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Abstract: We consider the problem of constructing multi-class classiﬁcation methods for analyzing data with complex structure. A nonlinear logistic discriminant
model is introduced based on Gaussian basis functions constructed by the selforganizing map. In order to select adjusted parameters, we employ model selection
criteria derived from information-theoretic and Bayesian approaches. Numerical examples are conducted to investigate the performances of the proposed multi-class
discriminant procedure. Our modeling procedure is also applied to protein structure
recognition in life science. The results indicate the eﬀectiveness of our strategy in
terms of prediction accuracy.
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1 Introduction
Multi-class classiﬁcation problems have received an enormous amount of attention in the
ﬁelds of statistics, artiﬁcial intelligence and bioinformatics (see, e.g., McLachlan, 1992;
Hastie et al., 2001; Bishop, 2006). One of well-known statistical tools of multi-class
classiﬁcation is based on linear logistic regression models (e.g., Day and Kerridge, 1967;
Anderson, 1975; Seber, 1984; Hosmer and Lemeshow, 1989; Zhu and Hastie, 2004). In
order to process data generated from complex structures, many researchers have studied
nonlinear logistic discriminant models that are obtained by replacing a linear predictor
in logistic models with a linear combination of basis functions (see, e.g., Hastie and
Thibshirani, 1990; Simonoﬀ, 1996; Loader, 1999). The natural cubic spline and B-spline
have been widely used as basis functions in nonlinear logistic models. However, these
modeling procedures for high dimensions may suﬀer from the curse of dimensionality.
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To overcome this problem, Ando and Konishi (2008) proposed using nonlinear logistic
models with Gaussian basis functions for classifying high-dimensional data.
There still remains, however, a problem in constructing Gaussian basis functions. Although Gaussian bases are usually constructed by using the k-means clustering algorithm,
this algorithm depends on initial values and consequently yields diﬀerent nonlinear logistic
models corresponding to each set of initial values. To overcome this problem, Kawano and
Konishi (2007) proposed spline-based Gaussian basis functions, which have advantages associated with B-spline bases, and demonstrated the eﬃciency of this nonlinear modeling
method in the context of regression problems. However, this construction method is restricted to low-dimensional data (at most two dimensions). This is a major problem since
data treated in classiﬁcation problems generally exist in high-dimensional spaces.
In this article, we employ the self-organizing map (SOM) presented by Kohonen (1997)
to construct Gaussian basis functions and propose a multi-class logistic discriminant model
with these basis functions along with the technique of regularization. Our proposed models
are easily applied to analyze complex or high-dimensional data, and also yield more stable
prediction error rates than models based on the k-means clustering algorithm. Crucial
issues in the model constructing process are the choices of adjusted parameters, which
include the number of basis functions, a regularization parameter and a hyper-parameter
involved in Gaussian bases. In order to select these parameters, we use informationtheoretic and Bayesian type criteria. Numerical examples are conducted to examine
the eﬀectiveness of the proposed multi-class discriminant procedure. We also apply our
modeling strategy to analyze protein structure data.
This article is organized as follows. Section 2 describes a nonlinear logistic model
with basis expansions for multi-class classiﬁcation. This section also gives estimation
and evaluation procedures for models based on a penalized log-likelihood method. In
Section 3, we consider the problem of constructing Gaussian basis functions, and present
a nonlinear logistic discriminant model with Gaussian basis functions via the SOM. In
Section 4, we demonstrate the performance of our proposed models using some numerical
studies and a real data example. Some concluding remarks are given in Section 5.
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2 Preliminaries
2.1 Nonlinear logistic modeling using basis expansions
Suppose we have n independent observations {(xα , gα ); α = 1, · · · , n}, where xα are p dimensional explanatory variables and gα ∈ {1, 2, · · · , L} indicate the class label to which
xα belong. We assume that the conditional probabilities given by xα , which are called
posterior probabilities, can be expressed as
{

Pr(gα = k|x)
log
Pr(gα = L|x)

}

m
∑

= wk0 +

wkj φj (x) = wkT φ(x),

k = 1, · · · , L − 1,

(1)

j=1

where wk = (wk0 , wk1 , · · · , wkm )T is an unknown parameter vector for class k and φ(x) =
(1, φ1 (x), · · · , φm (x))T is a vector of basis functions. For basis functions φ(x), we shall
use Gaussian basis functions with a hyper-parameter given by
(

φj (x; µj , h2j , ν)

)

||x − µj ||2
= exp −
,
2νh2j

(j = 1, · · · , m),

(2)

where µj is a p-dimensional vector that determines the position of the basis function, h2j
is the dispersion parameter and ν (> 0) is the hyper-parameter. The hyper-parameter
ν plays a key role in adjusting the smoothness of the decision boundary. Ando et al.
(2008) and Ando and Konishi (2008) have used various numerical examples to demonstrate
the eﬀectiveness of nonlinear models using the basis functions that contain the hyperparameter. The parameters µj , h2j are estimated using the procedures described in Section
3, while the hyper-parameter ν is determined by the model evaluation criteria given in
Section 2.2.
From Equation (1) the posterior probability can be rewritten as
Pr(gα = k|xα ) =

exp{wkT φ(xα )}
,
1 + j=1 exp{wjT φ(xα )}

Pr(gα = L|xα ) = 1 −

∑L−1

L−1
∑

Pr(gα = k|xα ) =

k=1

1+

k = 1, · · · , L − 1,
∑L−1
j=1

1
.
exp{wjT φ(xα )}

(3)
(4)

T
)T , we
Since these posterior probabilities depend on the parameter w = (w1T , · · · , wL−1

use the notation Pr(gα = k|x) := πk (x; w).
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For simplicity, we introduce an (L−1)-dimensional response variable y = (y1 , · · · , yL−1 )T ,
the components of which are either 0 or 1. The k-th element of yα is set to 1 if the corresponding xα belongs to the k-th class, i.e.,
(α)

(α)

yα = (y1 , · · · , yL−1 )T =






(k)

(0, · · · , 0, 1 , 0, · · · , 0)T



 (0, · · · , 0)T

if gα = k,

(k = 1, · · · , L − 1),

if gα = L.

The response yα is assumed to be distributed according to a multinomial distribution with
the posterior probabilities πk (xα ; w) expressed by the following probability function:
f (yα |xα ; w) =

L−1
∏

(α)

πk (xα ; w)yk {πL (xα ; w)}1−

∑L−1
l=1

(α)

yl

.

(5)

k=1

From the multinomial distribution we obtain the following log-likelihood function
ℓ(w) =
=

n
∑

log f (yα |xα ; w)

α=1
[
n L−1
∑
∑

(
(α)
yk logπk (xα ; w)

+ 1−

α=1 k=1

L−1
∑

)
(α)
yl

]

logπL (xα ; w) .

(6)

l=1

The maximum likelihood estimator, which is a widely used estimator, of an unknown parameter w can easily be obtained by maximizing the log-likelihood function (6). However,
the maximum likelihood method often yields an unstable parameter estimate, i.e., a parameter estimate tends to inﬁnity. To overcome this problem, we estimate the parameter
vector w by maximizing the regularized or penalized log-likelihood function
ℓλ (w) = ℓ(w) −

∑
nλ L−1
wT Kwk ,
2 k=1 k

(7)

where λ (> 0) is a regularization parameter that reduces the variance of the parameter
estimate and K is an (m + 1) × (m + 1) positive semi-deﬁnite matrix (see, e.g., Imoto
and Konishi, 2003; Konishi and Kitagawa, 2008). The maximum penalized likelihood
estimator ŵ is the solution of ∂ℓλ (w)/∂w = 0. This equation is generally nonlinear with
respect to the parameter vector w. We use the Fisher’s scoring method to obtain the
solution ŵ (see Green and Silverman, 1994 for details).
Given the estimate ŵ, a future observation x is assigned to class k that has the
maximum posterior probability πk (x; ŵ) among L classes, where
πk (xα ; ŵ) =

exp{ŵkT φ(xα )}
,
1 + j=1 exp{ŵjT φ(xα )}
∑L−1
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k = 1, · · · , L − 1,

(8)

πL (xα ; ŵ) =

1+

∑L−1
j=1

1
.
exp{ŵjT φ(xα )}

(9)

We then obtain a statistical model in the form
f (yα |xα ; ŵ) =

L−1
∏

{πk (xα ; ŵ)}

(α)

yk

{πL (xα ; ŵ)}

∑L−1

1−

l=1

(α)

yl

.

(10)

k=1

This statistical model depends on the number of basis functions m and the values of
the regularization parameter λ and hyper-parameter ν. We use model selection criteria
from information-theoretic and Bayesian approaches given in Ando and Konishi (2008)
to select the values of these adjusted parameters.

2.2 Model selection criteria
The generalized information criterion proposed by Konishi and Kitagawa (1996) enables
us to evaluate statistical models with various types of estimators, including the robust
and penalized likelihood estimator. Using the result given in Konishi and Kitagawa (1996,
p.876), we obtain a model selection criterion for evaluating the nonlinear logistic model
as follows:
GIC = −2

n
∑

logf (yα |xα ; ŵ) + 2tr(QR−1 ),

(11)

α=1

where Q and R are (L − 1)(m + 1) × (L − 1)(m + 1) matrices given by
1
λ
{(F − G) ⊙ E}T {(F − G) ⊙ E} − I ŵ1Tn {(F − G) ⊙ E} ,
n
n
1
1
R = − (G ⊙ E)T (G ⊙ E) + H + λI
n
n

Q=

(12)
(13)

with E = (Φ, · · · , Φ), F = (y(1) 1Tm+1 , · · · , y(L−1) 1Tm+1 ), G = (π(1) 1Tm+1 , · · · , π(L−1) 1Tm+1 ),
(1)

H = diag{ΦT diag{π(1) }Φ, · · · , ΦT diag{π(L−1) }Φ}, I = diag{K, · · · , K}, y(k) = (yk , · · · ,
(n)

yk )T , Φ = (φ(x1 ), · · · , φ(xn ))T and π(k) = (πk (x1 ; ŵ), · · · , πk (xn ; ŵ))T . Here the operator ⊙ denotes the Hadamard product.
Konishi et al. (2004) proposed the generalized Bayesian information criteria by extending the Bayesian information criteria (Schwarz, 1978) to evaluate statistical models
estimated by the maximum penalized likelihood method. Using the result given in Konishi
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et al. (2004, p.30), we obtain a model evaluation criterion given by
GBIC = −2

n
∑

logf (yα |xα ; ŵ) + nλ

α=1

L−1
∑

ŵkT K ŵk − (L − 1)log|K|+

k=1

+ log|R| − (L − 1)(m + 1 − d)logλ − (L − 1)d log

(

)

2π
,
n

(14)

where |K|+ is the product of the positive eigenvalues of K with rank d and R is given in
Equation (13).
We select the number of basis functions and the values of the regularization parameter
and the hyper-parameter by minimizing either the generalized information criterion (GIC)
or the generalized Bayesian information criterion (GBIC).

3 Construction of Gaussian basis functions
3.1 Gaussian basis functions and its problem
In this section, we consider the problem of constructing Gaussian basis functions. The
centers µj and width parameters h2j included in Gaussian basis functions given in Equation
(2) are generally determined by using the k-means clustering algorithm (Moody and
Darken, 1989). This algorithm divides a set of observations {x1 , · · · , xn } into m clusters
{C1 , · · · , Cm } corresponding to the number of basis functions. The centers µj and the
width parameters h2j are then respectively determined by µ̂j =
∑
α∈Cj

∑
α∈Cj

xα /nj and ĥ2j =

||xα − µ̂j ||2 /nj , where nj is the number of observations that belongs to the j-th

cluster Cj . Replacing µj with µ̂j and h2j with ĥ2j , we obtain a set of m basis functions
given by


φj (x; µ̂j , ĥ2j , ν) = exp −

||x − µ̂j ||2
2ν ĥ2j


,

j = 1, · · · , m.

(15)

It should, however, be noted that models based on the basis functions constructed
using the k-means clustering algorithm have some drawbacks. These drawbacks are due
to the diﬀerent initial values in the k-means clustering algorithm, which imply that clusters
determined using this clustering algorithm are strongly dependent on the initial values.
To illustrate this point, data {(x1α , x2α , gα ); α = 1, · · · , 300} are generated from normal
6
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Figure 1: 10 estimated decision boundaries for the same simulated data set. The left
panel shows boundaries estimated by models constructed using the k-means clustering
algorithm. The right panel shows the result obtained using our modeling method. Class
1 samples are indicated by circles and class 2 samples are denoted by crosses.
mixture distributions as follows:
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The left panel in Figure 1 shows 10 estimated decision boundaries for the same data
set. We observe that the models provide a diﬀerent set of decision boundaries, which
demonstrates that the k-means clustering algorithm estimates diﬀerent centers of basis
functions for diﬀerent sets of initial values.
This is undesirable for practical applications since the same estimation model produces
diﬀerent results; diﬀerent decision boundaries were obtained in spite of using exactly the
same data set. To overcome this problem, Kawano and Konishi (2007) proposed new
Gaussian bases, which have the advantages associated with B-spline basis functions. They
investigated the eﬃciency of nonlinear regression models based on these new Gaussian
basis functions. However, spline-based construction methods cannot be directly applied
to high-dimensional data sets since the number of basis functions may exceed the sample
7

size. In this study, therefore, we employ Gaussian basis functions based on the SOM.

3.2 Gaussian basis functions using the self-organizing map
The SOM is an unsupervised neural network, which visualizes complex high-dimensional
data by drawing a low-dimensional map (Kohonen, 1997). When the SOM is used as a
clustering method it constructs more stable clusters than the k-means algorithm: the SOM
is robust against variation in initial values, whereas the k-means algorithm is strongly dependent on the initial values.
The SOM algorithm is given by the following procedure. First, a set of reference
vectors {pj ∈ Rp ; j = 1, · · · , m} is prepared. Second, we select the node of the reference
vector pc that minimizes the distance between the reference vector and observations of
the explanatory variables xα , i.e.,
c = arg min {||xα − pj ||} .

(17)

j

(t+1)
Third, if we have the t-th values of p(t)
are given by
c , the (t + 1)-th updated values pc
(t+1)

pj

(t)

[

(t)

= pj + hc (t) xα − pj

]

,

(j = 1, · · · , m),

(18)

where hc (t) is a monotone decreasing function of the number of iterations t. A Gaussian
neighborhood kernel is generally used as the monotone decreasing function in the following
equation:





||pc − pj ||2 
hc (t) = α(t) exp −
,

2σ 2 (t) 
(t)

(19)

where α(t) (> 0) is the learning rate and σ 2 (t) determines the width of the function.
Both α(t) and σ 2 (t) are monotone decreasing functions of the numbers of iterations, and
they could be selected to be linear. Fourth, we alternate between the second step and
the third step for all observations {xα ; α = 1, · · · , n}. Finally, we continually repeat the
second step to the forth step until the convergence condition is satisﬁed. The resulting
clusters Cj (j = 1, · · · , m) are given by {xα ; j = arg mink {||xα − pk ||}}, where pk are
the convergence values of the above procedure. For more details, we refer the reader to
Kohonen (1997).
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We obtain m Gaussian basis functions given by

(som)

φj

(som)

where µ̂j

(som)

(x; µ̂j

(som)2

, ĥj

(som)2

and ĥj

, ν) = exp −

(som) 2

||x − µ̂j

||

(som)2

2ν ĥj


,

j = 1, · · · , m,

(20)

are respectively the estimated centers and width parameters
(som)

obtained from the clusters Cj

(j = 1, · · · , m) using the SOM. We then introduce a

following nonlinear logistic model using these basis functions,
{

Pr(gα = k|xα )
log
Pr(gα = L|xα )

}

= wk0 +

m
∑

(som)

wkj φj

(som)

(xα ; µ̂j

(som)2

, ĥj

, ν),

k = 1, · · · , L − 1.

j=1

Our proposed models are more stable than models whose basis functions are constructed
using the k-means algorithm, since the basis functions included in our models are constructed using the SOM. To demonstrate this, we ﬁtted our model to the same data set
given in (16). The right panel of Figure 1 shows 10 estimated decision boundaries constructed by our models. The decision boundaries depicted in the right panel of Figure
1 are more stable than those in the left panel, demonstrating that our proposed models
are superior to models using the k-means algorithm in the sense that they give a smaller
variance in the estimated decision boundaries. In the next section, we use some numerical
examples to compare our models with several other models in terms of prediction accuracy
and stability.

4 Numerical examples
4.1 Synthetic data
We investigate the performance of our modeling methodology by analyzing synthetic
data (Ripley, 1996). This synthetic data consists of two classes with two-dimensional
explanatory variables; 250 values of training data and 1000 values of test data were
prepared.
Nonlinear logistic models with basis functions constructed using the SOM or the kmeans clustering method are ﬁtted to the data set. The number of basis functions was
ﬁxed to 25, and the values of the regularization parameter and hyper-parameter in the
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Figure 2: 10 estimated decision boundaries for the same data set. The left panel shows
boundaries estimated by models constructed using the k-means clustering algorithm. The
right panel shows the results obtained using our modeling method. Class 1 samples are
indicated by circles and Class 2 samples are denoted by crosses.
Gaussian basis function were selected using the GIC. We then repeated the above procedure 10 times using exactly the same data set. Figure 2 shows that the models estimated by the SOM are more stable than those constructed using the k-means clustering
algorithm. This result is similar to that given in Section 3. We also compared the performances of nonlinear logistic modeling procedures based on Gaussian bases using the
SOM (NLMsom) and k-means clustering (NLMk) with that of other procedures. The
regularization parameter and the hyper-parameter in the NLMsom and NLMk models
were selected by using the GIC or GBIC, while the number of basis functions was ﬁxed
as 25 since this numerical study required a considerable amount of computation. Table
1 shows a summary of the prediction errors. To obtain results for generalized additive
model (GAM), we used the mgcv function from the mgcv package in R (Wood, 2004). For
the NLMsom or NLMk models, the prediction errors listed in Table 1 are the averages
of 50 results obtained using the same data set, and the ﬁgures in parentheses indicate
the standard errors. Table 1 shows that the proposed methods perform well; they yield a
relatively small prediction error with a small variance.
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Table 1: Prediction errors (%) for synthetic data. Figures in parentheses indicate the
standard errors for 50 repetitions. The results for methods 9 to 12 are from Ripley
(1994).

1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.

Method
Prediction error
NLMsom with GIC
9.40 (0)
NLMsom with GBIC
9.50 (0)
NLMk with GIC
9.47 (0.38)
NLMk with GBIC
9.51 (0.16)
Linear discriminant analysis
10.8
Quadratic discriminant analysis
10.2
Linear logistic discriminant model
11.4
GAM
9.50
CART
10.1
1 nearest neighbor
15.0
2 nearest neighbor
13.4
3 nearest neighbor
13.0

4.2 Wave form data
In the second experiment, we consider the problem of multi-class classiﬁcation by analyzing waveform data (Hastie et al., 2001). The waveform data consist of three classes with
21-dimensional predictors, and were generated from the following functions:



 uH1 (k) + (1 − u)H2 (k) + εk

xk =





uH1 (k) + (1 − u)H3 (k) + εk
uH2 (k) + (1 − u)H3 (k) + εk

if g = 1
if g = 2
if g = 3

k = 1, · · · , 21.

(21)

where u is uniform on [0,1], εk are the standard normal variates and Hi are the shifted
triangular waveforms, H1 (k) = max{6−|k−11|, 0}, H2 (k) = H1 (k−4), H3 (k) = H1 (k+4).
We generated 300 sets of training data with equal prior probability for each class and 500
sets of test data.
We compared the performances of several diﬀerent modeling procedures. Using the
GIC or GBIC as the model selection criterion, we selected the regularization parameter
and the hyper-parameter in the NLMsom or NLMk models. As in Section 4.1, we ﬁxed
the number of basis functions as 15, since the computational demanding was quite high.
A summary of the prediction errors is given in Table 2. We obtained the results for the
11

Table 2: Prediction errors (%) for waveform data. Figures in parentheses indicate the
standard errors for 50 repetitions. The results for methods 9 to 11 are from Hastie et al.
(2001).

1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.

Method
Prediction error
NLMsom with GIC
15.6 (0.10)
NLMsom with GBIC
15.7 (0.10)
NLMk with GIC
16.0 (0.70)
NLMk with GBIC
16.1 (0.74)
Linear discriminant analysis
21.2
Quadratic discriminant analysis
21.6
Linear logistic discriminant model
21.2
GAM
22.0
Classiﬁcation tree
28.9
FDA (MARS (degree 1))
19.1
FDA (MARS (degree 2))
21.5

generalized additive model (GAM) using the mgcv function from the mgcv package in R.
The prediction errors for the NLMsom and NLMk models were obtained by averaging
the results obtained by 50 iterations from the same data set, and the standard errors are
given in parentheses. For this data set, our proposed models using the GIC or GBIC give
lower prediction errors than other models and provide more stable prediction error rates
than the models based on the k-means clustering algorithm.

4.3 Recognition of protein structure data
We applied the proposed multi-class discriminant procedure to a protein structure data set
that was analyzed in Ding and Dubchak (2001). This data set consists of four structural
classes: all-α, all-β, α/β, α + β. For each class, the percentage compositions of the 20
amino acids form a part of the predictors. The remainder of the predictors is deﬁned by
the structural or physicochemical properties extracted from the primary protein sequence,
allowing us to generate 125-dimensional predictors. See Dubchak et al. (1995, 1999) for
details regarding this method of generating the predictors. The data set can be obtained
from the website (http://ranger.uta.edu/∼chqding/protein).
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Table 3: The number of training data sets and test data sets for each class.
Class
all-α
all-β
α/β
α+β
Total

Training data Test data
55
61
109
117
115
145
34
62
313
385

Table 4: Prediction errors (%) for protein data. The results for SVM and KNN are from
Shi and Suganthan (2003).
1.
2.
3.
4.
5.
6.
7.

Method
NLMsom with GIC
NLMsom with GBIC
LDA
QDA
LLDA
SVM
KNN

Prediction error
23.3
22.8
NA
NA
23.9
23.1
28.9

The number of training sets and test sets for each class in this study are listed in Table 3. Our modeling method was applied to the data set with the help of regularization.
The number of basis functions and the values of the regularization parameter and hyperparameter were selected using the GIC or GBIC. The values of the adjusted parameters
for the data set are m = 28, λ = 10−8.0 and ν = 11.5 for the GIC, while they are m = 30,
λ = 10−4.4 and ν = 5.0 for the GBIC. We compared the performance of our procedure with
that of linear discriminant analysis (LDA), quadratic discriminant analysis (QDA), linear logistic discriminant analysis (LLDA), support vector machine (SVM) and K-nearest
neighbor classiﬁer (KNN). Table 4 summarizes the prediction errors obtained using these
methods. Discriminant functions could not be constructed from LDA and QDA because
of their singular variance-covariance matrices. Table 4 shows that the nonlinear logistic
discriminant models based on the SOM provide relatively lower prediction errors than
other methods.
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5 Concluding remarks
In this article, we introduced a nonlinear logistic model based on Gaussian basis functions
constructed by using the SOM in the framework of multi-class classiﬁcation problem. In
order to choose the values of adjusted parameters, we employ model selection criteria from
the information-theoretic and Bayesian viewpoints. Some numerical examples and a real
data analysis demonstrated that our modeling strategies yield smaller prediction error
rates than several previously developed models. Due to the stability and the predictive
performance of the estimated models, our multi-class logistic discrimination procedure
has the potential to be useful in a variety of practical applications.
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