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Abstract

In regression analysis, the L1 regularization such as the lasso or the SCAD pro-
vides sparse solutions, which leads to variable selection. We consider the variable
selection problem where variables are given as functional forms, using the L1 reg-
ularization. In order to select functional variables each of which is controlled by
multiple parameters, we treat parameters as grouped parameters and then apply
the group SCAD. A crucial issue in the regularization method is the choice of reg-
ularization parameters. We derive a model selection criterion for evaluating the
model estimated by the regularization method via the group SCAD penalty. Re-
sults of simulation and real data analysis show the effectiveness of the proposed
modeling strategy.

Key words: Functional data analysis, Group lasso, Information criterion, Model
selection, Regularization, SCAD.

1 Introduction

Variable selection is one of the most important problems in regression analysis, and there

have been considered several methods for selecting a set of necessary variables in linear

regression models (see e.g., Burnham and Anderson, 2002; Miller, 1984). Tibshirani (1996)

proposed applying L1 regularization, called the lasso, and showed that the lasso penalty

simultaneously shrinks parameters and selects variables, owing to the property that the

lasso attempt to shrink some parameters toward exactly zero. Lasso-type regularization

has received considerable attension in various fields of application such as medical science

or bioinformatics (Tibshirani, 1997; Segal et al., 2003). Furthermore, Fan and Li (2001)

derived a new penalty function called the smoothly clipped absolute deviation (SCAD),

which is considered to be an improved version of the lasso and the hard thresholding

penalty (Donoho and Johnstone, 1994). The SCAD has been used in various models such

as semiparametric models or proportional hazards models (Fan and Li, 2002; 2004; Cai et

al., 2005). We consider the problem of selecting variables using the SCAD penalty, where

predictors are given as functions.
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When the data are observed at possibly differing time points, traditional regression

procedures cannot be directly applied. While more recently, functional data analysis

(FDA) has been used in various fields of study, as the method for analyzing data sets

which have functional forms (Ramsay and Silverman, 2002; 2005). The basic idea behind

functional data analysis is to express discrete data as a smooth function and then draw

information from the collection of functional data. The traditional regression models are

easily extended to the framework of the functional data analysis, and we refer to it as

functional regression models.

When the regularization method via the SCAD penalty is applied to the functional

regression models based on basis expansions directly, variable selection of the functional

predictor fails since multiple parameters exist for one predictor. On the other hand, Yuan

and Lin (2006) considered selecting grouped variables rather than individual variables and

proposed a group lasso. Furthermore, Wang et al. (2007) used a group SCAD estimation

to varying-coefficient models.

We consider applying group SCAD regularization to the functional regression model

with functional predictors and a scalar response, estimating and selecting models simulta-

neously. We also derive a model selection criterion for selecting regularization parameters

involved in the maximum penalized likelihood method with the group SCAD penalty.

The proposed modeling strategy is applied to a Monte Carlo simulation and real data

analysis. Results show that our modeling strategy effectively estimate the model and

select functional predictors.

The remainder of this paper is given as follows. In Section 2 we introduce a func-

tional regression model with functional predictors and a scalar response. Section 3 briefly

describes properties of group SCAD penalty, and then show how to estimate the model.

In Section 4 we describe model selection criteria for evaluating models estimated by the

method of regularization. Section 5 shows applications of the proposed modeling strategy

to a simulation example and weather data. Some concluding remarks are included in

Section 6.
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2 Functional regression model

Suppose we have n observations {(yα, xα(t)); t ∈ T , α = 1, . . . , n}, where yα is a scalar

response and xα(t) = (xα1(t), . . . , xαM(t))T are functional predictors with M variables,

expressed via basis expansions as follows:

xαm(t) =

pm∑
j=1

wαmjϕmj(t) = wT
αmϕm(t),

where wαm = (wαm1, . . . , wαmpm)T are vectors of coefficients and ϕm(t) = (ϕm1, . . . ,

ϕmpm)T are vectors of basis functions. Although Fourier series or B-splines are commonly

used for basis functions, we apply Gaussian basis functions (Ando et al., 2008) defined as

ϕmj(t) = exp

{
−(t − cmj)

2

2νms2
mj

}
(j = 1, . . . , p), (1)

where cmj and s2
mj are centers and dispersions of basis functions respectively and νm

is a hyperparameter. Advantages with respect to the use of Gaussian bases are that

the resulting function is simply expressed and that it can easily be applied to surface

fitting data. Coefficients wα and parameters involved in Gaussian basis functions are

determined prior to the functional regression modeling procedure by smoothing methods,

whose details are given in the Appendix. Then we consider a functional regression model

(Ramsay and Silverman, 2005; Araki et al., 2008) given by

yα = β0 +
M∑

m=1

∫
T

xαm(t)βm(t)dt + εα, (2)

where β0 is a constant term, the βm(t) are coefficient functions and εα is a Gaussian noise

with mean 0 and variance σ2. βm(t) are supposed to be expressed via basis expansions as

follows:

βm(t) =

pm∑
j=1

b∗mjϕmj(t) = b∗T

m ϕm(t),

where b∗
m = (b∗m1, . . . , b

∗
mpm

)T are parameter vectors. Then the functional regression model

(2) can be expressed in the following form:

yα = β0 +
M∑

m=1

∫
T

wT
αmϕm(t)ϕT

m(t)b∗
mdt + εα

= zT
αb + εα,
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where zα = (1,wT
α1Jϕ1 , . . . , w

T
αMJϕM

)T , b = (β0, b
∗T

1 , . . . , b∗T

M )T and Jϕm =
∫
T ϕm(t)

ϕT
m(t)dt are pm × pm cross product matrices. When we use Gaussian basis functions (1),

the (j, k)-th element of Jϕm has an analytical expression

J
(j,k)
ϕm

=

√
2πνms2

mjs
2
mk√

s2
mj + s2

mk

exp

{
− (cmj − cmk)

2

2νm(s2
mj + s2

mk)

}
.

From these assumptions the functional regression model (2), given a functional predictor

xα, has a probability density function:

f(yα|xα; b, σ2) =
1√

2πσ2
exp

{
−(yα − zT

αb)2

2σ2

}
. (3)

3 Estimation via the group SCAD regularization

The parameters θ = {b, σ2} in the functional regression model (3) is estimated by the

regularization method with the group SCAD penalty. Consider maximizing a penalized

log-likelihood function

lλ(θ) = l(θ) − n

M∑
m=1

pλ(∥b∗
m∥2), (4)

where l(θ) =
∑n

α=1 f(yα|xα; θ) is a log-likelihood function, pλ(·) is a SCAD penalty

function and ∥b∗
m∥2 is given by

∥b∗
m∥2 =

√
b∗T

m Gmb∗
m (5)

with pm × pm positive semi-definite matrix Gm. The definition and the properties of the

penalty are given in the following subsection.

3.1 Property of the group SCAD penalty

The first derivative of the SCAD penalty pλ(·) is given by

p′λ(|θ|) = λ

{
I(|θ| ≤ λ) +

(aλ − |θ|)+

(a − 1)λ
I(|θ| > λ)

}
(6)

with tuning parameters λ(> 0) and a(> 2). Fan and Li (2001) reported that a ≈ 3.7

results in minimal Bayes risk, and thus we use it. We easily determine that pλ(·) is given
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by

pλ(|θ|) =



λ|θ| (|θ| ≤ λ),

−|θ|2 − 2aλ|θ| + λ2

2(a − 1)
(λ < |θ| ≤ aλ),

(a + 1)λ2

2
(aλ < |θ|).

The SCAD penalty is derived in order to remove drawbacks of the lasso and the

hard thresholding penalty and takes the following three properties into consideration

simultaneously:

1. Sparsity: The estimator shrinks small parameters towards exactly zero.

2. Continuity: The estimator is continuous at threshold levels to avoid instability in

model prediction.

3. Unbiasedness: Sufficiently large estimators are unbiased to avoid unnecessary bias.

Yuan and Lin (2006) considered substituting the form given in (5) into the lasso penalty

function pλ(θ) = |θ|. It enables all pm elements of the parameter vector b∗
m involving the

m-th variable to shrink towards zero when the value of ∥b∗
m∥2 is sufficiently small, which

provides an appropriate variable selection. It is the basic concept behind the group lasso.

Furthermore, Wang et al. (2007) proposed to use a group SCAD penalty for estimating

varying-coefficient models with scalar predictors and a functional response. They also

applied it to the analysis of gene expression data, selecting transcriptional factors that

are relevant to gene expression.

3.2 Estimation

It is difficult to derive the SCAD estimator analytically because of the inclusion of the

L1 penalty. Therefore, we need to approximate (4) analytically or numerically. Fan and

Li (2001) locally approximated the SCAD penalty by the quadratic function and then

derived the estimator via an iterative procedure, in the framework of generalized linear

models. Consider initial values b(0) = (β
(0)
0 , b

∗(0)T

1 , . . . , b
∗(0)T

M )T and σ(0)2. For b(0), for

example, ridge estimator or maximum likelihood estimator with generalized inverse can
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be considered. Then we approximate the SCAD penalty as follows:

pλ(∥b∗
m∥2) ≈ pλ(∥b∗(0)

m ∥2) +
1

2

p′λ(∥b
∗(0)
m ∥2)

∥b∗(0)
m ∥2

(b∗T

m b∗
m − b∗(0)T

m b∗(0)
m ) for b∗

m ≈ b∗(0)
m .

Therefore the penalized log-likelihood function (4) can be approximated by

l(b) ≈ l(b(0)) + ∇l(b(0))T (b − b(0))

+
1

2
(b − b(0))T∇2l(b(0))(b − b(0)) − n

2
bT Σ(b(0))b, (7)

where Σ(b) = diag{0, p′λ(∥b
∗
1∥2)/∥b∗

1∥21p1 , . . . , p
′
λ(∥b

∗
M∥2)/∥b∗

M∥21pM
} and the constant

term with respect to b is omitted. By maximizing (7), the (k + 1)-th updated value of b

is given by

b(k+1) = b(k) − {∇2l(b(k)) − nΣ(b(k))}−1{∇l(b(k)) − nΣ(b(k))b(k)}. (8)

In particular, for the Gaussian model, (8) can be rewritten as

b(k+1) =
(
ZT Z + nσ(k)2Σ(b(k))

)−1

ZT y,

where Z = (z1, . . . , zn)T and y = (y1, . . . , yn)T . The parameter b is updated until the

stopping criterion is satisfied. Furthermore, the variance σ2 is updated by

σ(k+1)2 =
1

n
(y − Zb(k+1))T (y − Zb(k+1)). (9)

Since the updated values of b and σ2 depend on each other, they are updated until

convergence. Then we have regularized estimator b̂ and σ̂2.

4 Model selection criteria

The statistical model estimated by the SCAD regularization depends on the regularization

parameter λ and thus it is very important to determine its value. We introduce some

model selection criteria for objectively selecting λ.

Fan and Li (2001) used a GCV to evaluate models estimated by the SCAD regular-

ization, given by

GCV =
1

n

∥y − Zb̂∥2

(1 − d̂f/n)2
, (10)

6



where d̂f = tr{Z(ZT Z + nσ̂2Σ(b̂))−1ZT} is a effective degrees of freedom. While on the

other hand, Wang et al. (2007) proved that the GCV does not provide consistent models

and proposed using a BIC that is consistent with respect to model selection. It is given

by

BIC = −2
n∑

α=1

f(yα|xα; θ) + d̂f log n.

However, the BIC is originally derived for evaluating models estimated by the maxi-

mum likelihood method, not by the maximum penalized likelihood method including the

group SCAD regularization. We consider using a model selection criterion GIC (Konishi

and Kitagawa, 1996) which is derived for evaluating the model based on the framework

of the M -estimator, involving the maximum penalized likelihood estimator. Using the

result of Konishi and Kitagawa, we derive a GIC for evaluating the functional regression

model estimated by the group SCAD regularization, given by

GIC = −2
n∑

α=1

f(yα|xα; θ) + 2tr
{

R(θ̂)−1Q(θ̂)
}

,

where R(θ) and Q(θ) are defined by

R(θ) = − 1

n

n∑
α=1

∂2{log f(yα|xα; θ) − bT Σ(b)b/2}
∂θ∂θT

=
1

nσ2

 ZT Z + nσ2Σ(b)
1

σ2
ZTΛ1n

1

σ2
1T

nΛZ
n

2σ2

 ,

Q(θ) =
1

n

n∑
α=1

∂{log f(yα|xα; θ) − bT Σ(b)b/2}
∂θ

∂{log f(yα|xα; θ)}
∂θT

=
1

nσ2


1

σ2
ZTΛ2Z − Σ(b)b1T

nΛZ
1

σ4
ZTΛ31n − 1

σ2
ZTΛ1N

1

σ4
1T

nΛ3Z − 1

σ2
1T

nΛZ
1

2σ6
1T

nΛ41n − n

4σ2


respectively, where Λ = diag

{
y1 − zT

1 b, . . . , yn − zT
nb

}
. We select λ minimizing these

criteria, and then select the corresponding model as the optimal one.

5 Examples

The functional regression modeling is applied to Monte Carlo simulations and analysis of

real data. We examined the effectiveness of the proposed modeling strategy by investi-
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gating whether our method appropriately select functional predictors.

5.1 Numerical example

In the Monte Carlo simulation, we simulated n sets of 3–variate functional predictors and

a scalar response {(xαm(t), yα); t ∈ Tm, α = 1, . . . , n, m = 1, 2, 3}, then selected functional

predictors using the functional regression model and group SCAD regularization. First,

we generated predictors xαmi (i = 1, . . . , 50) corresponding to the m-th predictor Xm

according to the following rule:

xαmi = uαm(tmi) + εαmi, εαmi ∼ N(0, 0.025r2
xαm), (11)

where rxαm = maxi(uαm(tmi)) − mini(uαm(tmi)) and we assume uαm(t) as follows:

X1 : uα1(t) = cos(2π(t − a1)) + a2t, T1 = [0, 1], a1 ∼ N(−5, 32), a2 ∼ N(7, 1),

X2 : uα2(t) = b1 sin(2t) + b2, T2 = [0, π/3], b1 ∼ U(3, 7), b2 ∼ N(0, 1),

X3 : uα3(t) = c1t
3 + c2t

2 + c3t + c4, T3 = [−1, 1], c1 ∼ N(−3, 1.22), c2 ∼ N(2, 0.52),

c3 ∼ N(−2, 1), c4 ∼ N(2, 1.52).

Next, scalar response Y is generated as follows:

yα = g(uα) + εα,

g(uα) =
3∑

m=1

∫
Tm

uαm(t)βm(t)dt, εα ∼ N(0, (cry)
2).

where ry = max(g(uα)) − min(g(uα)) and coefficient functions βm(t) are given by

β1(t) = sin(2πt), β2(t) = sin(πt), β3(t) = 0.

In other words, only X1 and X2 relate to Y ; X3 does not. The aim of this analysis is to

select functional predictors correctly.

As a first step of the analysis, we converted the data xαmi into functional data xαm(t)

by the smoothing method based on the basis expansion. For simplicity we restricted the

number of basis functions of the 3 predictors to be the same. It was selected to be 6 by

the model selection criterion GBIC (Konishi et al., 2004). For these data, we assumed

the functional regression model

yα =
3∑

m=1

∫
Tm

xαm(t)βm(t)dt + εα, εα ∼ N(0, σ2),

8



Table 1: Results from the simulation example.

n = 50 n = 100
GCV BIC GIC glasso GCV BIC GIC glasso

(c=0.05)
AMSE 1.98 1.98 1.98 1.70 2.76 2.76 2.77 2.79
Correct 80 80 80 78 90 91 90 85
(c=0.1)
AMSE 7.58 7.58 7.42 5.96 7.87 7.88 7.88 8.06
Correct 51 51 53 48 80 80 80 72

and estimated it by group SCAD regularization. Furthermore, we evaluated the model

using the three model selection criteria described in the previous section. We also com-

pared group SCAD regularization with group lasso regularization. We repeated the above

procedure for 100 times, then computed the averages of the mean squared errors and the

number of correctly selected models.

Table 1 shows results of the average mean squared error and the number of correctly

selected models. From the table we observe that when the sample size n is small the AMSE

of the group SCAD is larger than that of the group lasso. On the other hand, when n

is relatively large, differences become small, and the group SCAD is slightly preferable

to the group lasso. The results also show that the group SCAD procedure is better than

the group lasso at selecting the correct model, and that differences increase as the sample

size becomes large. For model selection criteria in the group SCAD regularization, the

proposed GIC performs as well as the ordinary criteria.

5.2 Analysis of weather data

We applied functional regression modeling via group SCAD regularization to the analysis

of weather data, available on Chronological Scientific Tables 2005, selecting variables con-

cerning weather information. We used weather data observed at 79 stations in Japan. The

data includes monthly and annual total observations averaged from 1971 to 2000: monthly

observed average temperatures (TEMP), average atmospheric pressure (PRESS), time of

daylight (LIGHT), average humidity (HUMID), maximum temperature (MAX.TEMP),

minimum temperature (MIN.TEMP) and annual total precipitation. The aim of the anal-

ysis is to select monthly observed weather data that have a relationship with annual total
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Figure 1: Examples of monthly observed data converted into functions.

precipitation. Since the dimension of monthly data elements may become large we used

them as functional data, and then applied functional regression modeling with the group

SCAD penalty to weather data.

Monthly data, observed at 12 points, were firstly converted into functions using Gaus-

sian basis expansions with regularization. Since the selected number of Gaussian basis

functions is 6 for all kinds of functional variables, the number of parameters for each

variable in functional regression model was taken to be 6. Then we estimated it via the

regularization method with group SCAD penalty. The estimated model was evaluated

using the model selection criterion GIC.

Estimated parameters for each variable of the functional regression model b̂
∗
m are shown

in Table 2. From this result, parameters concerning average temperature, average atmo-

spheric pressure and minimum temperature are estimated to be zero. It indicates that

there is no relationship between these variables and the precipitation and that the remain-
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Table 2: Estimators of parameters.

Variable TEMP PRESS LIGHT HUMID MAX.TEMP MIN.TEMP
0 0 4.12 −5.77 −0.52 0
0 0 −0.23 1.05 −0.43 0

Estimated 0 0 −4.55 5.99 −0.32 0
coefficients 0 0 0.01 −1.14 −0.20 0

0 0 1.89 −3.57 1.10 0
0 0 −1.42 3.58 0.35 0

Table 3: Number of correctly selected models.

Variable TEMP PRESS LIGHT HUMID MAX.TEMP MIN.TEMP
Select 39 31 45 72 52 30

ing variables, namely the time of daylight, average humidity and maximum temperature,

is considered to relate to the precipitation. Furthermore, we generated 100 bootstrap

samples from the weather data. For each bootstrap sample functional regression model-

ing was performed, then we examined how many times each variable was selected. The

results are shown in Table 3. The mean humidity was selected most frequently among the

6 variables, followed by the maximum temperature and the time of daylight. It reveals

the relationships of these variables to the precipitation. On the other hand, the average

atmospheric pressure and the minimum temperature are less selected. From the results,

there seems to be less of a relationship between these variables and the precipitation.

6 Concluding remarks

We considered the problem of selecting functional variables using the L1 regularization.

Time-course observations are converted into functional forms using Gaussian basis func-

tion expansions and regularization, then we constructed functional regression models.

Since there are multiple parameters in each functional predictors we treated them as

grouped parameters, then applied the group SCAD regularization. In order to select

regularization parameters we derived a model selection criterion for evaluating models

estimated by the maximum pnelized likelihood method. The proposed modeling strat-

egy is applied to the analysis of a simulation example and real data, selecting functional

predictors effectively.
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The proposed modeling procedure may be extended to the framework of generalized

linear models. Then we can select functional predictors which is relevant for classifying

data into some distinct groups, using functional logistic modelings. Furthermore, future

works reminds on applying the group SCAD regularization to functional regression models

with functional response and predictors. We believe that the proposed method may be

efficient solution for analyzing high dimensional data, especially when the dimension of

predictors are much greater than the number of observations.

Appendix: Converting discrete data to functional data

Since data are generally obtained discretely we need to express these data as functions.

We apply a smoothing method via the regularized basis expansion for converting raw data

into functional data. Here we omit the suffix of the index of the functional predictor m

for simplicity.

Suppose we have n observations x1, . . . , xn, where each xα are vectors of Nα observa-

tions {xα1, . . . , xαNα ; α = 1, . . . , n} at {tα1, . . . , tαNα ; tαi ∈ S ⊂ R, i = 1, . . . , Nα}. We

assume that xαis are given by adding Gaussian noises εαi to unknown smooth functions

uα(t) at tαi, that is,

xαi = uα(tαi) + εαi, i = 1, . . . , Nα, (12)

where εαi are independently normally distributed with mean 0 and variance σ2
xα.

We assume that uα(t) are represented by the basis function expansion such as

uα(t) =

p∑
j=1

wαjϕj(t) = w′
αϕ(t), (13)

where wα = (wα1, . . . , wαp)
′ are vectors of coefficient parameters and ϕ(t) = (ϕ1(t), . . . ,

ϕp(t))
′ are vectors of Gaussian basis functions

ϕj(t) = exp

{
−(t − cj)

2

2νs2
j

}
(j = 1, . . . , p), (14)

where cj and s2
j are center and dispersion parameters of basis functions respectively and

ν is a hyperparameter. We need to estimate cj and s2
j in addition to coefficients wαj.

Although we can estimate their values simultaneously, this method may cause unstable
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estimates or may be computationally expensive. A useful technique is to determine these

values prior to estimating wαj by applying clustering algorithms such as k-means method

to observational points (Moody and Darken, 1989). First,
∑

α Nα observational points

{tαi; α = 1, . . . , n, i = 1, . . . , Nα} are divided into p clusters {C1, . . . , Cp}, and then cj

and s2
j are determined by

ĉj =
1

dj

∑
tαi∈Cj

tαi, ŝ2
j =

1

dj

∑
tαi∈Cj

(tαi − ĉj)
2

respectively, where dj = #{tαi ∈ Cj}. The number of clusters p becomes smaller than

minα Nα. From these results the regression model (12) has a probability density function

f(xαi|tαi; wα, σ2
xα) =

1√
2πσ2

xα

exp

{
−(xαi − w′

αϕ(tαi))
2

2σ2
xα

}
. (15)

The parameters wα and σ2
xα are secondly estimated by using regularization method,

which maximizes a penalized log-likelihood function

lζα(wα, σ2
xα) =

Nα∑
i=1

log f(xαi|tαi; wα, σ2
xα) − Nαζα

2
w′

αΩwα, (16)

where ζα are smoothing parameters which adjust the smoothness of the estimated func-

tion, and Ω is a J × J positive semi-definite matrix. The maximum penalized likelihood

estimators ŵα and σ̂2
xα are then given by

ŵα = (Φ′
αΦα + Nαζασ̂2

xαΩ)−1Φ′
αx(α), σ̂2

xα =
1

Nα

(x(α) − Φαŵα)′(x(α) − Φαŵα), (17)

respectively, where Φα = (ϕ(tα1), . . . , ϕ(tαNα))′ and x(α) = (xα1, . . . , xαNα)′.

The maximum penalized likelihood estimates based on the Gaussian basis functions

depend on smoothing parameters ζα, the number of basis functions p and the hyperpa-

rameter ν in Gaussian basis functions. For the choice of these parameters some model

selection criteria are considered. Details are referred to Konishi and Kitagawa (2008). Se-

lecting appropriate values of ζα, p and ν, leading to appropriate estimates ûα(t). Therefore

we obtain functional data

xα(t) ≡ ûα(t) = ŵ′
αϕ(t). (18)

We use a set of functions {xα(t); s ∈ S, α = 1, . . . , n} as data instead of observed data

set {(tαi, xαi); i = 1, . . . , Nα, α = 1, . . . , n}.
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