solution of (5) which is continuous at 0.

PRrROOF. Let v be any solution of (5) which is continuous at 0. Then we have for
a minimizer y(x) of (5)

v(z)= Min [(1-b)x+(b—a)y+v(z—g(y)—h(x—2y))]
(14) osysz=f"1(
=(1-b)x+b—a)y(x)+viz—g(y(x)—h(x—y(x)))

and
(15) F U @)=1—=b)x+b—a)y(x)+ [ (z—g(y(x))—h(x—y(x)))
where x=f"%(z). From (14), (15) we have
(16) v(2)— [ 2)=v(z—g(y(x)— h(x—y(x))— f~Hz—g(y(x))—h(x— y(x)))
and
7 z—g(y(x))—h(x—y(x)=f(x—(1—b)x—(b—a)y(x))
=flay(x)+b(x—y(x)))
=f(cx)
=f(cf2).
Let us now define
a7 U(w)= oi‘ﬁ W(z)—f~Y(2)).

Then U is continuous at 0 and has the value 0 there. From (16), (17) and (18) we
obtain

19 Uw)=U(f(ef~H(w))),
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whence, by iteration,
(20) U)ZSUf(c™f~Hw))) for n=1.
Here we remark that f(c"f '(w)) decreases monotonically to 0 as n goes to oo. Since
U is continuous at 0 and U(0)=0, upon letting n—oco, we obtain U(w)=0, and thus
that v(z2)<f~%(z). This completes the proof of maximality.
This maximality theorem in turn yields a minimality of f-! for 0=<a, b<1/2.
THEOREM 5. If 0=Za, b<1/2, then f~' is the smallest solution of (5) which is con-
tinuous strictly increasing and goes to infinity as so does z.
PrROOF. Let v be any solution of (5) which is continuous strictly increasing and
v(co)=co, and H(x) be a corresponding minimizer. Then we have
21 v(z)=(1—=b)x+(b—a)F(x)+v(z—g(H(x))—h{x—H(x))
and

f == Min  [(1-bx+(b—a)y+f(z—g(3)—h(x—23))]
(22) osysr=f"1

=(1=b)x+(b—a)$(x)+ f(z—g(F(x)—h(x— $(x)))
where x=f"z). From (21), (22) we in turn get
(23) [ —v(@)= fHz—g(9(x))— h(x— F(x) —v(z— g(H(x))— h(x— y(x))),
(24) v(z)Z(1—b)x+(b—a)F(x)
=x—aF(x)—b(x—H(x))

=Zx—cx
=(1—e)f Y 2)
and
(25) z2—g(F(x)—h(x—H(x)=v " (v(z)—(1=b)x—(b—a)F(x))

=7 (w(2)—x+aF(x)+b(x—F(x))).

Here we remark that Theorem 4 shows

(26) v(z)—x=1(z)— f'(2)=0.

From (25), (26) we have

(27) z—g(H(x))—h(x—F(x))=v " (a F(x)+b(x— $(x))
=vYcx)

=v7Hcf(2).
On the other hand, (24) leads to

Z1 u
(28) viw=/().
Combining (27) and (28), we have
(29) = g(IN—h(x—3CNZ f(5 . 17(2).

Let us now define
(30) L(w)= ol\s/[fi}i (f M2)—v(2).
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Then L is continuous and has the value 0 at w=0.
From (23), (29), (30) we obtain
(31) L= L(f(5

4
—C

Lan=L(f(($5,) 7 frw))  nzl

Here we remark that 0=<c=Max(a, b)<1/2. Since L is continuous and L(0)=0, upon
letting n-—oco, we obtain L(w)<0, and that f~'(z)<v(z). This completes the proof of
minimality.

COROLLARY 1. If 0=a, b<1/2, then f~' is the unique solution of (5) which is
continuous strictly increasing and goes to infinity as so does z.

COROLLARY 2. Any solution v of (5) which is monmegative and continuous at 0

satisfies

),

whence, by iteration,

(1= f@=v)Zf(2).

7. Uniqueness

Corollary 2 gives us both upper and lower bounds. Theorem 4 shows us that the
upper bound is most desirable. However, the lower bound is more improvable. This
improvement is based upon the following lemma, which leads directly to uniqueness of
the solution f-1,

LEMMA 3. Any solution v of (5) which is nonnegative and continuous at 0 satisfies

(i) [ IP@SHA=f@. If a=b, then v=f-".
(i) (A=c™f U 2)=v@)Zf"Yz) for all n=1. Hence v=f"1.
PROOF. Theorem 4 shows that v<f-. It suffices to prove the lower boundedness.

(i) First, from Corollary 2 and Lemma 2, we have

vz)=  Min [(1—a)y+(1—=b)x—y)+v(z—g(»)—h(x—3))]

0§y§z=f‘1(z)

= Min  [(A—c)y+A—=c)x—y)+1—c)f(z—g(y)—h{x—y))]

osysz=f""(@

=(1—¢) Min [x+/(flay+blx—y)]

osysz=f"1@

=(1—¢) Min [x+ay+bx—y)]

osysz=f"1)

=(1—¢) Min [x+dx]

osysz=f"1()
=(1—co)1+d)f(=).

Second, this inequality in turn yields
v(z)=  Min ) [A—a)y+1—=b)x—y)+v(z—g(y)—h(x—¥))]
osysz=f""(2)

= Min [d—0y+A—=c)x—y)+A—c)A+d)f(z—g(y)—h(x—))]

0§y§1:=f’1(z)

2(1—c)1+d+d»fY2).
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We have successively

1

y(z)ga—c)( _ di>f“(z) n=1.

Hence, by letting n—oo, we obtain
1—c¢
y > -1
v(z)= =4 fHa).
(if) First, from Corollary 2 and Lemma 2, we have

v(z)= Min [(I—a)y+1—b)x—p)+vz—g(¥)—h{x—3))]
z)

osysz=f"1¢

=z Min  [x—(ay+blx—y)+1—c)fflay+blx—y))]

osysz=s5"lz)

= Min [x—clay+blx—y))]

osysz=r"1)

= Min [x—c(cx)]

osysz=,"1(
=1—=ctf2).
Second, this inequality in turn yields
vz Min  [x—(ay+blx—y)+1—c®f (z—g(y)—h(x—))]

osysz=f"1(

=z Min  [x—(ay+bx—y)+(1—cHay+blx—))]

osysz=r"1e)
=(1—=c*)fXa).
Further, by iteration, we get
v@)z(1—cMfz) nzl
Hence, upon letting n—oo, we obtain

vz fz).
This completes the proof.

The following theorem covers both Corollary 1 in this paper and Theorem 10 in [8].
THEOREM 6. The functional equation (5) has the unique solution f~! which is non-

negative and continuous at 0.
Proor. This is a direct consequence of Lemma 3(ii).

8. Two Successive Approximations

The third aim is to prove that two successive approximations yield the solution f~*
of (5). One approximation whose n-th feasible action space is time-invariant may be
monotone increasing. The other approximation which is restricted to time-variant

region is always monotone decreasing.
LEMMA 4. Any sequence {v,} generated by

(32) vaa(z)=  Min  [(1-b)x+b—a)y+v.(z—g(y)—h(x—y))] 2=0, n=0

Ugyszzf—l(z)
where

(33) vy 15 continuous and 0=v(2)=< f~(2)
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satisfies

(1) v is continuous.

(if) A—=eMf N D)Zvu(DSf42) dve, —cfH2)Sva(2)—f2)=0. Thus, {v,} converges
to f~L

(iii) If vy=0, then the convergence 1s monotone increasing.

PROOF. (i) The continuity is trivial. (ii) Let y,(x) be a minimizer of (32). Then

we have
(34) Vn+1(2)=(1—=a)yn(x)+(1=b)(x — 32 (x))+Fvn(z— (¥ () — h(x—ya(x)))
where x=f"!(z). Since v,=0, this leads to
(35) ()= —a)y,(x)+(1—b)(x—y1(x))
Z(1=)y,(x)+(1—c)x—y1(x))
=(1—=c)f"Y2).

On the other hand, v,<f! implies
v(z)= Min  [Q—b)x+0b—a)y+vlz—g(y)—h(x—y))]
osysz=f"1(
= Min  [(1-bdx+0b—a)y+ [ (z—g(y)—h(x—y))]
0§y§x=f"1(z)

=f"42).
Further assuming that (1—c®)f'<v,=<f"!, we have
Vne (@) Z x—(ay (1) Fb(x— () +A—c™) fHz— gy a(x)—h(x— ya(x)))
Zx—(ay (1) +b(x—ya(x))+A—c™ay(x)+b(x—y(x))

Z(1—c"") fY2)
and

Vasi(2)< Min 1 [A=b)x+b—a)y+f(z—gy)—h(x—y))]

Osysz=f""(2)
=f"z).
(iii) Let v,=0. Then (35) leads to v,(2)=v4(2)=0. Assuming that v,=v,_,, we have

Vnar(z)= Min1 [A=b)x+(b—a)y+v.(z—g(y)—h{x—3))]

0gysr=f""(2)

=  Min  [(A-bxtb—a)y+v,i(z—gy)—h(x—))]

osysz=r"1(2)
=va(2).
This completes the proof.
Lemma 4 gives us the proof of Theorem 7.
THEOREM 7. Any sequence {v,} generated by (32), (33) converges to the solution f~*
of (5). If vy=0, then the convergence is monotone increasing.
Another approximation is finite-stage approximation for the infinite-stage inverse

process as follows.
THEOREM 8. Let {f,} be defined in (2), (3). Let {u,} be defined as follows.

(36) ui(z)=f7%2)
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(37 Upsr(2)=  Min  [(1—a)y+1=b)(x—y)+uzlz—g(y)—h(x—23)]

osysz=f31,@
z=0, n=1.
Then we have
(1) u,=sf3* nz=l

(it {u.} converges monotone-decreasingly to the solution [~ of (5).
PrROOF. (i) Assume that u,=f7%. Let 0<y<x=/f;'(z). Then we have

2= [o(x)= Max [g(y")+h(x—y )+ filay’ +blx—3)]

Zg(»+hlx—y)+filay+blx—y).

From u,=f7', we obtain
(38) 1—=a)y+1—=b)x—y)+u(z—g(y)—h(x—y)=x

for all y with 0<y<x=/f;'z2). Further it follows that for a maximizer y,(x) of (3)
for n=1

(39) (I—=a)yx)+(L—=b)(x —yu )+ us(z—g(yo(x))— h{x —yo(x))=x .
From (38), (39) we obtain

fiz)=  Min  [(0—a)y+1—b)x—y)+ulz—g(y)—h(x—y))],
osysz=f;1w@
which implies u,=f7;*. Moreover, u,=f7! is inductively proved.
(ii) Since {f,} converges monotone-increasingly to f (Lemma 1), the inverse func-
tion f,'=u, converges monotone-decreasingly to f~! On the other hand, f* is a
solution of (5) (Theorem 3). This completes the proof.
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