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Abstract

We define non-cooperative game systems and cooperative game
systems from a viewpoint of information theory. Concerning the
both systems we show some sufficient conditions under which players
can obtain the total information on the other players’ strategies
from a sequence of observations. In a cooperative case we give a
numerical model and calculate the amounts of information obtained
from the sequential observations by the players in a cooperative
group.

1. Introduction.

Generally in the game theory the objects of the studies are players’ rewards or
costs. For example in the stochastic games one of the most essential problems is to
find the optimal strategies which give the equilibrium points concerning the players’
rewards. However, considering usual games played by more than or equal to two
players, like as chess, bridge, etc.,, we must not overlook the role of the information
concerning the players’ strategies. Practically in such a game, if a player obtains
enough information to estimate the other players’ strategies but does not give the
others sufficient information on his strategies, the player can win the game easily.
Therefore we try to treat the games from the viewpoint of the information theory.
In the present paper we deal with the games played through infinitely many stages
and study the amounts of information that the players obtain about the other players’
strategies from sequential observations on the players’ states.

At the beginning of a game every player chooses one of his strategies by some
system independent of the other players. The strategies chosen by the players
determine players’ actions at every stage, and the actions determine the players’ states.
At each stage the states or both of the states and the actions are observed by every
player. For the sake of brevity we call simply the observed phenomena the states.
We suppose that every player’s strategy is determined by a probability distribution and
suppose further that the players’ states are determined by conditional distributions
according to their strategies. By the suppositions each player can obtain some infor-

x, »x Research Institute of Fundamental Information Science, Kyushu University, Fukuoka

87



[oal
[oe)

Y. Kar and 5. Kaxo

mation about the other players’ strategies from the observations on the sequence of
the states. The problem in the present paper is how much amounts of information a
player can obtain on the other palyers’ strategies from the sequential observations.
We study the problem by applying the results of Rényi [17, [2] and Korsh [3] con-
cerning the testing hypothesis theory, which gave some conditions under which the
total information on a parameter will be obtained from sequential observations.

In section 2 we consider two person games where both players do not cooperate
with each other. We give some sufficient conditions under which a player can obtain
the total information on the other playver’s strategy from the sequential observations.
Furthermore we show some examples in the two cases that the sequential states of
the players are indendent and normally distributed and that are Markov processes. In
section 3 we study four person games where players are allowed to cooperate with
each other. We define the cooperation as the behaviors that every plaver in the
cooperative group gives his partners all the information that he has obtained. We give
sufficient conditions under which a plaver in the cooperation can obtain the total
information on the other players’ strategies from the sequential observat ions on the
plavers’ states. We also give numerical models of the games and show some tables
of the amounts of information obtained from the observations. In the last section we
discuss the hierarchy of information games and consider this paper’s results from the
viewpoint of application to brain information processing considered as unified information
processing, parallel processing or learning processes.

2. Information in non-cooperative game systems.

In this section we study the amounts of information that players in non-cooperative
game systems obtain on the other players’ strategies from sequential observations. For
the sake of brevity we only deal with two person game systems, which are defined as
follows. Let A=(Q, A, P) be a probability space, i.e. 2 an arbitrary nonempty set,
A an cg-algebra of subsets of 2 and P a probability measure on 4. Let 6; (i=1, 2)
be a random parameter whose possible values denote player i’s strategies. We suppose
that for every player the set of his possible strategies is finite. We suppose further
that @, and &, are independent, and denote their values by {a;, ---, a,} and {3,, ---, S}
respectively. We use the following notations:

pr=Plw= 2: 0 (w)=a,})
and
g=Plo=2: 0,(0)=81}).

The entropy of #, is defined by Shannon’s formula
n 1
H(0)= X prlog —
k=1 D

and H(@,) is defined similarly.

Let {(X,, V) ={X.(w), Yiiw)}, (t=1, 2, ---) be a sequence of 2-dimensional random
vectors, and let X, and Y, denote player 1’s state and player 2’s state at the ¢-th stage
respectively, which can be observed by both players. We introduce the notation
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2= =((X.(»), Yilw), -, (Xdw), Y(w)=R* and suppose that the probability dis-
tribution of &, is absolutely continuous for all t=1, 2, -+, so we denote by ¢i'(5,) the
density function of &, under the condition that ¢,=a, and #,=73,. We denote further
by ¢{(&,) the density function of &, under the condition #,=3;, and denote by @ (5,)
the density function of £, then we have easily

G E0= D pesi(E)

and

@“3(&\):;;‘%(1@2?(5[)-

Every player observes £, and want to know the other player’s strategy, i.e. the
parameter’s value. Thus we study under what conditions on {¢y} a player can obtain
the total information about the other player’s strategy from &,. To avoid complexity
we treat only the information that player 1 can obtain about playver 2's strategy.
Concerning the information that player 2 can obtain on player 1's strategy, we can
show the same results as those in this section.

Let I, .(t) denote the amount of information that player 1 obtains concerning &,
from &,. Then we have

(1 I...()y=H(0,)—E[H(0,|.)],

where H(6,|&,) is the conditional entropy of f, when &, is given, i.e.

1
. (f. - (6.,=8,|& . S
(2) H(G:1&0) ;P\ﬁz Bi1&0) log PO=3 )
and E[H(0,|&,)] means the expectation of H(#,|&,), i.e.
3 E[H(ﬁzlfz)]ZSR%H(ﬁzlSz)@“)(&)d&.

Throughout this paper we denote by log logarithm with base 2. By the suppositions
and the Bayes’ theorem we have easily

e GP(ED
4) P<02—,31|Ct>f OO(E,)
Zk: Pk(]@ffz)(fz)

It is easy to see that I, .(¢) is nondecreasieg for t=1, 2, - and [, ,(t)<H(f,. Thus,
if ltim I,.,(t)=H(6,), we say that player 1 obtains the total information on #, from the

sequential observations {£,}.

We know an essential lemma of Rényi [1].

LEMMA 1. There exists a universal constant C>0 such that for any sequence
ai, Ay, -+, Gy 0f positive numbers forming a probability distribution (i.e. a,+ - av=1)
we have
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i=1 a; i=2

Applving this lemma, we prove the following result.
THEOREM 1. There exists a universal constant C>0 such that for all t (t=1, 2, ---)

E[LH(6.]&.)]
SCITE 3| GREIPRE) e
ProOF. By (2) and Lemma 1 there exists a constant C>0 such that for all [,
(I=1, ---, m) and all ¢, (t=1, 2, ---)
H(0,|&, )<CE(P(02—,3HW

Then from (3) and (4) we have for all ¢, (¢=1, 2, ---)
ECH(0.:160]

=c{ {3 (PO.=pile ooz

2 05anP5RED |y
A ) -
zhﬂ{ ¢m($c) } o (El)dgz

=,
S I{EPJthSJh(E)} {%;Pk%ém(g;)}’ dé,

th*

éc%?; (pkqulq?z)l/zi {pH(EDNPEN} 2dE,

h#l

<CeET 3|, BREIsRE) . =

In the following two cases we consider the sufficient conditions under which
player 1 can obtain the total information on &, from {£,}.

A. Amount of information in independent case.

We suppose that under conditions §,=a, and #,=g§, the random vectors (X;, Y)),
(X,, Y3), -+ are independent. For each ¢, (t=1, 2, ---) we denote by f{?(x, y) the
density function of the random vector (X,, Y,) under the conditions that 6,=«, and
6,=p,. Then the following result is easily shown by Theorem 1.

THEOREM 2. If for every k, j, | and h+#Il

tim 1T { | (7 0053, )dxdy=0,

t—ooo y
then player 1 can obtain the total information on 0, from {&.}, that is

ltim I ()y=H(,) .
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Proor. As {{X,, Y,)}, (t=1, 2, ---) are independent, for each % and [ we have

Then by Theorem 1 we have

E[H(0:1§0]

t 1/2
[ f#(x, Y L)”lzllfﬁv”;l(xw Ju)}r dx,dy, - dx,dy,

A
O
4
14
™
0
;1’/—’
=

—CceEe 3 T A7, 975, ) dady .

Thus under the condition of this theorem we have

ltifg 1. (t)=H(8,) . U]

ExaMpLE 1. Let (X,, Y)), (t=1, 2, ---), under conditions ¢,=«, and @,=p3,, have
2-dimensional normal distribution such that

. 1 1 (x—ulk, D
TR = ST pteXp[ 2(1—p | o?
B (x—u(k, N(y—uv(k, 1)) (y—v(k, 1))?
ZP O'tgt + 5% }:| ’

Then we have

{F8x, ffx, ydxdy

b
g 2 2100, \/l 0} eXp[ 2(1100{ (x_(j;jln)g

2 = Bann)’
- az;‘ (x’akjlh)(y—[gkjllﬁ’f"()“g;‘]&

+<szajlth )2—420‘1_);5[ akjlhbkjlh‘:'(ibzkéih )?]dxd}
—exp| - 8(1-1-,;%) {( o = iii akﬂhbk,mr(%fz—”‘—)ﬂ,

__ ulk, D+u(j, h) v(k, D+v(j, h)

Xpjin=— 2 ’ ,Bkjlhzi"z T,

where

Qrjn=ulk, D—u(j, h) and ber=v(k, D—v(j, h)

(a) Case that ak]mthZO
Since {p.|=1 for all t=1, 2, ---, we have

Arjin )2 2Pt (bk]lh Arjin brjin |2
Gy 2 (B Yo e b
( P 0,0, Qrinbkitn 3 .y 5
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Thus we have

\ AT, 27, iy rdady

- 1 [ Grjin U /Jk]zn 12 J
iexp[ BI=o) o, /

Hence, if for every %, j, [ and h=!

1 { Arjin brjin Vo,
¢ 5g J ’

we have
lim T |, (780(x, 3)/5(x, 9} 2dxdy=0.

t—>» =

Then by Theorem 2
lm /. ()=H(0,) .
oo

(b) Case that a,jnbejn<0.
We can show similarly that for all t=1, 2,

|, UG, 900, b dxdy

1 Arjin brjin 2}
<exp| —
=e}‘p[ 8(1—pg>{ o &, } :

Thus, if for every £k, j, [ and h+I

i 1 Arjin bkjlh 2

Y e L PR Y — oo

= 1—p§{ o 0. } ’
we have

lim 1| (7920e, 0/ R0, 30} dxdy =0,
Then by Theorem 2
ltimllzz(t):H(62)'
B. Amount of information in Markovian case.
Y}, (1=1, 2, ---), under conditions #,=a

We suppose that the random process {(X,
and #,=j,, is a denumerable state Markov chain.

PO(X,, Y)=P(X,, YVil0:=aw, 0.=53)

We use the following notations:

t/~

and
(Xt 1 Y., 1|Xn, Yt>—P(XL-Lx, Yc+1101—ak, 02—,31, Xt,

Then we have
P(St[01=a’k, 0z:ﬁl)

=PR(Xy, YOPR(X,, Yol X, V) Pl 2(Xey, Yol Xeoy, Yo
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We define the following quantity :

®) 5?;”1: sup > (PE(Xpay, Yool Xy, 10

X Y (Y. VesD
(315 O ¢ TN 12
'P.zh(Azﬂy ¥ z+1J)$zy ) t\} .

Then the following result is proved.
THEOREM 3. If for every k, j, [ and h=l

playver 1 can obtain the total information on 6. from {&;}, that is
lim I, o(2)=H(0,).
t—co

PrOOF. By Lemma 1 for any [, ([=1, 2, ---, m) there exists a constant C>0 such
that

H(02\5L>§CnZLN/P(az:;3hEz) .
By the Bayes’ theorem

P(0,= B Igt)zﬂigsf@ﬁl

;p]’(]hp(&_tlalzaj: ‘92:‘5h>
N ;;PMP(&!&:M, 52‘—:["31) :

Then
ECH(8.1£)]

=3 PE)H(8:1£)

;ijhP(étlﬁlzaJ" 0:=Bn) |1
P& }

=CL{S T pa PG b=, 0:=80} S {puanPEl0.=ay, 0=}
St J

h#l

A

9
M4
—_——

szZL](quLP(Et 16, =ay, 52:‘&))1/2}{211 ’LZ#)L(P;'% P 0,=aj, 5z=,3n))”2}

h#l

écigglill (kalijh)l/2§{P(Stlﬁlzak; 0.=p) P& 01 =ay 0:=Bu)}""

=15)3)3)> ZAPRX,, YOPR(X, Y}”

h#El &y

t—
* yli {P,(%”z)<Xu+1, Yu+1|Xw YV)P;VI;(X»-FI; Yv+1‘Xw Y»)}1/2
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IIA
o
=M
<M
~M
ISK

Thus, if for every k, h, | and h=1

t
lim 11 6:75»=0,

tooe y=1

we have
Um I, ,()=lim {H(0,)— E[H(0.]&)}
t—oo t—c0

=H(G,). L

ExaMpLE 2. Let {(X,, Y)}, (t=1, 2, ---) under conditions ¢,~a; and #,=3; be a
stationary Markov process with a finite state set {a,, ---, ay} which is a subset of
2-dimensional vector space. Since the process is stationary, we put for all t=1, 2, -+,

(]kl(7’> $)= }(?[l)<<}<t+ly YL+1):as§(Xt, Yo=a,).
Thus we have by (5) for all t=1, 2, ---,

5é~‘zbn:mgx g{fm(r, S)qnlr, s},

As the process is stationary we put 0;j;,=0¢, for all =1, 2, ---. Then, if for every
k, j, l and h+l
(grir, 1), oy quir, MDY= (qn(r, 1), -, qunlr, M)

for all »r=1, 2, ---, M, we see easily 6,;,<1. Therefore by Tneorem 3 we have

lim 11: 2<t>:H<02> .

{0

3. Information in cooperative game systems.

In this section we consider cooperation in game systems from the viewpoint of
information theory. Players in the game systems are allowed to cooperate with each
other. Then we study the amounts of information that the players in a cooperative
group can obtain on the strategies of the players, who are not included in the group,
from sequential observations. For the sake of brevity we deal with four person game
systems, which are defined as follows. Let A=(2, 4, P) be a probability space and
0.=0w), (ws 2 and =1, 2, 3, 4), be a random parameter whose possible values denote
player i’s strategies. We suppose that the set of each player’s possible strategies is
finite and suppose further that 6,, 6, 0, and 6, are independent each other. We denote
the values of 6, 6, 6, and 0, by f{ay, -, ax}, {8, -, 8x), {7, 75} and
{01, -+-, 0~} respectively. We put for each i, j, 2 and /

Pij=Plws2: O (w)y=a})PH{os 2: 0(0)=5;})
- Plw= 2: 0 (0)=7:} ) PHos Q2 : 6,(w)=0.}).

Let {(X,, Vi, Z, W)} ={X.(w), Yiw), Z;(w), W(w))}, (t=1, 2, ---) be a sequence of
4-dimensional random vectors and let X,, V,, Z, and W, denote the states of players
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1,2,3 and 4 at the t¢-th stage respectively, which can be observed by every player.
We denote by X, Y, Z and W the state sets of players 1, 2, 3 and 4 respectively and
suppose that X, Y, Z and TV are finite. We use the notations S=XX 1 ZxW and
S,=(X,, Y., Z., W,) which are called the state set and the state vector at the f-th
stage respectively. We denote further by &, the sequence of state vectors up to the
{-th stage, i.e. £,=(S,, ---, S;) and denote by P¥,(¢,) the conditional probability of &,
under the condition that ¢,=a;, 6,=73;, 8,=7: and 0,=0,.

We denote by J;. () the amount of information that player i can obtain by himself
about player j’s strategy from the sequence &. We define the value as follows:

(6) Ji A)=H(0,)—E[H(0;10: )],
where H(0;!6,, &) is the conditional entropy of #; when ¢; and ¢, are given, i.e.

1
g :\:? ( O &N y — T A
@ HO,16: s0= 3 P0,10 S0log 5 m5eas

and E[H(#;|6,, &)] means the expectation of H(0;] 0, &0, i.e.
ETH(6;10,, 0= ;ZPU?D EOH(O;184, &0 .
i St

Now we suppose that the cooperation between players is the phenomenon such
that the plavers in a group give each other all the information they have. On the other
hand, considering the definition (6), we can see that the difference between the two
quantities J,. () and J;. .(¢) are caused only by the difference between ¢; and &,
Therefore we define the cooperation as the behaviors that the players in the cooperative
group give each other the information about their own strategies. To avoid complexity
we study the amount of information that player 1 in cooperation with some others
obtains about player 4’s strategy from sequential observations. Then we have the
following definitions.

DEerFINITION 1. J... £#) denotes tha amount of information that player 1 in cooper-
ation with player 2 obtains about player 4’s strategy from the sequence Z, and is
defined by

®) Jio {8)=H(0)—E[LH(0:6,, 0., £)],

where H(8,0,, 6., £,) means the conditional entropy of ¢, when @, 6. and &, are
given. Obviously by (8) we have
]21:4(t>:]12; (1),

s0 we can say that the cooperation is reciprocal. [, ,(¢) is similarly defined as the
amount of information that player 1 in cooperation with player 3 obtains on player 4’s
strategies from &,.

DEFINITION 2. [Ji.s..(t) denotes the amount of informaiton that player 1 in cooper-
ation with players 2 and 3 obtains about player 4’s strategy from &, and is defined by

9 Jaes: ()=H(0)—ELH(0,16,, 0,, 05, £0],

where H(0,|0,, 0., 0,, &) means the conditional entropy of 6, when 6,, 0, 0, and &,
are given. We easily see by (9) that
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J123;4(f>‘:]231:4<t):]312:,-(f)-
Concerning the above quantities in Definition 1 and Definition 2 we have the
following result.
LEMMA 20 (a) The quantities Jy. (1), Jio (1), Jis. (1) and [iss. (1) are nondecreasing
Jor t=1,2, .
(b) For every t, (t=1, 2, ---) the following inequalities hold:

H(G.) =] 105 (1)
Zmax {J . 4(2), Jis: (1)}
Zmin {Ji (6, S (1)}
=748

ProOOF. The proof of the lemma is clear from the elementary properties of the
conditional entropy. —

From (b) of the lemma we can say that it is better for player 1 to cooperate with
some others. We call the value H(#,) the total information on the parameter 4..

Now we show some sufficient conditions under which player 1 in cooperation with
some others can obtain the total information on 4,.

THEOREM 4. (a) If for every i, j, j/, k, k', | and I'=1

ltig%) (PG PG (50} 7*=0.
then
ltiglo]“ (1)=H(8,).
(b) If for every i, j, b, k', [ and I’+#1
1}5{1%) (P& P&e (0} *=0,
then
1}_1:1;19]12: (H)=H(8,).
(c) If for every i, j, kb, | and I'+1
ltig;,zt) (P& P (60} 1*=0,
then

Itiﬁf1za; {H=H(,).

PrOOF. We prove only (b). (a) and (c) are proved in the same manner. By
Definition 1 we have

ELH(0,10,, 0., £)]

1

= 021) ;2 ,§ P4, 6, &)% P(0,16,, 0, &) log “P(6,]6,, 0., &)
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1

) by ( [ ( s -
P § 2 PG, 0, 0], u)% P00, 0., &) log BB, 0,, 0, &0

g1 b2 1

>

Then, applying Lemma 1 and the Bayes’ theorem, we have the following for a positive
constant C:

ECH(0,16,, 6., £)]
=CZ 622 2 X P00, 0580 |3 N PO.10,, s 60

St 10y

Il

;e VPO, 0, 0 )
b (fQ. Yoo M AAYDL Y Vo S
CE R P 020080 2 R, b,

=CX 2 X > PG, b, 0, )P0, b, 6., &)
01 02 &t 0y 64704

=sCYX ¥ X > X VPO, 0, 03, 6, E)PG,, 0, 0, 0, &)
01 62 5t 64 04%64 03 8y

Under the conditions that 6,=a;, 6,=8,, #,=7, and #,=3,, we have

P<01; 0, 03; 04; §t>:pz‘jklp%)kl(5t)-
Then it holds that

ELH(6,16,, 02, ]

=CX% SIDIDIP MY § (PG PGe (GO} 2.

This proves the conclusion (b). O]

Clearly the condition in (a) satisfies that in (b), and also the condition in (b)
satisfies that in (c). When the state vectors {S,} are independent and identically
distributed under conditions that 6,=a;, #,=8;, ;=r, and 6,=4§, we have the
following result. We put, for every ¢ (¢+=1, 2, ---) and S.€S,

7(SDijri=P(S:| 0=, ezzﬁj, 0s=74, 0,=0,).

COoROLLARY. Let {Si}, (t=1, 2, ---) be independent and identically distributed under
conditions that 0,=a;, 0,=pf;, 0:=7: and 6,=0,. Then we have the following results:
(@) If for every i, j, 7/, b, k', | and I’#1

> \/ﬂ(s)ijkzﬂ'(s)z‘j' g <1,
SES

then
1}33]1: (=H(,).

(b) If for every i, j, k, B/, and I’+1

8;9\/71'(3)””77(5)1‘;;&'1' <1,

then
1}1{1]12: {=H,).
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(¢) If for every i, j, k, | and I'=1

PN PR
< (S m(S)jer <1,

then
1}2]123; {)=H(,).

Proor. We prove only (b), for (a) and (c) are proved similarly. Since {S:},
(t=1, 2, ---) are independent and identically distributed under conditions &#,=a;, 0,=3;,
0;=7, and 6,=0,, we obtain

t

P(ft)i"yu: 11 7<S>>Ukl-

v=1

Thus for every 1, 7, b, B/, [ and '+

2V PEuE) Pl (E0)
St

3 R
=2 ; - 210 \/ﬁ(sy)wklﬁ(su)ukw

S1 St v=1

By the assumption this proves the conclusion (b). _
Now we consider the optimal cooperations for player 1 when he is not allowed to

cooperate with more than one players. Then the problem for player 1 is with which

player he should cooperate, player 2 or player 3. There are four cases to consider.

(A=) lim Jye: (D) >1m [y i(8)
(A-2) lim [oo. o()=1im Jie. ((Z) and

J12: L) > Jas: 8) for all ¢=1, 2, -
(B-1) 1}511]12: .(Z)<ltim]13: (1)

(B-2) ltilnjlz:4(f>:ltim]13;4<t) and

Jro ()< J s 4(1) for all t=1,2, -

We can say that in the case (A-1) or (A-2) player 1 should cooperate with player 2
but in the case (B-1) or (B-2) he should do with player 3. We consider this problem
in the following simple numerical models. Let a and b be the strategies of all the
players and let P(#,=a)=P(6;=b)=05 for all =1, 2, 3 and 4. Therefore H(§,), the
total information on #;, is equal to 1. Let {0, 1} be the state set of all the players,
then we can denote S=1{0, 1} x {0, 1} x {0, 1} X {0, 1}, where s=(s;, sz, S5, $)ES means
that the states of players 1, 2, 3 and 4 are s,, s., s; and s, respectively. We suppose
that the sequence of state vectors {S,} are independent and identically distributed
under each condition that 6,=ay, 8,=3;, 0,=7, and 6,=8,. We show three numerical
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models whose conditional probabilities {z(s);;z;} of states are given by numerical tables
1-1, 2-1 and 3-1. In those tables each row denotes the conditional probabilities of states
when the values of #,, 8,, 0, and #, are given. For example, (4, 9)-element in Table
1-1 (i.e. the value at 4-th row and 9-th column, which is 0.04) means the conditional
probability of the state (0, 0, 0, 1) when #,=b, 6,=b, 0,—a and 6,=a. According to
each Table N-1 (N=1, 2, 3) we calculated the quantities [, .(t) and [, 4(¢). The
values up to the 3rd stage are shown in Table N-2. Then we can say that up to the
3rd stage playerl should cooperate with player 2 in the 1st model given by Table 1-1,
but he should cooperate with player 3 in the 2nd and 3rd models given by Table 2-1
and Table 3-1 respectively. Furthermore we can see easily that for every 1, j, k, £/, |
and I’ +1, 2\/1.\5 )ijni7(S)ie 1 <land foreveryi, j, j', b, land "] E\/ (Vijmm(SDiprrr

<1. Thus by Corollary we obtain
11m]19 | z,‘)fhmj1 (t)=H(8)) .

Considering these results, we can say that the first model is an example of the case
(A-2) and the last two models are examples of the case (B-2).

Table 1-1
Sy 0 1
S 0 1 0 1
s, 0 1 0 1 0 1 0 1
51 0 1 |01 0] 1] o 1] o] 1] 01 0 [ 1 0] 1
0s | 6, | 6, A I f I ] [ [ 1 T
. a .25 .25 .25 .95
. b .25 .25 .25 %5
b Lo .23 .23 23 .23 04 .04
. ) .23 .23 23 o3 .04 .04
. L@ .25 .25 25 .25
s ) 25 .25 .25 .25
s LS .25 .25 .2 .25
b 25,25 .25 .95,
L Le .%B 2% .25 .25
‘ b .25 .25 5 .25
by L2 .25 .25 .25 .25
5 Z .25 .25 % .25
. .25 .25 .25 .25
b . .25 .25 .25 .25
b > L25 .25 .25 95
.95 .25 .25 .25
lable 1-2
=1 t=2 =3
115, 4(1) 0. 95804 0. 99460 0. 99940
I3, 4(1) 0. 94857 0.99391 0.99934
Lo ()T, ()1 0.00947 0. 00079 0. 00006
t
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Table 2-1
S 0 1
S3 0 1 0 1
s 0 1 0 i 0 1 0 1
s 0 I o] 1 o]l v ol 1T o]t [o]1T o1 [ 0]1
A 03 0, 0, T T ] T T T T T T
. LG .25 .25 .25 L%
. b %5 .25 .25 .25
s L2 .25 2% .25 .25
. b .25 .25 .25 .25
o 20 .20 .20 .20 .10 .10
b b .20 .20 .20 .20 100 .10
b ¢ .25 .25 .25 5
b .25 .2 .25
. 2 .25 .25 .25 .25
a b 25 .25 .25 .25
p 2 .25 .25 .25 .25
, b .25 25 .25 .23
. le 25 .25 .2% .25
b b 25 .25 .25 .25
b .25 .25 .25 .25
b 25 .25 .25 .25
Table 2-2
! |
¥ t=1 \ =2 i t=3
I — :
Tis 4 (B) ‘ 0.92448 | 0.97902 0. 99455
- ‘ ‘ |
Ly 1 (1) | 1.00000 | 1.00000 | 1. 00000
Lo s () =I5, o (D) ﬁ ~0.07552 | —0.02098 |  —0.00545

4. Discussion.

In playing a game it is essential for every player to estimate subsequent behaviors
of the other players by the information on their parameters obtained from observations
on their past behaviors. A win and reward can be considered only as the results
of the games. In the present paper we have studied the games from the viewpoint
above, and we consider the hierarchy of games as follows:

(1) One-stage games such as toss-up.

Since there is no observation, the information can not be considered.

(2) Repitition of one-stage games.

Sequential game states are independent and identically distributed. The infor-
mation on strategies can be obtained and is used to estimate the other players’
strategies.

(3) Multistage games such as chess or go.

The present state is dependent on the past states, then the observations
contain much more information than that in (b) and it becomes easier for a
player to estimate the other players’ strategies.

(4) Repitition of multistage games like as trainning of chess or go.
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Table 3-1
Sy 0 1
S 0 1 0 1
S 0 1 0 1 0 1 0 1
S50 [rJoJrJoTaiJoJrJoTJrjoTJrJofrloll1
1o |l o T T T T T T T T
. L .25 .25 .25 .25
‘ b .25 .25 .25 .25
p 2 .23 .23 .23 .23 .04 .04
a b .23 .23 .23 .04 .04
. L°© .20 .20 .20 .20 L1000 .10
, 3 20 .20 .20 .20 10 .10
a .25 .25 .25 .25
b .25 .25 .25 .25
e LC .25 .25 .25 .25
‘ b .25 .25 .25 .25
p 2 10 .10 .20 .20 .20 .20
b 10 .10 .20 .20 .20 .20
b o L2 .04 .04 .23 .23 .23 .23
b .04 .04 .23 .23 .23 .23
’ e .25 .25 .25 .2
i .25 .25 .25 .25
Table 3-2
t=1 t=2 ‘ t=3
Ts. 4 (8) 0.77095 0. 94825 ‘ 0. 98802
IR | 0.90006 | 0.98807 | 0.99872
Loos(t)—Is s () —0.12011 | —0.03982 |  —0.01070
0 I i

(5) Struggle and revolution in ecological systems.
Every living thing obtain information on environment and learn adaptation to
it. On the other hand they sometimes compete and sometimes cooperate each
other. Thus these systems can be considered as long-term games.
We have studied the games of (3) in non-cooperative and cooperative cases. We also
studied the games of(2) as the special cases of (3) such that the state vectors were
independent.
Furthermore we consider that the theory of information games will be applicable to
the brain information processing and the learning precesses in the following senses:
(a) To recognize the object, the human sense of vision, auditory, touch, taste and
smell are processed and cooperated in the brain. Unified information processing
of the five senses in human brain is considered as a model of cooperative game
systems.
(b) The game system is similar to learning system in the process of obtaining
information. The differece between the both systems is only that a game player
makes an effort to keep his parameter secret from his opponents, but a leaner is
reinforced by his teacher to obtain information much more and expects that his
learning states become known to the teacher.
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