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   1. Introduction. 

   There have been several papers on the sequential estimation of a probability 

density function (p. d. f.) f(x) and stopping rules. Yamato [10], Wegman and Davies 

[9] and Isogai [6] proposed recursive density estimators. On the other hand, Davies 
and Wegman [4] treated the problem of sequential stopping rules. Carroll [2] deve
loped two classes of stopping rules for estimating f(x), one of which yields a confidence 

interval for f(x) of fixed-width and prescribed coverage probability. 

   In this paper we consider the problem of estimating f(x) at a given point x, where 

f(x) is a (unknown) p. d. f. on the p-dimensional Euclidean space RP with respect to 
Lebesgue measure. We then use the recursive estimator f7,(x) proposed by Isogai 

[6] and give a class of stopping rules for estimating f(x) which is similar to that of 
Carroll [2]. One of the differences between our paper and Carroll's [2] is that the 

recursive density estimators which appear in specifications of stopping rules are 

different. 

   In Section 2 we shall present the recursive density estimator fn(x) and auxiliary 

results obtained by Isogai [6] needed for Section 3. In Section 3 we shall give a class 

of stopping rules for estimating f(x) and examine the asymptotic behaviors of the 

rules ; the stopping rules yield a confidence interval for f(x) of fixed-width 2d and 

prescribed coverage probability 1—a. This asymptotic behavior can be obtained by 
the use of the asymptotic normality of f7,(x) and the verification of Anscombe's con
dition. Moreover we shall discuss the asymptotic normality of the stopping rules.

   2. Preliminaries. 

   In this section we shall make preparations for Section 3. Let K(y) be a real-valued 

Borel function on RP satisfying 

(K1) K(y)>_0 on RP and .CK(y)dy-=1 ,
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54E.  ISOGAI

(K2) 11 I-0 0,3= sup K(y)<=, , 
                YERP 

(K3) lim 'K(y)=0              Y 1-°° 

and 

(K4) ylli-C(y)dy< 

where 11 • 11 denotes the Euclidean norm and the domain of integral is RP unless other

wise specified. Let {an} be a sequence of positive numbers defined by 

a 

              (A)an=—with—1<a for all n�1.                2 — 

Let {h n}be a sequence of positive numbers. In Section 3, on this sequence we shall 

impose some or all of the following conditions : 

(H1) lim h n=0 , 
            n•00 

(H2) hno-�hno+1� ••• for some no�1, 

(H3) lim nh co , 

        n (H4) nohgo-�(no+1)04+1� ••• for some no�1, 

          hn  (H5) l
im=1 , 

             nn+1 

(H6) lim (nh0-1" log n=0 , 

(H7) E (n2h0-1<o 
         n=1 

We should note that (H6) implies (H3). Define Kn(x, y) by 

             Kn(x, y)=-11,T,PK( X—y                                      /for all x, y RP, n=--1, 2, ••• .        \ 

The following recursive density estimator is proposed by the author [6]. 

(F) f o(x)=K(x)for all X E RP 

        f .(x)=-(1— a Of n-i(x) a nK 7,(x , Xn) for all X E RP, n=1, 2, •••, 

where X1, X2, X3, is a sequence of independent identically distributed p-dimensional 

random vectors with the common (unknown) p. d. f. f on some probability space 

(Q, B, P), and the conditions (K1)—(K4), (A) and (H1) are assumed to be satisfied. In 
what follows, for the estimator fn we shall assume the conditions (K1),-,,(K4), (A) and 

(H1) without restating them repeatedly. Throughout this paper C1, C2, denote positive 
constants, and for any function g C(g) stands for the set of all points of continuity of g. 

   REMARK. It is easy to see that fn(x) (n=1, 2, •••) are probability density functions. 

We shall, now, introduce some notations. Let
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                      73..=k+1(1—ak) if 0�ni<n 
                                       =m 

                              =1 if  111=71  _�0  , 

                              10=1i=1 

and 

                      in=fl (1—ai) for n�2 . 

                                             2 It is clear that in>0 for all n�1 and 13.7,=1,i1V for all n�m�1. The author [6] 
gave the inequalities : 

(2.0.1)Ciman'_1377,„__C2man-a for all n�_m_�1 • 

   DEFINITION 2.1. A bounded real-valued function g defined on RP is said to be 
locally Lipschitz of order 2, 0<2_1, at xo (abbreviated as loc. Lip. 2 at xo) if there 
exist two positive constants L and Yi , depending on xo and 2 such that Ilyll<72 
implies I g(xo+y)—g(x0)1-1,11,Ylia• 
The following lemma was given by the author [6]. 

   LEMMA 2.2. Let Zn,=K.(x, X.)—EKn(x, Xn) for all n�1. Assume that ihnl 
satisfies (HI), (H2) and (H6). In addition suppose the following conditions: 

(2.2.1) For some a in (A) with 2there exists a positive constant13such that 
              3 — 

                     711-2ahnPm2(a-i)h-7-npas n-->oo, 
                                        m=1 

(2.2.2) supf(y)< • 
                 YERP 

Then, for each xC(f) 

               (nlif)"2 a77,13„Zni--> N(0, Bf(x)) as 71->00, 

where 13=a2,3.CK2(y)dy, N(0, a2) stands for the normal random variable with mean 0 
and variance a2 and "-->" means convergence in law. 

            1'

   3. Stopping rules. 

   In this section we shall propose a class of stopping rules which yields a confidence 
interval for f(x) of prescribed width 2d and prescribed coverage probability 1—a. The 

asymptotic normality of the stopping rules will also be shown. Our stopping rules are 

analogous to those of Carroll [2], but in the specifications of the stopping rules the 
recursive estimators of Carroll [2] and Isogai [6] are different. 

                                                             a 

   Let any a (0<a<1) be given. Define D=D(a) by D(a)=0-1(1-2)' where is
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the distribution function of the standard normal random variable. We shall, now, define 
stopping rules as follows : 

                  N(d)=the smallest integer n�1 such that 

(3.0)(D2 B)-'nhf,d2 f n(x)>0 , 

where B is the same as in Lemma 2.2 and fn(x) is defined by (F). Also, define n(d) 
by 

                  n(d)=the smallest integer n�1 such that 

                         (D2 13) 1 n hf,d2� f(x) . 

The following lemma is a modification of Lemma 1 in Chow and Robbins [3]. 
   LEMMA 3.1. Let yn (n=1, 2, • • •) be any sequence of random variables on a probability 

space ([2, P) satisfying the following : There exists a null set (i. e. P =0) 
such that for each (DEM, where is the complement of the set N1, 

                Y n((-0)�0 for all n�1 and lim yn(co)=1 , 

and if y m(w)>0 for some ni=m(w) then yn(w)>0 for all n> m. Let {g(n)} be any 
sequence of constants such that 

                       g(n)                g(n)> 0 , lim g(n)=00 and lim=1 , 
                                          g(n —1) 

and for each t>0 and any fixed integer n1�1 define 

               N,=N(t, ni)=the smallest integer n? n1 such that 

                                 g(n)                          0< 

Then, N, is well-defined and non-decreasing as a function of t, 

(3.1.1)lim Art= pc a. s. 
                                                              t-

and 

(3.1.2)lim g(N,) =1 a. s.                           t- t 

   PROOF. It is easy to see that N, is well-defined and non-decreasing as a function 

of t. Hence there exists lirn N, on First we shall show (3.1.1). Suppose that 
                                  t— 

there exists a set Q1Eg with P >0 such that 

(3.1.3)Ai= lirn N,<00 on Ql(CSI'D . 
                           t— 

Let any coG SP be fixed. By definition of N, and (3.1.3) we get 

                                   g(1Vt)                    y
m=y_vtlim=0 ,                                          t-00 t
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where we omit w. Thus we have 

(3.1.4) Ym=0  • 

Let any t >0 be fixed. By the monotonicity of A', we get ..1/�Nt. Taking account of 
y_vt>0 and assumption of yn, we have ym >0, which contradicts (3.1.4). Thus we have 
P{Q'} =0, concluding (3.1.1). Finally we shall show (3.1.2). Let {wE SZ : 
lim Nt= cc} . It follows from the above relation that P{M} =1. Let any col.=_ be 
t— 

fixed. For convenience we omit co. As lim yn=1, there exists a positive integer 22.2>ni 
                                                                   71 

such that 

(3.1.5)Yn>0 for all n�n2. 

On the other hand, as lim Ni= co, there exists a positive number to such that 

                           Art-1�-212 for all t�t 0 

which, together with (3.1.5), yields 

{3.1.6)Y_v,-,>0 for all t-� to • 

Hence by (3.1.6) and definition of Nt we get 

(3.1.7)yNt� g(Nt) g(Nt)                         t 
g(Art 1) YNtfor all t-� t 0 • 

  g(Nt)a (Art) Since lim=1 ,it follows from(3.1.7)and assumptionof3'7,that lim  '  t—g(N,-1)t- t 
=1 on 1VIi concluding (3.1.2). Thus the proof is complete. 

   THEOREM 3.2. Suppose that {h,21 satisfies (H1), (H3), (H5) and (H7). Then, for 
each point xEC(f) with f(x)>O, N(d) is well-defined. Furthermore, 

{3.2.1)lim N(d)=o 0 a. s. 
                                           d 0 

and 

                           N(d)IV(d)d2 (3.2.2)lim=1 a . s.                      d D2Bf(x) 

   PROOF. By (3.0) we get 

                      fn(x) 0 <  /(D2Bd-2) .                     f( x) f(x) 

In Lemma 3.1 we set 

                          nhP,  
        yn=f .(x)f( x)                f(x),g(n)=and t=D213d-2 for all n�1. 

By Theorem 3.1 of Isogai [6] there exists a null set 1V1 3 such that lim yn=1 on 

By Remark in Section 2 it follows that 

                     y,�0 on Q for all n�1. 

All conditions of {g(n)} in Lemma 3.1 are satisfied by (H3) and (H5) . Suppose that
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for any fixed wE-1CC omitted below there exists a positive integer in such that ym >0. 
If yn >0 for n>in which is equivalent to fn(x)>O, according to Kn,i(x, Xn+1)-�0 and 
1 — a „,1> 0 we have f,i+i(x)>o which is equivalent to y.+1> O. Thus by induction we 

get yn>0 for all 77-�M. Since all conditions of Lemma 3.1 are satisfied, Lemma 3.1 
yields (3.2.1) and (3.2.2). The proof is complete. 
By the same argument for Theorem 3.2 it follows that under (H1), (H3), (H5) and f(x) 

>0 n(d) is non-decreasing as a function of d, and that 

(3.2.3)lim n(d)=00                                               d10 

and 

                             n(d)h2n(cd2  (3
.2.4)lim=1.                            D2 Bf(

x) 

Thus by (3.2.2) and (3.2.4) we obtain 

   COROLLARY 3.3. Under all conditions of Theorem 3.2 we have 

                             MN(d)111(d)  (3.3.1)lirn=1 a. s.                                          a)rin(d) 

By Theorem 3.1 of Isogai [6], Theorem 3.2 and Theorem 1 of Richter [8] we have 

   PROPOSITION 3.4. Under all conditions of Theorem 3.2 we have 

                           limfN(d)(x)=1(x) a. s. 

Now, we shall verify Anscombe's condition. 

   LEMMA 3.5. Suppose that {h n}satisfies (H1), (H2), (H4) and (2.2.1). Let any xC(f) 
with f(x)>0 be fixed and set sn=f.(x)—Ef, ,(x). Then, for any positive numbers s and 
72, there exist a positive constant p=p(s, );)<1 and a positive integer v=v(s, 72) such 

that 

(3.5.1)Pi max IS,—Snl -__s(nhO'"}<Y) for all n�_v. . 

  PROOF. Let sn=s(nhF,)-"12. In what follows we consider p with 0<p�-- and n 

satisfying n p>1 for fixed p and n�2n0 which is the same as in (H2) and (H4). For 
any fixed p and n define two positive integers n) and in2=m2(p, it) by 

(3.5.2)(1— p)n<nr1<(1— p)n±1 and (1+ p)n-1<m2--(1 p)n 

We note that nz,>ini�no and rn2>n>ni1 for each p and n. Since Sn can be rewritten 

asEL an,43,Z7, with Zni being the same as in Lemma 2.2, we have 
     n=1 

          P{max si—s7,1 

                �_P{ max ISi—S7,1_-__sr,}+P{ max I Si—s.1_?_En}
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(3.5.3)-�P{maxr =113,,n)Z, }min-1m2 
 nEn                +Pt,171a�x_i,ThE+12  

                                                            fi               +P.{max ± 
 n+151,5_7n2 m=12 

                  H-P{max amprniZ,,�_ En                         71-E177/2 772=71,12 

                       --=/1±/2±/3-17/4, say. 
Define 

                               if 

                              =1374.ifin>m1. 

Then it is easy to see that 13771i-13.=(1-,3in),8.,idm,77,1 for —1 and in�i, and 
that is positive and non-increasing as a function of i for 
Hence by the Hajek-Renyi inequality (see HAjek and Renyi [5]) we get 

              /1=--P{ max (1---i3in)finiZniEn 
            m=12 

                                                             m1 

(3.5.4)�(2/s7i)2(1—pniin)21"Limi E a27nd2,,,,iEZ2, 
                                                            m=1 

                                                             n-1 

                       +(2/E7,)2 E (1  157,02,{3,,Inici'md27,,,,EZ2n, 
                                                              77L=77L1-1-1 

                  =11+12 , say. 

As Var (S,)= a2m,,,32,„EZ2m, by Theorem 3.2 of Isogai [6] we get 
                   m=1 

(3.5.5)nhf, aLd27„EZ;,-.,Bf(x) as n—co, 
                                   .-1 

where "c57,--c!),, as n--,00" means that 0,10,--.1 as n—ioo. 
The relation (3.5.2) implies that 

(3.5.6)m2/n ti 1—p as . 

It follows from (H2) and (H4) that 

(3.5.7)1�.nh?,1(mihfni)�nlmi. 

Let any 91 with 0<pi�-1 be fixed. From (3.5.6) and (3.5.7) we get                      — 2 

(3.5.8)nhf,/(mih.;;i1)�4 for n sufficiently large. 

It follows from (3.5.5) that
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(3.5.9)nhri >2, aldLnEZ27,',C, for all n�1 . 
                                         m=1 

Combining (3.5.8) and (3.5.9) we have 

(3.5.10)Ji--C4(E)(1—i3,,,,,)2 for n sufficiently large . 

By making use of (3.5.6) and the fact that 3n,„-•-,man' as m—oo, we get 

        pirl 2 as n—co. Hence we have (1—,3211,)2_<2{1—(1— pi)a} 2 for n sufficiently 
large, which, together with (3.5.10), implies that 

(3.5.11)Ji-05(E)11—(1— p1)al2 for n sufficiently large . 

                1 Choose 0< pi= pi(z, ri)< such that C5(e) {1 —(1—p)a}2<i for all 0< 9i. Thus, for 
any fixed 93 with 0‹ 402�_p 1, it follows from (3.5.11) that 

(3.5.12).12<)2 /8 for 71 sufficiently large . 

In the proof of Theorem 3.2 of Isogai [6] it has been shown that 

(3.5.13)hfiEZ;,�C, for all n�1 

In view of (H2) and (3.5.13) we have 

                                          E nclin-1P 
                                                                   ni=m,+1 

                                                                               n-1                                                              1 

(3.5.14)-C,(E)(n/Ini) E m-1 
                                                           m=m1+1 

                         

-C 7(E.)(nlm1) log (nlmi) . 

Since by (3.5.6) (nlini) log (n/ml)—(1— 92)-1 log (1— 92)-1 as n—,00, it follows that 

(3.5.15)(nlmi) log (n/Ini)__2(1--,02)-1 log — p 2)-1 

for n sufficiently large. Choose 0<p2=p2(6, )2)__ pi such that 

             C7(s)(1-9)-1 log (1— p)-1<ri /16 for all 0< 9 2. 

Thus, for any fixed ps with 0<p3_< 92, it follows from (3.5.14) and (3.5.15) that 

(3.5.16)J2<72/8 for n sufficiently large . 

Combining (3.5.4), (3.5.12) and (3.5.16) we have the following : 

                    For any fixed 93 such that 0<p3�402 

(3.5.17)I1<72/4 for n sufficiently large. 

Now, let any 93 with 0<9,92 be fixed. By Kolmogorov's inequality we get 

(3.5.18)I2(21E)2inlz;),aZ2„— n h771 f,a27,452,,EZ2n, 
          m=1m=1 

                 _(2/s)2T(77,)11--,32,1,(nhUmihr,, ,1)(T(mi)/T(n))1 ,
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where  T  (n)  ;eh?,  E  Z7„. It follows from (3.5.9) that 
                              77L = 1 

(3.5.19)T(22)_C3 for all n� 1 . 

Hence, in view of (3.5.7), (3.5.18) and (3.5.19) we have 

(3.5.20)./2�Cs(s)11--13L1n(T(in1)/T(n))1 for all n. 

As it is easy to see that 1 — 13,,,,(T(mi) / T(n))_2 {1 —(1 — p 3)"} for 77 sufficiently large, 

by (3.5.20) and the discussion similar to (3.5.17) we can choose 0< p3= p,(e, 72)__9, such 

that for any fixed p, with 0<p4-p3 

(3.5.21)/2< )2/4 for 71 sufficiently large . 

Let any p, with 0< 94�. 93 be fixed. By making use of (3.5.9) and Chebychev's inequality 

we have 

                                                                  En                           I3—P{(rnEa711r71L1 ZTIL               2m _12 

(3.5.22)(2/E)2(1--8n7n2)2n0i' ca,./37777EZL 
                                                          7,1 

                        9(s)(1 P 77.2)2 . 
As 

(3.5.23) p4 as n oo , 

we get (1-137,77,2)2�2 {1—(1±p4)-a}2 for n sufficiently large. Thus, using (3.5.22) we 
can choose 0< p4=p4(s, 7))� p3 such that for any fixed p with 0<p�p4 

(3.5.24)13<77/4 for n sufficiently large . 

Finally, let any p with 0<p� 94 be fixed. Using (H4), (3.5.13) and the Hajek-Renyi 
inequality, we have 

                                                                         en                    1.4=-P{ max ri E 
                         71-F17712 m=n+1— 2 

                                                m2 

(3.5.25)�(21e)2nhg E a.LEZL 
                                                   m=n+1 

                                              m2 

                        � C10(6) E m-1" 
                                              m=n+1 

                     -5C10(E) log (m2In) 

As by (3.5.23) log (mdn),,,log (1+p) as we get log (m2/n)�2 log (1+p) for 11 

sufficiently large. Thus, using (3.5.25) we can choose 0<p=p(e, such that for p 

(3.5.26)14< )2/4 for n sufficiently large . 

For p chosen above, choose a positive integer ).) such that for all n�v (3.5.17), (3.5.21), 

(3.5.24) and (3.5.26) hold. Thus, combining (3.5.3), (3.5.17), (3.5.21), (3.5.24) and (3.5.26)
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we obtain (3.5.1). This completes the proof. 

The following theorem is concerned with the asymptotic normality of  f_v(d)(x). 

   THEOREM 3.6. Assume (2.2.1). Suppose that f is loc. Lip. at x and f(x)>O, and 

that {hn} satisfies (H1)--(H7) excebt for (H3). Furthermore suppose the following 

conditions: 

(3.6.1) 70-1/4_0(naiV                                           ) as n.--,co 

with a being the same as in (2.2.1), 

(3.6.2)lim nh2,A+P=0 , 

(3.6.3)limN(d)In(d)=1 in probability. 
                                                   d,;.0 

Then we have 

(3.6.4) (N(d)(d))112(i V (d)(x)—.i(x)) --> N(0, Bf(x)) as d 0 , 

where B is the same as in Lemma 2.2. 
   PROOF. Since, by (F) in Section 2, 

              (71/11V/2(in,(x)—i(x)) 

                       =(nhir .)1/2 amP..Z.+(7112fi)1/2 a.43.nam 
       m=1 1m = 

                     +(nhO1i2i3On(f0(X)—f(x)) , 

where 5,=EI-Cm(x, Xn,)—f(x) and Zm is the same as in Lemma 2.2, we have (3,6.4) if 

it holds that as d 0 

                                    N(/) 
(3.6.5)(N(cl)(d))1/2 E a ra 13 N (d)Z m N(0, Bf(x)) 

                                          m=1 

                                    N(d) 

(3.6.6)(N(d)h.(d))1/2 E am13.N(d)5.--> 0 in probability 
                                          m=1 

and 

(3.6.7)(N(d)(d))1/2PoN(d)(f o(x)—f(x)) 0 in probability. 

First we shall show (3.6.6). For convenience N denotes N(d)(w) for each wE,C2 and 
d. Let any do>0 be fixed. Setting T=IwEQ:N(d)(w)<00 for all 0<d<do and 
lim N(d)(w)=-001, it follows from Theorem 3.2 that /3 {T}=---1. Let any wET and d 
d4.0 

with 0<d<do be fixed. Using (3.4.4) in the proof of Theorem 3.4 of Isogai [6], we 
have 

                               N 
(3.6.8)(NhP1"1 E a77,13.373,, _C3(NhY±P)112 , 

                                            m=1 

where C3 is independent of d and w. By (3.6.2) and (3.6.8) we get (3.6.6). Second we 

shall show (3.6.7). Let any wET and any d (0<d<do) be fixed. As If 0(x)— f(x)I 

�111(11—+Ilf 11.<00, it follows from (2.0.1) that
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(3.6.9) (=Vh,)1'2,30N1 f 0(x)--1-(x) 1 <c4Iv1i2_ahpy2 

                                       1 
where C, is independent of d and co. Combining (H1), a>-2 and (3.6.9) we obtain (3.6.7). 

Finally we shall show (3.6.5). By Lemma 2.2, Lemma 3.5 and (3.6.3) we can use 

Theorem 1 of Anscombe [1], which implies that 

                              (d) 

(3.6.10) (n(d)hg (d))'12 E a 7,377,N(d)Z7n, N(0, Bf(x)) as d 0. 
                                          m = 1 

Combining (3.6.10) and Corollary 3.3, we have (3.6.5). This completes the proof. 

The following is one of main results. 

   THEOREM 3.7. Under all conditions of Theorem 3.6, we have 

                   lim Pflf (d)(x)—f(x)1d} =1—a . 
                                         :0 

   PROOF. Since 

           Dd-1(fN(c1)(x)—f(x)) 

         =(D213f(x)1(-V(d)hrcd)d2))112(N(d)hik(d)1(Bf(x)))"(f(d)(x)—i(x)) 

by Theorems 3.2 and 3.6 we obtain 

               Dc-/-1(f N(,)(x)—f(x)) N(0, 1) as d 10 , 

which yields that 
                    lim 13{1 f (d)(x)—f(x)I.�d} 

                    =Ph:V(0, 1)1 DI =1—a . 

Thus the proof is complete. 

   COROLLARY 3.8. Suppose that f is loc. Lip. 2 at x and f(x)>0. Let {h„} be given 

by 

(3.8.1)hn=n-riP with —2—aand                                    22±p <r<minaP, 1). 
                    3 Then we have 

(3.8.2)lim P {I f(d)(X)—f(x)I -5-_d} =1—a. 
                                 d o 

   PROOF. It is easily verified that the sequence {lin} given by (3.8.1) satisfies all 
conditions on {h7,} of Theorem 3.6 with /3=---(2a -Fr —1)-1. On the other hand, by Co
rollary 3.3 we have lim N(d)In(d)=1 with probability one, which implies (3.6.3). Thus 

                                    d.1.0 

by Theorem 3.7 we have (3.8.2). 

In the remainder of this section we shall deal with the asymptotic normality of the 

stopping rules N(d). 
   LEMMA 3.9. Let {,=7,} be a sequence of real numbers such that 7.,--=1+o(1) where 

o(1)—,0 as n—'00. Then, for any constant b, 

                         el;,-1=(en-1){bd-o(1)} .
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   PROOF. By the Taylor expansion we obtain the result of lemma. 

The following theorem presents the asymptotic normality. 

   THEOREM 3.10. Let Ihril satisfy all conditions of Theorem 3.6 replacing (H5) by 

the following condition: 

(3.10.1)(n-1)hfi_1/(n)=1-Fo((nhfi)-312) as n—>00 

where o(c5,) meaizs that 0(¢.)/c572—>0 as n—oo. Then, under all conditions of Theorem 

3.6 we hare 

(3.10.2) (DB)-1cl(N(d)hik(d)—D2Bd-2f(4)--> N(0, 1) as d 1 0. 

   PROOF. By (H3) and (3.10.1) we get (H5). From (3.2.3) and (3.6.3) it follows that 

(3.10.3)lim (N(d)-1)/n(d)=1 in probability . 
                              d10 

In the same manner as in the proof of (3.6.4) we get 

(3.10.4) ((N(d)-1)113^-(d)-1)112(fN(d)-1(x)—f(x))--> N(0, Bf(x)) 

as d 1 0. By (3.2.1) and the argument similar to Proposition 3.4 there exists a null set 
K/ such that on Ni N(d)<co for all d>0, lim N(d)=-00 and 

                                                              d4.0 

(3.10.5)limf N(a)-1(x)-= f(x)> 0 . 

                                                  c For any d>0 we set Ad= {WE Q f N(d)--i(x)=0} ngi. By (3.10.5) we get 

(3.10.6)limP {Ad}=0 . 
                                                  dstO 

Suppose that N(d)<co and fN(d)-1(x)>0. Then, by definition of N(d) we have 

(3.10.7) xd:_=_(N(d)12,(d))112(d2N(d)hfv(a)—D2Bf(x)) 

              >131213(N(d)hfv(a))1/2(f N(d)(X)— f(x))--=y 
and 

(3.10.8)wal=-((N(d)-1)113^7(a)-01"(d2(N(d)-1)hik(d)-1—D2Bf(x)) 

                <D2B((N(d)-1)111k(d)-1)"(f N(d)-1(X)— f(X))=-V d • 

Setting B d= {wE : fN(d)-1(x)> nrn, the relations (3.10.7) and (3.10.8) hold on B d. 
By (H3) and (3.10.1) we get that for each coEM omitted below 

(3.10.9)(N(d)-1)hgr(d)-1/(N(d)hlk(a))=1+0(1), 

where o(1)--0 as d0. Let anyCOM be fixed. In view of (3.10.1), (3.10.9) and Lemma 
3.9 we have that as d 1 0 

(3.10.10)(N(d)hik(d))312—((N(d)-1)hlk(d)-1)312=0(1) 
and 

(3.10.11)(N(d)hg, (d))112—((N(d)-1)h7kcd)-0112=o(1) .
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Hence by (3.10.10) and (3.10.11) we obtain 

(3.10.12) lim xd—wdl= 0 a. s. 
                                              d,0 

Let F denote the distridution function of N(0 , D4B3f(x)) and let any real number y be 
fixed. It follows from (3.10.7) that 

(3.10.13)p{xdy} 

                        =P({xa- --y},r113d)--P({xdy}nAd) 

where {xd�y} denotes w-set such that xd�y . Since by (3.6.4) yd—>N(0, D4B3f(x)) 
as d 0, by (3.10.6) and (3.10.13) we get 

(3.10.14)lim sup P{xd-y} 

Let any E>0 be fixed . It follows (3.10.8) that for any d>0 

                  �P{wd<Y—s}+P{Ad}                       

----P{xd-53)}±P{Ixd—wal>6}±P{Ad} , 
which yields that 

(3.10.15)Plvd�y—s}—P{Ixd—wd1>E}—P{Ad}—P{xd5Y} • 

Since by (3.10.4) vd-->N(0, D4B3f(x)) as d 0, by (3.10.6), (3.10.12) and (3.10.15) we 

have F(y—e)�1iminf P {xd�y}, which yields that as E—>0 
                          d.L0 

(3.10.16)F(y)�1iminf P{xd�Y} • 
                                              d0 

Thus combining (3.10.14) and (3.10.16) we obtain 

(3.10.17)xd --> N(0, D4B3f(x)) as d . 

Since 

                 (DB)-1d(N(d)hlk(d)—D2Bd-2f(x)) 

               =(1)213f(x)/(N(d)h1:7(d)d2))112xal(D4B3f(x))112 

taking account of (3.2.2) and (3.10.17) we obtain (3.10.2) This completes the proof . 
The next lemma is a modification of Theorem (i) of Rao [7] (page 319). 

   LEMMA 3.11. Let h be a mapping from (0, 00) into (0, 00) with limh(d)=00. Let 
{T(d)}(dE(0, 00)) be a family of random variables. Suppose that 

(3.11.1)h(d)(T(d)-- 0) --> N(0, a2) as d-*0, 

where 0 is a real number and a2 is a positive number . Let g be a real-valued measur
able function on R1 such that there exists the first derivative g'(0) of g at 0 with g/(0)
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-7= 0. Then 

(3.11.2)17(d)(g(T(d))—g(0)) > N(0, a2(g'(0))2) as d—O . 

   PROOF. By the Taylor expansion we get 

(3.11.3)g(T(d))—g(0)= (T(d)-0)(g/(0)+s(d)), 

where r(d)-->0 as T(d)-61-,0. It follows (3.11.1) that 

(3.11.4)lim E(d)=0 in probability . 
                                              d —0 

Combining (3.11.1), (3.11.3) and (3.11.4) we have (3.11.2), concluding the lemma. 

   COROLLARY 3.12. Suppose that f is loc. Lip. 2 at x and f(x)>0. Let 112,1 be 

given by (3.8.1). Then we have 

(3.12.1) (1—r)Df(x)(d p(d))-'(N(d)  rt(d)) N(0, 1) as d 0 , 

where a(d)=-(D213f(x)/c12)1/"-7"). 
                     1    P

ROOF. Since r>22+pP �—3for p�1 and 0 <2._1, we get (3.10.1). For convenience 

                  N denotes N(d). As stated in Corollary 3.8 all conditions on {h,} of Theorem 3.6 

are satisfied. Thus, using (3.3.1) and Theorem 3.10 we have 

              (DB)-'d(A"-r—D2Bd-2f(x))  > N(0, 1) as d 0, 
                         1 

which is equivalent to 

(3.12.2)(dDB)'(c12N'-r— D'Bf(x))  > N(0, 1) as d 1 . 

By making use of (3.12.2) and Lemma 3.11 we obtain (3.12.1), which concludes the 

corollary.
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