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                    Abstract 

   We define non-cooperative game systems and cooperative game 

systems from a viewpoint of information theory. Concerning the 

both systems we show some sufficient conditions under which players 

can obtain the total information on the other players' strategies 

from a sequence of observations. In a cooperative case we give a 

numerical model and calculate the amounts of information obtained 

from the sequential observations by the players in a cooperative 

group.

   1. Introduction. 

   Generally in the game theory the objects of the studies are players' rewards or 

costs. For example in the stochastic games one of the most essential problems is to 

find the optimal strategies which give the equilibrium points concerning the players' 

rewards. However, considering usual games played by more than or equal to two 

players, like as chess, bridge, etc., we must not overlook the role of the information 
concerning the players' strategies. Practically in such a game, if a player obtains 
enough information to estimate the other players' strategies but does not give the 

others sufficient information on his strategies, the player can win the game easily. 

Therefore we try to treat the games from the viewpoint of the information theory. 

In the present paper we deal with the games played through infinitely many stages 

and study the amounts of information that the players obtain about the other players' 

strategies from sequential observations on the players' states. 
   At the beginning of a game every player chooses one of his strategies by some 

system independent of the other players. The strategies chosen by the players 

determine players' actions at every stage, and the actions determine the players' states. 

At each stage the states or both of the states and the actions are observed by every 

player. For the sake of brevity we call simply the observed phenomena the states. 
We suppose that every player's strategy is determined by a probability distribution and 

suppose further that the players' states are determined by conditional distributions 
according to their strategies. By the suppositions each player can obtain some infor
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mation about the other players' strategies from the observations on the sequence of 

the states. The problem in the present paper is how much amounts of information a 

player can obtain on the other palyers' strategies from the sequential observations. 
We study the problem by applying the results of Renyi [1], [2] and Korsh [3] con

cerning the testing hypothesis theory, which gave some conditions under which the 

total information on a parameter will be obtained from sequential observations. 

   In section 2 we consider two person games where both players do not cooperate 

with each other. We give some sufficient conditions under which a player can obtain 

the total information on the other player's strategy from the sequential observations. 
Furthermore we show some examples in the two cases that the sequential states of 

the players are indendent and normally distributed and that are Markov processes. In 

section 3 we study four person games where players are allowed to cooperate with 

each other. We define the cooperation as the behaviors that every player in the 

cooperative group gives his partners all the information that he has obtained. We give 
sufficient conditions under which a player in the cooperation can obtain the total 

information on the other players' strategies from the sequential observat ions on the 

players' states. We also give numerical models of the games and show some tables 
of the amounts of information obtained from the observations. In the last section we 

discuss the hierarchy of information games and consider this paper's results from the 

viewpoint of application to brain information processing considered as unified information 

processing, parallel processing or learning processes.

   2. Inf ormation in non-cooperative game systems. 

   In this section we study the amounts of information that players in non-cooperative 

game systems obtain on the other players' strategies from sequential observations. For 
the sake of brevity we only deal with two person game systems, which are defined as 

follows. Let A-=-(Q, P) be a probability space, i. e. Q an arbitrary nonempty set, 

  an a-algebra of subsets of Q and P a probability measure on (j• Let 0, (1=1, 2) 

be a random parameter whose possible values denote player i's strategies. We suppose 

that for every player the set of his possible strategies is finite. We suppose further 

that 01 and 02 are independent, and denote their values by {a1, ••• , an} and {t91, ••• 

respectively. We use the following notations: 

                         Pk=P({wE-Q: 01(w)=ak}) 
and 

                     qi= : 02(w)= ) • 

The entropy of 0, is defined by Shannon's formula 

                         H(01)= E Pk log 1  
                      k=1Pk 

and H(02) is defined similarly. 

   Let {(X2, Y2)} = {(Xt(w), t(0-))} (t=1, 2, • • •) be a sequence of 2-dimensional random 

vectors, and let Xt and 37, denote player l's state and player 2's state at the t-th stage 

respectively, which can be observed by both players. We introduce the notation
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               Yi(o))), ••• , R" and suppose that the probability dis

tribution of et is absolutely continuous for all t-=1, 2, • • • , so we denote by the 

density function of;-'t under the condition that Oi=ak and 82=---,31. We denote further 

by 4')''(;=t) the density function of et under the condition 82=;31 and denote by 4)"'()t) 

the density function of t, then we have easily 

                                          P k C5k(t1)(' t) 

and 

                                         Poici`tt`t)(et) • 

                                              k 

   Every player observes t and want to know the other player's strategy, i. e. the 

parameter's value. Thus we study under what conditions on a player can obtain 
the total information about the other player's strategy from 'et. To avoid complexity 
we treat only the information that player 1 can obtain about player 2's strategy. 
Concerning the information that player 2 can obtain on player strategy, we can 
show the same results as those in this section. 

   Let /1: 2(0 denote the amount of information that player 1 obtains concerning 02 
from e't. Then we have 

(1) 2( t)=H(02)—E[1/(021,;=t)] , 

where 1/(021t) is the conditional entropy of 02 when $t is given, i. e. 

               1  (2)H(6
21 t)= E P(02,--31 I cC't) log                                           P(0

2= 4311 ' 

and E[TI(021t)] means the expectation of H(62 I et), i. e. 

(3)E[H(921 e t)]R2tH(021et)0")(,;-t)dt. 

Throughout this paper we denote by log logarithm with base 2. By the suppositions 
and the Bayes' theorem we have easily 

                               IcV)($ t)  (4)P(0
2=481 I0(t)( t) 

                                EP kg tcYkti)(e 

                        E                                                                                                                                                                                     • 

                                      °(t)(t) 

It is easy to see that I1: 2(t) is nondecreasieg for t=1, 2, • • • and I1. 2(t)I--/;02. Thus, 

if lim t)=H(02), we say that player 1 obtains the total information on 6, from the 

sequential observations {:;t}. 

   We know an essential lemma of Renyi [1]. 

    LEMMA 1. There exists a universal constant C> 0 such that for any sequence 

a„ a2, ••• , aN of positive numbers forming a probability distribution (i. e. ai-H ••• a N=1) 

we have
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              1V                     E 
ai log -\/a,. 

                 i=1a1i=2 

   Applying this lemma, we prove the following result. 

   THEOREM 1. There exists a universal constant C>0 such that for all t (t-=1, 2, •••) 

               ECH(021)] 

                    _cEEE E
t1{c(ki)(,)c5(./1),(,)1"2d$,             k1 

   PROOF. By (2) and Lemma 1 there exists a constant C>0 such that for all 1, 

(1=1, ••• , in) and all t, (t=1, 2, •••) 

                       H(021 t)-5_.0 E (P(02=i3h1t))112 • 

Then from (3) and (4) we have for all t, (t=1, 2, •••) 

             E[H(021t)] 

                            1).ighcb(Met) 1/2  

                   R211,1")(e t) 0(t)(et)cit 

                     11/2 (1/2                 E{E kighcb(Met)E PkqicYki)(st)t 
       Ruhtk 1 

             _CEEE E (PkPigigh)1121 10(kt?(,)c4(t)}112C11 
            k j 1hlR2t 

              �CEEE E {¢.(ki)(t)0(iti(et)11/2d$t • 
                          k j 1 h�1R2t 

   In the following two cases we consider the sufficient conditions under which 

player 1 can obtain the total information on 02 from 1$ t}

   A. Amount of information in independent case. 
   We suppose that under conditions 01=ak and 02=131 the random vectors (X1, Y1), 

(X2, Y2), ••• are independent. For each t, (t=1, 2, •••) we denote by f (4)(x, y) the 
density function of the random vector (X1, Y1) under the conditions that Bi=ak and 
02=131. Then the following result is easily shown by Theorem 1. 

   THEOREM 2. If for every k, j, 1 and h#1 

                  lim II ff(ktit'(x, y)f,'-;?(x, y)}"2dxdy=0, 
                                t•oo v=i R2 

then player 1 can obtain the total information on 02 from that is 

                           lim Ii. 2(t)=1/(82) • 
                                               t-
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   PROOF. As  {(Xt, Ft)} , (t=1, 2, •••) are independent, for each k and 1 we have 

                           c5(kC)(t)=fk/,(x,, 37,). 

Then by Theorem 1 we have 

          E111(021 't)1 

                                                                      1/2                    Efi't)(x,,3,2,)y,)} dxidyi••• dxtdYt 
             k j l htl R2G ,=1D=1 

         =CEEE E {f(kAx, y)f,Ax, y)}112dxdy. 
                     kjlh�1,--1R2t 

Thus under the condition of this theorem we have 

                            14n/1:2(0=11(02). 
                                                  t- 

   EXAMPLE 1. Let (Xt, Y1), (t=1, 2, •••), under conditions Oi=--ak and 02=„31, have 

2-dimensional normal distribution such that 

                     11 r (x—u(k, 1))2 
                                  —exp           f(kti)(x' y)= 27r a tt-V 1—pi[2(1—pi)1 

                     (x—u(k,1))(Y—v(k, 1)) (Y-2)(k, 1))2 }1.                          —2pt 
            atOtOi 

Then we have 

              R2If(tett)(x, y)fMx, y)}112dxdy 

              11 J (x—ak,th)2           =C 
               JR2 270-töt-Vl_p,exp                             2(1— p2)1 ai 

                                              (37-1/ellhr   (x—akith)(3,—,8k,th)-+ 
                      clot 

                                             bk,th                  akjih,  )2                      Ptakjihbk31h+()11c1xdy 
          20-12ctOt2Ot 

             =exp                r1  I( akjih2pta k jinbiuth±( bkojth )2}.],                   8(1—p7)1(it)ortOt 

where 

                  u(k,1)±u(j, h)v(k, 1)±v(j, h)  
            akilh.=r2                                  ,1ellh=                                         2 

               ak,in=u(k, 1)—u(j, h) and bk,th=v(k, 1)—v(j, h) 

   (a) Case that ak,thbk,17,�0. 
   Since I pt I �1 for all t=1, 2, ••• , we have 

             ak3th  )2 2P
ot akjinbk Jih+(bkjth )2>falephbkjihy                                               0.     attoaOt
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Thus we have 

                   \R, If (ki(x, )9.1Wx, y)} 

                       �exp1  I  akjlhbkjl7a 12 
                          8(1— p7) 6t Ot r _ • 

Hence, if for every 12, j, l and 117=1 

                              1 akilh bk jth 
                                                    = 0 

               1— at at j 

we have 

t 

          li71                    rn{f(k-i)(yy)t-N(yy)} 1/2dxdy=0. 
                                      ,=.1 R2 

Then • by Theorem 2 

                          lim 2(0=11(02) • 
                                           t— 

   (b) Case that a kithbkiih<0. 
   We can show similarly that for all t=1, 2, ••• , 

                      UM yVh)(Yy)1'12dxdY 

                  �exp[ 1 ak bkjlh 21. 
                      8(1—p) at of 

Thus, if for every k, j, 1 and 

                           1  { akjlh bkjlh 9 2 ,            t=1—= COat at 

we have 

                   Um H If (kJ-1)(x, y)}"2dxdy:=0. 
                                      2,-1 R2 

Then by Theorem 2 

                          lim I,: 2(t)= H(02)

   B. Amount of information in Markovian case. 
   We suppose that the random process {(Xt, Yt)} (t=1, 2, •••), under conditions O1=ak 

and 02=13/, is a denumerablestate Markov chain. We use the following notations : 

           PkT(Xi, Y1)=P(Xi, 02=131) 
and 
             Pki)(Xt+i, Yt+1 I Xt, YO=P(Xt,-1, Y1+11 01=ak, 02=i31, Xt, Ye). 

Then we have 

               P(c.7:t101=ak, (92= Pp 

             = Pk°1)(Xi, Y1)PS,11)(X2, Y2 I X1, Yi) • • • Pki-"(Xt, Yt 1 Xt-1, t-1).
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We define the following  quantity  : 

(5)6,V)/h= sup E {P'kti)(XL,,Yt,IXt,1-t) 
                                    (A t,Y t% Y27-1) 

                           

• )12(Xt--1, Yt-1-11 Xt, Ft)11/2 • 

Then the following result is proved. 
   THEOREM 3. If for every k, j, 1 and 12.7----1 

                                        (3,t)ih=0, 
                                                                   t=i 

player 1 can obtain the total information on 02 from{;t}, that is 

                            lim 11:2(t)=H(02) • 
                                                   t- 

   PROOF. By Lemma 1 for any 1, (1=1, 2, ••• , in) there exists a constant C>0 such 

that 

                      H(021$t)�CE-./P(02=i9hlet) • 
                                                                            h-7=1 

By the Bayes' theorem 

                            qh13($t102=13h)                  P(0 2=1:5h It)=                           Re
t) 

                               E P jghP($t101=cti, 02=j3h) 

                     E                              EPkg/P(t101=ak, 02=131) 

                                           I Then 
     E[H(021$01 

     =E P(-• OHO 2It) 

                   EPighP(t10,—ai, 02=/Sh) 1/2 

    Et h=1P(t) 

                                             11/2(               PkgiP(t101=ak, 02-=i31)E-tEPighP(t101=ai,612=1301112 
   t k Ih*1j 

               kqlP(etI ei=ak, 02=i31))112}ii(Piqh13(tI611=ai, 02=130)1121 

     _CEEE E (Pkq1Ppqh)1/2EIP($t10,=ak, 02----131)P(et101=ah 02=13h)}1/2 
      k j I h#1et 

     �.CEEE E E YOPA(Xi, Y1)}"2 
            k j I h#1E1 

          t-1
H{-13W(Xv+1,71,1-112Y,,v)Plili(Xv+1,172)+1371)} 1/2 

                2-1
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                H O'kYpi        k j 9=1 

Thus, if for every k, h, 1 and h#1 

                               limjjO`k'? ,,h=0, 

                                               t we have 

                   lim111(02)-E[11(021',;=t)} 
         tt

                          =H(02) 

   EXAMPLE 2. Let {(X1, Y1)}, (t=1, 2, •••) under conditions 0,---ak and 02= ;31 be a 

stationary Markov process with a finite state set {a„ •-• , am} which is a subset of 
2-dimensional vector space. Since the process is stationary, we put for all t=1, 2, ••• , 

                   qki(r, s)=Pkti)((Xt+i, Y1+1)=a81(X1, Y1)= a r). 

Thus we have by (5) for all t=1, 2, ••• , 

                       a(ki)pi=max E Iqki(r, s)qin,(r, s)} 1/2 
                          T S 

As the process is stationary we put askjih 6(6)1 h for all t=1, 2, ••• . Then, if for every 

k, j, 1 and h-#1 

                 (qkt(r, 1), ••• qkt(r, M))#(qpi(r, 1), ••• .AI)) 

for all r=1, 2, ••• , _1/, we see easily                                  kj1h<1. Therefore by Tneorem 3 we have 

                         lim 2( t)=1/(02) 

                               1

   3. Information in cooperative game systems. 

   In this section we consider cooperation in game systems from the viewpoint of 

information theory. Players in the game systems are allowed to cooperate with each 

other. Then we study the amounts of information that the players in a cooperative 

group can obtain on the strategies of the players, who are not included in the group, 
from sequential observations. For the sake of brevity we deal with four person game 

systems, which are defined as follows. Let A=(Q, P) be a probability space and 

0,=0,(w), (c.o,.(2 and 1=1, 2, 3, 4), be a random parameter whose possible values denote 

player i's strategies. We suppose that the set of each player's possible strategies is 
finite and suppose further that 01, 02, 03 and 0, are independent each other. We denote 

the values of 01, 02, 03 and 0, by {a1, ••• , a 1/31,'" 3A-21, ••• 7N31 and 

{51, ••• , aN,} respectively. We put for each i, j, k and 1 

              Pipa= P({wE 2 : 01(w)=ai})P({(0EQ: 02(0),=i3,})                    

• P({(-0-f2 : 03((0)=Tk})P({(-0E-Q : 04(w)=51}). 

   Let {(X3, Yt, Zt, = {(Xt(w), Yt(w), Z1(w), Wt((-0))1, (t=1, 2, •••) be a sequence of 
4-dimensional random vectors and let Xt, Yt, Zt and TV, denote the states of players
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1, 2, 3 and 4 at the t-th stage respectively, which can be observed by every player. 
We denote by X, Y, Z and  TV the state sets of players 1, 2, 3 and 4 respectively and 

suppose that X, Y, Z and TV are finite. We use the notations S=Xx Y <ZX TV and 
St=(Xt, Yt, Zt, W1) which are called the state set and the state vector at the t-th 
stage respectively. We denote further by 'c't the sequence of state vectors up to the 
t-th stage, i. e. e4=(S1, ••• , St) and denote by P(6)1,1(1) the conditional probability of 
under the condition that 03=rk and 04=6/. 

   We denote by Ji:;(t) the amount of information that player i can obtain by himself 
about player j's strategy from the sequence We define the value as follows : 

(6)11: J(t)=- H(0 ;)— E[H(0 04, 11.t)] , 

where 11(0;10i, is the conditional entropy of 0; when 0i and st are given, i. e. 

                 1  
(7)H(0 ;1 0 i, E P(0;1,,log                   o

iPO;1 0 t, 

and E[I1(6Y 04, ;t)] means the expectation of HA 0i, e. 

                E[H(0 I 0 t)i= E P(04, t)H(0 :J1 04, '-t)                                                               04 ..,=t 

   Now we suppose that the cooperation between players is the phenomenon such 

that the players in a group give each other all the information they have. On the other 

hand, considering the definition (6), we can see that the difference between the two 

quantities Il: k(t) and If: k(t) are caused only by the difference between 8i and 0 J. 
Therefore we define the cooperation as the behaviors that the players in the cooperative 

group give each other the information about their own strategies. To avoid complexity 
we study the amount of information that player 1 in cooperation with some others 

obtains about player 4's strategy from sequential observations. Then we have the 

following definitions. 

   DEFINITION 1. 112:4(t) denotes tha amount of information that player 1 in cooper

ation with player 2 obtains about player 4's strategy from the sequence and is 

defined by 

(8)112:4(t)= H(04)— E1H(041 61, 02, 11)1, 

where H(84101, 02,;-=t) means the conditional entropy of 04 when 0,, 02 and st are 

given. Obviously by (8) we have 
                                  121: 4(0=412: 4(0 , 

so we can say that the cooperation is reciprocal. J13: 4(t) is similarly defined as the 

amount of information that player 1 in cooperation with player 3 obtains on player 4's 
strategies fromt. 

   DEFINITION 2. 1123:4(t) denotes the amount of information that player 1 in cooper

ation with players 2 and 3 obtains about player 4's strategy from and is defined by 

(9)1123: 4(t)=H(04)— EIH(041 01, 02, 03, t)i, 

where H(041 02, 02, 03, means the conditional entropy of 04 when 03, 02, 03 and 

are given. We easily see by (9) that
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                             1123:4(t)=.12,1,4(t)=J312:4(t) . 

   Concerning the above quantities in Definition 1 and Definition 2 we have the 
following result. 

   LEMMA 2. (a) The quantities J,,,(t), 112:4(t), .113:(t) and J123: 4(t) are nondecreasing 
for t=1, 2, ••• . 

   (b) For erery t, (t=1, 2, •••) the following inequalities hold: 

                         H(04)�J123: 

                              �max U33:4(t), 113:4(C'} 

                            �min {J12: 4(t), 113:4(61 

                            >J1: 4(t) 

   PROOF. The proof of the lemma is clear from the elementary properties of the 
conditional entropy. 

   From (b) of the lemma we can say that it is better for player 1 to cooperate with 
some others. We call the value H(64) the total information on the parameter 04. 

   Now we show some sufficient conditions under which player 1 in cooperation with 
some others can obtain the total information on 04. 

   THEOREM 4. (a) If for every i, j, j', k, k', 1 and 1'7-'1 

                         iimE Witikl(e t) P(itj k' 1/2=0 . 
                                         t-                                         t 

then 

                         lim J 4(t)=11(0 4) . 

   (b) If If for every i, j, k, k', 1 and 1/�1 

                                               t)} 1 / 2=0                                                t-..0 et 

then 
                              lim 112: 4(0= HO 4) • 

   (c) If for every i, j, k, 1 and l'#1 

                            {Pitikt(t)PV)ki,(t)11/2=0, 
                                       t- 

then 

                            lim L23: 4(0= 11(0 4) • 

   PROOF. We prove only (b). (a) and (c) are proved in the same manner. By 

Definition 1 we have 

        E[H(041 0i, 02, et)] 

              1         = E E E P(0
1, 02, Et) E P(04101, 02, t) log        01 02 et04P(041el, B2,t)
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                1   EEEE P(0
4, 02, 0'4,c=t) E P(04101,02, ..t) log        01 62:t 04'e,PO 4101,02, et) 

Then, applying Lemma 1 and the Bayes' theorem, we have the following for a positive 

constant C: 

         EU-1(0410D 02, et)] 

         CE E P(01,02,04,et) E A/P(04104, 02, et) 
           01 02-,;-t 04'0404' 

                                  e 

        =CE E P(01 , 02, 0'4,              0
1 02 :t 04'04-04'/P(0/P(1, 02, 04,t)                                               03, 02, el) 

        �CEEEE EV P(01 , 02, 04, et)P(01, 02, 04, t) 
                   04 02 et 84' °4*04' 

        _CEEEE E EE 'N/P(04, 02, e3, 04, et)P(01, 02, 03, 04, et).                 el 82 04' 04*84' 03 83' 

Under the conditions that 01=a1, 02=13j, 03=rk and 04=51, we have 

                      P(01, 02, 03, 04, et)=PiikiPit).(t). 

Then it holds that 

                E[H(0 4101, 02, et)] 

               �_CEEE EEEE {PVIki(t)Pit;k, 1,(et)} "2 • 
                          i j k k' 1' �I et 

This proves the conclusion (b).^ 

   Clearly the condition in (a) satisfies that in (b), and also the condition in (b) 
satisfies that in (c). When the state vectors {St} are independent and identically 

distributed under conditions that 01=ai, 02=135, 03=rk and 04=51, we have the 

following result. We put, for every t (t=1, 2, ••-) and StE.S, 

                  7r(St)iikt=-P(S1I01=ai, 02-135, 03-rk, 04=31) • 

   COROLLARY. Let {St}, (t=1, 2, •••) be independent and identically distributed under 

conditions that 03=ai, 02=-13j, e,=rk and 04=51. Then we have the following results: 

   (a) If for every i, j, j', k, k', 1 and 1/#1 

                                     sES 
                             E17(S)ijkl7(S)ij, k' 1' <1 , 

then 

                               4(0= 1/(04) . 

   (b) If for every i, j, k, k', 1 and l'�1 

                                     sES 
                           E.V7r(s)iiki7r(s)iik,j. <1 

then 

                            limJ42:4(t)=1-1(04).
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   (c) If for every i, j, h, 1 and 

                         7,,NT3N/7T:                                 (s)iiki(s)ijki, <1 , 

then 
                             limJ123:4(t)=11(04). 

   PROOF. We prove only (b), for (a) and (c) are proved similarly. Since {St}, 

(t=1, 2, •••) are independent and identically distributed under conditions 03=a1, 02=,3), 
03=1k and 04=61, we obtain 

                                      t)V.A.1--=7.7(s„)iik1. 

Thus for every i, j, k, k', 1 and 

                         E-\/Pitikt( 1)P(itl)k, 1' (C 
                           et 

                    = E E ••• E H / 7:(Sk)ijkl7(S,)ijk, 
                             Si S2St 1,-=1 

      t                      =( A/7(S)ijk 1;7(S)ijk' 

By the assumption this proves the conclusion (b). 

   Now we consider the optimal cooperations for player 1 when he is not allowed to 

cooperate with more than one players. Then the problem for player 1 is with which 

player he should cooperate, player 2 or player 3. There are four cases to consider. 

                  (A-1) limiT12: 4(t)>lim./13: 4(t) . 
            t—t- 

                (A-2) lim J.: 4( t)=1imJ.:4(t) and 
            t-t

                         112:4(t)>L3:4(t) for all t=1, 2, ••• . 

                (B-1) lim J.: 4(t)< lim40-) . 
               t-t-. 

                   (B-2) limJ„, 4( t)-=liM J33: 4( t) and 
            t—t- 

                          112:4(t)<J13:4(t) for all t=1, 2, ••• . 

We can say that in the case (A-1) or (A-2) player 1 should cooperate with player 2 

but in the case (B-1) or (B-2) he should do with player 3. We consider this problem 

in the following simple numerical models. Let a and b be the strategies of all the 

players and let P(0 i= a)= P(0 i=b)=0.5 for all i=1, 2, 3 and 4. Therefore H(0 i), the 
total information on 04, is equal to 1. Let {0, 1} be the state set of all the players, 

then we can denote S= {0, 1} x {0, 1} x {0, 1} x {0, 1} , where s=(si, s3, s3, s4)ES means 

that the states of players 1, 2, 3 and 4 are sl, s2, s3 and s4 respectively. We suppose 
that the sequence of state vectors {St} are independent and identically distributed 

under each condition that 01=ai, 83= 3j, 03=1k and 04=61. We show three numerical
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models whose conditional probabilities  1:7(s)iik of states are given by numerical tables 

1-1, 2-1 and 3-1. In those tables each row denotes the conditional probabilities of states 

when the values of 01, 02, 03 and 0, are given. For example, (4, 9)-element in Table 

1-1 (i. e. the value at 4-th row and 9-th column, which is 0.04) means the conditional 

probability of the state (0, 0, 0, 1) when 0,=b, 02=b, 03=a and 04=a. According to 
each Table N-1 (N=1, 2, 3) we calculated the quantities j12: 4( t) and J13: 4( t). The 

values up to the 3rd stage are shown in Table N-2. Then we can say that up to the 

3rd stage playerl should cooperate with player 2 in the 1st model given by Table 1-1, 

but he should cooperate with player 3 in the 2nd and 3rd models given by Table 2-1 

and Table 3-1 respectively. Furthermore we can see easily that for every i, j, k, k', 1 

and l'<1, sESE './%7-(s)iiki7r(s)ijk,/, <1 and for every 1,j,j', k, 1 and l'se-5Ek,,S)                                                                                                    ipkl, 

<1. Thus by Corollary we obtain 

                       limJ12:4(t)=1im113: 0=1/(64) 

Considering these results, we can say that the first model is an example of the case 

(A-2) and the last two models are examples of the case (B-2).

Table 1-1

Table 1-2

        t=1 t=2t=3 

  '12: 4 (t)0.958040.994600.99940 

  113: 4 (t)0.948570.993910.99934 

112: 4 (t) -11,,: 1(00.009470.000790.00006
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Table 2-1

                          Table 2-2 

 t=1 t=2 t=3 

     /12: 4(t)0. 924480. 979020. 99455 

     113: 4 (t)1. 00000 1 1.00000 1.00000 

   /12, 4 (t) -113; 4 (t) 0.07552  —0. 02098  —0. 00545

   4. Discussion. 

   In playing a game it is essential for every player to estimate subsequent behaviors 

of the other players by the information on their parameters obtained from observations 

on their past behaviors. A win and reward can be considered only as the results 

of the games. In the present paper we have studied the games from the viewpoint 

above, and we consider the hierarchy of games as follows : 

   (1) One-stage games such as toss-up. 
       Since there is no observation, the information can not be considered. 

   (2) Repitition of one-stage games. 
       Sequential game states are independent and identically distributed. The infor

       mation on strategies can be obtained and is used to estimate the other players' 

        strategies. 

   (3) Multistage games such as chess or go. 
       The present state is dependent on the past states, then the observations 

       contain much more information than that in (b) and it becomes easier for a 

       player to estimate the other players' strategies. 

   (4) Repitition of multistage games like as trainning of chess or go.
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Table 3-1

                       Table 3-2 

 t=1t=2t=3 

  112; 4 (t)0. 770950. 948250. 98802 

  /42: 4(00. 90006 0.98807 0.99872 

/12: 4 (t) --113: 4 (t) 0.12911 — 0. 03982— 0. 01070

   (5) Struggle and revolution in ecological systems. 
       Every living thing obtain information on environment and learn adaptation to 

       it. On the other hand they sometimes compete and sometimes cooperate each 

       other. Thus these systems can be considered as long-term games. 

We have studied the games of (3) in non-cooperative and cooperative cases. We also 

studied the games of(2) as the special cases of (3) such that the state vectors were 

independent. 
Furthermore we consider that the theory of information games will be applicable to 

the brain information processing and the learning precesses in the following senses : 

   (a) To recognize the object, the human sense of vision, auditory, touch, taste and 
   smell are processed and cooperated in the brain. Unified information processing 

   of the five senses in human brain is considered as a model of cooperative game 

    systems. 

   (b) The game system is similar to learning system in the process of obtaining 
   information. The differece between the both systems is only that a game player 

   makes an effort to keep his parameter secret from his opponents, but a leaner is 

   reinforced by his teacher to obtain information much more and expects that his 

   learning states become known to the teacher.



102Y. KAI and S.  KANO

                                 Ref erences 

[ 1  A. RENYI,"On the amount of information concerning an unknown parameter in a sequence 
     of observations", Publ. of Math. Inst. of Hungarian Acad. Sci., 9 (1964) 617-624. 

 2 A. RENYI, "On some basic problems of statistics from the point of view of information 
     theory", Proceedings of 5-th Berkeley Symposium, Vol. 1 (1967) 531-543. 

[ 3 _ J. F. KORSH, "On decisions and information concerning an unknown parameter", Infor
    mation and Control, 16 (1970) 123-127. 

[ 4 S. KANO and Y. KAI, "Information theoretical approaches in game theory", Bull, of Math. 
    Stat., 19 (1979) 37-43. 

[ 5  S. GUASU, "Information theory with applications", McGraw-Hill, (1977).


