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1. Introduction.

There have been several papers on the sequential estimation of a probability
density function (p.d.f.) f(x) and stopping rules. Yamato [10], Wegman and Davies
[9] and Isogai [6] proposed recursive density estimators. On the other hand, Davies
and Wegman [4] treated the problem of sequential stopping rules. Carroll [2] deve-
loped two classes of stopping rules for estimating f(x), one of which yields a confidence
interval for f(x) of fixed-width and prescribed coverage probability.

In this paper we consider the problem of estimating f(x) at a given point x, where
f(x) is a (unknown) p.d.f. on the p-dimensional Euclidean space R? with respect to
Lebesgue measure. We then use the recursive estimator f,(x) proposed by Isogai
[6] and give a class of stopping rules for estimating f(x) which is similar to that of
Carroll [2]. One of the differences between our paper and Carroll’s [2] is that the
recursive density estimators which appear in specifications of stopping rules are
different.

In Section 2 we shall present the recursive density estimator f,(x) and auxiliary
results obtained by Isogai [6] needed for Section 3. In Section 3 we shall give a class
of stopping rules for estimating f(x) and examine the asymptotic behaviors of the
rules; the stopping rules yield a confidence interval for f(x) of fixed-width 24 and
prescribed coverage probability 1—a. This asymptotic behavior can be obtained by
the use of the asymptotic normality of f,(x) and the verification of Anscombe’s con-
dition. Moreover we shall discuss the asymptotic normality of the stopping rules.

2. Preliminaries.

In this section we shall make preparations for Section 3. Let K(v) be a real-valued
Borel function on R? satisfying

(KD K(»Z0 on R? and |K(ndy=1,
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(K2) [Klw=supK(y)<>,

YERP
(K3)  lim [ y[[PK(3)=0
LYoo
and

KO |IyIK(dy<eo,

where |-|| denotes the Euclidean norm and the domain of integral is R? unless other-
wise specified. Let {a,} be a sequence of positive numbers defined by

(A) an:% with %<a§1 for all n=1.

Let {h,} be a sequence of positive numbers. In Section 3, on this sequence we shall
impose some or all of the following conditions:

H) lim A,=0,

n-—00

(H2) hapy=Zhnga= - for some n,=1,

(H3) limnhf=co,

n oo

H4) nohi <(netDhE = - for some 7n,=1,
(H5) lim- 1,
N> n+1

(H6) lim(nh®)~'*log n=0,

(HT) g}l(nzhﬁ)"<00.

We should note that (H6) implies (H3). Define K,(x, y) by

Ku(x, y)zh;pK( xh_y) for all x, yER?, n=1, 2, ---.

The following recursive density estimator is proposed by the author [6].
(F) Jolx)=K(x) for all xe=R?
) =1—a)fn-Ax)+anKs(x, X»)  for all xeR?, n=1,2, -,

where X, X,, X, --- is a sequence of independent identically distributed p-dimensional
random vectors with the common (unknown) p.d.f. f on some probability space
(2, 8, P), and the conditions (K1)~(K4), (A) and (Hl) are assumed to be satisfied. In
what follows, for the estimator f, we shall assume the conditions (K1)~(K4), (A) and
(H1) without restating them repeatedly. Throughout this paper C,, C,, --- denote positive
constants, and for any function g C(g) stands for the set of all points of continuity of g.

REMARK. It is easy to see that f,(x) (n=1, 2, ---) are probability density functions.
We shall, now, introduce some notations. Let
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Bmn= ﬁ (I—ay) it 0Zm<n

k=m+1
=1 if m=nz=0,

To=71=1
and

Tn= ﬁ(lgaﬂ for n=2.
j=2

It is clear that 7,>0 for all n=1 and SBm,=7.r% for all n=m=1. The author [6]
gave the inequalities:

(2.0.1D Com*n = Bpn=Com®n=° for all n=m=1.

DEFINITION 2.1. A bounded real-valued function g defined on R? is said to be
locally Lipschitz of order A, 0<A<1, at x, (abbreviated as loc. Lip. 2 at x,) if there
exist two positive constants L and 7, depending on x, and 4 such that [[y[<y
implies | g(xo+y)—g(xo)| S L] y|*.

The following lemma was given by the author [6].

LEMMA 2.2, Let Z,=K,(x, X,)—EK,(x, X,) for all n=1. Assume that {h,}

satisfies (H1), (H2) and (H6). In addition suppose the following conditions:

(2.2.1) For some a in (A) with 2

—B—gagl there exists a positive constant § such that

n
niTEpn ¥ mPeVpL? —> 8 a5 n—oo,
m=1

(22.2) If o= sEuRgﬂyKoo-

Then, for each x=C(f)

(nhE)? }i‘lam‘@ngm —> N0, BAx) as n—oo,
m= £

where B———azﬁSKz(y)dy, N(O, o%) stands for the normal random variable with mean 0

and variance o® and “—" means convergence in law.
L

3. Stopping rules.

In this section we shall propose a class of stopping rules which yields a confidence
interval for f(x) of prescribed width 2d and prescribed coverage probability 1—a. The
asymptotic normality of the stopping rules will also be shown. Our stopping rules are
analogous to those of Carroll [2], but in the specifications of the stopping rules the
recursive estimators of Carroll [2] and Isogai [6] are different.

Let any a (0<a<1) be given. Define D=D(«) by D(a)z@“(l—%), where @ is



56 E. [socal
the distribution function of the standard normal random variable. We shall, now, define
stopping rules as follows:
N(d)=the smallest integer n=1 such that
(3.0 (D*B)'nhid*=f.(x)>0,

where B is the same as in Lemma 2.2 and f,(x) is defined by (F). Also, define n(d)
by
n(d)=the smallest integer n=1 such that

(D*B) 'nhid*=f(x).

The following lemma is a modification of Lemma 1 in Chow and Robbins [3].

LEMMA 3.1. Let y, (n=1, 2, ---) be any sequence of random variables on a probability
space (2, F, P) satisfying the following: There exists a null set N G.e P{ﬁ1}=0)
such that for each a)€]\~7f, where J\Nfi is the complement of the set N’l,

Valw)=0 for all n=1 and lim y,(w)=1,

and if ya(w)>0 for some m=mw) then v.(w)>0 for all n=m. Let {g(n)} be any
sequence of constants such that

. . g(n)
>0, lim g(n)=c0 and lim—=""-—=—1,
g(n) lim (n) an nl_m 2(i—1)

and for each 1>0 and any fixed integer n;=1 define
N, =N(t, ny)=the smallest integer n=n, such that

g(n)

L <
0<y,=s ;

Then, N, is well-defined and non-decreasing as a function of t,

3.1.1) lim N,=co a.s.
L0

and

(3.1.2) lim @:1 as.

PRrOOF. It is easy to see that N, is well-defined and non-decreasing as a function
of t. Hence there exists lim N, on N{. First we shall show (3.1.1). Suppose that
t—ooo

there exists a set 2'=F with P{Q'} >0 such that

(3.1.3) M=limN,<o on SYCN9.

t o0
Let any we £2* be fixed. By definition of N, and (3.1.3) we get

ya= lim = tim 500,
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where we omit w. Thus we have
(3.1.4) vu=0.

Let any t>0 be fixed. By the monotonicity of N, we get M/=N,. Taking account of
y~,>0 and assumption of y,, we have v, >0, which contradicts (3.1.4). Thus we have
P{02'}=0, concluding (3.1.1). Finally we shall show (3.1.2). Let Ni=N¢~{w=Q:
lim N,=cc}. It follows from the above relation that P{A‘vg}:l. Let any w=N§ be

t—oo
fixed. For convenience we omit w. As lim y,=1, there exists a positive integer n,>n,
n—oc

such that

(3.1.5) y,>0 for all n=mn,.

On the other hand, as I)ﬂ} N,=co, there exists a positive number ¢, such that
Ni—1z=n, for all t=1,,

which, together with (3.1.5), yields

(3.1.6) Vy,-1>0 for all t=1¢,.
Hence by (3.1.6) and definition of N, we get

(3.1.7) Yy, = <1\‘><——@—‘Lv o forall tz=4,.

{ g(N,—1)

Since ltirn 5\3 L)l) =1, it follows from (3.1.7) and assumption of jy, that lim-
P — t o

=1 on 1\75, concluding (3.1.2). Thus the proof is complete.
THEOREM 3.2. Suppose that {h,} satisfies (H1), (H3), (H5) and (H7). Then, for
each point xC(f) with f(x)>0, N(d) is well-defined. Furthermore,

g(Ny
¢

(3.2.1) ldim N(d)=o a.s.
and
. N( d)l'lp(d)(lz
( lim - ; — .
(3.2.2) lim D*Bf(x) 1 as
Proor. By (3.0) we get
fn( "C) 7lhn
o<~ < /(D*Bd~?).
£x) = ) ! )
In Lemma 3.1 we set
 — -]i"gl \ n ” N2 -2 sy >
V= O gln)= 7o) and t=D’Bd for all n=1.

By Theorem 3.1 of Isogai [6] there exists a null set N,= @ such that lim y,=1on Ne.
By Remark in Section 2 it follows that

»=0 on £ for all n=1.

All conditions of {g(n)} in Lemma 3.1 are satisfied by (H3) and (H5). Suppose that
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for any fixed w=N¢ omitted below there exists a positive integer m such that y,>0.
If v»,>0 for n>m which is equivalent to f,(x)>0, according to K.+ (x, X,+1)=0 and
l—a,+;>0 we have f,.(x)>0 which is equivalent to y,.;>0. Thus by induction we
get y,>0 for all n=m. Since all conditions of Lemma 3.1 are satisfied, Lemma 3.1
yields (3.2.1) and (3.2.2). The proof is complete.

By the same argument for Theorem 3.2 it follows that under (H1), (H3), (H5) and f(x)
>0 n(d) is non-decreasing as a function of 4, and that

(32.3) lim n(d)=00
alo

and

(3.2.4) mdhind _

N DBfx)

Thus by (3.2.2) and (3.2.4) we obtain
COROLLARY 3.3. Under all conditions of Theorem 3.2 we have

: N(d)hE o .
3.3.1) liﬁmn(d)h£<d> =1 a.s.

By Theorem 3.1 of Isogai [6], Theorem 3.2 and Theorem 1 of Richter [8] we have
ProrosITION 3.4, Under all conditions of Theorem 3.2 we have

lim fy o (x)=/(x) a.s.
aio

Now, we shall verify Anscombe’s condition.

LeEMMA 3.5. Suppose that {h,} satisfies (H1), (H2), (H4) and (2.2.1). Let any x=C(f)
with f(x)>0 be fixed and set S,=f(x)—Ef.(x). Then, for any positive numbers ¢ and
n, there exist a positive constant p=p(e, n)<1 and a positive integer v=1(e, n) such
that

(3.5.1) P{ max ISi;Snlzs(nh{{)""z}<n for all n=v.

{i-nisnp

PrROOF. Let e,=e(nh%)"'?. In what follows we consider p with 0< p§-é— and n

satisfying no>1 for fixed p and n=2n, which is the same as in (H2) and (H4). For
any fixed o and n define two positive integers m,=m,(p, n) and m,=m,(p, n) by

(35.2) (I—p)n=m;<(l—p)n+1 and (A+pn—1<m,=(1+p)n.
We note that m,>m,=n, and m,>n>m, for each p and n. Since S, can be rewritten
as i} anfBnnZn With Z, being the same as in Lemma 2.2, we have

m=1

P{ max lSi—Sniéen}

ii-nisnp

§P{ max ISi—SnIZen}—%—P{ max \Si~5nl\£€n}

misisn-1 n+1sisme
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(35.3) <P{ max_ | 2 an(@mimBunZn|2-5}

misisn-1

+P1mma\ !i L UmfPnnlm ’2 62n }

1stsn-1im= i+1

-%—P{ max lé An(Bmi—

n+lisismelm=1

L 3
+P{ max > am‘BmiZmlz "}»
: n+lsismgl m=n+1 2
=I+1,+1,+1,, say.
Define
Anm,=Bmm, if m<m,
=fBalm it m>m,.

Then it is easy to see that Sni—Bna=(1—F:n)fn,idmn, for m;=i=n—1and m=t, and
that (1—3:x)3n,: is positive and non-increasing as a function of i for m;=i=n— 1.
Hence by the Hajek-Rényi inequality (see Hijek and Rényi [5]) we get

HV

I,= { max (1—3:n)Bm E UndnmZn S

mis<isn-1 2 J

my
(3.54) =@/en) (1= Bnyn) Bnymy 2 @ndinm, EZ3,

+(2/en)2m:%ﬂ(l—ﬂmn)zﬂzmlma%dimlEZ?n
=J,+/., say.

As Var (S,)= Zn,jlagn‘sznEan, by Theorem 3.2 of Isogai [6] we get

(3.5.5) hpZ andn.EZ%~Bf(x) as n—oo,

m=1
143

where “@p,~¢, as n—oo” means that ¢,/d,—1 as n—oo,
The relation (3.5.2) implies that

(3.5.6) my/n~1—p as n—co.
It follows from (H2) and (H4) that

(35.7) 1=nhE/(mhh )=n/m;.
Let any p, with 0< 01—; be fixed. From (3.5.6) and (3.5.7) we get
(3.5.8) nhg/(mh%,)<4 for n sufficiently large.

It follows from (3.5.5) that
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(35.9) nhe 3 ardz EZ:<C,  for all n=1.
m=1

Combining (3.5.8) and (3.5.9) we have
(3.5.10) L=C(e)1—8n,n)" for n sufficiently large.

By making use of (3.5.6) and the fact that Bn,~m*n"* as m—oc, we get (1—3n.)°
~{l—(1—p,)*}* as n—co. Hence we have (1—3u,.)°=2{1—(1—p,)?}* for n sufficiently
large, which, together with (3.5.10), implies that

(3.5.11) Ji=C(e){l—(1—py*}* for n sufficiently large.

Choose 0< p,=p,(c, 77)<% such that C;(e){l*(lfp)a}2<% for all 0< p=<p,. Thus, for
any fixed p, with 0<p,<p,, it follows from (3.5.11) that

(35.12) J1<n/8 for n sufficiently large.

In the proof of Theorem 3.2 of Isogai [6] it has been shown that

(3.5.13) h2EZ:<C, for all nz=1.

In view of (H2) and (3.5.13) we have

n-1
J.=C:le)nhk > m™'m™hy?

m=mj+1

(3.5.14) <C,(e)n/my) 7;2-1“ m!
m=m1

<C;(e)n/mylog (n/m,).
Since by (3.5.6) (1/m,)log (n/my)~(1—p,) ' log (1—p,)~" as n—oo, it follows that
(3.5.15) (n/my)log (n/m)=2(1—p,)"*log (1—pz)™*
for n sufficiently large. Choose 0< p.=p.(e, 7)=p, such that
C:(e)1—p)tlog (1—p)'<n/l6  for all 0<p=p..

Thus, for any fixed p; with 0<p;=p,, it follows from (3.5.14) and (3.5.15) that
(3.5.16) J.<7/8 for n sufficiently large.
Combining (3.5.4), (3.5.12) and (3.5.16) we have the following:

For any fixed p; such that 0<p;=p,
(3.5.17) I,<%/4 for n sufficiently large.

Now, let any p; with 0<p,=p, be fixed. By Kolmogorov’s inequality we get
(35.18) LE@/e{nhE 3 a5 8o EZa—nhl S ah B2}
m=1 m=

=(2/eyTm){1— 35 n(nhE/mihh (T (ny)/ T(n))}
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where T(n)=nh? ﬁ‘, anfanEZ5. 1t follows from (3.5.9) that
m=1

(3.5.19) T)EC, for all n=1.
Hence, in view of (3.5.7), (3.5.18) and (3.5.19) we have
(3.5.20). I,=Cs(e){1— 3% n(T(my)/T(n))} for all n.

As it is easy to see that 1— 3% (T(n,)/T(n)=2{l—(1—p,)**} for n sufficiently large,
by (3.5.20) and the discussion similar to (3.5.17) we can choose 0< p,=p,(z, 7)= p, such
that for any fixed o, with 0<p,<p;4

(3.5.21) I,<%/4 for n sufficiently large.

Let any o, with 0<p,=p, be fixed. By making use of (3.5.9) and Chebychev’s inequality
we have

IszP{(rnfrmz)

= =2
(3522) S @/ fam*nhE 3 a5 FanEZS
S CNL—Bamy)*
As
(3.5.23) me/n~1+p, as n—oo,

we get (1—3.n,)"S2{l—(14+p,)"%}? for n sufficiently large. Thus, using (3.5.22) we
can choose 0<p,=p.(e, )= p; such that for any fixed p with 0<p=<p,

(3.5.24) I;<7/4 for n sufficiently large.

Finally, let any p with 0<p=p, be fixed. Using (H4), (3.5.13) and the Hajek-Rényi
inequality, we have

- €n )
§:+la1nrmﬂzm!2§ 2 f

m=n

L:P{ max 7;

n+lsismg

(3.5.25) <@/e)nh? 3 aREZE,
m=n+

My
=Cle) X m™
m=n+1

=Cio(e) log (my/n) .

As by (3.5.23) log (m./n)~log (14p) as n—oo, we get log (ms/n)=<2log (1+4+p) for =n
sufficiently large. Thus, using (3.5.25) we can choose 0< p=p(e, )= p, such that for p

(3.5.26) I,<n/4 for n sufficient]y large.

For p chosen above, choose a positive integer v such that for all n=v (3.5.17), (3.5.21),
(3.5.24) and (3.5.26) hold. Thus, combining (3.5.3), (3.5.17), (3.5.21), (3.5.24) and (3.5.26)
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we obtain (3.5.1). This completes the proof.

The following theorem is concerned with the asymptotic normality of fx (o (x).
THEOREM 3.6. Assume (2.2.1). Suppose that f is loc. Lip. 2 at x and [(x)>0, and

that {h.} satisfies (H)~(H7) except for (H3). Furthermore suppose the following

conditions :

(3.6.1) St A =0(nehd)  as n—oo

m=1

with a being the same as in (2.2.1),

(3.6.2) lim nh2+7=0,
(3.6.3) lim N(d)/n{d)=1 1in probability.

Then we have

(3.6.4) N(DhE )" (f v (0)—F(x) 1? N, Bf(x))  as d 0,

where B is the same as in Lemma 2.2.
ProoF. Since, by (F) in Section 2,
(h VA0 —1(x)
:(71}13)1’/2 i am}-:}ngn'Lh:—\nhln))“2 ﬁ) amﬁmnam
m=1 m=1
+<71/15)1/2[807L(f0(x)—_f<x>) »

where 0n=FEK.(x, Xn)—/f(x) and Z,, is the same as in Lemma 2.2, we have (3.6.4) if
it holds that as 4 | 0

N(d)

(3.6.5) N hE)'? 21 anPmyZn —> NO, Bf(x),
m= L

(3.6.6) (NDAEZ) S anBuxcadn —> 0  in probability
m=1

and

(3.6.7) (N()hE )V Box car(fo(x)—F(x)) —> 0 in probability.

First we shall show (3.6.6). For convenience N denotes N(d)(w) for each w<=® and
d. Let any d,>0 be fixed. Setting T={ws2: Md)w)<co for all 0<d<d, and
ldiﬁrg N(d)w)=00}, it follows from Theorem 3.2 that P{7}=1. Let any w=T and d

with 0<d<d, be fixed. Using (3.4.4) in the proof of Theorem 3.4 of Isogai [6], we
have

N

(36.8) (NAB*| 3 anBndn| SCUNRED,

where C, is independent of d and w. By (3.6.2) and (3.6.8) we get (3.6.6). Second we
shall show (3.6.7). Let any weT and any d (0<d<d, be fixed. As [fo(x)—f ()]
S Ko+ flo< oo, it follows from (2.0.1) that
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(3.6.9) (N2 Sox | fo(x)—F ()| SC NP2 p g,

L 1 ) .
where C, is independent of d and w. Combining (H1), a >? and (3.6.9) we obtain (3.6.7).

Finally we shall show (3.6.5). By Lemma 2.2, Lemma 3.5 and (3.6.3) we can use
Theorem 1 of Anscombe [ 1], which implies that

m=

N(d
(3.6.10) (n(d)hEp)? 21 APy ln T N, Bf(x)) as d.0.

Combining (3.6.10) and Corollary 3.3, we have (3.6.5). This completes the proof.
The following is one of main results.
THEOREM 3.7. Under all conditions of Theorem 3.6, we have

lim P{| fxy(0)—f(0)| Sd} =1—a.

4.0

PROOF. Since
Dd [y (x)—/(x))
=(D*Bf(x)/(N(d)h% cay @) *(N(d) R car [ (BF G * F v car(x)—F(x))
by Theorems 3.2 and 3.6 we obtain

Dd ™ (fy(x)=f(x)) — N0, 1) as 4.0,
L

which yields that
ldil'fé Pl fyax)—f(x)|=d}

=P{INQO, DI=D}=1-a.

Thus the proof is complete.
COROLLARY 3.8. Suppose that f is loc. Lip. 2 at x and f(x)>0. Let {h,} be given

by

_ . 2 _ P .. fap
7] , L _ a0
(38.1) ha=n""' with F=asl and 22+p<r<mm( ; ,1).
Then we have
(3.8.2) 15113 Pllfvo(x)—f(x)| sdl=1—a.

PrROOF. It is easily verified that the sequence {h,} given by (3.8.1) satisfies all
conditions on {h,} of Theorem 3.6 with f=(2a-+r—1)"'. On the other hand, by Co-
rollary 3.3 we have lir}l N(d)/n(d)=1 with probability one, which implies (3.6.3). Thus

0

by Theorem 3.7 we have (3.8.2).
In the remainder of this section we shall deal with the asymptotic normality of the
stopping rules N(d).

LEMMA 3.9. Let {£,} be a sequence of real numbers such that &,=1+0(1) where
0(1)—0 as n—oco. Then, for any constant b,

&n—1=(—D{b+o(D)} .
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PrROOF. By the Taylor expansion we obtain the result of lemma.
The following theorem presents the asymptotic normality.

THEOREM 3.10. Let {h,} satisfy all conditions of Theorem 3.6 replacing (H5) by
the following condition :

(3.10.1) (n—=Dh2_/(nhB)=1+0((nhE)~*?) as mn—coce,

where 0(o, means that o(¢,)/6,—0 as n—co. Then, under all conditions of Theorem
3.6 we have

(3.10.2) (DB) *d(N(d)h% (a»—D*Bd~*f(x)) — N, 1) as dl0.
L

ProOOF. By (H3) and (3.10.1) we get (H5). From (3.2.3) and (3.6.3) it follows that
(3.10.3) lir}?] (N(d)—1)/n(d)=1 in probability.

In the same manner as in the proof of (3.6.4) we get
(3.10.4) ((x\'(d)—l)hRvm-1)”2(fmd>-1(x)#f(X))7 N, Bf(x))

as d | 0. By (3.2.1) and the argument similar to Proposition 3.4 there exists a null set
N, such that on N¢ N(d)<oo for all d>0, lim N(d)=co and
{0

(3.10.5) lgg;flv<d>-l(x):f(x>>0-

For any d >0 we set Ad:{wEQ:me_l(x):O}r\ﬁf. By (3.10.5) we get
(3.10.6) lim P{A,}=0.
dlio

Suppose that N(d)<oo and fycay-1(x)>0. Then, by definition of N(d) we have

(3.10.7) xa=(N(@)h% o) "*(d*N(d)h% oy —D*Bf(x))
ZD*BIN(dYhE o) *(faay(0)—f(x) =y,

and

(3.10.8) we=((N(d)—Dh% a)- )" (d*(N(d)—Dh% ey -1 —D?*Bf(x))

<D*B(NM(A) =DA% ar-)""* ([ v cr-1(0)—f(x)=va.

Setting Bg= {meQ:fN<d>_1(x)>0}ml\7§, the relations (3.10.7) and (3.10.8) hold on B,.
By (H3) and (3.10.1) we get that for each we N’i omitted below

(3.10.9) (N(@)=DhF car-2/(N(@)hF ar)=140(1),

where 0(1)—0 as d | 0. Let any we 1\75 be fixed. In view of (3.10.1), (3.10.9) and Lemma
3.9 we have that as 4]0

(3.10.10) (N(d)h% ar)**—((N(d) =DA% car-1)**=0(1)

and

(3.10.11) (N()hF )*—((NMd)—DhF ar-1)""*=0(1).
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Hence by (3.10.10) and (3.10.11) we obtain
(3.10.12) ld”fo‘ [xa—wq|=0 a.s.
Let F denote the distridution function of A(0, D'B*f(x)) and let any real number y be
fixed. It follows from (3.10.7) that
(3.10.13) Pl{x,=y}
=P({xa=y}NBa)—P{xe=3}NAw)
=P{ye=y}—P{dd},

where {x,;=y} denotes w-set such that x¢=y. Since by (3.6.4) y,—>N, D*B*f(x))
as d | 0, by (3.10.6) and (3.10.13) we get L

(3.10.14) ling sup P{x. =y} <F(»).
10

Let any ¢>0 be fixed. It follows (3.10.8) that for any d>0
Plvs=y—e}
§P{wd<y_5}+P{Ad}

SP{xa=yt+P{lxa—wql>c} +P{As},
which yields that

(3.10.15) Ploasy—e} —P{lxe—wq| >e} —P{A S P{xs<7y} .
Since by (3.10.4) v,—>N(0, D*B%*(x)) as d |0, by (3.10.6), (3.10.12) and (3.10.15) we
L

have F(y—e)_S_liTlionf P{x;=y}, which yields that as ¢—0

(3.10.16) F(y)glirgllionf P{xs=y}.

Thus combining (3.10.14) and (3.10.16) we obtain
(3.10.17) xe —> N, D*B*#(x)) as d|0.
Since *
(DB)'d(N(d)h% cay—D*Bd~*f(x))
=(D*Bf(x)/(N(d)h% cayd*)"* x4 /(D* B*f(x))"2,

taking account of (3.2.2) and (3.10.17) we obtain (3.10.2) This completes the proof.
The next lemma is a modification of Theorem (i) of Rao [7] (page 319).

LEMMA 3.11. Let h be a mapping from (0, o) into (0, o) with 1;1;1’(} h(d)=oc0. Let
{T(d)}(d=(0, ) be a family of random variables. Suppose that

(3.11.1) h(d@XT(d)—0) — N, %) as d—0,
L

where 6 is a real number and o is a positive number. Let g be a real-valued measur-
able function on R' such that there exists the first derivative g'(8) of g at 6 with g’(6)
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=0. Then
(3.11.2) R(d(g(T(d)—g(8)) — N, ¢*(g'(6))*) as d—0.
L

Proor. By the Taylor expansion we get
(3.11.3) g(Td)—g(@)=(T(d)—0)g'(@)+<(d)),
where ¢(d)—0 as T(d)—0—0. It follows (3.11.1) that

(3.11.4) lim e{d)=0 in probability.
d—0
Combining (3.11.1), (3.11.3) and (3.11.4) we have (3.11.2), concluding the lemma.
COROLLARY 3.12. Suppose that [ is loc. Lip. A at x and [f{x)>0. Let {h,} be
given by (3.8.1). Then we have

(3.12.1) (1—r)Df(x)(d p(d) M N(d)—pld)) —= N(O, 1) as d 10,
T
where p(d)=(D*Bj(x)/d** .
PROOF. Since »> 72,7?‘7 ;%— for p=1and 0< <1, we get (3.10.1). For convenience
T

N denotes N(d). As stated in Corollary 3.8 all conditions on {h,} of Theorem 3.6
are satisfied. Thus, using (3.3.1) and Theorem 3.10 we have

(DB) 'd(N*T—D?*Bd*f(x)) —> N(O, 1) as d10,
r
which is equivalent to
(3.12.2) (dDB)"Yd*N'"""—D*Bf(x)) — N, 1) as d10.
L

By making use of (3.12.2) and Lemma 3.11 we obtain (3.12.1), which concludes the
corollary.
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